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On the infimum convolution inequality
by

R. LATAEA and J. O. WoJTASZCZYK (Warszawa)

Abstract. We study the infimum convolution inequalities. Such an inequality was
first introduced by B. Maurey to give the optimal concentration of measure behaviour for
the product exponential measure. We show how IC inequalities are tied to concentration
and study the optimal cost functions for an arbitrary probability measure u. In particular,
we prove an optimal IC inequality for product log-concave measures and for uniform
measures on the £, balls. Such an optimal inequality implies, for a given measure, the
central limit theorem of Klartag and the tail estimates of Paouris.

1. Introduction and notation. In the seminal paper [20], B. Maurey
introduced the so called property (7) for a probability measure p with a
cost function ¢ (see Definition 2.1 below) and established a very elegant and
simple proof of Talagrand’s two-level concentration for the product exponen-
tial distribution »™ using (7) for this distribution and an appropriate cost
function w.

It is natural to ask what other pairs (u, ¢) have property (7). As any p
satisfies (1) with ¢ = 0, one will rather ask how big a cost function one can
take. In this paper we study the probability measures u that have property
(1) with respect to the largest (up to a multiplicative factor) possible convex
cost function Aj. This bound comes from checking property (7) for linear
functions. We say a measure satisfies the infimum convolution inequality (IC
for short) if the pair (u, A},) satisfies (7).

It turns out that such an optimal infimum convolution inequality has
very strong consequences. It gives the best possible concentration behaviour,
governed by the so-called L,-centroid bodies (Corollary 3.11). This, in turn,
implies in particular a weak-strong moment comparison (Proposition 3.15),
the central limit theorem of Klartag [14] and the tail estimates of Paouris [23]
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(Proposition 3.18). We believe that IC holds for any log-concave probability
measure, which is the main motivation for this paper.

Maurey’s inequality for the exponential measure is of this optimal type.
We transport this to any log-concave measure on the real line, and as the
inequality tensorizes, any product log-concave measure satisfies IC (Corol-
lary 2.19). However, the main challenge is to provide nonproduct examples
of measures satisfying IC. We show how such an optimal result can be ob-
tained from concentration inequalites, and follow on to prove IC for the
uniform measure on any ¢ ball for p > 1 (Theorem 5.27).

With the techniques developed we also prove a few other results. We
give a proof of the Gaussian-type isoperimetry for uniform measures on £
balls, where p > 2 (Theorem 5.29), and provide a new concentration in-
equality for the exponential measure for sets lying far away from the origin
(Theorem 4.6).

Organization of the paper. This section, apart from the above introduc-
tion, defines the notation used throughout the paper. The second section is
devoted to studying the general properties of the inequality IC. In Subsec-
tion 2.1 we recall the definition of property (7) and its ties to concentration
from [20]. In Subsection 2.2 we study the opposite implication: what addi-
tional assumptions one needs to infer (7) from concentration inequalities.
In Subsection 2.3 we show that A7, is indeed the largest possible cost func-
tion and define the inequality IC. In Subsection 2.4 we show that product
log-concave measures satisfy 1C.

In the third section we give more attention to the concentration inequal-
ities tied to IC. In Subsection 3.1 we show the connection to Z, bodies.
In Subsection 3.2 we continue in this vein with the additional assumption
that our measure is a-regular. In Subsection 3.3 we show how IC implies a
comparison of weak and strong moments and the results of [14] and [23].

In the fourth section we give a modification of the two-level concentration
for the exponential measure, in which for sets lying far away from the origin
only an enlargement by ¢Bf" is used. This will be used in the fifth section,
which focuses on the uniform measure on the By ball. In Subsection 5.1 we
define and study two rather standard transports of measure used further on.
In Subsection 5.2 we use these transports along with the concentration from
Section 4 and a Cheeger inequality from [24] to give a proof of IC for p < 2.
In Subsection 5.3 we prove IC for p > 2 and the Gaussian-type isoperimetric
inequality for p > 2.

We conclude with a few possible extensions of the results of the paper in
the sixth section.

Notation. We denote by (-,-) the standard scalar product on R™. For
z € R™ we put ||z, = (O0, |2i|P)V/P for 1 < p < 00 and ||z]|ee = max; |24,
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we also use |z| for |z[l2. We write By for the unit ball in [, ie. By =
[z € R": [, < 1.

We let v denote the symmetric exponential distribution on R, i.e. the
probability measure with density % exp(—|z|). For p > 1, v, is the probability
distribution on R with density (27,) ! exp(—|z[P), where v, = I'(141/p), in
particular 1 = v. For a probability measure u we write u™ for the product
measure p®", thus v has the density (27,)~" exp(—||z|[}).

B(R™) will denote the family of Borel sets on R™. The Lebesgue measure
of A € B(R") is denoted by |A| or A,(A). We choose numbers 7, ,, in such
a way that |r,,B)| = 1 and denote by p,,,, the uniform distribution on B.
The median of a function f with respect to a probability measure p will be
denoted by Med,, f.

The letters ¢, C' denote absolute numerical constants, which may change
from line to line; ¢(p), C(p) stand for constants dependent on p (or, formally,
a family of absolute constants indexed by p); these may also change from
line to line. For any sets of positive real numbers a; and b;, ¢ € I, by a; ~ b;
we indicate that there exist absolute numerical constants ¢, C' > 0 such that
ca; < b; < Ca; for any ¢ € I. Similarly, for collections of sets A; and B; the
notation A; ~ B; means cA; C B; C CA; for any i € I, where again ¢,C > 0
are absolute numerical constants. By writing ~, we mean that the constants
above may depend on p.

2. Infimum convolution inequality
2.1. Property (7). The following property was introduced by B. Mau-
rey [20]:

DEFINITION 2.1. Let g be a probability measure on R” and ¢: R* —
[0, 00] be a measurable function. We say that the pair (i, ¢) has property (1)
if for any bounded measurable function f: R — R,
(1) Ve™dp | e Fdu <1,

R R
where for two functions f and g on R”,
fog(e) :=inf{f(z —y)+9(y): y € R"}

denotes the infimum convolution of f and g.

The following two easy observations are almost immediate (cf. [20]):

PROPOSITION 2.2 (Tensorization). If pairs (i, @), i = 1,...,k, have
property (1) and @(z1,...,75) = @1(z1) + -+ + pr(z)), then the couple
(®§:1 Wi, @) also has property (7).
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PROPOSITION 2.3 (Transport of measure). Suppose that (i, ) has prop-
erty (1) and T: R™ — R™ is such that

V(Tzr —Ty) <plx—y) forall z,y € R".
Then the pair (o T~1,4) has property (7).

Maurey noticed that property (7) implies u(A+ By(t)) > 1—pu(A)~te ™,
where

By(t) :={z € R": p(x) < t}.
We will need a slight modification of this estimate.

PROPOSITION 2.4. Property (1) for (¢, p) implies that for any Borel set
Aandt >0,

(2) A+ By(t) 2

(e = Du(4) +1°

In particular, for all t > 0,

3) W(A) >0 = p(A+ By(t) > min{e2u(4),1/2),
(1) W(A) 2172 = 1 p(A+ By(t) < e 2(1 - u(A)),
(5)  u(A) =v(~00,a] = p(A+ By(t) > v(—co,z + /2],

Proof. Set f(x) = tlgm\ 4. Then f(x) is nonnegative on R", so f O
is nonnegative (recall that by definition we consider only nonnegative cost
functions). For « ¢ A+ B,(t) we have fOp(x) = inf,(f(y) + p(z —y)) > t,
since either y & A, and then f(y) =t, or y € A, and then p(x —y) >t as
x & A+ By(t).

Thus from property (7) for f we have

1> Seftkp(x) du(z) Se*f(w) du(z)
> [(A+ Bo(t) + €' (1 — (A + Bo(t)][1(A) + e~ (1 — p(A))),

from which, extracting the condition upon p(A+ B, (t)) by direct calculation,
we get (2).
Let fi(p) := e'p/((e! — 1)p + 1). Then f; is increasing in p and for p <
eft/2/2’
(et _ 1)p_|_ 1 S et/Q + 1— %(et/Q +€_t/2) < 6t/2,

hence f;(p) > min(e*/?p,1/2) and (3) follows. Moreover for p > 1/2,

B _ 1-p l-»p —t/201 _
1 ft(p)_(et_l)p+1§(€t+1)/2<6t2(1 p)

and we get (4).
Let F(x) = v(—o0,z] and g;(p) = F(F~*(p) +t). Previous calculations
show that for ,p > 0, fi(p) > g¢/2(p) if F~Yp)+t/2<0or F1(p) >0.
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Since gi+s = gt 0 gs and firs = fi o fs, we see that fi(p) > g;/2(p) for all
t,p > 0, hence (2) implies (5). =

The main theorem of [20] states that v satisfies (7) with a suitably chosen
cost function.

THEOREM 2.5. Let w(z) = 2% for |z| < 4 and w(z) = 2(|z| — 2)

otherwise. Then the pair (v, ;" | w(xz;)) has property (7).

Theorem 2.5 together with Proposition 2.4 immediately gives the follow-
ing two-level concentration:

(6) v™(A) = v(—00,2] = Vo v"(A+ 6v2t By + 18tB}) > v(—o0,z + ],

first established (with different universal, rather large constants) by Tala-
grand [26].

2.2. From concentration to property (7). Proposition 2.4 shows that
property (7) implies concentration. We will show a few results in the op-
posite direction: how to recover () from concentration.

COROLLARY 2.6. Suppose that the cost function ¢ is radius-wise nonde-

creasing, p is a Borel probability measure on R™, and 3 > 0 is such that for
any t >0 and A € B(R"),

() (A) = v(—00,3] = p(A+BBa(t)) > v(—00,z + max{t, VE}.
Then the pair (u, 3—16c,0(§)) has property (7). In particular if ¢ is conver,
symmetric and p(0) = 0 then (7) implies property (1) for (u, go(@))

Proof. Fix f: R® — R. For any measurable function » on R¥ and ¢t € R
put
A(h,t) == {z e R¥: h(z) < t}.
Let g be a nondecreasing right-continuous function on R such that u(A(f,t))

= v(A(g,t)). Then the distribution of g with respect to v is the same as the
distribution of f with respect to u and thus

S e~ @ du(x) = Se_g(x) dv(x).
R R
To finish the proof of the first assertion, by Theorem 2.5 it is enough to show
that
[ P82 gy < § 9 g,
Rn R
where w is as in Theorem 2.5. We will establish a stronger property:

Va ,u<A<fD316gp<é>,u>> > (A(g 0w, u)).
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Since the set A(g Ow,u) is a halfline, it is enough to prove that

(8) glz1) +w(ws) <u = u(A(ng%cp(b),u)) > v(—00, x1 + x2).

