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The weak type inequality for the Walsh systembyUshangi Goginava (Tbilisi)Abstra
t. The main aim of this paper is to prove that the maximal operator σ
# isbounded from the Hardy spa
e H1/2 to weak-L1/2 and is not bounded from H1/2 to L1/2.1. Introdu
tion. The �rst result on a.e. 
onvergen
e of the Walsh�Fejérmeans σnf is due to Fine [1℄. Later, S
hipp [6℄ showed that the maximaloperator σ∗f is of weak type (1, 1), from whi
h the a.e. 
onvergen
e followsby standard arguments. S
hipp's result implies by interpolation also theboundedness of σ∗ : Lp → Lp (1 < p ≤ ∞). This fails to hold for p = 1but Fujii [2℄ proved that σ∗ is bounded from the dyadi
 Hardy spa
e H1to L1 (see also Simon [8℄). Fujii's theorem was extended by Weisz [11℄, whoproved that the maximal operator of the Fejér means of the one-dimensionalWalsh�Fourier series is bounded from the martingale Hardy spa
e Hp(I) to

Lp(I) for p > 1/2. Simon [9℄ gave an example to show that this does nothold for 0 < p < 1/2. In the endpoint 
ase p = 1/2 Weisz [14℄ proved that
σ∗ is bounded from the Hardy spa
e H1/2(I) to weak-L1/2(I).For the two-dimensional Walsh�Fourier series Weisz [12℄ proved that themaximal operator

σ∗f = sup
n≥1

1

n

∣∣∣
n∑

j=1

Sj,j(f)
∣∣∣is bounded from the two-dimensional dyadi
 martingale Hardy spa
e Hpto Lp for p > 2/3, and Goginava [4℄ generalized this result to d-dimensionalWalsh�Fourier series. The a.e. 
onvergen
e of the arithmeti
 means of squarepartial sums of double Vilenkin�Fourier series was studied by Gát [3℄.The main aim of this paper is to prove that the maximal operator of theMar
inkiewi
z�Fejér means of the double Walsh�Fourier series is boundedfrom the dyadi
 Hardy spa
e H1/2 to weak-L1/2 and is not bounded from2000 Mathemati
s Subje
t Classi�
ation: Primary 42C10.Key words and phrases: Walsh fun
tion, Hardy spa
e, maximal operator.This paper was written during the author's visit at the College of Nyíregyháza,Hungary. [35℄ 
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36 U. Goginava
H1/2 to L1/2 provided that the supremum in the maximal operator is takenover spatial indi
es.2. De�nitions and ntation. Let P denote the set of positive integers,and N := P ∪ {0}. Denote by Z2 the dis
rete 
y
li
 group of order 2, thatis, Z2 = {0, 1}, where the group operation is the modulo 2 addition andevery subset is open. The Haar measure on Z2 is su
h that the measureof a singleton is 1/2. Let G be the 
omplete dire
t produ
t of a 
ountablyin�nite number of 
opies of the 
ompa
t group Z2. Elements of G are of theform x = (x0, x1, . . . , xk, . . .) with xk ∈ {0, 1} (k ∈ N). The group operationon G is 
oordinatewise addition, and the measure (denoted by µ) and thetopology are the produ
t measure and topology. The 
ompa
t Abelian group
G is 
alled the Walsh group. A base of neighborhoods of x ∈ G 
an be givenin the following way:

I0(x) := G,

In(x) := In(x0, . . . , xn−1) := {y ∈ G : y = (x0, . . . , xn−1, yn, yn+1, . . .)}for n ∈ N. These sets are 
alled the dyadi
 intervals. Let 0 = (0, 0, . . .) ∈ Gdenote the null element of G, In := In(0) (n ∈ N), In := G \ In. Set
en := (0, . . . , 0, 1, 0, . . .) ∈ G with the nth 
oordinate 1, and the other zeros.De�ne

xi,j :=

j∑

s=i

xses, xi,i−1 = 0.For k ∈ N and x ∈ G set
rk(x) := (−1)xk ,the kth Radema
her fun
tion. If n ∈ N, then n =

