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Embedding theorems for anisotropic Lipschitz spaces
by

F. J. PEREZ (Logrofio)

Abstract. Anisotropic Lipschitz spaces are considered. For these spaces we obtain
sharp embeddings in Besov and Lorentz spaces. The methods used are based on estimates
of iterative rearrangements. We find a unified approach that arises from the estimation of
functions defined as minimum of a given system of functions. The case of L'-norm is also
covered.

1. Introduction. In this paper we prove embedding theorems for aniso-
tropic Lipschitz spaces. More precisely, we study integrability and smooth-
ness properties of functions under certain conditions on their moduli of
continuity.

In the study of anisotropic spaces, we have different estimates with re-
spect to different variables. The final result will be sharp if we find a balance
between these estimates, that is, an optimal average estimate. Therefore it
is an important problem to determine a right contribution of each variable
to this average. To discuss this problem we first recall some basic definitions.

Denote by W ,(R") (r € N, 1 <p < oo, 1 < j <n) the Sobolev space
with respect to the jth variable, i.e. the class of functions f in LP(R"™) with
generalized partial derivative D7 f € LP(R™). Now, if r1,...,r, € N, then
we set

Wyt ( ﬂ W, (R™)

and

n
1l = £l + S 1D £l
j=1
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If fis a function on R", 1 < j < n, and k£ € N, then we define

k
ik .
A0 0) = Y (-0 () o+ ey
i=0
(where z € R", h € R, and e; is a basis vector). Let f € LP(R") (1 < p < 00).
Then the function

(f;0), = sup [ARR)fIl,  (6>0)
0<h<$§

is called the partial modulus of continuity of f of order k in LP with respect
to Zj.

Let » > 0, and let k£ be the least integer such that £ > r. We denote by
Hj ;(R™) the Nikol’skil space of functions f in LP(R") for which

H(f50)p = O

Assume that 7; > 0 (j = 1,...,n) and that k; is the least integer such
that k; > r;. Then Hp""™ (R") is defined as (;_, H;.jj (R™), with the norm

It is well known that an important characteristic of the W spaces is the
harmonic mean

i (5L

(see [9, 10]). In particular, if 1 < p < n/r and ¢* = np/(n — rp), then
Wg‘lvmﬂ'n AN Lq

if and only if p < ¢ < ¢*. That is, the integrability properties of functions
in W™ are completely determined by r, and the contribution of the
variable zj is proportional to 1/ry in a sense. A similar situation holds
for Nikol’skii spaces, although in this case the embedding with the limit
exponent fails (see [15, 2]).

However, the behaviour of anisotropic Lipschitz spaces is completely dif-
ferent.

Let 1 < p < oo, 7> 0 and let 7 be the least integer such that 7 > r. We
say that f € LP(R") belongs to the Lipschitz space Aj ;(R") with respect to
the jth variable if

W (f:8)p = O,
Let r; > 0 (j = 1,...,n) and denote by 7; the least integer with r; < 7;.
The anisotropic Lipschitz space Ap'"""(R™) is defined as ()j_; A7 (R™). So,
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where the seminorm is

It is clear that
AZ =H) ifry &N,
Also, by the Hardy-Littlewood theorem [15], if r; € N, then
AZ =W (p>1).
For r; € N we have the strict embedding Al J] CH 73]

Thus, Lipschitz spaces have partly the character of Sobolev spaces, and
partly of Nikol’skii spaces. This mixed behaviour creates the main difficulty
in their study.

Integrability properties of functions in a Lipschitz space and Nikol’skii
space with the same indices can be completely different. It was proved
in [5] (for r, < 1) that, in contrast to W and H spaces, the embedding
ARt — L9 is not uniquely determined by the value of the harmonic
mean 7 (see (1.1)). Roughly speaking, this means that the contribution of
the variable z is not proportional to 1/r.

The proof in [5] (as well as alternative proofs given in [7, 8]) was based
on estimates of rearrangements and special reasonings that led to a kind of
balance between these estimates.

One of the main objectives of this paper is to give a quantitative sharp
expression for this type of balance. We obtain the following results. First,
basing on known estimates of rearrangements, we modify them to special
ones involving functions from the spaces LY(R,,dz/z), Ry = (0,00). The
invariance of these spaces under changes of variables of power type plays
an important role. Then, using the modified estimates, we consider the
“minimum-function”

(1.2)  o(t) = lrgniléln{ti’qbi(tli)},
teR", ¢; € L%R,,dx/x), I; € {1,...,n}.

We prove a special weight estimate for this function. This provides a unified
approach to estimations of various norms. Using this approach, we prove
sharp estimates of Lorentz norms as well as Besov norms for functions in
Lipschitz spaces.

Let us give a more detailed description of the latter results.

