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Abstract. We investigate the bounded Ciesielski systems, which can be obtained
from the spline systems of order (m,k) in the same way as the Walsh system arises
from the Haar system. It is shown that the maximal operator of the Fejér means of the
Ciesielski-Fourier series is bounded from the Hardy space Hp to Ly if 1/2 < p < oo and
m > 0, |k| < m+ 1. Moreover, it is of weak type (1,1). As a consequence, the Fejér means
of the Ciesielski-Fourier series of a function f converges to f a.e. if f € L1 as n — oo.

1. Introduction. Bounded Ciesielski systems can be obtained from the
spline systems of order (m, k) in the same way as the Walsh system arises
from the Haar system (see Ciesielski [2, 4, 6]). Ciesielski proved that the max-
imal operator of the Fourier series with respect to these bounded Ciesielski
systems is bounded on L, (1 < p < co) and so the Fourier series of a func-
tion f € L, converges to f a.e. and in L, norm. Since the Ciesielski systems
are uniformly bounded, due to a theorem of Bochkarev [1], this theorem
does not hold for functions in L;. Moreover, there is f € L; such that the
Ciesielski-Fourier series diverges a.e. (see Kazarian and Sargsian [8]).

In this paper we extend the preceding convergence result to L; as fol-

lows. We investigate the arithmetic or Fejér means a,(Lm’k) f of the Ciesielski—

Fourier series of f and verify that a,(lm’k) f — f a.e. as n — oo provided that

fe L.
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228 F. Weisz

We also consider the Hardy spaces H,, on the unit interval and prove that

the maximal operator aim’k) is bounded from H), to L, for 1/2 < p < oo,

if |k| < m + 1. It follows by interpolation that o{™*) is also of weak type
(1,1), i.e.

sup AP > o) <ClfIh (f € L)
o

The usual density argument then implies the above convergence result.
The same results for the Fejér means of the Walsh—Fourier series are due
to the author [16].

I would like to thank Professor Ciesielski for helpful discussions while I
was visiting the Mathematical Institute in Sopot.

2. Hardy spaces on the unit interval. We consider the unit inter-
val [0,1) with the Lebesgue measure A. We briefly write L, for the real
L,([0,1),\) space; the norm (or quasinorm) of this space is defined by
171l = Gy 17174017 (0 < p < o)

In order to have a common notation for the dyadic and classical Hardy
spaces we define the Poisson kernels Pt(m’k) . If K <'m then let

t
P(m’k)xzzci zeR, t>0).
If Kk =m+ 1 then let
P (@) =15 my(z) ifn<t<n+1 (z€R).

For a tempered distribution f the non-tangential maximal function is
defined by (k) (k)

2 (@) = sup|(f + ™) @) (z€R)
>

where % denotes convolution.
For 0 < p < oo the Hardy space H},m”“) (R) consists of all tempered
distributions f for which

k
N g gy = I, < oo
Now let

H, i= H{™((0,1)) = {f € B™(R) s supp f € [0, 1)}

Obviously, H), is the dyadic Hardy space if k& = m + 1. It is known (see
Stein [13]) that the space H), can be identified with L, if 1 < p < oco.

A function a € L is called a p-atom if there exists an interval I C [0, 1)
such that

(i) suppa C I,

(i) [all. <|71-,

(iii) §; a(z)a? doz = 0 where j € N and j < [1/p — 1], the integer part of
1/p—1.
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In the dyadic case, i.e. if K = m + 1, we consider only dyadic intervals I
and instead of (iii) we assume

(iii') §, a(z) dz = 0.

An operator V' which maps the set of distributions into the collection of
measurable functions will be called p-quasi-local if there exists a constant
C)p > 0 such that

| [VaPar<c,
[0,1)\161

for every p-atom a with support in I; here 167 is the interval with the same
center as I and with length 16|I|. The following result can be found in Weisz
[16] (see also [15]):

THEOREM A. Suppose that the operator V is sublinear and p-quasi-local
for all pog < p < 1. If V is bounded from Lo, to Lo then

IV fllp < Cpllflla, (f € Hp).
Moreover, V is of weak type (1,1), i.e. if f € Ly then

sup oA(|V f| > 0) < C1| f|I-

0>0

3. Bounded Ciesielski systems. First we introduce the spline systems
as in Ciesielski [4]. Let us denote by D the differentiation operator and define
the integration operators

t 1
Gf(t):=\fdx, Hft):=\fdxr
0 t
Let m > —1 be a fixed integer and x,, n = 1,2,..., be the Haar func-

tions. Applying the Schmidt orthonormalization to the linearly indepen-
dent functions 1,¢,...,tm+ 1 G™Hly, (1), n > 2, we get the spline system