∑∞
i=0 ni2

i, where ni ∈
{0, 1} (i ∈ N), i.e. n is expressed in the number system of base 2. De�ne
|n| := max{j ∈ N : nj 6= 0}, that is, 2|n| ≤ n < 2|n|+1.The Walsh�Paley system is de�ned as the sequen
e of Walsh�Paley fun
-tions

wn(x) :=
∞∏

k=0

(rk(x))nk = r|n|(x)(−1)
∑|n|−1

k=0
nkxk (x ∈ G, n ∈ P).The Walsh�Diri
hlet kernel is de�ned by

Dn(x) =
n−1∑

k=0

wk(x).Re
all that(1) D2n(x) =

{
2n if x ∈ In,
0 if x ∈ In.



Weak type inequality 37The re
tangular partial sums of the 2-dimensional Walsh�Fourier series arede�ned as follows:
SM,Nf(x1, x2) :=

M−1∑

i=0

N−1∑

j=0

f̂(i, j)wi(x
1)wj(x

2),where the number
f̂(i, j) =

\
G×G

f(x1, x2)wi(x
1)wj(x

2) dµ(x1, x2)

is said to be the (i, j)th Walsh�Fourier 
oe�
ient of the fun
tion f.The norm (or quasinorm) of the spa
e Lp(G × G) is de�ned by
‖f‖p :=

( \
G×G

|f(x1, x2)|p dµ(x1, x2)
)1/p

(0 < p < ∞).

The spa
e weak-Lp(G × G) 
onsists of all measurable fun
tions f for whi
h
‖f‖weak-Lp(G×G) := sup

λ>0
λµ(|f | > λ)1/p < ∞.The σ-algebra generated by the dyadi
 2-dimensional 
ube Ik(x

1) × Ik(x
2)of measure 2−k × 2−k will be denoted by Fk (k ∈ N).Denote by f = (f (n), n ∈ N) a one-parameter martingale with respe
tto (Fn, n ∈ N) (for details, see e.g. [10, 13℄). The maximal fun
tion of themartingale f is de�ned by

f∗ = sup
n∈N

|f (n)|.In 
ase f ∈ L1(G × G), the maximal fun
tion 
an also be given by
f∗(x1, x2) = sup

n≥1

1

µ(In(x1) × In(x2))

∣∣∣
\

In(x1)×In(x2)

f(u1, u2) dµ(u1, u2)
∣∣∣,

(x1, x2) ∈ G × G.For 0 < p < ∞ the Hardy martingale spa
e Hp(G × G) 
onsists of allmartingales for whi
h
‖f‖Hp := ‖f∗‖p < ∞.If f ∈ L1(G × G) then it is easy to show that the sequen
e (S2n,2n(f) :

n ∈ N) is a martingale. If f is a martingale, that is, f = (f (0), f (1), . . .), thenthe Walsh�Fourier 
oe�
ients must be de�ned in a somewhat di�erent way:
f̂(i, j) = lim

k→∞

\
G×G

f (k)(x1, x2)wi(x
1)wj(x

2) dµ(x1, x2).

The Walsh�Fourier 
oe�
ients of f ∈ L1(G × G) are the same as those ofthe martingale (S2n,2n(f) : n ∈ N) obtained from f .



38 U. GoginavaFor n = 1, 2, . . . and a martingale f the Mar
inkiewi
z-Fejér means oforder 2n of the 2-dimensional Walsh�Fourier series of the fun
tion f aregiven by
σ2nf(x1, x2) =

1

2n

2n−1∑

j=0

Sj,jf(x1, x2).For the martingale f we 
onsider the maximal operator
σ#f = sup

n
|σ2nf(x1, x2)|.The 2-dimensional Mar
inkiewi
z�Fejér kernel of order 2n of the 2-di-mensional Walsh�Fourier series is de�ned by

