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A reaction-diffusion equation on a net-shaped thin domain
by

THoMmAS ELSKEN (Rostock)

Abstract. Let 2. ¢ RMT™!1 0 < ¢ < 1, be a net-shaped Lipschitz domain which
collapses to a one-dimensional net as € | 0. On (2. we consider the equation u; = Au
with von Neumann boundary conditions. We show under quite general conditions that
the semiflows generated by this equation have a limit in a strong sense, the limit semiflow
being generated by an abstract linear operator. Also, under an additional assumption, the
eigenvalues and eigenfunctions of the corresponding operators converge. This allows us to
apply the techniques in [14] to prove the convergence of the nonlinear semiflows generated
by a reaction-diffusion equation on (2. and the upper-semicontinuity of their attractors
at € = 0. Our technique also allows us to treat the case that (2. is smooth and has holes
which vanish of order at least ¢ in all directions.

1. Introduction. Assume having a reaction-diffusion equation on a do-
main (2. depending on a parameter €. As ¢ — 0, £2. C RN=*tNv collapses to
a lower-dimensional set giving rise to a singular perturbation problem. Of
particular interest is the behavior of the semiflows given by the reaction-
diffusion equation in the limit, and given that these flows have attractors,
how they behave in the limit.

Consider the reaction-diffusion equation

ut(x,y):Au(x,y)+f(u(:6,y))7 (xvy) € Q&a t>05
opu(z,y) =0, (x,y) € 082, t >0,

where f is a nonlinearity with a suitable growth and dissipative condi-
tion, v is the outer normal at (x,y) € 0f2, and 2. collapses to a lower-
dimensional set, often a one-dimensional one.

One of the first to investigate this problem were Hale and Raugel [9].
Their domain (2. is the ordinate set under a function, and they prove the
existence of a limit flow and—in some sense—the upper-semicontinuity of
their attractors.

M. Prizzi and K. P. Rybakowski generalized Hale and Raugel’s result in
[14] by squeezing a general Lipschitz domain 2 C RN=+Nv which e.g. may

(1.1)
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have holes or multiple branches. The corresponding limit equation is an ab-
stract parabolic equation defined on a subspace H}(£2) of H'(£2). For a wide
class of domains £2 C R? (so-called nicely decomposable domains) they de-
scribed the limit problem explicitly. It is a system of second order differential
equations on a graph, coupled by a compatibility condition and a Kirchhoff
type balance condition. Under certain natural conditions on the nonlinear-
ity f they also proved for a general Lipschitz domain in RY=TNv the existence
of the limit semiflow in a strong sense, and the upper-semicontinuity of the
family of attractors A.. In a second paper [15] they show these attractors
to be contained in inertial manifolds of finite dimension.

There is a variety of generalizations in various ways. To mention a few:
F. Antoci and M. Prizzi [2] consider an unbounded domain. For T. Elsken [5]
the linear operator in (1.1) is not the Laplace operator but a general strongly
elliptic one, which may have asymmetrical boundary conditions. In [13] M.
Prizzi, M. Rinaldi and K. P. Rybakowski treat the case that (2. contracts
to a smooth curve. Hale and Raugel [10] consider an L-shaped domain, and
Q. Fang [7] a thin tubular one. Kosugi [12] treats the corresponding elliptic
equation on a net-shaped smooth domain. He also proves the existence of
solutions for € > 0 converging to a given solution of the limiting problem.
Saito [17] characterizes the limit of the Laplacian for a domain which shrinks
to a tree. Rubinstein and Schatzmann [16] show for a similar domain the
convergence of the nth eigenvalue of the Laplacian to the nth eigenvalue of
the limiting problem.

In this paper we extend some of the results of [13], [10], [17], [12] and [16]
to more general domains. In particular we show that the L-shaped domains
considered by Hale and Raugel [10] are net-shaped in our sense (see Example
2.1), but we also explicitly allow holes and multiple branches in them. On
the other hand our convergence is slightly weaker than, say, in [10].