( T(Lm),n > —m) of order m. For 0 < k <m+ 1 and n > k — m define the
splines

f7(Lm,k) — Dkfém), gﬁlm,k) = kaT(Lm)
of order (m, k). Let us normalize these functions and introduce a more uni-
fied notation:

oy R ET for0 <k <m+1,
! gvgm7_k)||fvsm7_k)||2 for0< —-k<m+1.

If m = —1 and k = 0 we get the Haar system, and if m = k = 0 the Franklin
system.
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In this paper the constants C and ¢ depend only on m and the constants
Cp depend only on p and m and may be different in different contexts;
q always denotes a constant for which 0 < ¢ < 1.

It is proved in Ciesielski [4] that

(1) (R (8)] < C2r/2g? 1/

where m > —1, |k| <m+ 1, peNand v =1,...,2".
The partial sums and the maximal operator of the partial sums of the
spline Fourier series are defined by

n

Pém,k)f — Z (f; hgm,k))hgm,—k)

i=|k|—m
and
PUM £ sup [P
neN
respectively, where m > —1, |k| < m+ 1 and (f, g) denotes the usual scalar
product S[o 1y fgdA.
Starting with the spline system (hglm’k),n > |k| — m) we define the

bounded Ciesielski system (c {m.k) ,n > |k| —m) in the same way as the
Walsh system arises from the Haar system, namely,
c(mk) = pmk) (g = (k| —m, ... 1)
and
m,k v m,k . v
) = ZA( Ik (1<i<o).
Since ¢\ " = w, (n > 1) is the usual Walsh system and R0 = h,

(n > 1) is the usual Haar system, it follows that A( Y = = (wav4i, hav44). One
can show (see Ciesielski [2]) that

W) _ 40 _oewye, (201
(2) Ai’j —Aj,i =2 wz( sk

The system (aﬁ{””“)) is uniformly bounded and it is biorthogonal to (¢

whenever |k| < m + 1.
The partial sums, the Fejér means and the mazximal operators of the
Ciesielski—Fourier series are defined by

(m7 k))

n

1
CoR ()= >0 (™)™ (@) = | DIt 2) (1) at,

i=|k|—m 0
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n 1
1 m m
O',r(lm7k)f(.%') = E ZC]( k) (.7]) - SKT(L k) <t7$)f(t) dt?
j=1 0
and
P f = sup |CR f| ol™F) = sup [amR £,
neN neN

respectively, where m > —1 and |k| < m + 1. Here

n

D’Elm,k) (t, (L’) — Z Cl(m,k) (t)cgm,—k:) (.T),

i=|k|—m
m 1 = m,k
Km0 () = 37 D™ (1)
are the Dirichlet and Fejér kernels.
Ciesielski [5, 6] proved that

(3) 1P Flp ICS™ M F L, < Collfll (1< p < o0).

The Walsh—Dirichlet and Walsh—Fejér kernels D,&‘LO) and Kfl_l’o) are
denoted by D,, and K, respectively. It is known (Schipp, Wade, Simon and
Pal [11]) that

2n if z e [0,277),
(4) Dan(z) = {o if x € {2—",1;,
N—-1 N-—1
(5) |Kn(2)| <2 27N N Doi(x 27771,
=0 =]
where x € [0,1), 2V 71 <n < 2V and
(6) Kon (x C’ZQJ " Don (427771,
7=0

Note that + denotes dyadic addition (for the definition see e.g. Schipp,
Wade, Simon and P4l [11]).

4. Estimations of the Fejér kernel Kflm’k). Write n in the form

n = 2" 4+nM with 2 > nM) and denote the Rademacher functions by ry,.
Set
TG s) = 22, (R 1) i L <5< L 1<y <o
(7) u(t s) = w(8)hsu iy (1) 12—M_5<2—M(_V_ )-
Then, by (2), it is easy to see that