Fix x; and zo with g(x1) + w(x2) < w and take s; > g(z1) and s2 = w(z2)
with s1 4+ s < u. Put A := A(f, s1). Then u(A) = v(A(g,s1)) > v(—o0,x1].
By the definition of w it easily follows that x3 < max{6,/s2,9s2}, hence by
(7), (A + BB,(36s2)) > v(—o00,x1 + 22]. Since

1 .
A+ ﬂB¢(3682) = A(f, 81) + Bw(é)/gﬁ(SQ) C A(f d % QO(B> ,81 + SQ> ,
we obtain the property (8).
The last part of the statement immediately follows since any symmetric
convex function ¢ is radius-wise nondecreasing and if additionally ¢(0) = 0,
then ¢(z/36) < ¢(x)/36 for any =. =

The next proposition shows that inequalities (3) and (4) are strongly
related.

PROPOSITION 2.7. The following two conditions are equivalent for any
Borel set K and v > 1:

(9) Vaesmrny WA) >0 = p(A+ K)>min{yu(A4),1/2},

(10) v pA)21/2 % 1= p(A=K) < (1= ()

AeB(R")
Proof. (9)=-(10). Suppose p(A) > 1/2 and 1—p(A—K) > y~1(1—p(A)).
Let A:=R"\ (A—K). Then (A+ K)NA=10,s0 u(A+ K) <1/2 and

A+ K) <1—p(A) <y(1 - u(A - K)) = yu(A),

and this contradicts (9).
(10)=-(9). Fix A C R" with u(A) > 0 and pu(A+K) < min{yu(A4),1/2}.

Let A :=R"\ (A+ K). Then pu(A) > 1/2. Moreover, (A— K)NA = (), thus

—_

1_M(Z_K)2M(A)ZM(A+K)—i(1—u(g))y

=2

contradicting (10). m

COROLLARY 2.8. Suppose that t > 0 and K s a symmetric conver set
in R™ such that

Vaesmny H(A)>0 = p(A+K) > min{e’u(A),1/2}.
Then for any Borel set A,
pw(A) = v(—o0,z] = p(A+2K) > v(—oc0,z +1.
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Proof. Fix A with u(A) = v(—oo, x]. Notice that A+2K = A+ K + K
DA+ K. If 4+t <0, then u(A+ K) > e'u(A) = v(—oo,z + t]. If x > 0,
Proposition 2.7 gives

A+ K)>1—e (1 —pu(A) =v
Finally, if 2 <0 <z + ¢, we get u(A+ K) > 1/2 = v(—00, 0], hence by the
previous case,
p(A+2K) = p((A+ K) + K) > v(—o0,t] > v(—oco,z+t]. m

Corollary 2.8 shows that if the cost function ¢ is symmetric and convex,
condition (7) (with 8 = 2v) for ¢ > 1 is implied by the following:

(11)  VYaesmn w(A) >0 = p(A+yBy(t)) > min{e'u(A),1/2}.

To treat the case t < 1 we will need Cheeger’s version of the Poincaré
inequality.

We say that a probability measure p on R™ satisfies Cheeger’s inequality
with constant k if for any Borel set A,

A+tBY) — u(A
(12) ut(A) = htmgﬂf p(A+ f) 1(A)

> rmin{p(A),1— p(A)}.

It is not hard to check (cf. |7, Theorem 2.1]) that Cheeger’s inequality implies
w(A) =v(—oc0,z] = p(A+tB3) > v(—o0,x + Kt].
Finally, we may summarize this section with the following statement.

PROPOSITION 2.9. Suppose that the cost function @ is convex, symmetric
with p(0) = 0 and 1 A ¢(x) < (a|z|)? for all x. If the measure u satisfies
Cheeger’s inequality (12) and the condition (11) is satisfied for allt > 1 then
(u,0(-/C)) has property (1) with the constant C' = 36 max{2vy, a/k}.

Proof. Notice that aBy(t) D vt B} for all t < 1, hence Cheeger’s in-
equality implies that condition (7) holds for ¢ < 1 with 8 = a/k. Therefore
(7) holds for all ¢ > 0 with f = max{27y,«/x} and the assertion follows by
Corollary 2.6. =

2.3. Optimal cost functions. A natural question arises: what other pairs
(i, ) have property (7)? First we have to choose the right cost function. To
do this let us recall the following definitions.

DEFINITION 2.10. Let f : R™ — (—o0, 00]. The Legendre transform of f,
denoted Lf, is defined by Lf(x) := supyern{(z,y) — f(y)}.

The Legendre transform of any function is a convex function. If f is con-
vex and lower semicontinuous, then LLf = f, and otherwise LLf < f.
In general, if f > g, then £Lf < Lg. The Legendre transform satisfies
LICf)(z) = CLF(z/C), and if g(x) = f(x/C), then Lg(x) = Lf(Cx).
For these and other properties of £, see [19]. The Legendre transform has
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been previously used in the context of convex geometry (see for instance 2]
and [15]).

DEFINITION 2.11. Let u be a probability measure on R™. We define
M,(v) = S e dp(z), Ay (v) :=log M,,(v)
Rn

and

A5 (v) = LA (v) = Suﬂs {(U,u) —1In S elwa) du(:v)}.
u€eR” R™

The function A7 plays a crucial role in the theory of large deviations (cf.
[10]).

It is a common phenomenon in many places of the theory that the “worst”
(in some sense) functions are linear functionals. Thus it is worth checking
what happens when we take f in the definition of property (7) to be a linear
functional. This approach is at the heart of the following results.

REMARK 2.12. Let p be a symmetric probability measure on R™ and let
@ be a convex cost function such that (u,p) has property (7). Then

p(v) < 2/1;(1)/2) < A;(v).
Proof. Set f(z) = (x,v). Then
foe(e) =f{f(z —y) +o(y)} = nf{{z —y, ) + o(y)} = (2,v) = Lo(v).
Property (7) yields
1> Sefﬂcp d,uge_f dy = e Le) S (@) dMS€_<x’v> du = e‘Lw(v)Mﬁ(v),

where the last equality uses the fact that p is symmetric. Thus by taking the
logarithm we get Lp(v) > 2A4,(v), and by applying the Legendre transform
we obtain ¢(v) = LLp(v) < 247 (v/2). The inequality 247 (v/2) < Aj(v)
follows by the convexity of 4. m

The above remark motivates the following definition.

DEFINITION 2.13. We say that a symmetric probability measure p sat-
isfies the infimum convolution inequality with constant 5 (IC(3) for short)

if the pair (p, 47,(-/3)) has property (7).

Tensorization properties of (7) and additive properties of A7 imply the
tensorization of the IC inequality:

PROPOSITION 2.14. If u; are symmetric probability measures on R, 1 <
i < k, satisfying 1C(3;), then u = ®§:1 Wi satisfies IC(3) with f = max; ;.

Proof. By independence, we have A,(x1,...,25) = Zle Ay, (x;) and
A (21, ak) = Sk A% (2;). Since IC(3) implies IC(3') with any 5" > 3,
the result immediately follows by Proposition 2.2. =
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In the next proposition we give an equivalent form of property IC.

PROPOSITION 2.15. For v = (vg,v1,...,v,) in R" let o = (v1,...,v,)
€ R". A probability measure p on R™ satisfies IC(B) if and only if for any
nonempty V.C R™! and any bounded measurable function f on R,

(13) Rgn STV gy RSn e~ du < sup (evo Rsn B0 d,u(ﬂc)),
where

Yy (x) := sup{vg + (z,0)}.
veV

Proof. 1f we put V' = {(vo,v): vog = —A,(60)}, then the right-hand side
of (13) is equal to 1 and ¢y (x) = A (x/f), so if p satisfies (13) for this V,
it satisfies IC(f3).

Conversely, suppose pu satisfies IC(3). Take an arbitrary nonempty set V.
If the right-hand side supremum is infinite, the inequality is obvious, so we
may assume it is equal to some s < oo. This means that for any (vy,v) € V
we have vg + A,(8v) < log s, that is, vg < logs — A,(8v). Thus

Yy (x) = sup{vg + (x,v)} <logs + sup{(z,v) — A,(60)}
veV veV

<logs + sup {(z,7) — 4,(50)} = log s + A3 (x/5),
vER™

which in turn means from IC(3) that the left-hand side is no larger than s. m

The previous proposition easily implies that property IC is invariant un-
der linear transformations.

PROPOSITION 2.16. Let L : R® — RF be a linear map and suppose that
a probability measure p on R™ satisfies IC(3). Then the probability measure
po L™t satisfies IC(3).

Proof. For any set V C R x R* and any function f: R* — R put f(z) :=
f(L(z)) and V' := {(vo, L*(V)): (vo,v) € V}, where L* is the Hermitian
conjugate of L. Then direct calculation shows 9y (L(z)) = ¢y (z) and f O
Yv(L(z)) < f Oty (z), thus

S e/ d(po L) < S efOvv du

Rk Rn
and ~
S e fdpoL™) = S e~ du
Rk Rn
and finally
sup {6”0 S @0 (o L_l)} = sup {e”‘) S eB(@0) du},
veV k veV n

which substituted into (13) gives the conclusion. =
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ProrosITION 2.17. For any x € R,
Lmin(a?, |o]) < A%(2) < min(a?, |2,
in particular the measure v satisfies 1C(9).

Proof. Direct calculation shows that A,(z) = —In(1 — 2?) for |z| < 1
and

V1 2+1
A(x) =1+ a?— 1—1n<+2x+>.

Since a/2 < a—In(1+a/2) < afora >0, we get (V1 +22—1) < Ap(z) <
V1 + 22 — 1. Finally,
2

T 1
min(z, [z|*) > V1+x2_1:\/1+7x?+12\/§+1

The last statement follows from Theorem 2.5, since min((x/9)2,|z|/9)
w(z). =

min(|z|, z%).

IN

2.4. Logarithmically concave product measures. A measure p on R™ is
logarithmically concave (log-concave for short) if for all nonempty compact
sets A, B and t € [0,1],

u(tA + (1= 1)B) = p(A)u(B)' .