K2n(x1, x2) :=
1

2n

2n−1∑

k=0

Dk(x
1)Dk(x

2).It is easy to show that
σ2nf(x1, x2) =

\
G×G

f(t1, t2)K2n(x1 + t1, x2 + t2) dµ(t1, t2).A bounded measurable fun
tion a is a p-atom if there exists a dyadi

2-dimensional 
ube I × I su
h that(a) TI×I a dµ = 0;(b) ‖a‖∞ ≤ µ(I × I)−1/p;(
) supp a ⊂ I × I.3. Formulation of main resultsTheorem 1. The maximal operator σ# is bounded from the Hardy spa
e
H1/2(G × G) to weak-L1/2(G × G).Theorem 2. The maximal operator σ# is not bounded from H1/2(G×G)to L1/2(G × G).Corollary 1. Let p > 1/2. Then σ# is bounded from the Hardy spa
e
Hp(G × G) to Lp(G × G).Corollary 2. Let 0 < p < 1/2. Then σ# is not bounded from Hp(G×G)to weak-Lp(G × G).4. Auxiliary propositions. We shall need the following lemmas (see[5, 13℄).Lemma 1 (Weisz). Suppose that an operator V is sublinear and , for some
0 < p < 1,

sup
̺>0

̺p µ{x ∈ (G × G) \ (I × I) : |V a(x)| > ̺} ≤ cp < ∞



Weak type inequality 39for every p-atom a, where I denote the support of the atom. If V is boundedfrom Lp1
to Lp1

for a �xed 1 < p1 ≤ ∞, then
‖V f‖weak-Lp(G×G) ≤ cp‖f‖Hp .Lemma 2 (Nagy). Let A, m, n∈N, m≤ n < A, and (x1, x2)∈ (Im\Im+1)

× (In \ In+1). Then
K2A(x1, x2)

=






0 if ∃i ∈ B1, x1
i 6= x2

i ,
0 if ∀i ∈ B1, x1

i = x2
i , ∃s ∈ B2, x1 − em − es /∈ In+1, x1

s = 1,
2s+m−2 if ∀i ∈ B1, x1

i = x2
i , ∃s ∈ B2, x1 − es − em ∈ In+1, x1

s = 1,
22m−1 if x1 − em ∈ In+1, ∀i ∈ B1, x1

i = x2
i ,where B1 = {n + 1, . . . , A − 1}, B2 = {m + 1, . . . , n}.Lemma 3 (Nagy). Let A, s, l ∈ N, (x1, x2) ∈ IA × (Il \ Il+1) and l <

s + l < A. Then
K2A(x1, x2)

=






0 if ∃s, l < s + l < A, x2 − x2
l el − es+l /∈ IA, x2

s+l 6= 0,
22l+s−2 if ∃s, l < s + l < A, x2 − x2

l el − es+l ∈ IA, x2
s+l 6= 0,

2l−2n(A, l) if x2 − x2
l el ∈ IA,where n(A, l) = [−2l−A(2A − 2l−1 + 1/2) − (2A − 2)].Lemma 4 ([4℄). Let (x1, x2) ∈ IN × IN . Then\

IN×IN

K2A(x1 + t1, x2 + t2) dµ(t1, t2)

≤
c

23N

∣∣∣
2N−1∑

j=1

Dj(x
1)Dj(x

2)
∣∣∣, A ≥ N.

Lemma 5 ([4℄). Let (x1, x2) ∈ IN × IN . Then\
IN×IN

K2A(x1 + t1, x2 + t2) dµ(t1, t2)

≤
c

23N

{∣∣∣
2N−1∑

j=1

Dj(x
1)Dj(x

2)
∣∣∣ + 2N

∣∣∣
2N−1∑

j=1

Dj(x
2)

∣∣∣
}
, A ≥ N.