1 1
(8) it (1) = Ly (s)ru ()G (1, 5) ds = {wan 4, (5)GU™ P (t, ) ds

0 0
(see also Schipp [10] and Ciesielski, Simon and Sjélin [6]).
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THEOREM 1. We have

ny— 1
nK (™M (t,x) = D™ (¢, ) + n® DY (1 Z 2Dy (1
n171
+ 37 2P (8 2) + M ()
=0
where
11 )
L™ty = [[ras + w2 Ky (s + )G (8, 5) G (0, 0) ds du,
00
11
MO (8, 2) 1= § Jr, (s Fw)n Koy (s F )G (8, )G, w) ds du

Proof. By definitions we have
e
m n m,k m,k
9)  nKR (¢ z) =2 1K§n1 ) (t )+ ZDénlJr)]

n
= 2 KGN (8, 2) + 0 DL (¢, ) + (DS (¢, @) — DS (1, 2)).
j=1
By (8),
m,k m,k m,k m,—k
Dénl +)] (t7 LI,’) Dg”l ) Z anl +)z anl +1 ) (‘T)
) 11
=> V7, (), (Wwi()wi (WGP (8, )G (2, u) ds du
=100
and so
R
m,k m,k
(10) > (DELY,t 2) - DI (¢, )
j=1
11
= SS Ty (s Fu)n WK, o) (s + u)G%’?’k)(t, s)G%T’_k) (x,u)ds du.
00

Similarly to (9) and (10),
2™ KT (¢, ) = 2 T KR (4, @) + 2 DU (8, @)

ony—1 ony1—1
11
+SSrnl_l(s—i—u)2”171K2n1—1(s—i—u)GfmTkl)( )G(m k)(fv,u)dsdu.

00
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Iterating this equality, we get

ny— 1
MKy () = KM (¢ Z 2' DM (¢, )
ni—111
+ 37 [§rits + w2 Koi (s + 0)G™ P (8, )G P (@, w) ds du.
=0 00

The theorem follows from (9) and (10) and from the fact that Kfm’k) (t,z) =
DM (. 2). m

5. The boundedness of the maximal Fejér operator on H,. Re-
cently the author [14] extended (3) and verified that
Ny
(11) IPE Pl < Collfllm,  (f € Hy)

provided that m > —1, —(m+1) <k <mand 1/(m—k+2) <p < oc0. If
k =m+ 1 then (11) holds for all 0 < p < co. It is known (see Weisz [16])
that the Walsh—Fejér means satisfy

(12) 1o Ol < Coll fllm,  (f € Hy)

for 1/2 < p < o0.
In this section we extend this inequality to bounded Ciesielski systems.
To this end we need two lemmas.

LEMMA 1. Suppose that m > 0, k| < m+1 and 1/2 < p < 1. If
27 K=1 < |I| < 27K for some K € N then

(13) | sup <§ Z LM (¢, x)dt) dx < Gy,
1

(161)c =25

1
(14) J s (SgMém’“(t,x)dt) dr < Gy|1].
(161)e "22% N\
If k<m then
ny— 1
(15) | sup (S S D L™, x)dt) dx < C,|I]*7,
(161)e "<2% N1 " 2o
1 p
(16) | sup (SE|DtM7§m’k)(t,x)dt> dz < C,|I|*7P,
(161)° n<2K \7

where D; denotes the t-derivative.
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Proof. By (6), (7) and (1) we conclude
DY L™ (t, )|

27" 77271‘

<02122JZZ S S Dyi(s4+u+27771)

v=1n=1(v-1)2-7 (n-1)2~

m,k m,—k
x [DVRGY ()] - WS ()] ds du

7. 1/2_1‘ 772 i

<czz<N+2>Z2JZZ [ ] Dustutziy

j=0 v=1n=1(v—-1)2~% (n—1)2—¢
x ¢ \tfy/2i|q2i\mfn/2"| ds du,
where N = 0,1. It is easy to see by (4) that Dyi(s + u + 27771 = 0 if

lv—n| # 20777, and Dyi(s+u+27771) =21 if [y —n| = [207771]. We can
suppose that s < u. Hence

A o
‘DNL(m k)(t )| < C2i(N+1) sz Zqz |t—v /2! \ 2|e—(v+2° 7771 /27|
7=0 v=1
By the inequality
(17) Zq‘iik\ﬂj*kl <C@r)yrl=il (g<r<1)

k=1
(see Ciesielski, Simon and Sjélin [6]), we obtain

ny— 1 ni— 1
(18) 1 Z ‘DNL(mk)(t x)‘ < C2™m™m Z 21(N+1)Z2] 2 |z—t—279" 1|

1=0 7=0

Assume that n > 2% and N = 0. The last sum can be split into the sum of

K-—1 i
An(t,l') = (2™ ™ Z 21 Z 2jq21|I_t_2—J71|
=0 j=0

and

n11

( 02n122122]2\mt271\
Jj=

For the first sum we have

1

K—-1
Anltyr) < C2K 3 91 Y aigle 127
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K—1 %
=C27 K Z 21 Z 2j1{27j71+8.2K7iI} (:E)qu\mftiQ_J_ll
i=0  j—=0

K-1 i

+ CQ_K Z 2! Z 2j1{27j71+8'2K*i[}c (aj)qzip;_t_gfjfll
=0 j=0

=: A1, (t,x) + Az (¢, ).