As mentioned above, the first sharp results on embedding of Lipschitz
spaces into L? were obtained in [5] (for rp < 1) with the use of non-
increasing rearrangements. Afterwards, Netrusov [13, 14] studied embed-
dings of A, for p > 1 and arbitrary r; > 0. His approach was based on



54 F. J. Pérez

special integral representations. First, he proved sharp results on embedding
into Lorentz spaces (an alternative proof of those results including the case
p = 1 was given in [10] and was based on non-increasing rearrangements).
Then he considered embedding into Besov spaces.

Assume that 1 < p,0; < oo and 0 < r; < oo (j = 1,...,n). The
anisotropic Besov space B;l(,lr"en (R™) is the class of functions f € LP(R™)
such that

= T —r; k; 0. dt 1/6;
iy, =W+ ( 14y @10 1) <
‘7:

where k; € N and k; > r;. For each choice of the integers k; one obtains
equivalent norms; in addition, one can replace the norm of finite differences
by the corresponding moduli of continuity ([15, Chapter 4] and [2, Chap-
ter 4]). For simplicity we write B)\;*"™" = B ;"""

II’in [2, §18.12] obtained the following refinement of the classical Sobolev
inequality: if 1 < p < ¢ <oo,7; € N,and » =1— (n/r)(1/p—1/q) > 0,
then
(1'3) W;‘l,...,?"n (Rn) [N B;;l,...,%Tn (Rn)'

In the case p =n = 1 this embedding fails. It was proved by Kolyada [6, 9]
that the embedding (1.3) is also true in the case p =1, n > 2.

For Lipschitz spaces, the following result was obtained by Netrusov [14]:
ifl<p<g<oo,r;>0(j=1,...,n),and » =1—(n/r)(1/p—1/q) >0,
then

(14) At (B o B, (RY)

Although we do not specify here the values of the parameters, it is im-
portant to point out that here «y; takes two values: one for all j such that
r; € N and another one in the case r; € N.

Let us emphasize that the methods of integral representations used in
[14] fail in the case p = 1. In particular, the question on validity of the
embedding for p = 1 has remained open.

In this paper (§5) we prove the embedding (1.4) for p > 1. It is the
most important application of our main estimates concerning integrability
of functions of type (1.2). Moreover, we prove estimates for stronger norms
defined in terms of iterative rearrangements.

For a given function on R", we obtain its iterative rearrangement by rear-
ranging the function first with respect to one variable, then another, and so
on. It turns out that the iterative rearrangement is defined on R” = (0, c0)",
it is non-increasing in each variable and equimeasurable with |f|. A Lorentz
kind norm || - ||4p:x can be defined in terms of iterative rearrangements (see
§2). It is important to stress that in the case ¢ > p this norm is stronger
than the usual Lorentz norm || - ||4,. Observe also that iterative rearrange-
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ments were used in embedding theorems in [5, 6, 8, 11, 16]. In particular, it
was proved in [11] that for anisotropic Sobolev spaces a stronger version of
Sobolev type inequality with the generalized Lorentz norm || - || p:x is true.
Applying estimates of functions (1.2) we immediately obtain a similar
result for Lipschitz spaces. That is, in Section 5 we prove a Sobolev type
inequality
1l < ellflygrmms 1 <p<n/r,

which gives an extension of the results of Kolyada and Netrusov mentioned
above.

Further, in Section 5 we prove one of our main results, Il'in’s type in-
equality

(T —au g A7 ap\ Y
(1.5) Z(S[h zHAiz(h)qum]w?) < e[ fllygrm-

i=1 N0
This immediately implies the embedding (1.4) for all p > 1. Let us emphasize
that p = 1 is included. Moreover, comparing with (1.4), the left hand side

of (1.5) contains the stronger Lorentz norm || - ||,1,% instead of || - ||;. Note
also that it is even possible to replace || - ||q,1;% by a stronger norm || - ||4 %
for any £ > 0.

As mentioned above, our approach is based on two tools. First, we use
some modifications of estimates of rearrangements obtained in [11, 10]. Sec-
ond, we apply estimates of functions of type (1.2).

The paper is organized as follows. In Section 2 we consider the definition
and basic properties of iterative rearrangements. Section 3 is devoted to
modifying known estimates of rearrangements into a special type. Next, in
Section 4 we get the main lemmas that give us special weight estimates for
functions of type (1.2). Finally, sharp embeddings for anisotropic Lipschitz
spaces are proved in Section 5.

2. Non-increasing rearrangements. This section contains basic facts
concerning rearrangements. We refer to [11, §2] for details.

Let Sp(R™) be the class of measurable and almost everywhere finite func-
tions f on R™ such that for each y > 0,

Ar(y) =Kz e R™ : [f(2)] >y} < oo

A non-increasing rearrangement of a function f € Syp(R"™) is a non-increasing
function f* on Ry = (0, 00) that is equimeasurable with | f|. The rearrange-
ment f* can be defined by the equality

f5(t) = sup inf |f(z)], 0<t< oo.
|E:t{l'€E

Next, we consider the so-called iterative rearrangements.
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Let x = (x1,...,x,) € R™ Removing the variable zj from the n-tuple =
we obtain an (n — 1)-dimensional vector denoted by Zy.