By Borell’s theorem [8] a measure p on R™ with a full-dimensional support
is logarithmically concave if and only if it is absolutely continuous with
respect to the Lebesgue measure and has a logarithmically concave density,
i.e. du(z) = eM®dz for some concave function h: R” — [—o0, 00).

Note that if 1 is a symmetric probability measure on R", then both A,
and Aj, are convex and symmetric, and 4,(0) = 45,(0) = 0.

Recall also that a probability measure p on R is called isotropic if

S(u, z)du(r) =0 and S(u,x)zdu(x) = |ul? for all u € R".

It is easy to check that for any measure p with a full-dimensional support
there exists a linear map L such that o L™ is isotropic.

The next theorem (with a different universal, but rather large constant)
may be deduced from the results of Gozlan [11]. We give the following,
relatively short proof for the sake of completeness.

THEOREM 2.18. Any symmetric log-concave measure on R satisfies
IC(48).

Proof. Let p be a symmetric log-concave probability measure on R. We
may assume that p is isotropic by Proposition 2.16. Denote the density of
1 by g(z) and let the tail function be u[z,00) = e ). By the Hensley
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inequality [12] we obtain

0(0) = 9(0) [ ag(wyar) > > L
R

Let T: R — R be a function such that v(—oo,z) = p(—o0,T'z). Then
p=voT ! and T is odd and concave on [0, 00). In particular, [Tz — Ty| <
2|T(x —y)| for all z,y € R.

Notice that 77(0) = 1/(2¢(0)) < 4, thus by concavity of T, Tx < 4z for
x > 0. Moreover, for z > 0, h(Tx) = x + In 2.

Define

= x? for |z| < 2/3,
' max{4/9,h(|z|)} for |z| > 2/3.

We claim that (p, k(-/48)) has property (7). Notice that h((Tz—Ty)/48)
< h(T(|z —y|)/24) so by Proposition 2.3 it is enough to check that

~(T

(14) [y <w(x) forx >0,
24

where w(z) is as in Theorem 2.5. We have two cases.

(i) Tz < 16; then

() () smm s () o

(ii) Tz > 16; then = > 4 and
h E = max %,h E < max ih(Ta:)
24 9 24 9" 24
w

So (14) holds in both cases.

To conclude we need to show that Aj(x) < h(z). For |z| < 2/3 this
follows from the more general Proposition 3.3 below. Notice that for any
t,x >0, A,(t) >t + Inplr,00) = to — h(x), hence

Au@) = Au(Jel) = sup{tlz] = 4, ()} < h(lz]) < h(z)

for |x| > 2/3. =
Using Proposition 2.14 we get

COROLLARY 2.19. Any symmetric, log-concave product probability mea-
sure on R™ satisfies 1C(48).

We expect that in fact a more general fact holds.
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CONJECTURE 1. Any symmetric log-concave probability measure satisfies
IC(C) with a uniform constant C.

3. Concentration inequalities. In this section we shall translate the
concentration obtained from IC into an alternative form, which in particular
will allow us to prove that IC implies several strong results, known by other
means to be true for any log-concave measure.

3.1. Ly-centroid bodies and related sets

DEFINITION 3.1. Let p be a probability measure on R”. For p > 1 we
define

My() = {v € R {|(v,2) P du(z) <1},

Zp(1) = (My()° = {& € R [(1,2)" < [|(v,9)]" du(y) for all v € R" |
and for p > 0 we put
Bp(p) == {v € R": A}(v) <p}.

The sets Z,(px) for p > 1, when pg is the uniform distribution on the
convex body K, are called the L,-centroid bodies of K. They were intro-
duced (under a different normalization) in [18]; their properties were also
investigated in [23].

PROPOSITION 3.2. For any symmetric probability measure u on R™ and
p=1,

Z,(p) C 2'PeBy(p).
Proof. Let v € Z,(n). We need to show that A;(v/(Ql/pe)) < p, that is,
(u,v)
21/ve

Fix v € R" with {|(u, z)[P du(x) = #P. Then u/B € M,(n). We will consider
two cases.

(i) B < 2'/Pep. Then, since A, (u)

Ay(u) <p forall u € R".

> {(u,2) du() = 0,
B

(u,v) u
21/pe —Au(u) S 21/pe B”U ép]_

(i) B > 2/Pep. We have

p
It tuzy>0y dp()

(u, )

Y™ du(a) =} 1"V PP L) 0y dule) 2 § 2=

(u,2)

p
du(z),
’ ()

1
>3



Infimum convolution inequality 159

thus
1/p p
2V Pep(u,z) /B 2 €<U,I> _
S ples)/ du(z) > 55 5 du(x) = €’
Hence A, (2'/Pepu/B3) > p and
ﬂ 1/p /8
A/—L(u) 2 21/p€p A (2 €pU//8) - 21/p€

Therefore

(u, v) B Ju B
— < — — <0.
21/pe Aulu) < 21/pe ﬂ’v 2l/pe — 0. =
PROPOSITION 3.3. If p is a symmetric, isotropic probability measure
on R™, then min{1, A7 (u)} < |u|? for all u, in particular

VPBY CBy(y) forpe (0,1).
Proof. Using the symmetry and isotropy of u, we get

S€<u,m>du(;c):l+;(2lk)!x<u, >1—|—Z

Hence for |u| < 1,
A7, (u) < L cosh)(fu]) = F{(1+ |u]) In(L+ fu]) + (1~ [u]) In(1 — [u])] < [ul?,
where to get the last inequality we used In(1+z) <z forx > —1. m

| ‘Qk

= cosh(|u|).

3.2. a-regular measures. To establish inclusions opposite to those in the
previous subsection, we introduce the following property:

DEFINITION 3.4. We say that a measure pu on R” is a-regular if for any
p>q>2andwveR?,

1/p P
(S dn(e)) " < a2 ({1tw.2)* dua))
PROPOSITION 3.5. If u is a-reqular for some o > 1, then for any p > 2,
By(p) C 4deaZy(p).
Proof. First we will show that

1/q

pu
(15) u e Mpy(p) = AH<2€Q> <p
Indeed, if we fix u € My () and put u := 2=, then
p
P k<
~ 1/k P l/k 2 I = My
(Tl du) " = 52§ ) an()) < 4 50

2ea — k> p.
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Hence
oo

§e® dp(e) < @ du(x) = 3 L1 o) dutz)

k=0
k k
1 1 p
- = v D
§§ X +§ 1 <eza +1<e
k<p k>p

2e

P
2ex
and (15) follows.

Now, for any v ¢ deaZ,(p) we may find u € Mp(p) such that (v, u) >

4ea to obtain
pU U
* >
A7 (v) <U’2e >—A <2e )>2e dea —p=p. =

PROPOSITION 3.6. If p is symmetric, isotropic and a-reqular for some

a > 1, then
x [ Jul Jul?
A7 (u) > min {M, 50202 [

wn particular

B, (1) C max{2aep, aer/2p} By for all p > 0.
Proof. By the symmetry, isotropy and regularity of u, we have

[e.e]

Vet dp(z) = Z (22') | (w, )% dp(a) <1+ y 2| * Z O‘k‘;;‘;?

2. [ aelul
Py (2)
k=2
Hence if ae|u| <1,

2 4 2.2(,,12 4
(u,x) d <1 |u‘ Oé€|U’ <1 a“e |U| (CXGIUD < a2e?|ul?/2
le () +—+3 5 Slb———+—g —<e :

so Ay(u) < a?e?|ul?/2 for aelu| < 1. Thus A (u) > min{%, 2‘;2';} for
all u. m

REMARK 3.7. For p > ¢, we always have M, () C My(p) and Z4(p) C
Z,(p). If the measure p is a-regular, then My(n) C (ap/q)Mp(p) and
Z,(p) C (ap/q)Z4(p) for p > q > 2. Moreover, for any symmetric measure

p, A7,(0) = 0, hence by the convexity of A%, By(u) C By(p) C (p/q)By(p)
for all p > ¢q > 0.

PROPOSITION 3.8. Symmetric log-concave measures are 1-reqular.

Proof. If X is distributed according to a symmetric, log-concave measure
p and v € R”, then the random variable S = (u, X) has a log-concave
symmetric distribution on the real line. We need to show that (E|S|P)}/P <
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(p/q)(E|S|9)Y/ for p > ¢ > 2. Barlow, Marshall and Proschan [3] (see also
proof of Remark 5 in [16]) showed that

1/p
ISPy < SR @ISy

so it is enough to show that the function f(z) := L(I'(z + 1))/ is non-
increasing on [2,00). Binet’s form of the Stirling formula (cf. [1, Theorem
1.6.3]) gives

Iz +1) = 2l(z) = V2r 2™/ 2e o tnl@),

where pu(z) = () arctan(t/z)(e*™ — 1)~! dt is a decreasing function. Thus

In f(x) = w(x) n In(27x)

2z
is indeed nonincreasing on [2,00). =

-1

Let us introduce the following notion:

DEFINITION 3.9. We say that a measure p satisfies the concentration
inequality with constant 5 (CI(3) for short) if

(16) Vpso¥acsme  A(A) 2 1/2 = 1— a(A+ BZ,(1) < e (1 — u(A)).
The next proposition shows that property (16) is in a sense optimal.

PROPOSITION 3.10. Suppose that p is an a-reqular, symmetric probabil-
ity measure on R™, and K is a convex set such that for any halfspace A,

p(A)>1/2 = 1—-pu(A+K) <e?/2.
Then K D c¢(a)Z, for p > p(a), where c(a) and p(a) depend only on «.

Proof. Fix v € R™ and set A = {x: (v,z) < 0}. Then A + K =
{z: (v,z) < a(v)}, where a(v) = sup,cx(z,v). Let X be a random vari-
able with the same distribution as (v, x) under p. Then

P(X| > a(v)) = 2P(X > a(v)) = 2(1 — p(A+ K)) < e 7.

