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On property () of Rolewicz in
Kothe—Bochner sequence spaces

by

HENRYK HuDzZIK and PAWEEL KoLwicz (Poznan)

Abstract. We study property (3) in Kéthe-Bochner sequence spaces E(X), where E
is any Kothe sequence space and X is an arbitrary Banach space. The question of whether
or not this geometric property lifts from X and F to E(X) is examined. We prove that
if dim X = oo, then F(X) has property (8) if and only if X has property (3) and E
is orthogonally uniformly convex. It is also showed that if dim X < oo, then E(X) has
property (f) if and only if E has property (). Our results essentially extend and improve
those from [14] and [15].

1. Introduction. Ko6the-Bochner spaces E(X) of vector-valued func-
tions are generalizations of the Lebesgue-Bochner and Orlicz—Bochner
spaces. They have been investigated by many authors (see for example [2],
[10], [14], [15], [18], [21], [22] and [28]). A survey of geometry in Kothe—
Bochner spaces can be found in [29]. One of the fundamental problems in
these spaces is the question whether or not a geometric property lifts from
X and E to E(X). Although the answer is often the same in the case of
function and sequence Kothe—Bochner spaces, the really peculiar situation
is when the respective criteria are different. Property (H) turns out to be
one of such properties. This property is also known as the Radon—Riesz or
Kadec—Klee property (KK) ([11]). Property (KK) in Kéthe-Bochner spaces
was studied in [1] and [22]. It is known that it lifts from X to E(X) when E
is a Kothe sequence space, but it need not lift if £ is a K6the function space
([1], [22] and [28]). The same situation is for the uniform Kadec—Klee prop-
erty (UKK) and nearly uniform convexity (NUC) ([18]). Both are stronger
notions than (KK) and were introduced by Huff in [11]. He proved that a
Banach space is nearly uniformly convex if and only if it has the uniform
Kadec—Klee property and is reflexive. Moreover, it is known that if X is a
separable Banach space without the Schur property and F is a Kothe se-
quence space, then F(X) has the uniform Kadec—Klee property iff X does
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and F is uniformly monotone. Furthermore, if X has the Schur property and
E is uniformly monotone, then E(X) has the uniform Kadec—Klee property
([18]). It has also been proved that if X is an infinite-dimensional Banach
space, then E(X) is nearly uniformly convex iff both £ and X have the
same property and F is uniformly monotone (proved independently in [18]
and [27]). Furthermore, if X is finite-dimensional, then E(X) is nearly uni-
formly convex iff E is nearly uniformly convex ([18] and [27]). However,
the uniform Kadec—Klee property and nearly uniform convexity do not lift
from X and E to E(X) if E is a Kothe function space (see Remark 3 be-
low).

In this paper we study property () in Kéthe-Bochner sequence spaces
E(X), where FE is any Kothe sequence space and X is an arbitrary Banach
space. Property () was introduced by Rolewicz in [33]. He proved the im-
plications (UC) = () = (NUC), where (UC) denotes uniform convexity.
Moreover, the class of spaces with an equivalent norm with property (/3) co-
incides neither with that of superreflexive spaces ([24] and [31]) nor with the
class of nearly uniformly convexifiable spaces ([23]). It is known that prop-
erty () coincides with reflexivity in Orlicz sequence spaces, and property
(6) and uniform convexity are equivalent in Orlicz—Lorentz function spaces
([5] and [16]). This property was also studied in Calderén—Lozanovskii spaces
([16]). One of the reasons that property () is important is that if a Banach
space X has property (), then both X and X* have the fixed point prop-
erty (FPP). For X, this follows from the implications (5) = (NUC) and
(NUC) = (FPP) ([6] and [33]). Moreover, if X € (), then X* has nor-
mal structure ([26]) and hence the weak fixed point property (WFPP) (see
Kirk [13]). Since (WFPP) and (FPP) coincide in reflexive spaces and prop-
erty () implies reflexivity, it follows that X* has the fixed point property.

We will show that if dim X = oo, then E(X) has property () if and
only if X has property (3) and E is orthogonally uniformly convex. It is also
noted that if dim X < oo, then F(X) has property () if and only if E has
property (). It is worth mentioning that in the function case the situation
is different. Then property () does not lift from X and E to E(X) (see
Remark 3 below).

The orthogonal uniform convexity (UC) was introduced in [16]. Tt is
known that the implications

(1) (UC) = (8) = (UCH)

hold in any Kothe function space and the second implication cannot be
reversed in general ([16], [17] and [33]). Moreover,

(2) (UC) = (UCH) = (B)



Property (B) in Kothe—Bochner spaces 197

in any Ko6the sequence space and the converse of any of these implications is
not true in general ([17]). However, (UC1) < () in any symmetric Kéthe
sequence space ([20]).

Denote by N, R and R the sets of natural, real and non-negative real
numbers, respectively. Let (N,2Y,m) be the counting measure space and
lo = lp(m) be the linear space of all real sequences.