We denote by (7,7)) (7 € R) the vector in R with first component 7
and the remaining components equal to the (n — 1)-dimensional vector Zy.

Let k € {1,...,n} and f € Sy(R™). We obtain Ry f(t1,7)) a.e. on Ry X
R"~! by fixing Z), and “rearranging” f in non-increasing order as a function
of the variable x; only.

Let P,, be the collection of all permutations o = {ki,...,k,} of the set
{1,...,n}. For each 0 € P,, we set Ry f = Ry, - - Ry, f. It is easy to see that
R f decreases with respect to each variable and is equimeasurable with | f|
(for more details, see [11, §2]).

It is easy to verify that

(2'1) :Raf(t) S f*(tl e tn)a
Ro(f+9)(t+5) SR f(t) + Rog(s)  (t,5 €RY).

Let k € {1,...,n}, t; € Ry, and 7}, € R"!. We consider the following
averages:

t1 o0
N . 1 ~ — ~ 1 ~
R f(t1, Zr) = 5 \ Rief(u,Zp) du,  Ryf(tr, 2) = o | Ref(u, Z) du.
0 t1

Now, for each o € P,, we set
RF(1) =R, R F(1),  tERL.
Then (see [11, §2])
(2.2) 1R fllp < cpll fllpy 1 <p<oo.

We also define
Rof(t):Rkanlf(t), tean

and for each 1 < v < oo we set
R F(t) = Ro f(£) "

This operator was defined in [11] and used to prove embedding theorems. It
has the important property that

(2.3) IR £y < el £l

Assume that 0 < p,q < co. A function f € Syp(R"™) belongs to the Lorentz
space LYP(R™) if

/1

[e%¢] 1/
w=(Jeerord) <o
0

We have the inequality (see [1, p. 217])
/]

a5 < cllfllgp  (0<p<s<oo),
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so that L9P C L% for p < s. In particular, for 0 < p < ¢,
L9P c [99 = [4.

In what follows we set

Assume that 0 < ¢,p < oo and let 0 € P, (n > 2). We denote by L3”(R™)
the class of functions f € Sp(R"™) such that

1/p
I fllqpme = < S [w(t)l/qyaf(t)}?’ %) < 00

RY

(see [3]). We also set
L@ = () LR, W flgpx = 3 1o

o€Pn o€Pn
It is easy to see that

(2.4) 1l < el fllagn (0 <p < s < 00).
If ¢ > p, then for each o € P, and each f € Sy(R"),

[ llap < cllfllgpro
(see [17]). Thus,
Lyl C L9 (g > p).

Moreover, this is a proper embedding [17].

3. Estimates. Fromnowonn € N. Let 0 <r; < oo (j=1,...,n). We
denote by 7; the least integer such that r; < 7;.
Let f € LP(R") (1 < p < o). For each j =1,...,n set

Fin(@) = A7 (h) f ().
In this section we consider some modifications of the estimates of the itera-
tive rearrangements R, f and R, f;, obtained in [11] and [10].
For 1 < p < oo we write LP = LP(R,,du/u); set also L>* = L*®(R)
(see [4]).
LEMMA 1. Let n € N and 1 < p < oco. Assume that F' € LP(R?}) is a
non-negative function, non-increasing in each of its variables. Then for any

d >0 and any j € {1,...,n} there exists a non-negative function ¢ = ¢s ;
on Ry such that

(i) F(t) < (t)"Po(t),
(i) loller < c(ONFllLrn),
(iil) ¢(u)u’ T and Pp(u)u=° |.
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Proof. As F' is non-increasing in each variable, we use a weak type in-
equality

1) FO<x@) (] Pepd) T =wd) ).

Then g is non-negative and non-increasing in R} and

(3.2) ||9HLP(R+) = HFHLP(JM)-

Applying Lemma 2.1 of [12] we obtain a function g on R such that

33) 9<7 gl <c®lglp, G|, glupu'/P* 1, w>o0.
Setting ¢(u) = g(u)u'/?, by (3.1) and (3.3) we get (i). Next, (ii) follows from
(3.2) and (3.3), and (iii) follows from (3.3). =

LEMMA 2. Let n > 2, j € {1,...,n}, r; € Nand 1 < p < oo. Let
fe W;JJ(R") Choose o € P, 1 <1 <n (I # 071(j)), and 0 < § < 1. Then
there exists a non-negative function ¢ = ¢;; 55 on Ry such that:

(3.4) ¢llce < el DY fllp;
(3.5) p(w)u’ T and p(w)u™ |, u>0;
for any K > 1,

(36)  Rof(t) < 29Rps (Kt tm,/2) + (K )m(t) ™ Pt $(t1);

(3.7 Refijn(t) < cw(t)_l/phrj_‘stfnjqb(tl) for all 0 < h <ty,,

where a} is obtained from o by moving the jth index to the first position,
mj = o 1(j), and ¢, ¢(K) do not depend on f.