Regulaxity of 1 implies || X[, < apl|Xly/q for any p > ¢ > 2, where | X]|, =
(E|X|P)}/P. Hence by the Paley-Zygmund inequality (cf. [17, Lemma 0.2.1])
we obtain for g > 2,

P(IX] = [ Xlq/2) = P(IX|? 2 27E|X|7) > (1 - 27| X 37/ 11X |2
> %(204)_2‘1 > (3a) 724
Thus if p > p(a) = 41n(3a) and c(a) = (4daln(3a)) L,
P(IX] 2 c(@)|X]lp) = P(X] 2 51X |l 2in(Ea)) > Ba) P10 =P,
Hence c(a)[| X ||, = c(@)(§ |(v, 2)Pdp(2))"/? < a(v) and c(a)Z,(n) C K. =

Another motivation for the definition of CI is the following corollary:
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COROLLARY 3.11. Let i be an a-reqular symmetric and isotropic proba-
bility measure with o > 1. Then

(1) If p satisfies IC(3), then it satisfies CI(8eaf3).
(ii) If p satisfies CI(8) and Cheeger’s inequality (12) with constant 1/7,
then it satisfies IC(36 max{6e3,~}).

Proof. (i) Suppose that u satisfies IC(3). By Remark 3.7, Proposition 2.4
and the definition of B,(u) we have
H(A +28B,(1)) = pl(A+ BBay(p) = 1 — e (1 - u(A)),

so (i) follows immediately from Proposition 3.5.

(ii) On the other hand, if p satisfies CI(3), then by Remark 3.7 and
Proposition 3.2 we have for p(A4) > 1/2 and p > 1,

e P(1— p(A) > e (1~ p(A)) 21— u(A+ BZ2(n))

> 1 — p(A+ e2"/? BBy (1)) > 1 — p(A + 3eBBy (1))

By Proposition 2.7 this implies property (11) with v = 3e3. Additionally A7,
is convex, symmetric and AZ(O) = 0. Finally, from Proposition 3.3 we have
min{1, A% (u)} < |u|?. Thus, Proposition 2.9 yields (ii). m

By Proposition 2.7, in Definition 3.9 we could use the equivalent condition
(A + BZ,(pn)) > min{ePp(A),1/2}. The next proposition shows that for
log-concave measures these conditions are satisfied for large p and for small
sets.

PrROPOSITION 3.12. Let i be a symmetric log-concave probability measure
on R™ and ¢ € (0,1]. Then

u(a+ % 20) 2 g mingeru(a).1)

forp > cn or for u(A) < e .

Proof. Using a standard volumetric estimate for any r > 0 we may choose

S C M, () with #S < 5" such that M, (u) C U,eg (u+ 3M;(1)). Then
for t > 0,
r¢tZ.(n) = ma§<<u, x) >t/2
ue

and by the Chebyshev inequality,

WB 02,0) < 3 pf s (0.0) 2

u€es

1 .2\
<=5 =)
<57(3)

Let p(A) = e 9. We will consider two cases.

b3 () St dn

t
2
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(i) p > max{q, cn}. Then by Remark 3.7,
M(BOC_IZP(M)) > M(Sozmax{p,n}) >1- %6_ max{p.n} >1- :u(A)v
so AN30c71Z,(u) # 0, hence 0 € A+ 30c~1Z,(u) and
(A + 407" Zy(p)) > p(10¢7" Zp(n)) > 1/2,
(i) ¢ > max{p, cn}. Let ¢ := max{¢,n} and
A:=AnN 30¢ 12, ().
As in (i), we have u(30¢™ 1 Z,(p)) > 1 — e 7/2, thus pu(A) > u(A)/2. More-

over,

<1 - 2)2 CA- §3oalzq(u) C A+30c712,(n)

and

> (1-2) A+ 102400 2 u@ 1025

o

v

M(A)>1p/q<;>p/q > %M(A)M(A)*P/q

1
=3 e Pu(A). m

We conclude this part with a proof that for log-concave probability mea-
sures, IC and CI are equivalent and (with the additional assumption of
isotropy) imply the Cheeger and Poincaré inequalities. We begin by deriving
from CI a concentration of Lipschitz functions for isotropic measures.

N =

PROPOSITION 3.13. If pu is a log-concave isotropic probability measure
on R™ satisfying CI(C) and f is a 1-Lipschitz function (with respect to the
standard Euclidean norm) then
(17) p({z € R™: [f(z) — Med,, f(z)] > t}) < e/,
where C1 = 4Ce®. Moreover,

n{z € R": |f(z) —Euf(2)] > t}) < e~/
where Cy = 8Ce3.

Proof. Let Ay = {x € R": f(xz) — Med, f > t} and A = {z: f(z) <
Med,, f}. We have pu(A) > 1/2, and thus by CI(C), 1 — u(A + CZ,(n)) <
e P(1 — u(A)) < e P/2. Assume p > 1. Then by Propositions 3.2 and 3.6
we have Z,(u) C 2eBy(u) C 4e?pBY. Take t = 4Ce?p (this entails t >
4Ce? = C4). Then as f is 1-Lipschitz, 4; N (A + tBY) = 0, thus u(A;) <
1—p(A+tBY) <1—pu(A+CZ,) < e /€1 /2. Similarly one proves that for
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t > C1 we have pu({z: f(z) — Med, f(z) < —t}) < e¥/¢1/2, thus (17) holds
for t > Cy. If t < (4, then obviously p(4;) <1< el=t/C1,

By integration by parts we get |E,f — Med, f| < 880 w{x: |f(z) —
Med,, f| > t)dt < eCi, thus considering t > 2eCy and t < 2eC; we get
the second assertion. =

The property (17) is called exponential concentration of Lipschitz func-
tions. Theorem 1.5 of [21] states in particular that under convexity assump-
tions (satisfied by any log-concave measure) exponential concentration is
equivalent to Cheeger’s inequality (12) and the Poincaré inequality. Thus we
have the following corollary:

COROLLARY 3.14. Let u be a log-concave probability measure on R™.
Then:

(1) If p satisfies IC(C), then it satisfies CI(C") with C' ~ C.

(i) If p satisfies CI(C"), then it satisfies IC(C) with C ~ C'.
(iii) If p satisfies either IC(C) or CI(C) and is in addition isotropic,

then it satisfies Cheeger’s inequality with constant k ~ C.

Proof. Any probability measure can be transported by an affine map onto
an isotropic measure, so let L be an affine map such that o L~ is isotropic.
Also note that Z,(uo L™1) = L(Z,(u)), thus CI(C) is affine invariant, and
by Proposition 2.16, IC(C) is affine invariant. Thus in (i) and (ii) we may
assume g is isotropic. Also note that by Proposition 3.8, y is 1-regular.

Thus (i) is a direct consequence of Corollary 3.11. For (iii) we may, by (i),
assume p satisfies CI(C'). Then by Proposition 3.13 we have exponential
concentration of Lipschitz functions, and the conclusion follows from Theo-
rem 1.5 of [21]. For (ii) we can use Corollary 3.11 again, as by (iii) we know
1 satisfies Cheeger’s inequality. m

Thus Conjecture 1 (see end of Section 2) is equivalent to the statement
that any log-concave measure satisfies CI(C'). Moreover, it would imply the
following conjecture of Kannan, Lovasz and Simonovits:

CONJECTURE 2 (Kannan—Lovéasz—Simonovits [13]). There exists an ab-
solute constant C' such that any symmetric isotropic log-concave probability
measure satisfies Cheeger’s inequality with constant 1/C.

3.3. Comparison of weak and strong moments. In this subsection we use
standard techniques to derive a concentration of norms from the concentra-
tion of measure. We also show several consequences of the CI property.

PROPOSITION 3.15. Suppose that a probability measure p on R™ is «-
reqular and satisfies CI(3). Then for any norm || - || on R™ and p > 2,
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(1l Medu(lal)P ) " < 208 sup ({lwz)Pap) ",

lJull«<1

where || - ||« denotes the norm dual to || - ||.

Proof. For p > 2 we define

mp = sup (X\(u,xﬂpd,u,)l/p.

fJufl <1
Let M := Med,(||z||), A := {z: [|z|| < M} and A:={z: |z| > M}. Then
pu(A), u(A) > 1/2, so by CI() and Remark 3.7,
ot ~ at
Visp 1-— M(A + N Zp(ﬂ)> <ze 1- M<A + B N Zp(u)> <ie

Let y € Z,. Then there exists u € R” with |[lul[« < 1 such that

» 1/p
Iyl = ¢ ) < (§ ()P dp() " < my,
hence ||z|| < M + tm,, for x € A+ tZ,(u). Thus for ¢ > p,

s el 2 0+ 2P < 1A+ 5% 200 ) < g

In a similar way we show ||z|| > M —tm,, for x € /T—l—th(u) and p{z: ||z|| <
M — aftm,/p} < e~ '/2, therefore

afbt
,u{ac: |||z]| — M| > ﬁmp} <et fort>p.
p
Now integrating by parts gives

(71l — 2z ) "

IA
Q
>
3
S
+
T

REMARK 3.16. Under the assumptions of Proposition 3.15, by the trian-
gle inequality for v = 4a3 we get
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(18) Wzgza (el (Delizan) | )"

<o sw (flwola) "

lull*<1
This motivates the following definition.

DEFINITION 3.17. We say that a probability measure p on R™ has com-
parable weak and strong moments with constant v (CWSM(~) for short) if
(18) holds for any norm || - || on R™.

CONJECTURE 3. FEwvery symmetric log-concave probability measure on R™
satisfies CWSM(C).

PROPOSITION 3.18. Let i be an isotropic probability measure on R™ sat-
isfying CWSM(~y). Then

() S|l = v/nl? du(z) < 42,

(i) of p is also a-regular, then for all p > 2,

(Jlalgdn) " < v+ 2p,

Proof. Notice that {||z[|3dy = n and [Jul} = ||ull2. Hence (i) follows
directly from (18) with p = ¢ = 2. Moreover, (18) with ¢ = 2 implies

1/p 1/p «
(Slallgn) ™ < vty sup (§ltwabPde) ™ < vt 3 p
ul2<
by the a-regularity and isotropy of y. =

REMARK 3.19. Property (i) plays a crucial role in Klartag’s proof of the
central limit theorem for convex bodies [14]. Paouris [23] showed that mo-
ments of the Euclidean norm for symmetric isotropic log-concave measures
are bounded by C(p + v/n). Thus Conjecture 3 would imply both Klartag’s
CLT (with the optimal speed of convergence) and Paouris concentration.

We conclude this section with the estimate that shows comparability of
weak and strong moments for any probability measure and p > n/C.