Let E = (E,<,|| - ||[g) be a Banach sequence lattice over the measure
space (N,2Y m), that is, F is a Banach space which is a subspace of I
endowed with the natural coordinatewise semi-order relation, and F satisfies
the conditions:

(i) ifx € E, y €ly, |yl <|z|, ie |y(i)| < |x(i)| for every i € N, then
y € Eand |yl < [lz]z,

(ii) there exists a sequence z in E that is positive on the whole N
(see [30]).

Banach sequence lattices are often called Kdthe sequence spaces.

A Banach lattice E is said to be strictly monotone (E € (SM)) if for
every 0 < y < z with y # x we have ||y||g < ||z| g. We say that a Banach
lattice E is uniformly monotone (E € (UM)) if for every ¢ € (0,1) there
exists p € (0,1) such that for all 0 < y < x satisfying ||z||p = 1 and
lylle > ¢q we have ||z — y||p < 1 — p (see [9]). Then the modulus p(-) of
uniform monotonicity of E is defined as follows:

plg) = nf{l — [z —yllp: |z]lp =1, [lyllp = ¢, 0 <y <z}

A Banach lattice E is called order continuous (E € (OC)) if for every
x € E and every sequence (x,,) € F such that 0 < z,,, < |z| and x,, — 0
we have ||z, ||z — 0 (see [30]).

For any subset A of X, we denote by conv(A) the convex hull of A. Let
(X, ]| |lx) be a real Banach space, and B(X) and S(X) be the closed unit
ball and the unit sphere of X, respectively.

A Banach space (X, || - ||x) is said to be uniformly convex (X € (UC))
if for each € > 0 there is § > 0 such that for any =,y € S(X) the inequality
|z —yllx > e implies ||z +y||x < 2(1—6) (see [3]).

We say that for a given £ > 0 a sequence (z,,) C X is e-separated if

sep (z) = inf{||zy, — xm||x : n #m} > e.

Although the original definition of property (3) uses the Kuratowski
measure of noncompactness (see [33]), the following equivalent condition
proved by Kutzarova in [25] is more convenient for our considerations.

THEOREM 1. A Banach space X has property (B) iff for every e > 0
there exists 6 > 0 such that for each x € B(X) and each sequence (x,) in
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B(X) with sep (zy,) > € there is an index k for which
(3) [+ zpllx < 2(1—9).

A Banach space is said to be nearly uniformly convex (X € (NUQC)) if for
every € > 0 there exists 0 € (0, 1) such that for every sequence (z,) C B(X)
with sep (x,) > € we have conv((z,)) N (1 —0)B(X) # 0.

A Banach space X is said to have the uniform Kadec—Klee property
(X € (UKK)) if for every € > 0 there exists § € (0,1) such that ||z||x <1—0
whenever (z,) C B(X), z, — x and sep (x,,) > ¢.

Recall that a Banach space X has the Schur property (written X € (SP))
if every weakly null sequence is norm null. Every Schur space is (UKK) and
the converse is not true ([11]).

Now, let us define the type of spaces to be considered in this paper. For a
real Banach space (X, |- || x), denote by M(N, X), or just M(X), the space
of all sequences x = (2(7))$2; such that z(i) € X for all i € N. Define

() = llz()|lx forze M(X), EX)={reM(X):TcE}.

Then E(X) equipped with the norm ||z|| = ||Z||g becomes a Banach space
and it is called a Kéthe—Bochner sequence space.

2. Auxiliary lemmas. Write r A s = min{r, s} and r V s = max{r, s}
for r,s € R. For every z € X \ {0} let ¥ = a/||z]|.

LEMMA 1 (Lemma 1.1 in [10]). If =,y € X \ {0}, then

=+ yllx < [lzlx = lyllx] + {llzllx AllyllxHIZ +7lx.

LEMMA 2 (Lemma 1 in [22]). Let X be a separable Banach space and E
be an order continuous Kithe sequence space. If fn, f € E(X) and f, = f
in B(X), then fn(i) = f(i) in X for everyi € N.

LEMMA 3 (Theorem 1 in [15]). A Banach space X has property () if
and only if for every ey > 0 there exists 69 > 0 such that for each x € X\ {0}
and each sequence (xy,) in X \{0} with sep (x,,/||xn||x) > €0 there is an index
k for which
T+ Ty

2

1 260{]|z||x A |kl x }
< 2 lalx + rka(l -
= Telx + Twellx

The following property was introduced in [16]:

DEFINITION 1. We say that a Kothe space (E,|| - ||g) is orthogonally
uniformly conver (E € (UCY)) if for each ¢ > 0 there is § = d(¢) > 0 such
that for any couple z,y € B(E) the inequality ||zxa,,|lr V |yxa,,llz > €
implies ||(z +vy)/2||g <1 — 9, where

Ayy =suppz +suppy, A+B=(A\B)U(B\A).
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Obviously if E € (UC), then E € (UC™). It is known that any uniformly
convex Banach function lattice is uniformly monotone ([9]). Moreover

LEMMA 4 (Lemma 3 in [16]). Let E be any Kéthe space. If E € (UC),
then E € (UM).