Under additional smoothness assumptions the domains can even have a
finite number of holes which decrease in all directions of order ¢ or less. To
our knowledge this case has not been treated yet.

We assume 2. € RM*1 (ie. N, = 1, N, = M) to be only Lipschitz,
bounded and to consist of K edges and Ky nodes, Kg, Ky € N, all of
which may have holes or multiple branches. The edges become smooth curves
and the nodes points, as ¢ — 0 (see Section 2 for the exact requirements on
£2:). We prove that the semiflow generated by (1.1) (with f = 0) converges
in a strong sense to the semiflow generated by an abstract (linear) equation
(see Theorem 1.1).

Given natural growth and dissipativity conditions on the nonlinearity f,
the nonlinear semiflows exist (locally) and converge (see Theorem 1.3). In
general one cannot expect the upper-semicontinuity of attractors as e.g.
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in [14] (see Remark 2.1), but with an additional condition on {2, one still
gets the same result (see Theorem 1.4).

The conditions mentioned above are abstract ones. We also give some
sufficient conditions which are easier to prove. One of these is that the
edges connect nicely at the node, which is similar to the definition of nicely
decomposed domains in [14]. This condition is also needed in Proposition
3.2 to describe explicitly the limit operator Ay at a node. Just as for nicely
decomposed domains it, is a continuity condition—roughly speaking the
values at the end of edges which connect have to be equal-—and a Kirchhoff
type balance condition. We do not describe Ag explicitly on the edges since
this is almost like the description of Ag for nicely decomposed domains
in [14].

We also give an example of a domain which has holes which disappear of
order ¢ in all directions (see Example 3.2). This implies that under additional
assumptions on the smoothness of (2., the limiting problem is unperturbed
upon changing (2. by introducing finitely many small holes. Since even the
domains considered in e.g. [14] can be viewed as net-shaped (one edge, no
node), this generalizes the results of the afore-mentioned paper, allowing not
only holes which contract in y-direction, but also in z-direction.

For notational simplicity, we restrict ourselves to an example having
three edges meeting in one node, i.e. Kp = 3, Ky = 1. The case of Kg,
K arbitrary is a straightforward generalization of the case presented here.

Dividing (2. into four parts: three edges §2;., j = 1,2, 3, and the node
24, we make a transformation from each edge onto a fixed domain G},
j = 1,2,3, and expand the node to get G4.. Thus L?(£2.) and H'(§2)
become L2 C L?(G1) x L*(Gs) x L*(G3) x L?*(G4.) and H! C HY(Gy) x
H(G2) x HY(G3) x HY(G4,) (see (2.3) and (2.4) for the definitions of L?
and H}). Note that we do not suppose that there is a transformation from
the node to some fixed domain. In that sense the conditions on the node are

very weak.
We write (1.1) as an abstract equation
(1.2) [ug) = —Acful, t>0,

where, as usual, A is defined via a bilinear form a. (see (2.7)).
The “limiting equation” will be shown to be

(1.3) [ug) = —Aolu], t>0,

where the abstract linear operator Ag : D(Ag) C H! — L2 is defined by a
bilinear form ag : H! x H! — R (see (2.8)). Here L? = L2(G1) x L?(G3) x
L3(G3) and H! ¢ HY(Gy) x HY(G2) x HL(G3) with some boundary con-
ditions depending on the node G4 .. As usual, H.({2) denotes the space of
functions on £2 C R x RM with derivative 0 in y-direction, and L2(2) is the
closure of H1(£2) in L?(£2) (see condition (C7) and Lemma 2.5).
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Comparing the semiflows generated by (1.2) and (1.3) we have the diffi-
culty that et ¢ > 0, live on distinct spaces. So we embed L? and H! in L2
and H! by continuous linear maps ¢~ and ¢ respectively (see Lemma 2.6
and condition (CT7); roughly speaking, both maps are the identity on each
edge, @L is identically 0 and ®F is small at the node).

For the convergence of the semigroups we need equivalent norms || - || 4,
0<d<1,on H! (see (2.2); roughly || - |4 is the H'-norm on the edges
with the derivatives in y-direction being weighted by £~4).