Obviously,
K—-1 A
Alm(t, 1}) < 02_K Z 2 Z 2J1{2—j—1+8,2K—i1} (ZE)
i=0  j=0
Hence

(19) S sup (SAl,n(t,ﬂf) dt)" do
(161 "22" N1
K—1 i
< Cp27Kp S Z 2P 2jp27Kp1{27j71+8,2K7iI} (x)
(16I)c i=0  j=0

K—-1 %
< Cp2 2Py "2y " 2ire Tt < G|
i=0 =0

On the other hand, it is easy to see that

K-—1 i
A27n(t, 33') < 02_K Z 9t Z 2jq02‘\z_t0_2—1—1|’
=0 j=0

where tq is the center of I and ¢t € I. Therefore
(20) [Aon(tw)dt < CIIPY 20y 27g0 emto=2 gy,
I i=0  j=0

Assume that x ¢ 16] and z > to. If z—ty € [27%,27%F1) forsome 1 < k < K,
then

o) 7 [e%s)
CII!2 Z o1 Z 2jq021\w7t072_1_1| < C]I|2 Z 22iqC’2’|ac7to\
i=0 =k i=0

< CIP |z —to] 2.
In the last step we have used the inequality
(21) > o2l < oilt s (5> 0),
pn=0

which can be easily seen.
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On the other hand, (21) implies

o0 (k’ 1)/\’&

C|I? ZT Z 21 g% lr=to=27"" < o 1)2 22J|a;—t0—2 =11
Since 1/2 < p < 1, we obtain

p
(22) S sup (SAgm(t,l‘) dt) dx
(161)c =25 T
<GP | |z —to| P dx
(161)°

K k-1

—i-Cp]I\QpZZij S |z —tg — 2797 P dx

k=1 j:o {x,toepfkg—lﬂ»l)}

K k-1
S CplI|+ CplIPP> Y 2727077 < Oy,

k=1 35=0

The expression B,,(t,z) can be split into the sum of

ni—1 7 . o
Bia(t,e) = C27™ 37 2 1y gy (@)g® P2
i=K  §=0
and
ny— 1

Bon(t,z) :=C2™™ Z 2@22]1{2 i1 ysnye (@)@ T2
Jj=

One can easily show that 17o—-1,g73(2) =0 if # ¢ 161 and j > K. Hence

K—1
Bin(t,z) <C Y 2151451 (2)
§=0
and
» K—1
(23) S sup (X By (t, ) dt) dz < C, Z 2P~ Kpo~K < C |1|.
(161)c 225 T =0
Moreover,

B27n(t) 33) S 02_K Z 2Z Z 2jq02i|m—to_2*jfl‘

i=K  j=0
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and the inequality

sup (Sngn(t, x) dt)pdx < CyplI|
I

(161)c "22"
can be proved as above (cf. (20)). This together with (19), (22) and (23)
implies (13).
If n < 2K and N = 1 then let us estimate the right hand side of (18) by

K—-1 i
Cn(tvx) =C Z 9t szquz—t—rﬂflL
=0 i=0
The inequality
p
sup (S On(t, :U) dt) dx < C’p|]"1—p
(161)e "<2% T

can be derived as above (see the definition of A, (¢, x)), which shows (15).
To prove (14) and (15) we have, by (5),

ni—1 1 21 ™1 2T n2= "1

DN MR (¢, )| < C2m(NED ST NIy N J

i=0 j=0 v=1n=1 (v—1)27"1 (np—1)2—™1
. . A ni _ ni ni _ ni
X Dai(s 4 u 4277712  =v/20 20 e =n/ 20 g gy,

(N = 0,1). Suppose again that v < 7. It is easy to see that for each v
there exists a set S;, such that Dyi(s +u+27771) =20 if p € S, , and
Doi(s +u+27771) =0if n € S;,. Moreover, |S;,| = 2"~% and S;, C
[v+2m—i=t —gm—i 1 4 2m=i=14 9m~=i _1] This and (17) imply