The converse implication is not true as examples of L1 and [; show.

3. Results. It is known that if dim X = oo and E(X) € (NUC), then
E € (UM) ([18] and [27]). If we consider property () in an analogous
situation, we get the following

THEOREM 2. Let E be a Kéthe sequence space and X be an infinite-
dimensional Banach space. Then E € (UCL) whenever E(X) € (3).

Proof. Since X is isometrically embedded in E(X) and property (3) is
inherited by subspaces, X has property (). Hence X is reflexive. Assume
that E ¢ (UC). Then there exists ¢ > 0 and sequences (2,,)°;, (yn)5%, in
B(FE) with

4)  N2nXAwny, BV 1ynXAs,, 228 ll2n +ynlle > 2(1 = 1/n).
Define A, = Aj,,,. Divide A, into two disjoint subsets Al = suppzy, \
supp ¥y, and A% = Supp ¥n \ supp z,. We divide the proof into two parts.

1. Suppose that [|z,xa1[lz > €. Fix n € N. Since X is a reflexive
infinite-dimensional Banach space, it fails to have the Schur property. Con-
sequently, there exists a sequence (uy)$%, in S(X) such that uy — 0. Define
V(i) = upan(i) for i € AL. Then v(i) = 0 as k — oo for all i € AL
and [[v2(i)||x = |zn(i)| for all i € AL and k € N. Then, applying the
Hahn-Banach theorem, it is easy to prove that for every ¢ € N there exists
a subsequence (wp(7))72, of (v} (i))g2, such that sep (wp(i))x > |zn(7)]/2.
Using the well known diagonal method, we conclude that for every n € N
there exists (w})72; in E(X) such that
(5) sep (wi(i))x > |xn(i)]/2  for every i € AL
Let z € S(X). For n,k € N define

fi = zzaXxmay T wixay,  f" = zyn.
Then f, f* € B(E(X)) for all n, k € N. Moreover, by (5), we get
17 = £ = [l = whllx xas || g > [(2n()l/2)xa1]| 5 > €/2

for all n,i,j € N, i # j. Then sep ((f7!)72,)p(x) = €/2 for every n € N. On
the other hand, by (4), it follows that

17"+ £l = (2 (n + ) Ollx xnay + [wp Ollx xaz ||

= llzn +ynlle > 2(1 —1/n)

for all n, k € N. By Theorem 1 we conclude that E(X) & (7).
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2. If [[ynxaz |l > €, then the proof is analogous.

REMARK 1. The claim of Theorem 2 is a little surprising. Notice that if
E(X) € (), then obviously E € (). However, orthogonal uniform convexity
is essentially stronger than property () in Kéthe sequence spaces ([17], [20]).

REMARK 2. The assertion of Theorem 2 does not hold for X = R, be-
cause there exists a Kothe sequence space E with property (3) which is not
uniformly monotone ([17] or [24]).

THEOREM 3. Let E be a Koithe sequence space and X be an infinite-
dimensional Banach space. Then E(X) has property (3) if and only if X
has property (3) and E is orthogonally uniformly convez.

Proof. Necessity. Since X is isometrically embedded in F(X), we have
X € (B). By Theorem 2, E is orthogonally uniformly convex.

Sufficiency. Let € > 0. In view of Lemma 3, property (3) can be equiv-
alently considered on the unit sphere in place of the unit ball. Take z, z,, €
S(E(X)),n=1,2,..., such that sep (zn)p(x) > €. Let

(6) 0<A<e/l128, 1—-XA/2<u<l.
For n # m define

o = fr e Lt Alan Dl

lzn (@)l x V lzm (D)l x

First we prove that passing to a subsequence if necessary, we may assume
that either

(7)

<u}, Bpm =N\ Ay ;.

|(Zn — Tm) XAl >€/64  forall n #m, or
|(xn — Tm)XA,..|l <e/64  for all n # m.

1. Consider the element z; and the sequence (z,)>2,. There exists a

(1)yoo

subsequence (x5, )52 of (x,)5% 4 such that either

II(x1 — ffg))XAl,nH >e/64  for every n € N, or
|(x1 — a:g))XAmH <¢e/64  for every n € N.
(1)

The sets Ay, correspond to the pairs (z1, 5 ’). Set wgl) = 21 and w&zl =
azg) for n € N.