Proof. CASE 1: p > 1. Set g; = D;jf. From [11, (3.3) and (3.7)] we get

(38) :RUf<t) < 2TjiRa§-f<Ktmj7%\mj/2>
+c(K)t,Rig;(t/2)  for all K > 1,
where O';- is obtained from ¢ by moving the jth index to the first position.
Moreover, by [11, (4.5)],
(3.9) Ro fin(t) < chIRGg;(t).

Now (see (2.2)) note that R}g;(t) satisfies the conditions of Lemma 1.
So, for 0 and [ we obtain a non-negative function ¢ such that (3.5) holds,
(3.10) Ry gj(t) < w(t) " Po(ta),
and

llce < cl|REg;]lp-

Then (3.4) follows from the last estimate and (2.2). Inequalities (3.6) and
(3.7) are immediate consequences of (3.10), (3.8) and (3.9).
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CASE 2: p=1. Set v =1/(1 — §). We have (see [11, (3.3) and (3.10)])
(3.11) R f(t) < 29Rop f (Kt Ty /2) + U Fy (B /2),

where
Fy(tmy) = R 0i(Emy),  15(@) = | 95() da.

R
Moreover, by [11, (4.11)],
(3.12) R fin(t) < ch'5 =00 (b))
By (2.3) we have
(3.13) 1E5lly gt < ellgll g = Nlgjlla-

So, for any [ # mj, l € {1,...,n} and 0 < 6 < 1 we apply Lemma 1 to F)
and obtain a function ¢(t;) satisfying (3.5). Furthermore,

Fj(tm,) < em(tm,) " o(tr).
Thus, by (3.11) and (3.12) we get (3.6) and (3.7). Finally,
16l < cllFjlh
and (3.13) imply (3.4). =

LEMMA 3. Letn € N, j e {l,...,n},0<1r; <ooand 1 < p < oo. Let
f € LP(R™). Then, for any o € P, and any K > 1,

(314)  Rof(t) < 29Rot f(Ktmy, by /2) + c(K)m(t) ™20 (f5tm, )y
and
(3.15) Ro fin(t) < m(t) 2w (f5h)p,

where 0’;- is obtained from o by mowving the jth index to the first position,
and mj = o~1(34).

Proof. By [11, (3.3)], for any K > 1 we have

(3.16) Rof () < 279 R1 f (Kt tm, /2) + ReDj(t/2),
where
1 (Fj-i-l)Ktmj
Oi(e)=— | A7 (W)f(x)|dh.
m; 0

Moreover, by (2.1),
(3.17) RePj(t/2) < D3 (m(t)/2").

We choose a measurable set £ C R™ such that |E| > 7(t)/2" and |®;(z)| >
@3 (m(t)/2") for all z € E. Integrating over E, applying the Fubini theorem
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and using Holder’s inequality, we get
[ T() 1
(3.18) D’ ( < d;(x)dx
2n |E| ]SJ !
(7 +1) Kt

~mi ) (apms@a)a

0 E
(Fj-i-l)Ktmj

1 -
< 145" (h) flp dh
’E|l/ptmj (S) J p

< c(K)ﬂ'(t)*l/prij (f5tm,)p-

Now (3.16)—(3.18) imply (3.14). Inequality (3.15) is immediate; indeed, we
have

Ro fin(t) < [in(m®) < 7P finllp < 70725 (5 7).

REMARK 1. If f € [;.,en W, RMIN[N; . 0 Hyj(R™)], then we can
simultaneously apply the ebtlmates obtalned in Lemmas 2 and 3. Let o € P,
K > 1,and 0 < § < 1. If 7; € N, choose l; # o~ !(j) and denote by
¢; the function ¢ = ¢, 55 defined in Lemma 2. If 7; ¢ N define 2; =

SUPy~( U ’”Jw '(f;u)p. Now, combining (3.6) and (3.14) gives
(319)  Rof(1) 27N Rt [ (Kt b, /2) + c(K)w(t) P05 (8),

=g L5 = 7.
where mj = 07" (j), ¥ = max7; and

(3.20) 05(t) = min{gleillg]{t%j ¢j(ti;)}, 1151;%{75% 2;}}.

4. The main lemma. In this section we prove the main lemmas that
form the base of our approach (see Lemmas 5, 7, and 8 below). It will be
convenient to use the following auxiliary proposition.

