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On (n, k)-quasiparanormal operators
by

JIANGTAO YUAN (Xian and Jiaozuo) and GUOXING J1 (Xian)

Abstract. Let T" be a bounded linear operator on a complex Hilbert space H. For
positive integers n and k, an operator T is called (n, k)-quasiparanormal if

T T ) [ YT ] O 2 T )| for v € H.

The class of (n, k)-quasiparanormal operators contains the classes of n-paranormal and
k-quasiparanormal operators. We consider some properties of (n, k)-quasiparanormal op-
erators: (1) inclusion relations and examples; (2) a matrix representation and SVEP (single
valued extension property); (3) ascent and Bishop’s property (8); (4) quasinilpotent part
and Riesz idempotents for k-quasiparanormal operators.

1. Introduction. In this paper, an operator means a bounded linear
operator on a complex Hilbert space H. As extensions of well-known hy-
ponormal and paranormal operators, some operator classes were introduced
in recent years. Let n, k be positive integers and T' an operator.

(1) T belongs to k-quasiclass A if T*F|T?|T* > T**|T|2T* (see [19, 10]).

(2) T is called n-paranormal if |[T"H7z|Y/0+0)||z||»/ (") > || Tz| for
x € H (see [23]).

(3) T is called k-quasiparanormal if | T?(T*z)||Y/?||T*z| /2 > ||T(T*z)|
for x € H (see [16]).

Class A operators (defined by |[T?| > |T'|?) are paranormal by defini-
tion ([9], [20]). k-Quasiclass A contains class A and is contained in the class
of k-quasiparanormal operators [10, Theorem 2.2]. n-Paranormal operators
are normaloid [I1, Theorem 1]. These operator classes have many interesting
properties, such as inclusion relations, SVEP (single valued extension prop-
erty), Bishop’s property (3), finite ascent, properties of isolated spectral
points, and so on. We refer to [2], [3], [19], [22], [8], [16].
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As an extension, for positive integers n and k, we call an operator T
(n, k)-quasiparanormal if

(1.1) | T (TR) || Y O+ | TR |V OF7) > | T(TF2)||  for « € H.

The class of (n, k)-quasiparanormal operators contains the classes of n-para-
normal and k-quasiparanormal (that is, (1, k)-quasiparanormal) operators
(see Theorem [2.1] below).

In this work we consider some properties of (n, k)-quasiparanormal oper-
ators. In Section 2, some inclusion relations and examples related to (n, k)-
quasiparanormal operators are discussed. In Section 3, a matrix represen-
tation is obtained and it is proved that (n,k)-quasiparanormal operators
have SVEP (single valued extension property). In Section 4, we prove that
they have finite ascent and Bishop’s property (3). Section 5 is devoted to the
quasinilpotent part and Riesz idempotents for k-quasiparanormal operators.

2. Inclusion relations and examples
THEOREM 2.1. The following assertions hold:

(1) If T is (n, k)-quasiparanormal, then it is (n, k+1)-quasiparanormal.

(2) If T is (n,k)-quasiparanormal, then its restriction to each invariant
subspace is also (n, k)-quasiparanormal.

(3) If T is k-quasiparanormal, then it is (n, k)-quasiparanormal.

(4) Assume T*H is not dense. Let

T T
T=|("" 2 on [T*H)] @ ker T**
0 T3

where [T*H] is the closure of T*H. If T is (n, k)-quasiparanormal,
then Ty is n-paranormal, T = 0 and o(T) = o(T1) U {0}.

Similar results hold for (p,k)-quasihyponormal operators (defined by
T*R(T*T)PT* > T*F(TT*)PT* where p > 0 and k is a positive integer)
and k-quasiclass A operators ([19]).

Proof. (1) follows by taking z = Tz in the definition, and (2) is clear.

(3) By assumption, for x € T*H and Tz # 0 we have

| T2z||  ||T=]]
(2.1) > :
[Tzl — [l
Noting that Ta € TFH C T*FH, for T?x # 0, (2.1) implies
TPz (T2
>

172 — || T
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By repeating this process, for z € TFH and T"z # 0, we obtain
14+n n 2
s T T T T
[Trz| — (|7 | [Tzl — [

(T4 |2 > (| T ]+
If Tz = 0, then there exists y € H such that y € ker T"**. By definition of
k-quasiparanormality, ker T?t* = ker T'**. Thus y € ker T"* = ker T1+*
and Tz = 0. Hence || Tz || ||z||” > ||Tz||**" for all 2 € TFH.