2. Take the element xgl) and the sequence (:1:&1))7‘;0:2. There exists a sub-
sequence (xﬁf))g@,l of (x S))n 5 such that either

H( —z? )XA, .|l >€/64  for every n €N, or
‘ (

2))XAMH <e/64  for every n € N.

n

( —x
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Set w?) = .T}gl) and w(al =z for n € N. Continuing in this way, we
conclude that there exists a sequence (j;)72, of natural numbers and a

sequence of subsequences (wq(f’“))n 1, k=1,2,..., such that

(ngl))nzl ) (w(]Z))n— 2.

and either
() —wGR)ya, || > /64 forall k,n €N, n > 2, or
() —wi)yxa, || <e/64  forall k,n €N, n> 2.

Define y,, = wg'") for n € N. The subsequence (y) of (x,) satisfies the
required condition (7).

We divide the remainder of the proof into two parts.
1. Suppose that
(8) [(Zn — Tm) XAl > €/64  for all n# m.
We claim that for all v, z € X satisfying
Izllx Allollx < u(llzllx Vlvilx)

we have

2u
) I = ol < Jlsle = ol (1+ 22 )

where u € (0,1) is defined in (6). If ||z||x > |[v||x, then ||z x — |Jv||lx >
(1/u —1)|jv]|x. Hence
Iz = vllx <llzllx + llvllx = llzllx = llvllx + 2[lvllx
I2llx = [lvllx 2u
< — 2 = - 1 :
< llzllx = flollx + 20 =—=—" (zllx = Tollx) { 1+ T—

If ||z]|x < ||lv|lx, the proof is analogous. Applying (8), (9) and the definition
of Ap m, we get
€

o1 < @n = zm)xanll = 1@ = 2m) Ollx Xawn |l 5
1+
< T [ (lenO)llx = lemOlx)XA 0|
1+
< = [llenO)lx = llew)lx| 5

—1-
for all n # m. Set
y() =1zC)llx,  ynl) = llza()lx.

Then |ly|lz = |lynlle = 1 and sep (yn)e > (1 —u)e/64(1 4 u). Since E €
(UCH), by (2) we get E € (B). Take

O
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from Theorem 1. Then there exists k € N such that ||y + yx||z < 2(1 — 01).
Finally,

o+ el = 1z + 2 x| s < ly + el < 200 = 80).
II. Assume that
(10) (@0 — Tm)X A, || < /64  for all n #m.

Then
|[(Zn = Tm)X B, .|| > 63c/64  for all n # m.
By Lemma 4 we conclude that E € (UM). Moreover, (UM) = (OC) in

any Banach function lattice. It is known that a Kothe sequence space is
order continuous iff it is absolutely continuous, i.e. for every x € E we have

lim, oo ||z — 2™ | g = 0, where 2™ = (z(1),...,2(n),0,0,...) (see [4]).
Hence we may assume that 0 < card B,, ,,, < oo for every n # m and
(11) (@0 = Zm)X By || 2 €/4

We will prove that, passing to subsets of B,, ,, for all n # m if necessary,
and denoting them again by B, ,,, we get

(12) 1(@n = 2m)X B, || = /16
and

(13) 0 < card B < o0,
where

o) [e.e]

B.= |J Bum» B=|JBn
m=n+1 n=1

Suppose that (13) does not hold with B being the sum of the original sets

B, m. We consider two cases:

(a) Assume that card B, = oo for some n € N. Define Dy, = Ufn:nH Bnm
for k=n+1,n+2,... Then |[z,(-)|x > [|#n(-)[lx XB,\D, — 0 as k — oo,
Since E is order continuous, |||z (-)|lx XBn\DkHE — 0 as k — oo. Take
ko € N such that

(14) [llznO)llx XB.\Dy, || < ue/16.
Define B),,, = Bpm N Dy, for m > n and By = U, B} .. Then

m=n+1"n,
card B! < oo because card Dy, < oo. Moreover, we will show that

(15) [(zn —zm)xp1, | >€/8 foreverym=n+1n+2,...

In view of (11), inequality (15) is clear for m =n +1,..., ko, because then
B}, = Bnm. Suppose that (15) does not hold for some m > ko. Then, by
(11), (14) and the definition of B;, ,,,, we get
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e/4 < |(xn = 2m)XBomll < (@0 —2m)xpy | + (@0 — 2m)XB, .\ Dy, |
1
< &/8 + l12nX B\ Dy |+ - 120X By 1\ D,

< /84 lEnxs D | + = lonx, i | < /4

which is a contradiction.

(b) By case (a) and inequality (15) we may assume that card B,, < oo
for every n € N and
(16) |(Zn = Tm)XB,. .|l > €/8 for all n #m.

Suppose card B = oo with B being the union of the sets B, ,, constructed
in case (a). Set Dy, = Uﬁzl By, for k =1,2,... Then 0 « [|z1(-)|x xB\D,4

< [lz1(-) (llx xB\Dy || g — 0
as k — oo. Take kg € N such that

(17) EZASIES XB\DkOHE < ue/128.

Define C, , = Bpm N Dy, for n #m, Cp, = U, nt1 Cnm for n € N, and
C = U,~,Cpn. Then cardC < oo since card Dy, < co. Moreover, we will
prove that

(18) |(Zn — Zm)XCpmll = €/16  for all m # n.