PropoSITION 3.20. For any p > 1 we have

(§1 el — Medu (el ) < (§ ol )

<2.5MP ,2)|Pd v
< Hjﬁglww )| u)

1/p

Proof. As in the proof of Proposition 3.12 we can find w1, ..., uy with
|luill« <1, N <5" such that ||z| < 2max;<n(u;,x) for all z. Then

VizlPdu < 220> [(ug, o) P dp < 2°5™ sup | [(u, 2) [P dp.
i<N flull«<1
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Moreover,

Vooell=Mpdpey < § (2P —MP) du(z) < ||| dp(z)— 5 M7
{llz=0} {llz=0M}
and
[ (M = Jlall)? du(z) < MPufa: |lal] < M} < 107, w
{llzll <M}

4. Modified Talagrand concentration for exponential measure.
In this section we show that for a set lying far from the origin, Talagrand’s
two-level concentration for the exponential measure may be somewhat im-
proved, namely (for sufficiently large ¢) it is enough to enlarge the set by
tBY instead of tB} + /t BY.

We will need this result for sets which are far away from the origin in the
Euclidean norm. The first lemma, however, will consider sets which are far
away from the origin in one coordinate direction. The proof is an application
of the Brunn—Minkowski inequality for the Lebesgue measure.

LEMMA 4.1. Ifu >t > 0 then for any i € {1,...,n} we have
(A+tBY) NnBY N {x: |z > u—t}| > e’ |AnNnB? N {x: |z;| > u}|.

Proof. Obviously we may assume that ¢ = 1 and v < n. Let Ay :=
AnnBf N{z: 21 > u} and B := {x € Bl': x1 > ) ;5o |zs|}. From the
definition of B and A; we have Ay — ¢tB C nB}. On the other hand, B =
{z o1 — 1/2] + 30,50 |zi| £1/2}, s0 |B| = 27"|BY| = (2r1,,)~". Thus

(A1 +tBT) NnBY| > |(A1 —tB)NnBY| = |A; — tB|.
Now set
2‘A1|1/n7”17n
§:= .
t+ 2‘141’1/"7’1771

Then we easily check that [tB/(1—s)| = |A1/s]. As Ay C {x € nB}: z1 >t}
we get |A1|Y/" < (n—t)/r1, and s < 2(n—t)/(2n —t). Now we can use the
Brunn—Minkowski inequality to obtain
—t

s 1—s

é —t
s 1—3s

2n —t \" 1 "
=s A > All=——) |A
2 (=) 1l = (= )

T 2n—t
> e7571/(2n—t)‘141| > et/2\A1|.
Notice that A; +tBY C {x: 1 > u —t}, so we obtain
(A+tBY) NnBY N {z: 21 >u—t} > ?|AnnBr N {z: 21 > u};

A
S

A
\Al—tB_‘sl—i—(l—s)l B’Z Bl =
S




168 R. Latala and J. O. Wojtaszczyk

in the same way we show
(A+tBY)NnBN{z: 21 < —u+t} > e?AnnBr N {z: 21 < —u}|. =

REMARK 4.2. A similar result (although with a constant multiplicative

factor) can be obtained using the same technique and more calculations for
nl/pB;" instead of nB} for p € [1,2].

LEMMA 4.3. Ifu >t > 0 then for any i € {1,...,n} we have
V(A4 tBY) N {x: o] > u—t}) > 2 (AN {z: x| > u)).

Proof. Take an arbitrary k € N. Let P : R** — R™ be the projec-
tion onto first n coordinates. Let g be the uniform probability measure on
(n 4 k)B?™* and 7, the measure defined by 73 (A) = ox(P~'(A)). Take an
arbitrary set A C R™. Notice that for any set C' C R™ we have

C N {a: [oi] = s} = P(PH(C) N {ar: [ > s})
and also P~Y(A) + B!""F ¢ P~1(A 4 B}). From Lemma 4.1 we have
on(P7(A) +By4) A {a: foi] = u—1)) > 20u(PH(A) N {a: Jai] > u)),
and thus
D((A+tBY) N {x: |z > u—t}) > (AN {a: |z > u}).

When k — oo, we have 73,(C) — v"(C) for any set C € B(R™). Thus by
going to the limit we get the assertion. m

To pass from sets with one coordinate large to sets far away from the
origin in the Euclidean norm we will, instead of considering the measure of
a set, consider the integral of the square of the Euclidean norm over the set.
Splitting our set into subsets on which the square of the norm is roughly
constant we will be able to tie the two quantities, while applying integration
by parts we are able to estimate the integral.

PROPOSITION 4.4. For any t > 0 and any n € N we have

[ l2l?dv (@) > e [(fe| - tv/n)? dv"(a).
A+tBY A

Proof. Let Ay = A+tB7. By Lemma 4.3 we get, for any s > 0 and any 1,

S Lf|zi> ) dv"(z) > et/? S If|zi|> 544} dv"(x).
Ay A
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Thus
S z? dv™(x) = S S 2814, |>sy ds dV" (z) = S 2s S Ifjz; >y dv" () ds
At At 0 0 At
> €t/2 S 2s S I{|:ci|25+t} du"(x) ds
0 A
= 2| | 28T ppry dsdv(2) = €2 (Jas] — 1) dv"(z).

A
To get the assertion it is enough to sum over all ¢ and notice that the function
f(y) :== (/g — t)4 is convex on [0, 00), hence

n n

> (il - +—Zf >nf( Zw%):ux\—wi--

i=1 i=1
LEMMA 4.5. Suppose that A C {x € R": |z| > 5t\/n}. Then
V'(A+tBT) > %et/QV"(A).
Proof. Let
Ap = An{z: 5tv/n+2t(k — 1) < |z| < 5tv/n+2tk}, k=1,2,....
Then Ay + tBY C {x: 5ty/n + t(2k — 3) < |z| < 5ty/n + t(2k + 1)}, hence
V(A +tBY) > % ]; V(A +tBY).

From Proposition 4.4 applied for A; we have
(5tvn +t(2k + )" (A +tBY) = | [z dv"(x)

Ap+tBY
> | (Jo| — tvn)L dv™(z) > P (dty/n + 2t(k — 1))°0(Ay).
Apg
Thus
Aty/m+ 2tk — 1)\ ?
Ay +tB} Py (Ar) = Let/?0m(A
v"(Ay +tBY) > (5t\f+t(2k:+1)>e vn(Ag) 2 77 v" (Ag)
and

1 1 1
VNA+LBY) > 5 > 1 P (AL) = 5 2 (A).
E>1
The final step is to make the distance from the origin that is required for
the argument to work independent of t. We do this by increasing our set A
“step by step”, by increments of 10B]" at a time, and checking the effects of
each enlargement. At each step either a large part of our set gets pushed close
to the origin (where we will be able to deal with it using different methods)
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or it stays outside, but increases its volume. It may be useful to note that
in this part we strongly use the fact that we are considering enlargements
by tB} only, and not by the standard tB} + v/t BY, as the second set is not
linear in ¢ (thus a composition of two enlargements with coefficient ¢ does
not yield an enlargement with coefficient 2t).

THEOREM 4.6. For any A € B(R") and any t > 10, either
V" ((A+tBY) N50y/n BY) > " (A)
or
(19) V(A +tBY) > /107 (4).
In particular, (19) holds if AN (50y/n By +tB}) = 0.

Proof. Let Ay denote A+10kB} for k =0,1,....If forany 0 < k <¢/10
we have v™(Ay N 504/n BY) > v™(A)/2, the assertion is proved. So assume
otherwise. Let A) := Ay, \ 50y/n Bf. From Lemma 4.5 we have

V' (Agy1) > V(AL +10BY) > %e5y”(A§€) > %eSV”(Ak) > 2V (Ay).
By a simple induction we get v"(Ay) > e?*v"(A) for any k < ¢/10. Thus
V(A +tBY) > V" (Apyjig)) = 100 (A) > /100 (A). m

5. Uniform measure on B}. In this section we will prove the infimum
convolution property IC(C) for B} balls. Recall that v} is a product measure,
while 11, , denotes the uniform measure on rmeg. We have

2'I(1+1/p)" (20 (1+1/p))"(ep)™/”
I'(1+n/p) n/P(\/n/p+1)

where the last part follows from Stirling’s formula. Thus 7}, ~ nl/p.
For v} we have IC(48) by Corollary 2.19. Let us first try to understand
what sort of concentration this implies, that is, how the function A* behaves

n
for vy

Tpn = 1Byl =

PROPOSITION 5.1. For any p > 1 and t € R we have
By(vp) ~ {z: fp(lz]) <t} and A7 (t/C) < fi([t]) < A7, (C1),
where f,(t) =t fort <1 and f,(t) =tP fort > 1.

Proof. We shall use the facts proved in Section 3 to approximate By(v).
Note that v, is log-concave (as its density is log-concave) and symmetric. It
is 1-regular from Proposition 3.8. Also

o= szdy (z) = L S 22e 12 gy = L +3/p) ~1
I 27, 2 30(1+1/p)
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for p € [1,00). The measure v, with density o,dv,(opz) is isotropic, hence
Propositions 3.3 and 3.6 yield B;(7,) ~ vt BY = [-/1, \/ﬂ for t < 1. Thus,
as Bi(vp) = 0,Bi(1p), we get B(vp) ~ [—vt, V1] for t < 1

For ¢ > 1 we have

1
Mi(vp) = {u eR: — | Julflz|fe "V du < 1}
2%

R

_ ) @+ DI(1+1/p) ~ fu ly —1/
_{ue]R.|u|§\/ F(1+%) } {ueR: |u| <t71/P},

Thus Z(v,) ~ [—t'/P,t1/?] for |t| > 1, so by Propositions 3.2 and 3.5,
Bi(vp) ~ [—tY/P t1/P]. Hence, for all t > 0 we have {z: f(|z]) < t} ~
{z: A7 (z) < t},s0 A5 (1/C) < [(t) < A7 (Ct). As A} is symmetric, the
proof is finished. =

COROLLARY 5.2. For anyt >0 and n € N we have

B VEBY +tY/PBr forp € [1,2],
1% ~
A VIBY NtYPBY forp > 2.

Proof. By Proposition 5.1,

By(v}) = {x ER™: Y A (x;) < t} ~ {x eR™: Y fllul) < t}.
Simple calculations show that {z € R": Y f,(|z;]) < t} ~ tY/2By + tl/pB”
for p & [1,2) and {z € R": 3 fy(Joil) < £} ~ t/2B5 017 for p > 2.