LEMMA4 Let m € Nand 0 < oy < 00 (i = 1,...,m). Define a =
(™ a; Y7L Let a,b > 0 be such that a/b < a. Set

o(z) =min{\, 2" A1, ..., 2" A} (2 €RY),

where X\, A1, ..., A\ are positive constants. Then
dz m .
b —a b—a/a afo;
(4.1) Rgm 0(2)’m(z) g <ecA 1_[1/\1. ,
+ i=

where ¢ is a constant that only depends on «;, a, b.
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Proof. Set 0;(z;) = min{\, 2" \;}, ¢ = 1,...,m. Denote by I the left
hand side of (4.1). It is clear that

(42) I < S H Qi(zi)ba/aizi—a dz _ HIZ’
R =1 m(2) paie
where - ]
(S) i) K Zg
Now,
(A/Ai)l/a" ) s} ]
(43) I’L = )\?a/ai S Z?a_a % _|_ )\ba/ai S Zi_a %
() Z;
0 (/A Ve

_ C[)\b&—@)\ﬂl/ai.
By (4.2) and (4.3), we immediately obtain (4.1). =

From now on, let n € N, and 0 < r; < 0o, and 1 < #; < co. Assume that
¢; € L% are positive functions (i = 1,...,n). Define

(4'4) Q(t) = min{t?ﬁﬁl(tll)v t22¢2 (tlz)ﬂ s 7t2"¢n(tln)}a
where ly,...,0l, € {1,...,n}.

REMARK 2. Note that the function g, (t) defined in (3.20) is a particular
case of (4.4) (0; =pifr; € N, and 0; = oo, ¢; = 2; if r; & N).

The lemma below gives us the integrability for functions of type (4.4).

LEMMA 5 (The Main Lemma). Letn € N, 0 < r; < 00, and 1 < 6; < oo
(i = 1,...,n). Let o(t) = mini<;<n{t.'¢i(t;,)}, where ¢; € L% and I; €
{1,...,n}. Set

(4.5) rzn(ij: %)_1, 5= ;(2:; n-lez-)_l'
Then
S (P

) m(t

where ¢ is a finite constant that only depends on n,r;, 0;.

Proof. We can assume that
n
(4.7) > il o = 1.
i=1

Moreover, we can suppose that not all §;’s are equal to infinity (!).

(*) Otherwise s = oo and the result is trivial.
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Define 6(u) = Xy g a0 () (u> 0). By (47), [dller < 1. Set
B, = {t € Ri : i ma% oo ¢(tli) < ¢(tk)}

=L...,ni0;
It is clear that |J;_, Br = R7.
Without loss of generality we consider the integral of the left side of (4.6)
only over B;. For almost all ¢ € B; we get

(4.8) o(t) < op, (t) = min{tT (t) /0, . 1T (t,) 0},
Hence
4.9 S —rs/n 20 S —rs/n %Y
(40 ottty o < 5 0m (077 ()" 75
§)t rs/ndtll S QBl(tha)sW(a)—rs/n%.

n—1
RJr

For each fixed t; € Ry, applying Lemma 4 and (4.5), we get

(410) | op, (t1, 1) w(t) /" dy
R171 T8

< c[tqlgﬁ(tl)l/el]rzi:z Tq¢(t1)zi:2 wlyr; C(ﬁ(tl)t;s/n,

Since ||¢||z1 <1, (4.9) and (4.10) yield
dt
s —rs/n <
| o(t)*n(t) g S
B

We will obtain a generalization of Lemma 5. For this purpose, we need
the following Hardy type inequality.

LEMMA 6. Let ¢ be a measurable non-negative function on Ry. Let §, o
>0 and let 1 <y < oo. Assume that 3 is a positive measurable function on
R, such that B(u)u° increases. Then

411)  {retdn < | e d—“)7 <c | Bu)p(u) du

0 2By 0 "
and
P du\” T o du
@iz fetan( ] e ) < e st o
0 {h<B(w)} 0

where ¢ is a constant that only depends on «,d and ~.

Proof. As B(u)u=° 1, the inverse function 37! exists on R and satisfies
the condition

(4.13) 871 (2u) < 2937 (w).
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Denote by I the left hand side of (4.11). We have
A1 ()

p—ot dh( IO d—“)7

u
0

oo BTH27Fh) du\”
h‘“dh(Z | go(u);) .

k=0 g=1(2-k—1p)
Next, by Minkowski’s inequality,
71(27kh)

11/v<z<§h o 1dh<ﬁ | go(u)%“>7>m

e

00 oo B1(z) 1/

d Y Y
Z ka/w(& —a—1 dZ< X cp(u) _u> ) ]
k=0 0 e
Further, using Holder’s inequality and (4.13) we obtain

—1(z —1(z
B~ (2) du B~ (2) L du 1/~
oo —<el | ow—]) .
U u
B=1(2/2) 0
Thus, by Fubini’s theorem,

00 B71(2)

I<c S 27y S ou) —=c S Bu) “p(u)” —.
0 0 0

The same reasoning proves (4.12). =

LEMMA 7. Assume that the conditions of Lemma 5 hold and suppose
that there exists 0 < § < %minlgakgn’ 0p£00lTi/Ok} such that

(4.14) qﬁi(u)u‘ST and @'(u)u_‘sl

for every i such that 0; < co. Then, for any 0 < d < oo and j € {1,...,n},

T s rs dt s .
119) (T 70" ey i 7)< €D 160
0 g i=1

where ¢ is a constant that depends on n,r;,0;,d,J.