By (16), inequality (18) is clear for every n =1,..., ko and m > n, because
then Cp, g = Bym. Suppose that (18) does not hold for some n > k¢ and
m > n. Divide the set B\ Dy, into the following subsets:

Py ={i € B\ Dy, : [21())lIx A llzn()llx = u(llz1(8)]x V |20(0) ] x)}
Fy ={i € B\ Dy, : |l21(9) [ x A llzn ()]l x < u(llz1(d)]x V lzn ()] x)}
Fy={i€ B\ Dy, : |l21(9) [ x Allzm(D)]|x = u(llz1(8) [ x V lzm ()] x)},
Fy={i€ B\ Dy, : |[21(3) [ x Alzm(@)]lx < u(llz1(8)]x V lzm ()] x)}-

Notice that F» C Ay, and Fy C Ay ,y,. Then, by (10), (16) and (17), we get

/8 < [[(@n = @m)XBom | < (@0 = Zm)XCoo | + (@0 — Tm)XB,, 1\ Dy, |
<¢e/16 + [|(wy — xl)XB\DkO |+ [[(z1 — xm)XB\Dko |
<e/16 + [[(zn — z1)xm | + (@0 — 1) xRl
+[[(@1 — zm)XEll + [[(21 — 2m)XF |l
<e/16 + (L+ 1/u)|lzixm || + [[(2n — 1) x4,
+ (1 + 1/u)[zixrl + (@1 — 2m)xay,. | < e/8,

which is a contradiction. Hence we conclude that conditions (12) and (13)
hold with B,, ;,, B, and B replaced by Cy, n,, Cy, and C, respectively.
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We claim that for all n # m there exists ¢ € B such that
[2n(2) = zm (D)l x = Allzn (@)l x V lzm()]lx),

lzn (@l x Allzm @) x = ulllzn @] x Vllzm @) x),

where A, u are defined in (6). Indeed, if not, then there exist n, m € N with
n # m such that for any ¢ € B, either

[ (7) = zm (Dl x < A(lzn(@)llx V zm(D)]x),  or

[zn (D)l x A llzm (D)l x < ullza(@lx Vl[zm()]lx)-
In view of inequalities (6), (10), (12) and (20), we get
e/16 < [[(zn—2m)XBym | < [(@n—zm)XBIl < 22+ (2n—2m)xA, 0 | < €/32.

This contradiction proves the claim. We will prove that:

(19)

(20)

(+) there exists a subset By C B and a subsequence (z,)5; of (2,)5
such that (z,(7), 2, (7)) satisfies conditions (19) for all n # m, i € By
and (zn(7), zm (7)) satisfies conditions (20) for all n # m and i € B\ By.

Denote by Fg the family of all non-empty subsets of B. Since card B < oo,
we have card Fg < 0.

1. Consider the element z; and the sequence (z,)22,. Since card B <
oo, applying condition (19) we conclude that there exists a subsequence
(xS));;O:l of ()0, and a set By € Fp such that

(21(i), 2\ (i) satisfies (19) for all n € N and i € By,

(21(i), 21 (7)) satisfies (20) for all n € N and i € B\ By.
Define ygl) = 11 and yﬁ}ll = xg) for n € N.
2. Consider the element l‘gl) and the sequence (xg))n 5. There exists a

subsequence (x (2 ))n, of (x ¢ )) ° , and a set By € Fig such that

(xgl)(i) 212 (1)) satisfies (19) for all n € N and i € By,

(2{7(), 2@ (i)) satisfies (20) for all n € N and i € B\ Bs.
Set y%z) = m( ) and y(2)1 = x%) for n € N. Since card Fp < 0o, proceeding
analogously we conclude that there exists a set By € F'p, a sequence ( jk)io 1

of natural numbers and a sequence of subsequences (y,(f ))n L k=12,
such that

(W) 2 (WP o
and for every k € N,
(y(]")( ), yU) (7)) satisfies (19) for all n € N, n > 2, and i € By,

(yg )(z),yf1 )(4)) satisfies (20) for all n € N, n > 2 and i € B\ By.
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Define z, = y( ") for n € N. In this way we have constructed the se-
quence (z,)5; satisfying condition (+). Denote this subsequence of (zy,)
again by (z,). We will prove that

(21) [nX B, || = €/64

for all n € N except at most one element. Suppose to the contrary that
lznxB, |l < €/64 for n € {ni,n2}, n1 # no. By (+) we obtain B\ By =
D1 U D5, where
Dy ={i€ B\ Bo: [[#n, (i) = 2, (9) |l x < All[n, ()l x V 120, (1) ]| )}
Dy ={i € B\ Bo : [[n, (i)llx A llzns (D)l x < ullzn, (Dl x V2, (0)]x)}
Notice that Dy C Ay, n,. Hence, by (12), we get
/16 < [[(#ny = Zno)X By my || < (s — 2ny) x5l
< H(xnl - xnz)XBoH + H(xm - mnz)XB\BoH
< Nny X Bo | + 1Zna XBo | 42X + [[(Zn1 = 20 )Xy iy -
Then, by (6), we get [|(zn, — Tny) XA, n, |l = €/64, which contradicts (10).
This proves inequality (21). Hereafter we assume that (21) is satisfied for
every n € N.