40 U. GoginavaLemma 6. Let (x1, x2) ∈ (Im \ Im+1) × (In \ In+1), n ≥ m, m, n =
0, . . . , N − 1, A > N. Then\

IN×IN

K2A(x1 + t1, x2 + t2) dµ(t1, t2)

≤
c2m−n

23N

n+1∑

r=m+1

2rD2n+1(x1 + em + er)D2N (x2 + en + x1
n+1,N−1).Proof. From Lemma 2 and by (1) we 
an write the following estimate:

∣∣∣
2N−1∑

j=1

Dj(x
1)Dj(x

2)
∣∣∣

≤ c2m−n
n+1∑

r=m+1

2rD2n+1(x1 + em + er)D2N (x2 + en + x1
n+1,N−1).Applying Lemma 4 we 
omplete the proof.Lemma 7. Let (x1, x2) ∈ IN × (Il \ Il+1), l = 0, . . . , N − 1, A > N. Then\

IN×IN

K2A(x1 + t1, x2 + t2) dµ(t1, t2) ≤
c2l

23N

N∑

m=l+1

2mD2N (x2 + el + em).

Proof. Sin
e (see [7℄ and (1))
∣∣∣
2N−1∑

j=1

Dj(x
2)

∣∣∣ ≤ c
N∑

j=0

2jD2N (x2 + ej) = c2lD2N (x2 + el)and (see Lemma 3)
∣∣∣
2N−1∑

j=1

Dj(x
1)Dj(x

2)
∣∣∣ ≤ c2l

N−1∑

m=l+1

2mD2N (x2 + em),

from Lemma 4 we obtain\
IN×IN

K2A(x1 + t1, x2 + t2) dµ(t1, t2)

≤
c2l

23N

{ N−1∑

m=l+1

2mD2N (x2 + el + em) + 2ND2N (x2 + el)
}

≤
c2l

23N

N∑

m=l+1

2mD2N (x2 + el + em).



Weak type inequality 415. Proofs of main resultsProof of Theorem 1. We shall apply Lemma 1; we may suppose that
a ∈ L∞ is a 1/2-atom with support IN × IN . Sin
e σ2Aa(x1, x2) = 0 for
A ≤ N , we may assume that A > N.Suppose that ̺ = c2λ for some λ ∈ N.It is evident that
(2) µ{(x1, x2) ∈ IN × IN : |σ#a(x1, x2)| > c2λ}

= µ{(x1, x2) ∈ IN × IN : |σ#a(x1, x2)| > c2λ}

+ µ{(x1, x2) ∈ IN × IN : |σ#a(x1, x2)| > c2λ}

+ µ{(x1, x2) ∈ IN × IN : |σ#a(x1, x2)| > c2λ}.Let (x1, x2) ∈ (Im \ Im+1) × (In \ In+1), 0 ≤ m ≤ n < N. Then fromLemma 6 we have
(3) σ#a(x1, x2)

≤ c‖a‖∞ sup
A≥N

\
IN×IN

K2A(x1 + t1, x2 + t2) dµ(t1, t2)

≤
c24N2m−n

23N

n+1∑

r=m+1

2rD2n+1(x1 + em + er)D2N (x2 + en + x1
n+1,N−1)

= c2N+m−n
n+1∑

r=m+1

2rD2n+1(x1 + em + er)D2N (x2 + en + x1
n+1,N−1).De�ne

σ#
1 (x1, x2) := c2N+m−n

×
n+1∑

r=m+1

2rD2n+1(x1 + em + er)D2N (x2 + en + x1
n+1,N−1).

It is evident (see (1)) that σ#
1 (x1, x2) 6= 0 implies that

x1 ∈ IN (0, x1
m = 1, 0, x1

l = 1, 0, x1
n+1, . . . , x

1
N−1)and

x2 ∈ IN (0, x2
n = 1, x1

n+1, . . . , x
1
N−1)for some l with m < l ≤ n+1, where 0 denotes a string of zeros. Consequently,

σ#
1 (x1, x2) ≤ c22N+m+l.