PROPOSITION 5.3. For anyt € [0,n], p>1 and n € N we have By(fipn)
~ Bt(Vg)

Proof. For t < 1 we use Propositions 3.3 and 3.6. Both p;,, and vy are
symmetric, log-concave measures, and both can be rescaled as in the proof
of Proposition 5.1 to be isotropic, thus B;(jp.n) ~ vt BY ~ Bi(v).

Lemma 6 from [4] gives (after rescaling by rp )

@) (o) (o))"~ e ([l i @)

for any p,t > 1 and a € R"™. Note that as 7, ~ n'/P this simply means the
equivalence of tth moments of i, and vy, for ¢ € [0,n]. Thus My (ppn) ~
Mi(vp ) for t < n and therefore By(ppn) ~ Bi(vpyp). =

REMARK 5.4. It is not hard to verify that By(pr) ~ rpn By for t > n.

5.1. Transports of measure. We are now going to investigate two trans-
ports of measure. They will combine to transport a measure with known
concentration properties (v or v4, that is, the exponential or Gaussian
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measure) to the uniform measure p,,. We will investigate the contractive
properties of these transports with respect to various norms. Our motivation
is the following:

REMARK 5.5. Let U : R™ — R"™ be a map such that
[U(x) =U)lly = dlle —yll§  for allz € R", y € A.

Then
U(A+ 9B > UR™) N (U(A) + 5*/7¢/PBD).

Analogously, if
[U(z) =UW)l} < élle—yll§  forallz eR", y € A,

then
1 n 1 1 n
U(A+ 9B C U(A) + 6Y/P¢/PBY.

Proof. We prove the first statement; the proof of the second is almost
identical. Suppose U(x) € U(A) + 61/pt1/pBg. Then there exists y € A such
that ||U(x)—U(y)||h < dt. From the assumption we have ¢t > ||z — y||Z, which
means ¢ € A + tl/qu, and U(z) e U(A +t1/qB(’]). .

The first transport we introduce is the radial transport 7}, ,, which trans-
forms the product measure v, onto ppp, the uniform measure on ry,, By
We will show this transport is Lipschitz with respect to the £, norm and
Lipschitz on a large set with respect to the £o norm for p < 2.

DEFINITION 5.6. For p € [1,00) and n € N let fp,, : [0,00) — [0, 00) be
given by the equation
s fo.n(s)
Se_rpr"_l dr = (2v,)" S L dr
0 0
n(

[lp)/ |y for = € R™.

(21)

and Ty, (z) := af),
Let us first show the following simple estimate.
LEMMA 5.7. For any g >0 and 0 < u < q/2,
u
q S e I dt < e Uyl <1 +2 u> )
0 q
Proof. Let

u

flu) :=e “ul (1 +2 Z) —q S e 't qt.
0

Then f(0) =0 and f/'(u) = e u?(l —2u/q+2/q) >0for 0 <u<g/2. m

Now we are ready to state the basic properties of T), .
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PROPOSITION 5.8.

(i) The map T,y transports the probability measure v;} onto the measure

p

Hpn-

(i) For all t > 0 we have e™¥"/™t < 2y,fyn(t) < t and fon(@) <
(2’Yp)_1 < 1.

(iii) For anyt > 0,0 < fpn(t)/t — ( ) < min{1, 2pt? /n}.

(iv) The function t — fpn(t)/t is decreasmg on (0,00) and for any
s,t >0,

|t—1fp,n(t) — S_pr,n(5)| < (St)_1|5 — t|fp7n(8 A\ t) < HI‘E;SX{(:LJ}

Obviously properties of T}, ,, are strongly tied to properties of f,, . Esti-
mate (ii) means that up to t = n!/? the map Tp.n is basically a homothety.
Bounds (iii) and (iv) will be used when studying the Lipschitz properties
of Ty n. The fact that fp,,(t)/t is decreasing means that points farther away
from the origin are contracted more. Thus we can decompose Tj, , () =Ty n(y)
by first rescaling both points by f, . (||z||)/[|z||, and then estimating the ad-
ditional error by the inequality in the second part of (iv).

Proof. The definition of T, , directly implies (i). Differentiation of (21)
gives

(22) e = (29)" fn () f(8)-
By (21),
t t
e n < S el dr = 2w)" fon(t) <n S rhdr = ",
0 0

which, when the nth root is taken, gives the first part of (ii).
For the second part of (ii) we use (22) and the estimate above to get
s

n—1
Fp(s) = € (27)" < fpn(s)) < e (29) (e M 2)

=e " /M2y) T < (2y) 7 < 1

To show (iii) first notice that by (22) and (ii),

tfpn(t) ( t >" . B )

) = 27,) " < /n2,y n,—tP 2 —1,
FonD) Gy ) € 20T S ()T )

thus fyn(t)/t — f,,(t) > 0. Moreover by (ii), fpn(t)/t — f,n(t) < fpn(t)/t
<1, so we may assume that 2pt?/n < 1. By (21) and Lemma 5.7 we obtain

e
P
(Q’yp)n o NOES % S e~ Uy P du < ot <1 + 2p>
0
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Thus using again (22) and (ii) we get

La®) _ (1) = om0 <1— e "t > <1- <1+2pt7p)_1 it

o b\ T @0 n n
By (iil) we get (fpn(t)/t)" < 0, which proves the first part of (iv). For
the second part suppose that s > ¢ > 0. Then
t s t S st ’ s
The next two propositions apply the idea given in Proposition 5.8. The
first of them may also be deduced (with a different constant) from the more
general fact proved in [22].

IN

PROPOSITION 5.9. For any z,y € R"™ we have ||Tpnx — Tpnylp, <
2[lz = yllp-
Proof. Assume s := ||z||, >t := |ly||,- We apply Proposition 5.8 to get

1/p
[Tz — Tpmyllp = (Z| Tpnw)i — (Tpny)il” )
P> 1/p

([ - o (B2 nlt),,

- t s t
(A

_ p\ 1/p
< <Z <|$z’ —Yi s 5 f ’$i|> >
< (lei—yi!p>l/p+ |S;t| (Z\xi|p>1/p

[ lzllp = [lylly|
= [lz = yllp + ﬁxH =y < 21z —yllp- o
p

PROPOSITION 5.10. Let u > 0, p € [1,2] and = € R™ be such that
|x)lan=Y2 < ulz||,n"'/P. Then

[Tpne = Tpnyllz < (L +u)llz —ylla  for ally € R™.

Proof. Let s = ||z||, and t = [|y||,. We use Proposition 5.8 as in the proof
of Proposition 5.9, and the Hoélder inequality, to obtain

’ f 2\ 1/2
1Ty — Tymyllz < (Z (m gl + =1 zr) )

7

Is =1 lz =yl
<z —yll2 + zll2 < flz = yll2 + 7 =l
p
Ilez
<z —yll2 + el 17 Yl =yl < 1 +uw)|z—ylo. =

el
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The second transport we will use is a simple product transport which
transports the measure v onto vg. We shall be particularly interested in
the cases p = 1 and p = 2, but most of the results can be stated in the more
general setting.

DEFINITION 5.11. For 1 < p,q < 0o we define the map w, 4, : R — R by

1T 1 T
(23) — S e dt = — S e dt.
Yp Yy
x Wp,q(T)

We write v, for wy1. We also define W', : R" — R"™ by
qu(xl, e ,xn) = (wpﬂ(a:l), e ,wp7q($n)).
Note that wy, & = wq, and (W,)~! = W' . Differentiating equality (23)
we get

_ g —aPtw} o (x)
(24) w, (r)="e pal®),
P.a T

As W), 4 is a product transport, we will spend most of our time estimating
the properties of the one-dimensional version wy ,. We will prove that w4
behaves very much like 27/9 for large x, and is more or less linear for small |z|.
We begin with the bound for ¢ = 1.

LEMMA 5.12. For p > 1 we have
(i) vp(z) > 2P + In(pypa?~t) and v),(x) > paP~t for x >0,
i) vy(z) < e+ 2P+ In(py,aP~t) and v (z) < efpaP~! for x > 1,
P p P
(iii) vp(x) — vp(y)| > 2" Pl —ylP.
Proof. Note that v; = 1. For x > 0, we have

1 % 0 _ P

(25) e @ = — S e " dt < S ptP~ e dt = 6771
Yp . Pype?

and for z > 1, since (1 +r/p)? <e" <1+ er for r € [0, 1], we get

1
e PYpxP

z+x!=P/p P
1 1 1— e *
er@ar>— | edt> —— e > e

oo T pypar! PPt

Notice that by (24), v,(z) = e_xp+vp(x)/7p, hence we may estimate v;, using
the just derived bounds on wvy,.

The lower bound on v, yields |v,(z) —vp(y)| > [z —y[P for ,y > 0. The
same estimate holds for x,y < 0, since v, is odd. Finally, for x > 0 > y we
have

[op(@) = vp()| = lop(@)] + [op(W)] = |2 + [y = 2P|z — y|P. =



176 R. Latala and J. O. Wojtaszczyk

The previous lemma shows that for > 1, v, and 2P have comparable
derivatives. One could hope that w,, , and 2P/9 behave in the same fashion.
Unfortunately things are not so bright for the case of ¢ = 2: while it is true
that wy 2 is larger than 2P/2, things start getting messy around z = 1 when
one considers the derivative. The following estimates are not optimal, but
strong enough for our purposes.

LEMMA 5.13.

(i) Forp>gq>1, lwpg(x)| > |29 and Wh(T) =g/ Vp = 1/2.
(ii) Forp > 2, wy,(z) > %\/ﬁ|:p|p/2—1.

Proof. Since the function wy, 4 is odd, we may and will assume that x > 0.
(i) By the monotonicity of u?/7~1 on [0, 00), we have

o _ % s

1 S e—ltpdt:i S e—tth:w
oo j—
fyp €T 7‘1 ’wp,‘I(l') SO e a dt
= Sz;,q(x)Q/p WPl Lo gy,
[ ur/t—le=vw du
—uP
Sz’q(x)q/p e du 1 oo —uP

7 SOO e - ’7 S e " du,
0 P wp g (wyalv

thus wy4(2)¥? > 2 and wp,(z) > xP/%. Formula (24) gives wy, () >

P
Va/Wp = 1/2.
(ii) We begin with the following Gaussian tail estimate for z > 0:

o0

1
(26) S e dt> —— =%,
2v22 +1

z
We have equality when z — oo, and direct calculation shows the derivative
of the left-hand side is no larger than the derivative of the right-hand side.
Let k := 4/m. We will now show that for all z > 0 and p > 2,

(27)  wpale) > uple) = max {\/m /2, /(o + In(/par/? 1 /r) ).