Note that the greater is d, the weaker is (4.15). Indeed, by (4.14), the
function o(t)7(t)% is increasing in each variable. So, it is easy to see that

sup o(t)°m ()" < el o) T () | pagan -t at n(s )
tjERiil
for any 0 < d < oo.
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It follows that if ¢ > d > 0, then

le®)*m ()™ | Lagen=1 4z, /m(iy)

A~

S —rs/n — S —rs/n d j l/q
< 1m0 e )@ § lorm ;)>
J

g m(
R}!

< clle@®)*m ()" | pan-1 i, (s, -

Note also that for d = 1 we get the same conclusion as in Lemma 5. So,
for the proof, we can suppose that 0 < d < 1.

Proof of Lemma 7. As above, we can suppose that condition (4.7) holds.
Let ¢ and By (k =1,...,n) be as defined in the proof of Lemma 5. Then
the left hand side of (4.15) does not exceed > ,_; Iy, where

o) 1/s
Iy = (S lo(®)*m ()" " X8, (Ol aggn=1 at, i) i_j]) / :
0
We consider I;. For almost all t € By we have the inequality (4.8). Thus,
I < | llos, <t)s7r<t)_rs/nHLd(RiHd@/w(@))%‘j'
0
CASE 1: j = 1. Then

o0

—rs/n dt
r< {66 n)
t1
0
where R
d — S (T.\—rs/nd dty
Gt)' = | los, (t)°m(tr) /"¢ —.

Ri—l Tr(tl)

Applying Lemma 4 to the variables to, ..., t,, we easily get
dsn . _rs_
G(t)® < e[ty o(t) /] (1) == Tl = [t (1)),
This implies (4.15).

CASE 2: j # 1. Fort € R?, denote by #; j the (n— 2)-dimensional vector
obtained from ¢ by removal of ¢1, ¢;. Then

rsd
nry

s T —rs/n dt;
(4.16) < (e ||R<t1,tj>||Ld(R+,dtl/tl)t—];’,
0
where N
d dtLj

R(t1,t;)? = ;""" | [w(f) " "o, (1)) 1
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Fix t1, t; and apply Lemma 4 to the coordinates of the vector ?1,]'- We obtain
rsel 4 1 _rs
Rty 1) < ety ™ mingty? 6(0) !/, 67 g(0) /0y W (e R
Now, we define 3(t1) = [t} ¢(t1)"/01=1/%]1/7i. Note that by (4.14),
(4.17) Bt 1

Moreover (b = 91 + Z,# n'r'se , b = mle + Z,;ﬂ 0 Z)
(4.18)  R(t1,t;)

”‘S_l
) 7 o(t)" = Ri(th) if B(t1) < 15,
B Cf(H:“) () .
T ()Y = VRy(t) i B(tr) >t
Combining (4.16) and (4.18), we get
s dt dty \ V*
peely O] mey' )
0 {t;>B(t1)} !

Taking into account (4.17), we apply Lemma 6 with v = 1/d (v > 1). Using
the definitions of 8, Ry, and Rs, and (4.5), we obtain

T dt T dt T dt
_rs 1
I < e | Bh) ™5 Ralt) S+ e § Bt) 1 Ra(t) 2 = ¢ | (1) T
0 b 0 t 0 2
We will also use the following generalization of Lemma 7.

LEMMA 8. Let m €e N, O < r; < oo, and 1 < 6; < oo (i =1,...,m).
Define the function o(z) = mini<i<m{z; ¢i(2,)}, where ¢; € L% and I; €
{1,...,m}. Suppose also that there exists 0 < § < %minlSi’kSm, 020017/ Ok }

such that
gi)l(u)u‘s T and d)i(u)u_é !

for every i such that 0; < co. Let 0 < a; < 0o be numbers satisfying
m

a;
(4.19) > =1

i=1
Set a =", a;/r;. Then, for any 0 <d < oo and j € {1,...,m},

0o am Ca, % 1/a m |
420 (§ et TT s iy ) e X N60ken,

where ¢ is a constant that depends on m,r;,a;,0;,d,9.

Note that Lemma 7 is the particular case a1 = - -+ = a,.
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Proof. Let J be the left hand side of (4.20). The change of variable

a; /b . .
Z; ifb w; (b= minj<p<,, a) gives us

00 L de 1/a
0 J

where o(u) = minlgigm{uzgﬂ(uli)}, = ribjag, and Fy(v) = ¢;(v% %)
belongs to £%. Note now that F;(v)v? 1 and Fj(v)v™° |. So, it remains
to apply Lemma 7 to the last integral (r' = m(>_1/r))™! = a~tbm and
s’ fm = (3 1/rl0;)~! = b by (4.19)) and we get (4.20). m

5. Embeddings of Lipschitz spaces

THEOREM 1. Let2<neN, 1<p<oo,and0d<r;<oo(i=1,...,n).
Set

n

1\ ! 1\ ! r'p np
51 = - /: —_— = — *: .
G.1) n<§ m> , T n( > m) s=n =

i=1 i €N
If p<n/r, then
(52) [fllg,siz < €l fllyprn for all f € PP (R"),

where ¢ is a constant that does not depend on f.