42 U. GoginavaSuppose 2N + m + l ≤ λ. Then
σ#

1 (x1, x2) ≤ c2λ and µ{σ#
1 > c2λ} = 0.Hen
e, we 
an suppose that

m + l > λ − 2N.We have
E :=

N−1∑

n=0

n∑

m=0

µ{(x1, x2) ∈ (Im \ Im+1) × (In \ In+1) : σ#
1 (x1, x2) > c2λ}

≤ c
N−1∑

n=0

n∑

m=0

n+1∑

l=m+1,m+l>λ−2N

1∑

x1
n+1=0

. . .
1∑

x1
N−1

=0

µ{(x1, x2) ∈ IN (0, x1
m = 1, 0, x1

l = 1, 0, x1
n+1, . . . , x

1
N−1)

× IN (0, x2
n = 1, x1

n+1, . . . , x
1
N−1)}.De�ne

A := {(l, m) : m + l > λ − 2N}, B := {(l, m) : 0 ≤ l ≤ n, 0 ≤ m ≤ l}.Suppose λ − 2N ≤ 0. Then it is evident that
A ∩ B = {(l, m) : 0 ≤ l ≤ n, 0 ≤ m ≤ l}.Hen
e, we 
an write(4) E ≤ c
N−1∑

n=0

n∑

l=0

l∑

m=0

2N−n

22N
≤

c

2N

N−1∑

n=0

n2

2n
≤

c

2N
≤

c

2λ/2
.Suppose λ − 2N > 0 and 0 ≤ n < (λ − 2N)/2. Then it is easy to showthat

A ∩ B = ∅.Suppose λ − 2N > 0 and (λ − 2N)/2 ≤ n < λ − 2N. Then we 
an write
A ∩ B = {(l, m) : (λ − 2N)/2 ≤ l ≤ n, λ − 2N − l ≤ m ≤ l}.Consequently,
E ≤ c

[λ]−2N∑

n=[λ/2]−N

n∑

l=[λ/2]−N

l∑

m=[λ]−2N−l

2N−n

22N
(5)

≤
c

2N

[λ]−2N∑

n=[λ/2]−N

(n − (λ/2 − N))2

2n
≤

c

2N2λ/2−N
≤

c

2λ/2
.



Weak type inequality 43Suppose λ − 2N > 0 and λ − 2N ≤ n < N. Then it is evident that
A ∩ B = {(l, m) : (λ − 2N)/2 ≤ l ≤ λ − 2N, λ − 2N − l ≤ m ≤ l}

∪ {(l, m) : λ − 2N < l ≤ n, 0 ≤ m ≤ l}.Consequently, we 
an write
E ≤ c

N−1∑

n=[λ]−2N

[λ]−2N∑

l=[λ/2]−N

l∑

m=[λ]−2N−l

2N−n

22N
(6)

+ c
N−1∑

n=[λ]−2N

n∑

l=[λ]−2N

l∑

m=0

2N−n

22N

≤
c

2N

(λ/2 − N)2

2λ−2N
≤

c

2λ/2
.Combining (3)�(6) we obtain

(7)
N−1∑

n=0

n∑

m=0

µ{(x1, x2) ∈ (Im \ Im+1) × (In \ In+1) : σ#a(x1, x2) > c2λ}

≤ c/2λ/2.Analogously, we 
an prove that
(8)

N−1∑

n=0

N−1∑

m=n

µ{(x1, x2) ∈ (Im \ Im+1) × (In \ In+1) : σ#a(x1, x2) > c2λ}

≤ c/2λ/2.From (7) and (8) we get(9) µ{(x1, x2) ∈ IN × IN : |σ#a(x1, x2)| > c2λ} ≤ c/2λ/2.Let (x1, x2) ∈ IN × (Il \ Il+1). Then from Lemma 7 we have
σ#a(x1, x2) ≤ c24N sup

A>N

\
IN×IN

K2A(x1 + t1, x2 + t2) dµ(t1, t2)(10)
≤

c24N+l

23N

N∑

m=l+1

2mD2N (x2 + el + em)

= c2N+l
N∑

m=l+1

2mD2N (x2 + el + em).De�ne
σ#

2 (x1, x2) := c2N+l
N∑

m=l+1

2mD2N (x2 + el + em).