(4) Observe that T} ™™z = T2 for » € [T*H]. So T} is n-paranormal
by (T.1)). Let = € ker T**. Then

Tk T Y LTy
xr =

0 T
Hence T% = 0 and o(T) = o(T1) U {0}. =

Later we give an example to show that the class of (k + 1)-quasipara-
normal operators strictly contains the class of k-quasiparanormal operators.

) (0@ z) € [TFH).

LEMMA 2.2. T is (n, k)-quasiparanormal if and only if
(2.2) TR (1 4 on) P TRTTTE 4+ nptthTRTR > 0
for any p > 0.
Proof. The proof is similar to that of [23 Lemma 2.2]. Let T be (n, k)-

quasiparanormal. By the generalized arithmetic-geometric mean inequality,
we have

1
1+n

-n T1+n QTk Tk n Tk Tk
(" T PT e, T 4 (T, T )
> (/L_n’Tl-’_n’QTkx, Tkx)l/(l—&-n) (,uTkib‘, Tkx)n/(1+n)
_ (|T1+n‘2Tk$7 Tkx)l/(l—i-n) (Tk:L‘, Tkl,)n/(l—i-n)
> (|T)*T*2, T*x) = (T*TT* 2, T* ).
Conversely, if z € H with (|7 2T%z, T*z) = 0, multiplying (2.2) by
p~" and letting p — 0 we have (T*TT*z, T*x) = 0, thus
1T (TR || T 2™ = | T (T )|
If x € H with (|[T**"]2T*2, T*z) > 0, putting
(|T1+n|2Tk$, TkiL') 1/(14n)
:( (Tha, T*z) )

in (2.2) we have
(’T1+n’2Tkx7Tkx)1/(1+n) (Tkx’Tkx)n/(l—&-n) > (T*TTk%Tkx)

for any x € H, so T is (n, k)-quasiparanormal. m
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ExXAMPLE 2.3. Denote by w := (wp)nen a bounded sequence of pos-
itive numbers. The corresponding unilateral weighted right shift operator
on [?(N) with the canonical orthogonal basis {e,}22, is defined by Ta =
>0 o WnTpent1 where = (2 )nen € 12(N). Then the following statements
hold:

(1) T belongs to k-quasiclass A if and only if wy < wp1q < wpgg < -+ .

(2) If wg > wgy1 and wrq < wpgo < -+, then T is a (k + 1)-quasiclass
A operator but not a k-quasiclass A operator.

(3) T is (p, k)-quasihyponormal if and only if wi_1 < wg < wpyq < -+ .

(4) If wr—1 > wy and wg < wpqq < ---, then T is (k + 1)-quasihypo-
normal but not k-quasihyponormal.

(5) T is k-quasiparanormal if and only if wy < wg41 < wgpo < -

(6) If wg > wiyq and wiy1 < wiyo < -+, then T is (k + 1)-quasipara-
normal but not k-quasiparanormal.

(7) If wy > wy and wy; < wg < ---, then T is quasiparanormal but not
paranormal.

(8) If wy > wy and wy; = wg = - -+, then T is quasiparanormal but not
normaloid.

Examples (1)7(2) are known ([10, Example 1.3], [I3| Example 1.2]).

Proof. Obviously, it is sufficient to prove (3), (5) and (8).
(3) By calculation, TT* = 0 @® w3 & w? @ ---, and for each positive
integer m,

(2.3) T T = (wh - wiy 1) @ (w] - - wy,)
® (W wpq) @+ on P(N).
Hence
(24)  THTTPTE = (wE - wiowl) @ (whewieh)
@(w%-'-wiﬂw,ﬁﬂ@--- on I*(N),
(25)  THTTPTF = (wf - wiwi? ) @ (wi - wiwi?)
® (w3 wipgwpt,) @ on P(N),

So (3) holds.