Proof. First suppose that f € C3°(R"™). Let S = || f||¢,s:%- S0, S < o0.
It is well known that if 1 < p < oo, then

(5:3)  fllyzrn ~ Y DT fllp+ D supuw (),
jirj€N j:rjgNu>D

and this is still true for p = 1 when restricted to functions in C*°(R"™) [10].
Now, taking into account (5.3) and Remark 1, we integrate inequality
(3.19) and get, for any o € P,

( [ () /=, f(1)* dt)l/ ’

R}

= * 1/s
<9 tnp—1/d" g + C(K)( S ﬂ.(t)—rs/n—lga(t)s dt)
R
with o,(t) defined in (3.20). Consequently,
(54)  S=> flgsm, <27 TETS

O'Eﬂ)n

—|—C,(K) Z (S ﬂ.(t)—rs/n—lga(t)sdt>1/s.

o€Pn RY



Anisotropic Lipschitz spaces 67

Now, we apply Lemma 5 with 6; = p if r; € N, and 0; = oo and ¢; = §2; if
ri € N (observe that the values of s in (5.1) and (4.5) coincide), to get

65 (§ 7w a) " < e[S e + 3 2
ri¢N

Ri r;eN

Therefore, setting K = (27 t*+1n!)?" and using (5.4), (5.5), the defini-
tion of (2;, and (3.4) we obtain the inequality (5.2).
For f € A" (R™), there exists a sequence of functions fr € C§°(R")

regularizations and cut-off). So, applying Lemma 2 of [11] and Fatou’s
Lemma we obtain (5.2) in the general case. m

REMARK 3. If all the r;’s are integers, then s = p and we get the em-
bedding of anisotropic Sobolev spaces into Lorentz spaces proved earlier in
[9, 11]. In the general case, assume that s < ¢*. Then Theorem 1 yields an
alternative proof of the results concerning embeddings into LY (see [5]) and
LT (see [14, 10]).

THEOREM 2. Let 2 < n e N1 < p < g < oo, and 0 < r; < o0
(i=1,...,n). Define r,s as in (5.1). Suppose that

and define

Q= Ty, = 1

Then, for any f € A" (R™),

nox o AT Cdh\ Y
56 3 (Y ALl T < el ey

=1 0

where ¢ is a constant that does not depend on f.

Proof. Consider the first term on the left hand side of (5.6). Define
fin(x) = ATY(R)f(z). Then J(h) = |finllg1:x < oo. As in Theorem 1,
we can suppose that f € C°(R").

Define now

1 1
0= —min{z (1 =), —minrj}.
2 n pJ

Then, by (5.3), we proceed similarly to Remark 1. Applying Lemmas 2 and 3
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to f1,n, we easily deduce that for any K > 1,

Ro Fin(t) <273 Rt fi (Kt b, /2) + (B )m(t) P00 (1),
j=1

where g, (t) is defined in (3.20). Moreover, from (3.7) and (3.15) it follows
that if h < t,,,,, then

Ro f1p(t) < em(t) ™ Ppu(t, h),

where o
ri— i
(5.7) u(t,h) = {h fmy$1(t1,) iy € N,
h" () if ri € N,
and ¢1(t;,) is defined in Lemma 2. Furthermore, setting
(58) 2,(t,h) = min{eo(0), u(t, )},

for any K > 1 we get
n
Ro fLu(t) <27 ) Rt fru(Ktimg b, /2) + c(K)m(t) ™72, h).
j=1

Multiplying by 7(¢)}/9~! and integrating over R, we obtain

(5.9) I finllguz, <27 MK Y9I(h) + o(K)Jy(h, o),
where p
r t
(5.10) Ji(h,o) = | m(t) =g, (t,h) —.
R m(t)

Summing up inequalities (5.9) over all o € P,, and choosing K = (27 7 +1n))4,
we get

(5.11) J(h) < Y Ai(h,o).

UETn

Furthermore, denoting by I the first term of the left hand side of (5.6), we
have (let’s suppose that 1 < oo (?))

o0

1/m _
I= (§ hmeam=1 g(p)n dh) o <d > Io)
0 ocPn
where (by (5.11))
o0 1/m
(5.12) I(o) = <§ h=M Jy (h, o) d-f) .

0

(%) Otherwise, none of the r;’s belongs to N, and the analogue of (5.6) follows from
(5.11), (5.10) and Lemma 4.
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But now, it is clear that (see (5.8), (3.20) and (5.7))

(5.13) Oo(t,h) < [1+ (tmy /7)) (t, 1),
where

. . ITliIl{hT1 ¢1 (tll), Qg(t)} if 1 € N,
(5.14) 0 (t:h) = {min{hr1 21,05(1)} if ri ¢ N.