For x € X \ {0} set ¥ = z/||z||x. We claim that for any w,z € B(X)
satisfying ||w]|x A ||z]|x > u(||lw]x V ||z]|x) and ||w — z||x > A, we have
(22) & —Z]x = A/2.

Indeed, by Lemma 1, we get
A< w=zlx < fllwllx = llzllx] + (wllx Allzllx) (19 - 2llx)
<1-u+t o3,
which proves the claim in view of (6). Fix i € By. Let
_ X (1) _ Tm (1)

[zn (@)l x V llzm ()] x [z (9)|lx V ll2m (4) ] x

Then wpm (), 2nm (i) € B(X). Moreover, condition (+) yields
[wnm (D) x A llz20m (D) x 2 w(llwnm (@) x V {[z0m (@) x),
Hwnm - an”X Z A

Since w;;(z) = x;(\z) and z;n\(z) = xm), applying (22) with w, z being
Wnm, Znm, Tespectively, we get

—

(23) [ (i) = 2m (D)l x = A/2
for all n # m and i € By.
Let 85 (+) be the function §(-) from Definition 1. Define the constants

(24) &y = 04(e/64), 63 =03(c/128), 0 < a < min{ds/8,d3/6,c/128}.

In the remaining part of the proof we will consider a few cases.
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II.1. Assume that
(25) lzx B < 8a.

Let z1 = [|z()l[x xmB, and 22 = [[zn(-)||x for some n € N. Then 21,23 €
B(E). Define G = supp z1 +supp z2. By (21), we get ||zoxc|| g > €/64. Since
E € (UCY), we conclude that ||z; + 22|/ < 2(1 — d2), where 8y is defined
n (24). Consequently, by (24) and (25), we get
lz+ @l < [[l2()llx xBo + 12 llx Xy 5o + lon (O)llx ]| 5
< 8a + HZl + Z2”E <8a+2—20 < 2(1 — 52/2).
I1.2. Suppose that
(26) lxs, [l = 8a.

Divide the set By into two disjoint subsets
C={ieBy:[z(@)lx Az:1(d)llx = a(lz(@)]x V [[z1()]lx)},
D ={ie Bo:[lx(i)llx Aller (@) x < alllz@)llx vV llz1(@)]x)}-

I1.2.1. Assume that
lzxcll > 4.

Take 6g=00(A/2) from Lemma 3. For every ¢ € C' consider the element z(i) €
X and the sequence (z,,(7))72; in X. By the definition of C' and By, we have
x(1), xn (1) # 0 for every n € N. By (23) we get sep (z,(7)/||zn(?)]|x) > A/2
for every i€ C'. Hence, by Lemma 3, there exists kg = ko(i) € N such that

o [tz
X
< Mz@)x + llzg (D) x <1 _ 2bof{llz(@)][x A ||3«“ko(i)||X}>
N 2 lz(@)x + llew@lx /)
For every i € C' and any subsequence (uy,(i))72; of (z,(7))22,, define

N (i, (un(i))) = {k € N: x(1), ux(i) satisfy (27)}.

Let iy € C. Property () of X implies that card N (i1, (x5 (i1))) = oo. Thus,
we can find a subsequence (xy, (i1))7> such that x(i1),z,, (i1) satisfy (27)
for every k € N. Take i € C' and consider the sequence (xy, (i2))5> . Sim-
ilarly, card N (iz, (y, (i2))) = oco. Consequently, there exists a subsequence
(mnk]_ (i2))72 such that :c(ig),:cnkj (i2) satisfy (27) for every j € N. After a
finite number of steps we obtain a subsequence ()3 ; of (z,)22, such
that x(i), (i) satisfy (27) for all ¢ € C' and m € N. Since, by condition
(+); llzm@llx Allea@lx = ulllem@lx V210 x) for all i € By and
m € N, we have

lz(@)||x A |lzm(@)]|x > au(||z(@)||x V ||zm(i)||x) for allm € N and i € C.
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Consequently, by (27),
2 L2
for all m € N and i € C, where n = 2jpau/(1 + au). Hence
< MzOlx +llzmOllx
G < '
X
for every m € N. Denote by p(-) the modulus of uniform monotonicity of E.

Then, by the uniform monotonicity of E, we get ||(z + z,)/2|| < 1 — p; for
every m € N, where p; = p(2an).