1
(24)  —|DY M (8, )|

n

ni—1 i 2n1 gniTiTlggmi—i g

<Dy 9y e Y 3 g2 It/ 2 /2
1=0

7=0 v=1p—p=2n1-3-1_2n1—i4]

ny—1 i 2m1—iq

< coni(N—1) Z Qiz 9J Z q2"1 |x—t—27971—1/2m1 ‘
=0

j=0 |=—2m1-i4]1

For (14) suppose that n > 2% and N = 0. The last term of (24) can be
split into the sum of

i o2n1—i_q

K-1
Dy(tx) =027 Y 2083 0 7 entm2l2n
=0 J

=0 l:_znl—i_;’_l
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and
n1—1 i 2m—i] ‘
Bu(t,z)=C27m Y 20320 N© @Mt
i=K  j=0 [=—2m1-14]
With
K-1 i
Dyp(t,z) =025 ) 20y "2
i=0  j=0
2m—i] 4
X Z lio-si-14sor—iry(2)q* o2 L2
l=—2m1—i4]
K-1 i
Dyplt,z):=C27K ) 20y "2
i=0  j=0
on1—i_q _
x Z Lg-i-1qgar—ipye(2)q” fo—t=2777 /2™
[=—2m17%41
we have
D,(t,z) < Dlm(t, x) + ng(t, x).
Then
K-1 i
Dy (t,x) < co K Z 2 Z 2j1{27j71+8,2K7i1} (z)
i=0  j=0
and so
» K-1 i
25) | sup (SDLn(t, z) dt) de < C,272KP 37 oy gy
(161)c "=2% 1 =0 j=0
< CplI|.
By an easy calculation we conclude that
K—-1 7
Dyp(t,x) < C27K ) 20 "2
i=0  j=0
2" 0] v
X Z 1{2—j—1+8~2K—iI}c(x)qmnl‘xitoﬂ_]_ll
I=—2m17%41
ni—1 1 i
< oMK Z Zqucz"l\z—to—TJ*H
i=0 j=0

and
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ni—1 1 -
| Dan(t,z)de < ClIP2m 37 37 27 lem 2L
7 i—=0 j=0

Supposing again that x — ¢y € [27%, 2751 for some 1 < k < K, we get

nl_l 7 . TLl—l ] N
C|I|22n1 Z Z2jq02n1\x—to—2ﬂ 1 < O’I|2 Z 21—n122n1ch 1 z—to|
i=0 j=k i=0
TLl—l
SCOIP Y 27 e — to|
=0

< O|IP |z —to| 2.
To investigate the remaining term, observe that
(n1—1)A(k—1) (k—1)Ai

T SEND S
j=0

i=0
(n1—1)A(k—1) (n1—1)A(k—1) _
< C|I)? Z Z Q(j—m)ezj(l—E)2n1(1+6)q02”1Iz—to—TJ*l\
=0 i=j
k—1
< C|I)? Z 9i(1—¢) |z —to — 27971~ (+e)
j=0

where 0 < € < 1 is to be chosen later. Moreover, if k& < n then
n1—1 (k—=1)A%

ClIP2n 37 3T 29O et
i=k  j=0

< C’I|2 kzzl ”1221 9(i—n1)egi(1—e) |z — to — 2—j—1|—(1+5)
j=0 i=k
k—1
< C’I|2 Z 2j(1—6)|1, —to — 2—j—1|—(1+5)‘
j=0
Since p < 1 we can choose € such that (1 + ¢)p < 1. Consequently,

(26) | sw (SDQ,n(t,x)dt)pdxgcpuy?p [ e —tol > da

(161 W22 N1 (161)¢
K k—1
+CP|I’2pZZQj(1_E)p S |z — to _2—1‘—1|—(1-ﬂ-€)10d:C
k=1j=0 {z—to€[2—F,2-k+1)}
K k—1