Suppose on the contrary that wp,2(x) < uy(x) for some p > 2 and = > 0.
Note that by (i) we have wy, 5 > 72/ > 72 = /7/2. Thus up(z) is equal to
the second part of the maximum. This in particular implies that x > 2/3,
since for x < 2/3 we have

4 2
a? +In(\/paP/> 7 k) < §—|— <g—1> ln§+@ —-1<0.
K
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Therefore u,(z) > /7 x/2 > 1/4/3. Now by (25), (23) and (26),

1 72 1 P 72 T P T 2
Nz pile p e 2—86 dt = S e " dt
px 'Yp px Tp 3, wp.2(x)
T 1 1
S RS S P S
e 2y/up(x) +1 Hup()
_ L (e ey VT e ar
dup () VP up(x)
After simplifying this gives u,(z) > \/pa?/2. Hence
1
pxp<u}2;( )—xp—i—fln(pxp)+ln—<%ajp+ paP = pa?,

which is impossible. This contradiction shows that (27) holds.
Thus we have w) 2() > u,(x) and by (24) we obtain

wpal@) 2 E e > Y B = L
p

REMARK 5.14. By taking
up(w) = max { V7 2/2, /(@2 + n(pa? 2T /(s Inp)))+ |

for sufficiently large x and estimating carefully one may arrive at the bound
wy, o(T) > C~'pzP/>~1/Inp. One cannot, however, obtain a bound of the

order of pzP/2-1,
PROPOSITION 5.15. For p > q > 1 we have
(1) vy (Wi, (A)) = v (A) for A € B(R"),
(i) () — wyp(y)] < 2l — y| for o,y € R,
(iii) for x,y € R™ and r > 1,

IWep(@) = W)l < 2[lz =y,
(iv) for z,y € R,
(@) — w1,p()| < 2min(jz — |, |z — yP) < 20z — o[V,
(v) WP, (2) = Wi (W)l < 2|z — ylli for z,y € R,
Proof. Property (i) follows from the definition of w,, and Wg,. Since
Wy p = wpq we get (ii) by Lemma 5.13(i). Property (iii) is a direct conse-

quence of (ii).
By Lemma 5.12(iii),

wip(@) = wip(y)] = v, ' (2) = v, (y)] < 2717 —y| VP

The above inequality together with (ii) gives (iv), and (iv) yields (v). m
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Let us summarize the facts proved so far. We have IC for the measure v,
for any p, thus if the radial transport 7}, , were Lipschitz with respect to the
second and pth norms, we could transport IC to p, ,. However, while T, ,
is Lipschitz with respect to the pth norm, it is Lipschitz only for points not
very far from the origin in the second norm (Proposition 5.10 proves this for
p < 2, a similar problem occurs when p > 2). Thus we will have to deal with
the point farther away from the origin separately.

For p < 2 we shall use the results from Section 4. We can, fortunately,
transport them easily to v, as the product transport W', is Lipschitz with
respect to any norm (in particular the second norm), and also contracts the
first norm to the pth norm.

For larger p it turns out it will suffice to combine the transports we
already have. While T},,, is not Lipschitz in the second norm far away from
zero, it turns out that W7, contracts the points far away from zero strongly
enough to compensate for this, and the composition is Lipschitz. To check
this we will bound the norm of the derivative matrix, using the estimates for
the derivatives of the transports given above.

To this end we define the following transport from the exponential mea-
sure V" to pup, for p > 2:

DEFINITION 5.16. For n € N and 2 < p < oo we define the map
Spn: R" — R™ by Sp p(x) := Tpm(Wﬁp(x)).

This transport satisfies the following bound:

PROPOSITION 5.17. We have ||Spn(z) — Spn(y)|l2 < 4llz — yll2 for all
x,y € R™ and p > 2.

Proof. It is enough to show that ||DSp,(z)| < 4, where DS, , is the
derivative matrix, and the norm is the operator norm from ¢4 into ¢5.
Let s = [[W]',(2)||p- By direct calculation we get

' Sij fpn(s)wy (i
(28) (3?;?)3 (z) = f (5) () |

where

a(s) = 5P (sfpn(s) = fon(s),  B(t) = [wip()[P sgn(wip(t))wi ,(t).

Thus we can bound

108, @) < 222 e ) + ()] W @) (3 82(0)
=1

a(s)wip(z;)B (i),

Since wy ), = wp*&, Proposition 5.13(i) implies |w} ,(z;)| < 2, while by
Proposition 5.8 we have fy,(s)/s < 1. Thus the first summand can be
bounded by 2.
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For the second summand note that by Proposition 5.8(iii),
(29) |o(s)| = 5P| fpn(5) — fpn(s)/s| < s7Pmin{1, 2ps”/n}.
Moreover, [WT,(z)[2 < n!/2=1/Ps by the Holder inequality and

= |lw p=11,,/ = M }
BOI = lunaOF "ty (O] = P <

by Lemma 5.12. Thus
DSy ()| <24 s min{1, 2ps?/n}n'/>Psnt/2 /p
<2+42sn VP min{nsP,1} <4. u

Recall our aim is to transport the enlargement by tB} + v/t B to the
enlargement by ¢!/ pBgﬁ\/f B3 . This means that any vector in either the t B
ball or v/t B ball should be mapped by S, ,, both into v/t BY and tl/pBg. We
know that B3 map to B3 from the above proposition. Both B and B} map
to By when transported by W}, and T}, is Lipschitz with respect to the
pth norm, thus it remains to check what happens to vectors from ¢tB} with
respect to the second norm. Here direct derivation would be more involved,
thus we will change one coordinate at a time and track the changes in the
second norm:

PROPOSITION 5.18. For any y,z € R™ and p > 2 we have
1950 (¥) = Spn(2)l2 < [W(y) = W (2)l2 + 2072 |ly — 2])1.
Proof. Let u;(t) = (y1,¥2,- -, ¥Yi-1,t, Zis1, Zit2, - -+ 2n) for i = 1,... n.
Note that w;(y;) = wit1(zitr1), u1(z1) = z and up(y,) = y, hence

n

Spin(2) = Spn(y) = Y (Spn(ui(21)) = Span(ui(yi)))-
i=1
Let s(t) := [Jw1p(ui(t))]|p- By vector-valued integration and (28) we get

Spn(u(2)) = Sy = § S22 (1)t = a + b,

Yi

where

K n S’L t K n
a; = | fp’;(t)())w'l,p(t)ei dt, b= | a(si(t)BEWT,(ui(t)) dt.
; ¢ Yi
As in the proof of Proposition 5.17 we show that
l(si () BE)WT (i (8)]|2 < 207 2s;(t)n /P min{ns;(t) 77,1} < 2072,

thus

e

n n
<Dl < 2072 = il = 207y = 2l
1= 1=
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To deal with the sum of a;’s we notice that, since f,,(s)/s < 1 and
w () 20,

(S

= [(ai, ;)| =

i f ,n(si(t)) /
| ”&Twm(t) dt

Zi

[ w0 | = fwn p(z0) = w1, (50)]
Yi

<

Thus
[, < St o,

Having these facts, we can put them together in the following corollary:

COROLLARY 5.19. Ifz —y € tBY + 151/235I for some t > 0, then for all
P> 2, Spu(x) — Spaly) € 8(t/2By NtY/PBY).

Proof. Fix z,y with x —y € tB} + t1/2B§‘. By Proposition 5.15(iv),

W () — Yy = Z\Uﬂ,p i) = wip(yi)”

< QPZHHH |z — vil?, |lzi — vil)
7
< 2p2min(]a:i - y,-\z, |zi — yi|) < 2P +2¢.

7

= [WTp(2) = Wi ()2 =

Thus by Proposition 5.9,
1Sp.n () = Spn()llp < 2WT, (@) = W, (w)ll, < 8t'/7.

By Holder’s inequality, ||y, () —Spn(y)ll2 < n/27VP|S, 1 (2) = Spa(y)|lp <
8t1/2 for t > n.

Assume now that t < n. Let z be such that x — z € tl/QBg and z —y €
tBY. Then Sp () — Spn(z) € 4t'/2BY by Proposition 5.17, and [[W}',(2) —
W{fp(y)Hg < 2v/t by Proposition 5.15(v). Thus by Proposition 5.18,

1Spn(y) = Spn(2)]|2 < 2612 + 20712 < 441/,

Hence Sy, () — Spn(y) € 8tY/2By.

The last function we define transports the Gaussian measure v3 to (,,
for p > 2.

DEFINITION 5.20. For n € N and 2 < p < co we define S’Vp,n: R" — R"
by Spn () = Tpn(Wyy ().

We argue in much the same way as in the proof of Proposition 5.17,
estimating the norm of the derivative matrix:
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PROPOSITION 5.21. We have ngn(:v) - gp,n(y)HQ < Uz —yll2 for all
z,y € R" and p > 2.

Proof. We need to show that HDgpn(m)H < 14. Direct calculation gives

RY Sij fpm (3)wh (i >
Ok ) - 2lerCRES ) | o 5y ) B,

where 5 = [[W3,(z)|, and

a(s) = 5P H(sfh 0 (5) = fom(s),  B(E) = [wap(t)P~ sgn(wap(t))wh , (1)
Thus we can bound

(30)

B) DSl < 2D g )

@) W3, @23 ).
=1

The first summand is bounded by 2 as in the proof of Proposition 5.17. Since
wa,p = wp_é we get by Lemma 5.13(ii),

B(@)] = lwap ()P sy () = 222 @P 8y
” 2@ = o @) = gp @I

(Zn:§2($i)>l/2§ 8 /2.
i=1

Using (29) and ||[W3,(z)[]2 < n!/2=1/P3 we bound the second summand in
(31) by

hence

S

2psP
n

5P min{l, }n1/2—1/p§8 /% = 8p~MP min{u~ "2, 2u' 2} /P

VP

< 8V2 <12,
where u := psP/n. =

5.2. Applying v1 results: p < 2. In this subsection we need to put care-
fully together Theorem 4.6, which for a set far away from the origin allows
us to either increase its mass or push it closer to the origin by adding a tB}
ball, with the transport 7}, ,, which is Lipschitz close to the origin, and thus
will allow us to transport concentration inequalities from v} to py p, for sets
close to the origin.