1 =n)lz@lx + [lxm (@)l x)

T+ T
2

2 (I lx + llzm () 1x)xe

11.2.2. Suppose that
(28) lzxcll < 4o
Then, by (26), ||zxpl|| > 4a. Let
D'={ieD:|z@)|x = llz1()]x V |2@)|x}, D*=D\D"

If ||zxp2| > 2a, then |[z1xp2|| > 2, a contradiction. Hence ||xxpz2|| < 2a.
Consequently, by (28),

(29) lzxp2uc|l < 6a.
On the other hand, ||x1xp1|| < . Hence, by (21) and (24), we get
(30) lz1x p2ucll = /128

Let 21 = [lz(-)|lx xm\(p2uc) and 22 = ||lz1(-)||x. Then 21, 29 € B(E). Define
G = supp 21 < supp z2. Hence, by (30), ||z2xa||z > €/128. Since E € (UCY),
we conclude that ||z1 + 22||g < 2(1 — J3), where 3 is defined in (24). Con-
sequently, by (24) and (29), we get

2+ 21l < llz()llx xpeue + l2()lx xmp2ue) + llz1 () x| 5
< 6a+ ||Zl +Z2||E <6a+2—203 < 2(1 — (53/2).

Combining all the above cases we conclude that ||z + x| < 2(1 — w) for
some k € N, where w = min{d1,d2/2, d3/3, p1}. This finishes the proof.

THEOREM 4. Let E be a Kithe sequence space and X be a finite-dimen-
sional Banach space. Then E(X) has property () if and only if E has

property ().

Proof. Necessity. This is clear, since E is isometrically embedded in
E(X) and property () is inherited by subspaces.

Proof. Sufficiency. Suppose that E € (). Hence E € (OC) and E is
reflexive. Clearly, X is also reflexive. From Theorem 5.3 of [7] it follows that
(E(X))* = E'(X*), where X* is the dual of X and E’ is the Kothe dual
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of E, i.e.

B ={ycl:lyly = sup Z < oo},

Izl s<1 =

Furthermore, E € (OC) iff E/ = E* (see [30]). Consequently, F(X) is re-
flexive.

Let ¢ > 0. Take f € B(E(X)). Let (f) be a sequence in B(E(X)) such
that sep (fn)p(x) = €. Since E(X) is reflexive, passing to a subsequence
if necessary we may assume that f, — g in F(X). In view of Lemma 2,
fn(i) = g(i) in X for every i € N. Note that every finite-dimensional space

X has the Schur property. Hence f,,(i) — g(7) strongly in X for every i € N.
Therefore

(31) 1) = gOllx xal[ y = 0
for every I C N with card I < oo. Since E € (OC), there exists A C N with
(32) card A < oo, HHg()HX XN\AHE < e/16.

Moreover, by (31), there exists N1 € N such that |[|[fn(-) = fin (")l x XAHE

g/2 for alln,m> Ny. So, as sep (fn) g(x) = €, We get sep {(anN\A)n N E(X)
> ¢/2. Consequently,

(33) H||fn()HX XN\AHE > ¢/4 for every n > Ny
excluding at most one element.

Define hy () = (|| frnen (llx = [lg()lx) X a- Then by, — 0 pointwise in E.
It follows from Proposition 8 of [8] that if E is a reflexive Kothe space over a
complete, o-finite measure space ({2, ¥, u) and x,, — x p-a.e., then z,, — x
weakly in E. Consequently, h, — 0 in E. Furthermore, by (32) and (33),
we get ||hn||g > €/8 for every n € N. Then, by the Hahn-Banach theorem,
passing to a subsequence if necessary, we may assume that sep (h,)g > €/16.

But sep (hn) e = sep (|| futrn: ()l x xma) e < sep (|| fatn, (1) x) - Applying
property () of E, we get

£ Ollx + £ O x| 5 < 201 = 6)
for some k > Nj, where § = §(¢/16) is from (3). Finally,

1+ fell < IFOIx + 1£Ollx][ g < 201 = 6). m

REMARK 3. It is worth mentioning that property (3) does not lift from
X to E(X) in the case when F is a Kéthe function space. Namely, consider
the Lebesgue-Bochner space Ly(u, X) with 1 < p < oo and p being the
Lebesgue measure on [0, 1]. Then L,(u, X) fails to have the uniform Kadec—
Klee property whenever X is not uniformly convex (Theorem 3.4.9 in [29]).
This also follows from Theorem 2 in [32]. Moreover, if E = E(T, X, u) is a
Ko6the function space, i.e. p is non-atomic, and X is a real Banach space,
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then E(X) has property () iff X is uniformly convex and E has property
(B) (see [19, Corollary 1]).

Recall that E is a symmetric Kothe sequence space if for any x € E and
each permutation (ny) of N we have = = {z(ny)}32, € F and ||z||g = ||Z||£.

COROLLARY 1. Let E be a symmetric Kothe sequence space and X a
Banach space. The following assertions are equivalent:

(i) E(X) has property ().
(ii) X and E have property ().
(iii) X has property (3) and E is orthogonally uniformly convex.