We now state the central results of this article although the exact defi-
nitions will be presented in Section 2 as they are rather lengthy.

THEOREM 1.1. Assume (2. satisfies conditions (C1)—(CT7) of Section 2.
Let e | 0, [uy] € L2 | [ug] € L? and assume ||[u,] — ®L [wolllzz — 0 as

n — oo. Then (|le™A=n[u,] — B (e=40[ug))||c,,1)n is bounded uniformly on
[t1,t2] and for 0 < d <1,

le™ e [un] — @2 (=" [uo])l|sa — 0, n— o0,

uniformly on [t1,ts], for all 0 < t1 < ta < oco.

THEOREM 1.2. Assume (2. satisfies conditions (C1)—(C8) of Section 2.
Denote by A\z; and Ao, the eigenvalues of A. and Ag, respectively. Assume
the eigenvalues to be ordered as 0 < A\;1 < Ac2 < ..., € >0, and denote by
[uc,] € H! the corresponding eigenvectors which form a complete ONS of
L2, ¢>0. Ife, — 0 then Aen i — Aoy for alll € N. There is a subsequence,
also called &y, and a complete ONS ([ug,]); of L? consisting of eigenvectors
belonging to \o; such that ||[u, ;] — @g [wolllep.d — 0 as n — oo, for all
0<d<1

The proofs of Theorems 1.1 and 1.2 will be given in Section 3. They
show that these theorems also hold for any domain having Kg edges and
Ky nodes, Kg, Ky € N arbitrary.

The growth and dissipativeness conditions imposed on the nonlinearity f
are:

(H1) f:R—RisCY |f'(s)] < C(|s]° + 1) for all s € R, where C,3 >0
are some constants; if M > 1, then additionally 5 < p*/2— 1, where
p*=2M+1)/(M—-1)>2.

(H2)  limsupjy_o f(s)/s < —£ for some § > 0.

THEOREM 1.3. Assume (2. satisfies conditions (C1)—(C6) of Section 2
and (C9), (C10) of Section 3. Let &, | 0, [u,] € HE , [uo] € HY, and
Il [wn] —eﬁaLn([uo])HLgn — 0 as n — oo. Assume also that f satisfies condition
(H1). Then (1.1) generates a (local) semiflow, called 7, on H} , and

(1.4) [us] = —Aolu] + f([u])
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generates a (local) semifiow, called mo, on H}. Assume that all these semi-
flows exist for 0 <t < T and some T > 0, and satisfy ||[un]me, t]c,1 < C,
0<t<T, néeN, for some constant C > 0.

If to €10, T, then (||[un]mnto — BE ([uo]moto)||c,1)n is bounded, and for
0<d<1,t,€]0,T], t, —to as n — o0,

wwn]mntsn — @g([u[)]woto)ﬂamd —0, n—o00. m

THEOREM 1.4. Assume (2. satisfies conditions (C1)—(C6) of Section 2,
(C9), (C10) of Section 3, and f satisfies (H1), (H2). Then the semiflows gen-
erated by (1.1) and (1.4) are global ones, and they have attractors A. C H},
Ao C H} consisting of all full bounded solutions on H} and H! which at-
tract every bounded set B C H} and B C H}, respectively. The family of
attractors is upper-semicontinuous at € = 0, i.e.

lim sup inf _oH(Ty o
Ello [u]egs [vier Iu] € ([ ])Hs,d

forall0<d<1l =

REMARK 1.1. In Theorems 1.1-1.4 above the convergence is always in
| - |l.a> that is, the derivatives in y-direction are weighted by e~¢, d < 1. In
other papers (e.g. [10], [14]) the convergence is in |||z 1, i.e. e 71| Dy-||p2 — 0
as € — 0. This is not true here. The y-derivative divided by € is bounded in
L?, and may even converge in L?, but the limit in general is not 0 (see e.g.
Lemma 2.13 where the limit of a resolvent is given explicitly). m

We shall not prove Theorems 1.3 and 1.4. The proofs are obvious adap-
tations of those in [14]. See also Remark 2.1 concerning Theorem 1.4.