< C|I|+ CplI|?P Z Z 2i(1=e)pg—i(1-(1+e)p) < Cyl1|.
k=1j=0
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Obviously,
E,(t,z) = E1,(t,x) + Ea n(t, )
where
ny—1 A
Byn(tz):=C27" Y 20y "2
i=K  j=0
2m1io] 4
. Z Lio-i-1481} (z)¢*" o272
l=—2m1—i4]
ni—1 %
Byp(t,z)=C27" Y 20y "2
i=K =0
2m1—i g _
I D P ) e A
|=—2m17%41
We obtain
K—
Eln t .’IJ Z jl{g—.j—1+8]}<1')
j=0
and so ,
sup (SELn(t,l‘) dt) dx < CplI|.
(161)c =2 1
Finally,
ni1—1 %
Byn(t,x) < C27K )7 20y Tofammigt? lemtoa
i=K 7=0
and

sup (SEZn(tv x) dt)p dx < Cp|I|
(161ye =25 T
can be shown as (26). This finishes the proof of (14).
For (16) suppose that n < 2% and N = 1. We estimate the last term of
(24) by

ni—1 2m—i] _
- C E 9t E 93 § q2"1\w7t72_J_17l/2"1\
j=0 [=—2m1—7i41

Comparing this expression with the definition of D, (¢,2) we obtain the
inequality ’
sup (SFn(t,x) dt) dz < Cp|I|'P,
161y "<2% 1

which verifies (16). The proof of the lemma is complete. m
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LEMMA 2. If m >0 and |[k| <m + 1 then

1

ni

1
1 m,
(27) [ = 57 L9 w)at < c,
()n =0
1
(28) | EIM,(]””“)(t, z)|dt < C.
0

Proof. Writing N = 0 in (18) and integrating in ¢ we conclude that

ni—1 ni—1
X Z LM (¢, )| dt < 027 ™ Z 2’22]2 i<c.
Inequality (28) can be proved similarly from (24). m
Now we are ready to prove our main theorem.
THEOREM 2. If m >0 and |k| <m +1 then

m,k
(29) lof™ D flly < Collfllm,  (f € Hy)
for all 1/2 < p < oo. In particular, if f € Ly then

(30) Ao f > g) < %anl (0> 0).

Proof. Theorem 1 implies

1
(m,k) Qlc(mk) -
7 (o }j P @)+
L1t pima)
+—HMn : (t,a:)f(t)dt‘.
n
0

We denote the second and third term on the right hand side by A,‘{"”“) f(x)
and Bﬁlm’k)f( ), respectively. Since C(m k)f = Péﬁn’k)f, we have

|a£m’k)f| < 4P>Em’k)f + sup A;mv’“)f + sup Bgm’k)f.
neN neN

By Theorem A and (11) the proof of the theorem will be complete if we

show that the operators sup,,cy A%m’k) and sup,,cy Bq(qm’k)

Lo and are p-quasi-local for each 1/2 < p < 1.

are bounded on

The boundedness follows from Lemma 2. Choose a p-atom a with support
I and assume that 275~ < |I|] < 27K (K € N). It follows from the
definition of the atom and from (13) that
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S sup |[AR) o () |P da
(161)c =2

1 n1—1 m P
gﬂlﬂsw(kilwﬁmww)ws@
(161)e P22 N7 20

Now let n < 25, If k = m + 1 then it is easy to see that Lgm’k)(t, x)
(1=0,...,n;—1) and My(bm’k)(t, x) is constant on the dyadic interval I and
so A" g =0 and B"Ma =0 (n < 2%). Therefore we can suppose that
k < m. For

A(z) = {a(t) dt
0

we have supp A C I, A is zero at the endpoints of I and ||Al|s < |I|*~1/P.
Integrating by parts we can see that

ny—

1
1
AR g () = ’ H D L™ (¢, 2) A(t) dt .
I

=0
Thus (15) implies
S sup |[A"R) g ()P da
(161)c "<2%
1 ’I’L1—1 P
<[Pt | sup <§E > \DtLEW’“)(t,x)\dt) dx < C,,

K
(161)e <2 i=0

which proves the p-quasi-locality of sup,,cy Aslm’k). Notice that by interpo-
lation we can suppose that p < 1. With the help of Lemma 1 the p-quasi-
locality of sup,,cy BY™ can be shown in the same way. m

We note that (30) for the Walsh system is due to Schipp [9] (see also
Weisz [16]).
Observe that since P™"* is bounded on L. (see Weisz [14]), we have
m,k
107 flloo < Clflloe (£ € Lio).
The usual density argument gives
COROLLARY 1. If m >0 and |k| < m+ 1 then f € Ly implies
afmm’k)f — f  a.e. as n — oo.

This convergence result for the Walsh system is due to Fine [7] (see also
Schipp [9] and Weisz [16]).
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