(5) By Lemma and (2.3)), T is k-quasiparanormal if and only if, for
any real number u,

Wiy = 2pwp + i > 0,
(2.6) w;%+1w;%+2 - 2/‘“’1%-1—1 +u* >0,
w,%+2w,%+3 — ZMw%H +u% >0, etc

That is, T" is k-quasiparanormal if and only if wi < wpy; < wreq <-- -
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(8) It is clear that ||T'|| = wo and
r(T) = lim |77V = w,
m—o0

therefore 7' is not normaloid. =

3. A matrix representation and SVEP
THEOREM 3.1. Let T be (n, k)-quasiparanormal, 0 # X € o,(T') and

T = (A T”) on ker(T — \) & (ker(T — A))*.

0 1o
Then
(3.1) T12<T>2\2+--~+ <T§2>n—nI>T2kz:O,
and
(3:2)  (|To " T+ - || Tl P/ 04 > | Ta Ty |* + || Toa Tyl

for any x € (ker(T — \))*. In particular, Tao is also (n, k)-quasiparanormal.
This is a generalization of |21 Theorem 2.1] and [23, Lemma 2.3].

Proof. Without loss of generality, we may assume that A = 1. For each
positive integer m,

lem _ 1 Tyl + T+ -+ 153)
0 Tor™ ’
p(1tm) pltm _ 1 Tia(1 +m)
(Tha(1+m))* [Tia(14m)[* + Ty ™
where T12(1 + m) = Tlg(f +Too+ -+ T2n21) Then

_ ( X (n) Z(u))
(Z(p)* Y(p)
where

X(p) = 1= (1L+n)p" +npu'*,

Z(p) = Taa(n +k+1) = (1 + n)p"Tig(k 4+ 1) + np' " T1a(k),

Y (u) = [Tha(n +k + 1)) + T35 P — (L4 n)u™(|Taa(k + 1)* + T35 %)
+ (| T2 (k) + 1T551%).
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Put =1 1in (2.2). Then
0< T*(Tb-i-k—l-l)Tn-I-k—l-l _ (1 + n)T*(k—l-l)Tk—l-l + nT*kTk

_( 0 Z(l))
S\ )

Hence Z(1) = TyoT5(Tas + - - + T — nl) = 0, that is, (3.1)) holds.

Next we prove ([3.2]). For each p # 1 there exists a contraction D(u) such
that Z(p) = (X (u))?D(u) (Y (1))'/? (see [24, Lemma 1.4] and [7]). Thus
X ()Y (1) = X (u)(Y (1)) 2 (D())* D(u) (Y ()2 = | Z ()]

This together with (3.1]) implies that
1 , 1

B 2 v ~14w|° ==
) > 551200 = 53]

= X(1)[Ti2(k)[* + (1 +n)(1 — p")(Ti2(k)* Ti2T35 + (T12T35) Tz (k)

1
+ ——(14+n)%(1 — p™)? T Th |2
S 1+ 0= P TiaThy
That is, for pu # 1,
(33) TP — (1 ) (|Tao T + | To5 ' 7) + ' 7 T
o (L= u")? = X(n)
- X(p)

As in [23, Lemma 2.3], let f(u) = (1 — pu™)? — X(u) on (0,00). If n = 1
then f(u) > 0 is clear. If n > 2, then f(1) = 0, f/(1) = 0 and f”(1) > 0.
Therefore f(u) > 0 on (0,00) and
(34) T3P = (L )" (T2 T8l + [T ) + np | T5[* > 0
for p # 1 by (3.3). It is clear that (3.3)) holds for each real number u by the
continuity of p. Similar to the proof that (2.2]) implies the (n, k)-quasipara-
normality of 7" in the proof of Lemma (3.2) follows from (3.4)). m

COROLLARY 3.2. If T is (n,k)-quasiparanormal and X\ # 0, then
ker(Thy — \) = {0} where Ty is as in Theorem [3.1]

Proof. Let x € ker(Tya — ). Then ||(T — N)z||? = ||Ti22]|? < 0 by (3.2).
Hence z € ker(T — \) N (ker(T — \))* = {0} and ker(Tys — A\) = {0}. =

COROLLARY 3.3. If T is (n,k)-quasiparanormal and \u # 0, then
ker(T' — \) L ker(T — p) for A\ # p.

Proof. Let

Y X (1) Ti2(k) + (14 n) (1 — p™)Tio T/

(1 + n)?|TioT5|>.