44 U. GoginavaFrom (1) we 
an write
D2N (x2 + el + em) =

{
2n, x2 ∈ IN (0, xl = 1, 0, xm = 1, 0),
0, x2 /∈ IN (0, xl = 1, 0, xm = 1, 0).Therefore
σ#

2 (x1, x2) 6= 0implies that
x2 ∈ IN (0, xl = 1, 0, xm = 1, 0)for some m with l < m ≤ N. Consequently,

σ#
2 (x1, x2) ≤ c2l+2N+m.Suppose l + 2N + m ≤ λ. Then

σ#
2 (x1, x2) ≤ c2λ and µ{σ#

2 > c2λ} = 0.Hen
e, we 
an suppose that
l + 2N + m > λ.De�ne

T := {(m, l) : l + m > λ − 2N}, S := {(m, l) : 0 ≤ l ≤ m < N}.Suppose λ − 2N ≤ 0. Then it is evident that
T ∩ S = {(m, l) : 0 ≤ m < N, 0 ≤ l ≤ m}.Hen
e

(11)

N−1∑

l=0

µ{(x1, x2) ∈ IN × (Il \ Il+1) : σ#a(x1, x2) > c2λ}

≤
N−1∑

l=0

N−1∑

m=l+1

µ{(x1, x2) ∈ IN × IN (0, xl = 1, 0, xm = 1, 0) :

σ#a(x1, x2) > c2λ}

≤ c
N−1∑

l=0

N−1∑

m=l+1

1

22N
≤

cN2

22N
<

c

2N
<

c

2λ/2
.

Suppose 2N < λ ≤ 3N. Then it is easy to show that
T ∩ S = {(m, l) : λ/2 − N ≤ m < λ − 2N, λ − 2N − m ≤ l ≤ m}

∪ {(m, l) : λ − 2N ≤ m < N, 0 ≤ l ≤ m}.



Weak type inequality 45Consequently,
(12)

N−1∑

l=0

µ{(x1, x2) ∈ IN × (Il \ Il+1) : σ#a(x1, x2) > c2λ}

≤ c

[λ]−2N∑

m=[λ/2]−N

m∑

l=[λ]−2N−m

µ{(x1, x2) ∈ IN × IN (0, xl = 1, 0, xm = 1, 0) :

σ#a(x1, x2) > c2λ}

+

N−1∑

m=[λ]−2N

m∑

l=0

µ{(x1, x2) ∈ IN × IN (0, xl = 1, 0, xm = 1, 0) :

σ#a(x1, x2) > c2λ}

≤ c

[λ]−2N∑

m=[λ/2]−N

m∑

l=[λ]−2N−m

1

22N
+

N−1∑

m=[λ]−2N

m∑

l=0

1

22N

≤ c

[λ]−2N∑

m=[λ/2]−N

m − (λ/2 − N)

22N
+

cN2

22N
≤

cN2

22N
≤

cλ2

2(2/3)λ
≤

c

2λ/2
.

Suppose λ > 3N. Then
T ∩ S = {(m, l) : λ/2 − N ≤ m < N, λ − 2N − m ≤ l ≤ m}.Consequently,

(13)
N−1∑

l=0

µ{(x1, x2) ∈ IN × (Il \ Il+1) : σ#a(x1, x2) > c2λ}

≤ c

N−1∑

m=[λ/2]−N

m∑

l=[λ]−2N−m

1

22N
≤

c(2N − λ/2)2

22N−λ/2

1

2λ/2
≤

c

2λ/2
.