Proof. If F is a symmetric Kéthe sequence space, then E € (UCJ‘) iff
E € (8) ([20]). Thus, the assertion follows immediately from Theorems 3
and 4. =

In the last part of this paper we consider Musielak—Orlicz sequence spaces
of Bochner type. We say a map @ : R — Ry is an Orlicz function if @ is
convex, even, vanishing at zero and not identically zero. Let ¢ = (¢;)72; be
a Musielak—Orlicz function, i.e. @; is an Orlicz function for every i € N. Any
Musielak—Orlicz function ¢ = (¢;)72, generates the Musielak—Orlicz space

oo
lo = {x €ly: I (cr) = Zcpi(cui) < oo for some ¢ > 0}.
i=1
We endow the space I, with the Luzemburg norm ||z|, = inf{e > 0 :
I (x/e) < 1}. The symbol ¢ > 0 is used to indicate that the functions ¢;
vanish only at zero for each i € N .

We say a Musielak—Orlicz function ¢ satisfies the do-condition (¢ € d3)
if there are positive constants k,a and a sequence (¢;)i2; of positive reals
with Y22 ¢; < oo such that ¢;(2u) < kg;(u) + ¢; for all i € N and v € R
satisfying ¢i(u) < a.

Denote by ¢ the complementary function to ¢; and write p* = (7).

We say that an Orlicz function @ is strictly conver on an interval [a, b]
if &((u+v)/2) < (P(u) + P(v))/2 for all u,v € [a,b], u # v.

Given a Musielak—Orlicz function ¢ we define the function h; : R xR —
[0,00) for i € N by

hi(u, 2}) = SOZ(U) + 901‘(1)) fSOZ( ) \ @z( ) > 0,
0 if i (u) V @i(v) = 0.

Let ¢ > 0 be a positive number. A Musielak-Orlicz function ¢ = (¢;)2,
is said to be uniformly convex in the c-neighbourhood of zero if for every
a € [0,1) there exist 6 € (0,1) and a non-negative sequence d = (d;) with
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I,(d) < oo and ¢;(d;) < c for every i € N such that
hi(u,au) <1 -0

for all u € (d;,; '(c)], i € N. Let N C N. We say that a family (¢;)ien
is uniformly convex in the c-neighbourhood of zero in the above definition
“, € N” is replaced by “i € N”.

We say that ¢ satisfies condition (%) if for every € € (0,1) there exists
0 >0 such that ¢;(u) <1—e implies ¢;((14+d)u) <1 for all u€R and i€N.

For more details and references see [12].

Taking E = [, in Theorem 3 we get the following

COROLLARY 2. Let ¢ be a Musielak—-Orlicz function and (X, || - | x) an
infinite-dimensional Banach space. Then l,(X) has property (3) if and only
if

(1) ¢ € 02, ©* € 92, p > 0 and ¢ satisfies condition (*).

(i) @; is linear in a neighbourhood of zero for at most one i € N.

(iii) If ¢; is linear in a neighbourhood of zero for some j € N, then ;
is strictly convex in [0,1] for every i # j and (@;)ixj is uniformly convex in
the 1-neighbourhood of zero.

(iv) X € (9).

Proof. Tt is known that I, € (UC™T) iff conditions (i)—(iii) are satisfied
(see [20, Theorem 6]). Therefore the corollary follows directly from Theo-
rem 3. m

REMARK 4. It is worth mentioning that from Corollary 2 it follows that
conditions ¢ > 0 and ¢ € (*), which were assumed in Theorem 2 in [14], are
necessary for property () of Musielak—Orlicz sequence spaces of Bochner
type. Moreover, the assumption that ¢;(u)/u — 0 as u — 0 for every i € N,
which has also been assumed in [14], is essentially weakened here to the
necessary one formulated in conditions (ii) and (iii).

COROLLARY 3. Let ¢ be a Musielak-Orlicz function and (X,| - ||x)
a finite-dimensional Banach space. Suppose that ¢ satisfies condition (x).
Then l,(X) has property (3) if and only if ¢ € §2 and p* € 2.

Proof. It is known that if ¢ € (x), then I, € () iff ¢ € d2 and * € 0o
(see [20]). So, the corollary follows from Theorem 4. m

REMARK 5. Notice that the results of Corollaries 2 and 3 have not been
distinguished in Theorem 2 of [14], since the general assumptions that ¢ > 0
and ¢;(u)/u — 0 as u — 0 for any 7 € N have been made there.

If pi(u) = &(u) for any ¢ € N, then the Musielak-Orlicz sequence space
becomes the Orlicz sequence space lg. Notice that Orlicz sequence spaces
are symmetric. Hence, by Corollary 1 and a result from [5] or [17], we get the
criteria for property () in Orlicz—Bochner sequence spaces proved in [15].
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