= A T12 on kKer — er — +
T_<0 T22> ker(T — \) @ (ker(T — \))
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and x = x1 @ x2 € ker(T' — p). Then
0= (T — u)x = [()\ — /J)$1 + T12£L’2] ) (T22 — ,u)l‘g.

By (T2 — p)r2 = 0 and (3.2)), we have ||T1222]|> = 0. So 21 = 0 for \ # p,
which implies = € (ker(T — \))* and so ker(T — \) L ker(T — p). u

COROLLARY 3.4. If T is (n,k)-quasiparanormal, then T has SVEP.
Corollary follows easily from Corollary and the result below.

LEMMA 3.5. If ker(T' — \) L ker(T' — p) for any two different nonzero
eigenvalues A and p of T', then T has SVEP.

Lemma [3.5|is a generalization of [22] Proposition 3.1].

Proof. Let f be an analytic function such that (7" — A\)f(A) = 0 on
an open set D. By assumption, f(\) € ker(T' — \) for each A € D. Thus
f(A) L f(p) for any two different nonzero complex numbers A and p in D.
Hence, for any sequence { i, } of nonzero complex numbers such that p,, — A,

IFVIP = Tim (F(V), f(1n)) = 0. =
Hn—>

4. Ascent and Bishop’s property (/). An operator T is said to have
totally finite ascent if T'— X has finite ascent for every A € C.

THEOREM 4.1. Let T be an (n, k)-quasiparanormal operator.

(1) ker T'H* = ker T?** and ker(T — \) = ker (T — )2 where X # 0. In
particular, T has totally finite ascent and SVEP.

2) T has Bishop’s property ().

(

Theorem is a generalization of [8, Theorem 2.5] and [16, Theorem
2.6]. To prove it, we need the following lemmas.

LEMMA 4.2 ([21), 23]). Let T be n-paranormal, 0 # X € op(T) and

0 The
Then ker(Tys — A) = {0},

Too Tha \ "
Tio| —= 4+ --- —= = nT;
12( \ + +< )\) > niia,

T |/ 4| 4 > | Tiga|® + | Tz

T= (A T12> on ker(T — \) @ (ker(T — \))*.

for any x € (ker(T — \))*. In particular, Ty is also n-paranormal.

LeEMMA 4.3 ([8]). If T is n-paranormal, then ker(T — \) = ker (T — \)?
for each X € C.
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This is [8, Lemma 2.3]; we give a proof for convenience.

Proof. Assume 0 # X\ € 0,(T") because the cases of A = 0 and of \ ¢
op(T) are clear. Let 0 # x € ker (T — \)? and = 71 © 29 € ker(T — \) @
(ker(T — A\))*. Then

0 Tio(Toa — N)

— (T — )2 =
0=(T-N) (0 (Ty — \)?

Since ker(Th — A) = {0} by Lemma[4.2] it follows that zo =0 and z = ;1 €
ker(T'— \). m

LEMMA 4.4. Let
T T
T=(" "% onMaoM"
0 Ty
If Ty and Ty have Bishop’s property (8), then so does T.

[19, Lemma 11] and [16, Theorem 2.6] give this result for k-quasiclass A
and k-quasiparanormal operators. The proof of Lemma is similar to [19]
Lemma 4] or [16, Theorem 2.6], so we omit it here.

Proof of Theorem . (1) By definition, ker 714"+ = ker T'**, so that
ker T?T% = ker T1+*. Assume 0 # )\ € 0,(T) because the case A ¢ a,(T) is
obvious. Let 0 # x € ker (T — \)?, z = 1 @ 29 € [T*H] @ ker T** and

T T
T = ( ! 2) on [T*H] @ ker T*".

) xr = TlQ(TQQ — )\)1'2 D (T22 — )\)21'2.

0 T3
Then
2
T — A T:
0= (T—- N>z = ! 2 x
0 T3 — A
_ (Tl — A)Qxl + ((Tl — )\)TQ + TQ(Tg — )\))SUQ
(T3 — /\)2362 ‘

Consequently, o = 0 because T3 — A is invertible by Theorem (4) Thus
(Ty — A\)%x1 = 0 and (T3 — \)x1 = 0 by Lemma Therefore (T' — )z =
(T — )\)(xl & O) = (T1 — )\)xl =0.