We start with the version of Theorem 4.6 for v, which is a direct trans-
portation of the 14 case.

LEMMA 5.22. For any A € B(R"), p € [1,2] and t > 1,
o v (A+ 2()t1/pBg) > ey (A) or
o UM((A+20tYPB) N 100y/n BY) > Lui(A).
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Proof. We will use the transport W1, from v™ to v Proposition 5.15(v)
gives [[W],(z) = WT',(y)llp < 2P||x — yl[1. By Remark 5.5 this means that
A—i—2(10t)1/pB” D Wi, (W (A)+10tBY). Fix ¢t > 1 and apply Theorem 4.6
to W1 (A) and 10¢. If the second case of Theorem 4.6 occurs, we have

vy (A+ 20t1/pBg) > vy (W', (W5i(A) +10tBY)) = v™" (W, (A) + 10t BY)
> V" (W (A)) = vy (A).

If the first case occurs, then due to Proposition 5.15(iii) we have [|[W{",(2)]|2

< 2[|z|l2, so 2aBy > Wi, (aBy) for any a > 0. Thus

V(A +20t/PBr)N100v/n BY) > y"(Wln,p( " (A) + 10tB}) N100y/n BY)
= v, (WP, (W, (A) + IOtB”) NW,'1(100v/n By)))
> v (Wlp(( 1 (A) + 10tB") N SOIBQ))

> Lo ;1<A>> — Lp(4). =

Now recall what IC (or rather, CI) implies for v.

LEMMA 5.23. There exists a constant C' such that for anyp € [1,2],t >0
and n € N we have

vy (A+ C’(tl/”B" +t'/2B%)) > min{1/2, ey (A)}.
Proof. Corollary 5.2 gives Bs(v) C C(s 1/an + s1/2Bp) for s > 0. By

Corollary 2.19, v, satisfies IC(48) which, due to Proposition 2.4, implies
v, (A + 48 By (v, )) > min{1/2,e'v;/(A)} for any Borel set A. Thus we have

V(A +96C(t/PBY + t1/2BY)) > min{1/2,e'v(A)}. =

For technical reasons we will need to discard the set of points where the
pth norm is small to use Proposition 5.10. The following proposition uses a
simple argument to ensure that this set is small (of the order of ¢™™).

PROPOSITION 5.24. For any a > 1 there exists a constant ¢(«) such that
for anyn € N and p > 1 we have

vy ({z: |lallp < c(a)n'/P}) <a™"
Proof. We have

c(a)nt/?
n . 1 _ n —rP_n—1
vp({z: |lzll, < c(a)n'/P}) = T +n/p) §) et dr
c(a)nt/r
n _ c(a) n™/P
< n—1 — < C n7
— I'(1+n/p) S I'(l+n/p) — (Cefa))
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where in the last step we use the Stirling approximation and C as always
denotes a universal constant. Thus it is enough to take c(a) < (Ca)~!. u

THEOREM 5.25. There ewists a universal constant C' such that p,., sat-
isfies CI(C) and IC(C) for any p € [1,2] and n € N.

Proof. By Propositions 2.7, 3.12, 3.5 and 5.3 it is enough to show
(32) tpn(A+ C(E/PBY +t'/2BY)) > min{1/2, € 1y n(A)}
for 1 <t <mnand p,n,(A) >e "

Recall that T, , denotes the map transporting vy, to pp . Apply Lem-
ma 5.22 to ijl(A) and ¢. If the first case of Lemma 5.2 occurs, we have

V(T (A) + 2067 B > v (T, 1 (A)) = € i n(A).
Proposition 5.9 gives ||Tpnz — Tpnyllp < 2||x — y||p, thus by Remark 5.5,
fpn(A+ 4067 BY) = v (T, (A + 40t/P BY))
> VN (Tya(A) +206Y/PBE) > el iy 1 (A)

and we obtain (32) in this case.

Hence we may assume that the second case of Lemma 5.22 holds, that
is,

vy (A) 2 303 (T,0(A)) = Jttpn(A),
where
= (T, +(A) + 20t/P BI') N 100v/n BY.
In particular, v (A’) e’"/? Let
A" = A0 {z: ||z|, > ent/P),
where ¢ = ¢(4e) is a constant given by Proposition 5.24 for a = 4e. Then
vp(A") = v (A') = (de)™" = s (A') = 1pn(A).

We apply Lemma 5.23 for A” and 4t to get
Hpin(Tpn(A” +4C(E P By + 112 BY))) = v} (A" + C((4) /P By, + (41)'/* BY))

> min{1/2, e*v 7 (A")} > min{1/2,e iy n(A)/4} > min{1/2, €'y n(A)}.
Proposition 5.9 and Remark 5.5 imply

Tyn(A” +4CtY2BY + 4CtPBY) C T, (A" + ACH/2BY) + 8C'/P BY.
Moreover, for 2 € A" we have |z|lz < 100y/n and |z|, > én'/P. Thus
n~12||z||y < 100¢~'n~P||z||,, so we can use Proposition 5.10 along with
Remark 5.5 to get

Tyn(A” +4Ct2BY) C T, 0 (A") + CtY/2 By,
Proposition 5.9, Remark 5.5 and the definitions of A" and A” yield
Typn(A") C Tpu(A) C Tpn(Ty 4 (A) +206/PB) € A+ 40t /PBY.
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Putting the four estimates together, we can write
fipn (A + (40 + 8C)t/PBI + Ct'/2 BY)

> i (Tpn(A”) + Ct/2BY + 8CtY/PBY)

> iy (Tpn (A" +4Ct2BY) + 8Ct/PBY)

> iy (Tpn (A + AC(/PBY + 1Y2B3))) > min{1/2, ¢ (A)},
which gives (32) in the second case and ends the proof of CIL. IC follows
directly from Corollary 3.14. =

5.3. The easy case: p > 2. This case will follow easily from the exponen-
tial case and the facts from Subsection 5.1.

THEOREM 5.26. There exists a universal constant C such that for any
ACR" anyt,n>1 and p > 2 we have

ppn(A+ C(tl/pBS N tl/QBg)) > min{1/2, e’ uy(A)}.

Proof. In this case we will again use the transport S ,. Assume A C
rpn By and let A := S 1(A). By Talagrand’s inequality (6) we have v"(A +
CtB} +vCtBy) > min{e’v"(A),1/2}. However, by Corollary 5.19,

Spn(A+ CtBY +VCt BY) C Spp(A) +8C(Vt By NtY/PBY).

Thus, as Spn(A) = A and S, , transports the measure v™ to i, we get
the assertion. =

By Propositions 2.7, 3.12, 3.5 and 5.3 and Corollary 3.14, Theorem 5.26
along with Theorem 5.25 yields the following.

THEOREM 5.27. There exists an absolute constant C' such that for any
n € N and any p € [1,00) the measure pp,y satisfies CI(C) and IC(C).

By Corollary 3.14 we get Cheeger’s concentration inequality for pi, .
However, arguing this way we loose control of the constant. We can ob-
tain a more precise result by using—as previously—the transport from the
exponential measure v".

PROPOSITION 5.28. For any p > 2 and n > 1 the measure p,, satisfies
Cheeger’s inequality (12) with constant 1/20.

Proof. By [6] Cheeger’s inequality holds for v™ with constant x =
1/(2v/6), thus by Proposition 5.17, p,,, satisfies (12) with constant x/4 >
1/20. m

We can also show a stronger result, namely a Gaussian-type isoperimetric
inequality for u,, with p > 2. The isoperimetric estimates for p < 2 were
found by Sodin [24].
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THEOREM 5.29. Let &(z) = (2m)~ /2 §7 exp(—y?/2)dy be the Gaussian
distribution function, A € B(R™) and p > 2. Then

ppn(A) =P(x) = ppn(A+20tBy) > P(x+t) for allt > 0.

In particular, there exists a universal constant C such that

1 1 !
[y (A) > & min {upm(A) mv (1- Np,n(A))M}’

Proof. By Proposition 5.21, gp’n(\/ﬁ -) is 14v/2-Lipschitz and transports
the canonical Gaussian measure on R™ onto p,,. Hence the first part of
the theorem follows by the Gaussian isoperimetric inequality of Borell [9]
and Sudakov—Tsirel’son [25]. The last estimate follows immediately from a
standard estimate of the Gaussian isoperimetric function. =

6. Concluding remarks

1. With the notion of the IC property one may associate IC-domination of
symmetric probability measures u, g on R™: we say that u is IC-dominated
by p with constant B if (n, A%(-/B)) has property (7). IC-domination has
the tensorization property: if u; are IC(3)-dominated by g, 1 < i < n,
then @ p; is IC(F)-dominated by @) fi;. An easy modification of the proof of
Corollary 3.11 shows that if u is IC(3)-dominated by an a-regular measure f,
then

VpsoVacsmny  H(A) 2 1/2 = 1—p(A+c(@)BZ,() < e 7(1 — pu(A)).
Following the proof of Proposition 3.15 we also get, for all p > 2,

p A\ Lp
(§1tel = Med, (el du) ™ < &@)s sup (§lw,)p dR) ™
U|
2. One may consider convex versions of properties CI and IC. We say that
a symmetric probability measure p satisfies the convex infimum convolution
inequality with constant (3 if the pair (11, A7 (-/3)) has convex property (1), i.e.
the inequality (1) holds for all convex functions f and with p(z) = A7 (x/8).
Analogously p satisfies the convex concentration inequality with constant 3
if (16) holds for all convex Borel sets A. We do not know if convex IC implies
convex CI, but for a-regular measures it implies a weaker version of convex
CI, namely

WA) = 1/2 = p(A+ei(@)BZ,(H) = 1 —2¢77,

and this property yields CWSM(c2()f3).
From the results of [20] one may easily deduce that the uniform distri-
bution on {—1,1}" satisfies convex IC(C') with a universal constant C.
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3. Property IC may also be investigated for nonsymmetric measures.

However, in this case the natural choice of the cost function is A%(z//3),
where i is the convolution of y and the symmetric image of u.

4. We do not know if the infimum convolution property (at least for

a-regular measures) implies Cheeger’s inequality. If so, we would have equiv-
alence of IC and CI + Cheeger. By Corollary 3.14 this is the case for log-
concave measures.
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