So, due to (5.12), (5.10) and (5.13) we have
I(0) < chi(0) + cha(0),

~ - dh\ 1/
Ii(o) = (S |h~= ()~ (=) 0o (t,h)7 “Ll/VI(RT_ﬁ’dt/ﬂ.(t))F) )

0
. 5y /v
— (S h*alfylﬂ-(t)iﬁ(li%)’yl (t'm_1> 1§J(t7 h)’Yl @) 1-
) h LY/ (R}, dt/m(t)) h

It remains to estimate the last two integrals.
Combining (5.14) and (3.20) we get

05(t,h)
_ min{h’"l o1 (tll), minrjeN{t%j ¢j (tlj )}, minrﬂN{t%j .Q]}} if 11 € N,
min{A" 21, min,, en{tn, b;(t1;)} minrjgN{t%j 2;}} if r; ¢ N.

So, 0o (t, h) has the form of p(z) in Lemma 8 (o(z) = minlgigm{z:igéi(zli)},
¢; € £9%). Indeed, m =n + 1, rp 1 = 71,

21 =1tmyy vy Zn =1tm,, Znt1=h.
Moreover, for 1 <i<n+1,
If r; € N, then 6; = p and ¢;(v)v? T, ¢i(v)v ™0 | (see (3.5)).
{If r; € N, then 0; = co and ¢; = (2.

To estimate I (o), note that it has the form of the left hand side of (4.20)
with

r .
a1:~--:anzﬁ(1—%)’yl>0, ant1 =171 >0, d=1/y, j=n+1

Then a = 7; and (4.19) holds. Applying Lemma 8 we get

) <e[ 3 Ioiller + 3 2.

r;eN ri N
And by the definition of (2; and (3.4),

(o) < ellfllyza-mm gny-
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Next, Ir(c) is also similar to the left hand side of (4.20). Indeed,

,
any1 = (@1 + ) >0, a1 = [5(1—%) —5]71 >0,

a; = E(l—%)fyl >0 (i=2,...,n), d=1/v, j=n+1.
n
We have a = 1 and (4.19) holds. Applying Lemma 8 we obtain the same
estimate for Iy(o) as for I1(o). m

In addition to Theorem 1 (embedding with limit exponent) we have the
following theorem.

THEOREM 3. Let 2 < n e N1 < p < g< oo, and 0 < r; < o0
(t=1,...,n). Let r be as in (5.1). Suppose that 1 — (n/r)(1/p—1/q) > 0.
Then, for any 0 < & < oo,

(5.15) /]

where ¢ is a constant that does not depend on f.

Proof. First of all we can suppose that f € C5°(R"), so S = || fllqex
< 0. By (2.4) we can suppose that 0 < £ < 1.
By Remark 1 we get (3.19) and (3.20). For 0 = m™! € P, and j =
1,...,n we define
A={tcR} :t; >1,i=1,...,n},

. . T
Asj={teR}: 1r<nilgnt;;i =tm, < 1}.

It is clear that
AulJ Ay, =R7.
j=1

Then, by (3.19),

| w1 R, f (1) dt < (27K THIS)E 4+ Ip + e(K) Y I,

R% j=1
where

Io=§ w7 (O dt, L= § w0 F00 g (1) dt,
A Ao

Using the same methods as in Theorem 1, we choose K = (n!27 tn+1+1/€)a
and it only remains to estimate Ip and I;. Applying Holder’s inequality with

exponents p/¢ and (p/€)’, we have (due to (/¢ —1)(p/&)’ < —1)
Io < ¢l I3
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On the other hand, let ¢ be such that
E1— s

if T §Z N,

[N}
»

1
1> =
1- 1
¢ 5( ”+ﬂ> if rj € N.
S p

Then, by Holder’s inequality,

I < -« . —aCy— ” — . ,
J = <AS ﬂ—(t) tmj (t)) (]RSH ” (t) tmj % (t) W(t)) =Ji-Jo
a,j +

where o = 5-(1 — )¢ and 8 = F (14 »)&. The first factor, Ji, is a constant
by the definition of A, ;. Indeed,

1 A~
/ dt . U !/ dt .
gy = | m(t) s M =
0 tmj T/ W(tm])

{?mj :tmi Ztmj' (Wﬁj)}
For the second factor, Jy, we apply Lemma 8 with
m:n7 dzl? ZZ:tmlJ

a;=af ifi#j, aj=al+p¢

(as above 6; = pif r; € N, and 0; = oo, ¢; = §2; if r; & N). Lastly we use the
definition of {2; and (3.4). So,

and (5.15) is proved. m
REMARK 4. As ¢ is not a limit exponent, the embedding
A;la“-ﬂ'n(Rn) N Lq’g(R”)

follows easily from the embeddings without limit exponent for Besov or other
spaces [10]. The goal of Theorem 3 is to present a proof based on the ||-||¢.¢:x
norm (which is stronger than the usual Lorentz norm if £ < q).
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