(2) Since quasinilpotent and n-paranormal operators have Bishop’s prop-
erty (3) [8, Theorem 2.5], the assertion follows by Theorem [2.1(4).

5. Quasinilpotent part and Riesz idempotents of k-quasipara-
normal operators. The quasinilpotent part of T is defined by Ho(T') =
{x € H : lim,,_,oo | T™z||"/™ = 0}. In general, Ho(T') is not closed [I], p. 43].
Let p(T) and po(T') denote the resolvent set and the set of poles of the
resolvent of T' respectively. For an isolated spectral point A € isoo(T), let
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E\(T) be the Riesz idempotent for A, denoted by E for short. The operator
T is called isoloid if isoo(T') C op(T'), and polaroid if isoo(T") C po(T).
It is known that EH = Ho(T — \), so Ho(T — A) is closed [T}, p. 157].

THEOREM 5.1. Let T be a k-quasiparanormal operator and A € C.

(1) Ho(T) = ker TF*1 and if X # 0, then Ho(T — \) = ker(T — ).
(2) Let

0 T2
If 0# X €isoo(T) and ker (T52)* =0, then E = E*.

LEMMA 5.2. Let m be a positive integer and X € isoo(T).

T = (A Tl?) on ker(T' — X\) @ [(T — N\)*H].

(1) The following assertions are equivalent:
(a) EH =ker (T — \)™.
(b) ker B = (T'— X\)™H.

(2) If X € po(T) and the order of X is m, the following assertions are
equivalent:

(a) E is self-adjoint.
(b) ker (T — \)™ = ker (T' — \)*™.
(c) ker (T' — \)™ C ker (T — \)*™.

Proof. Let H = EH + ker E, a topological direct sum. Then o(7T'|gy) =
{A\} and A € 0(T|ker &) (see [5, Chapter VII] and [14]).
(1) (a)=(b): We have
(T —XN"H=(T—-XN"(EH+kerE)=(T—\)"ker E =ker E.
(b)=(a): We have
ker (T — \)™ =ker (T|gy — A\)™ + ker (T|ger 2 — A)™ = ker (T| gy — A)™.
On the other hand,
(6.1)  kerE=(T—XN"H=(T—-\N"(EH+kerE)
= (T|gp — N"EH + (Tler s — \)" ker E
= (T|gy — N)"EH + ker E.
Hence (T'|gy — A\)"EH = {0} and E'H = ker (T — \)™.
(2) (a)=(b): By (1),
ker (T — \)™ = EH = (ker E)t = ((T — \)™H)* = ker (T — \)*™.
(b)=-(c) is obvious.
(c)=(a): (c) ensures ker (T'— \)"" L(T — \)™H, that is, EH L ker E. =
If T is hyponormal and A € isoo(T), then EH = ker(T — X\) ([I7,
Theorem 2]) and ker(7' — \) is a reducing space of T' by definition. Thus
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ker(T'— X) = ker (T' — \)* and FE is self-adjoint by Lemma This can be
regarded as an alternative proof of [I8, Theorem C] without using condi-
tion G.

LEMMA 5.3. Let T be k-quasiparanormal.

(1) If o(T) = {\}, then T*** = 0 when A = 0, and T = X\ when \ # 0.
(2) If A€isoo(T), then X\ € po(T), and the order of X is no more than
1+ k when A =0, and 1 when X # 0.

Lemma [5.3| implies that k-quasiparanormal operators are polaroid and
isoloid. Paranormal operators can be regarded as 0-quasiparanormal oper-
ators. Lemma holds for paranormal operators ([0, Lemma 2.1], [12], [4,
Theorem 2.1]). [16, Lemma 2.8] yields the case A # 0 of Lemma

Proof. (1) If T*H is dense, then T is paranormal and the assertion holds
by [6, Lemma 2.1]. Assume T*H is not dense. Then o(T) = {\} implies
A = 0 by Theorem[2.1] So o(T}) = {0} and Ty = 0 (7 is as in Theorem [2.1)).