Combining (11)�(13) we obtain(14) µ{(x1, x2) ∈ IN × IN : |σ#a(x1, x2)| > c2λ} ≤ c/2λ/2.Analogously, we 
an prove that(15) µ{(x1, x2) ∈ IN × IN : |σ#a(x1, x2)| > c2λ} ≤ c/2λ/2.From (9), (14) and (15) we obtain
µ{(x1, x2) ∈ IN × IN : |σ#a(x1, x2)| > c2λ} ≤ c/2λ/2.Theorem 1 is proved.Proof of Theorem 2. Let A ∈ P and

fA(x1, x2) := (D2A+1(x1) − D2A(x1))(D2A+1(x2) − D2A(x2)).



46 U. GoginavaIt is evident that
f̂A(i, k) =

{
1 if i, k = 2A, . . . , 2A+1 − 1,
0 otherwise.Then we 
an write that

(16) Sk,k(fA; x1, x2)





0 if k = 0, . . . , 2A,

(Dk(x
1) − D2A(x1))(Dk(x

2) − D2A(x2)) if k = 2A + 1, . . . , 2A+1 − 1,

fA(x1, x2) if k ≥ 2A+1.We have
f∗

A(x1, x2) = sup
k

|S2k,2k(fA; x1, x2)| = |fA(x1, x2)|,

‖fA‖Hp = ‖f∗
A‖p = ‖D2A‖2

p = 22A(1−1/p).Sin
e
Dk+2A − D2A = w2ADk, k = 1, . . . , 2A,from (16) we obtain

σ#fA(x1, x2) = sup
n

|σ2n(fA; x1, x2)| ≥ σ2A+1(fA; x1, x2)

=
1

2A+1

∣∣∣
2A+1−1∑

k=0

Sk,k(fA; x1, x2)
∣∣∣

=
1

2A+1

∣∣∣
2A+1−1∑

k=2A+1

(Dk(x
1) − D2A(x1))(Dk(x

2) − D2A(x2))
∣∣∣

=
1

2A+1

∣∣∣
2A−1∑

k=1

(Dk+2A(x1) − D2A(x1))(Dk+2A(x2) − D2A(x2))
∣∣∣

=
1

2A+1

∣∣∣
2A−1∑

k=1

Dk(x
1)Dk(x

2)
∣∣∣ =

1

2
|K2A(x1, x2)|.

Let
(x1, x2) ∈ IA(0, x1

m = 1, 0, x1
n = 1, x1

n+1, . . . , x
1
A−1)

× IA(0, x2
n = 1, x1

n+1, . . . , x
1
A−1).Then from Lemma 2 we obtain

|K2A(x1, x2)| = 2m+n−2.
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e we 
an write\
G×G

|K2A(x1, x2)|1/2 dµ(x1, x2)

≥
A−1∑

m=0

A−1∑

n=m+1

1∑

x1
n+1=0

· · ·
1∑

x1
A−1

=0

\
IA(0,x1

m=1,0,x1
n=1,x1

n+1,...,x1
A−1

)×IA(0,x1
n=1,x1

n+1,...,x1
A−1

)

|K2A(x1, x2)|1/2 dµ(x1, x2)

=

A−1∑

m=0

A−1∑

n=m+1

2(m+n−2)/2
1∑

x1
n+1=0

· · ·
1∑

x1
A−1

=0

\
G×G

1IA(0,x1
m=1,0,x1

n=1,x1
n+1,...,x1

A−1
)(x

1)

× 1IA(0,x2
n=1,x1

n+1,...,x1
A−1

)(x
2) dµ(x1, x2)

≥c
A−1∑

m=0

2m/2
A−1∑

n=m

2n/2 1

22A
2A−n ≥

cA

2A
,and

‖σ#fA‖1/2

‖fA‖1/2
≥

cA2

22A22A(1−2)
≥ cA2 → ∞ as A → ∞.Theorem 2 is proved.Sin
e σ# is bounded from L∞(G × G) to L∞(G × G) the validity ofCorollaries 3 and 4 follows by interpolation (see Weisz [13℄) from Theorems1 and 2.A
knowledgments. The author wishes to express his gratitude to thereferees for helpful remarks.
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