Thus
0 ToT¥
Tl-‘rk _ ( 3) =0
1+k
0 T3+
by Theorem [2.1

(2) By Theorem [2.1(2), T'|py is k-quasiparanormal and o(T'|gy) = {A}.
So (T|gx)'™ = 0 when A\ = 0, and T|gy = X when A\ # 0. That is,
EH = kerT'** when A\ = 0, and EH = ker(T — \) when A # 0. The
assertion follows from Lemma [5.2|1) immediately.

Proof of Theorem . (1) By Theorem T has Dunford’s property C
[15, Proposition 1.2.19], that is, the local spectral subspace Xr(F') of T is
closed for every closed set F' C C. Thus Ho(T — \) = X7_»({0}) is closed
[1, Theorem 2.20] and o(S) € {A} where S = Ty (r—») [15, Proposition
1.2.20]. Moreover, S is k-quasiparanormal by Theorem

If o(S) is empty, then Ho(T — A) = {0} and ker(T" — \) = {0}. If o(S5)
is not empty, then o(S) = {A}. By Lemma Sk = 0 when A\ = 0, and
S = A when X # 0. So the assertion follows.

(2) By Lemmas and A is a simple pole of the resolvent of 7" and
it is sufficient to prove ker(T' — \) C ker (7' — \)*, that is, T12 = 0.

In fact, A € isoo(T) C p(Tr2)U iso o(Tre). Since Th is k-quasiparanormal
and isoloid by Theorem [3.1| and Lemma this together with ker(7Tha — )
= 0 (Corollary implies that A\ € p(T»2). Hence T12T: 2"32 = 0 by Theorem
and T12 = 0 by the assumption ker (T2)* = 0. Therefore ker(7T'— ) C
ker (T'— \)*. =

An operator T is called algebraically (n, k)-quasiparanormal if there ex-
ists a nonconstant complex polynomial A such that h(T') is (n, k)-quasipara-
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normal. For A € o(T), let

(5.2) RT) —h(X) =c(T = N)"™(T =)™ - (T — X\)™
where ¢ # 0, {m; : i = 1,...,l} is a subset of nonnegative integers, and
A, A1, ..., A are different complex numbers.

The following assertions follow easily from the properties of (n, k)-quasi-
paranormal operators and polynomials (cf. [3]).

(1) If T is algebraically (n, k)-quasiparanormal then so is T'—\ for A € C.
(2) If T is algebraically (n, k)-quasiparanormal then the restriction 7’| o
is also algebraically (n, k)-quasiparanormal.

COROLLARY 5.4. Let T be algebraically k-quasiparanormal.

(1) If o(T) = {\}, then (T —X\)™(HK) = 0 when h(\) = 0, and (T — \)™
= 0 when h(\) # 0.

(2) If A €isoo(T), then X € po(T), and the order of X is no more than
m(1+ k) when h(X) =0, and m when h(\) # 0.

Corollary says that k-quasiparanormal operators are polaroid and
isoloid.

Proof. (1) Since o(T) = {A}, we have o(h(T)) = {h(N)} and {)\; :
i=1,...,1} C p(T). This together with and Lemma implies that
(T — \)™Hk) = 0 when h(\) = 0, and (T — \)™ = 0 when h()\) # 0.

(2) By assumption, h(T'|gy) = h(T)|py is k-quasiparanormal, that is,
T|gy is algebraically k-quasiparanormal. Moreover o(T'|gy) = {\}, hence
by (1) we have (T|gn — A)™1 4% = 0 when h(\) = 0, and (T — )™ =0
when h(\) # 0. So EH = ker (T — A\)™(*%) when h(\) = 0, and EH =
ker (T'— A\)™ when h(\) # 0. Therefore the assertion holds by Lemma n

Let H(o(T)) be the set of all functions analytic on some open neighbor-
hood U of o(T). It is well-known that if i is a nonconstant polynomial and
h(T) has SVEP, then T has SVEP [I, Theorem 2.40]. Thus algebraically
k-quasiparanormal operators have SVEP by Corollary or Theorem
The following result follows from Corollary and [2, Theorems 3.12 and
3.14].

COROLLARY 5.5. Let f € H(o(T)).

(1) If T is algebraically k-quasiparanormal, then Weyl type theorem
(gW) holds for f(T).

(2) If T* is algebraically k-quasiparanormal, then Weyl type theorems
(gW), (gaW), (gw) hold for f(T') where f is nonconstant on each
connected component of U.
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