The conditions posed in Section 2 do not allow loops because they can-
not be mapped by a diffeomorphism onto a fixed domain. One can either
change this condition, for example allowing the loop to be mapped by two
diffeomorphisms onto two halves of a fixed domain, or by artificially intro-
ducing a node into the loop, thus creating a domain having one node and
one edge more (see Example 3.1).

This article is organized as follows: in Section 2 we define the basic
domains (2. in an abstract way, present our notations and basic definitions
and prove Theorems 1.1 and 1.2. In Section 3 we present sufficient simple
conditions under which the abstract ones of the previous section hold. We
characterize the abstract operator Ay at the nodes and give examples of how
introducing a new node one can cut for example a loop or allow very small
holes.

2. The general case. In the rest of this paper ¢ will always—unless
stated otherwise—denote a number in |0, 1].
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M € N is a fixed positive natural number. We will write (z,y) for a
generic point in R x RM = RM+1 Let U ¢ RM+!. Then proj,(U) and
projy(U ) are the projections onto the first coordinate and the last M coor-
dinates, respectively.

As in [14], [2], [5] and other papers, here also the set of functions on
an open set 2 C RM*+1 which have derivative 0 in y-direction plays an
important réle. We define

2
HAQ) = {ue H(Q)| Dyu=0}, L[XQ):=H" ""(0).
Since L2(£2) is a closed subset of L?({2), its orthogonal complement exists.
Denote it by L2 (£2).

For n € N we denote by F,, € R" " the unit matrix and for a vector
x € R™, ||z|| denotes the Euclidian norm.

Let V be a normed space, z € V and § > 0. Then Bs(z) C V denotes
the open ball around z with radius §. Analogously define Bs(U) for a set
ucvVv.

If U € R™ then |U]| is the Lebesgue measure of U. The closure will be
denoted by U.

For a domain 2 C RM*! and x € proj,(2), (2), := {z} x RM)n 0
denotes the z-section. If € 9(proj,(£2)), then (£2), denotes the interior
(as a set in RM) of ({z} x RM) N §2. The restriction ul(p), of u € H(£2) is
always understood in the sense of traces.

The letter y will always denote a C* cut-off function with y(z) = 0 for
x<1/2and x(z) =1 for z > 1.

In the proofs we shall often substitute an index €, by the simpler n. For
example A, , H! and |- ||, will be 4,, H} and | - ||n.q.

We start by defining the domain (2. which, as already mentioned, will
be net-shaped and consist of one node and three edges. More precisely we
assume 2. C RM*! to be bounded, connected and Lipschitz. Set 2, =
U?:l 2; U2 ., where the £2; . are mutually disjoint and satisfy the follow-
ing:

(2)

Fig. 1. An example of {2.. The dashed lines indicate the domain in the limit. Note that
to 24, belongs also the vertical line below the center.
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The edges (2;., j = 1,2, 3, have a description
Qe = Ve i(G)),

where Gj C R x RM is open, bounded, connected and Lipschitz. To facilitate
notation we assume proj,(G;) = ]0,1][.

2
1.5%

1 !
0.5%

of =" " o2 T o4 06 08 1

Fig. 2. G; for the domain in Fig. 1

The transformation ¥, ; : G; — ¥, ;(G;) D 2;. is a C'-diffeomorphism
T: ; which is close to the identlty, followed by a contraction S in y-direction
and a C!-diffeomorphism 7} which is independent of e:

Tsj :TOS OTEj'

HereT.; : Q1 O Gj — T j(G;) C Qa;isa C- dlffeomorphlsm Q1 QQJ
RM+1 fixed, open, bounded sets; S. (,y) := (w,ey); and T} : Qj — T (Q])
RM+1 is again a C'-diffeomorphism, Q] DUp<e<1 S:(1x,;(G5)) open. Rough-
ly speaking 7: ; is there to give some liberty in choosing the nodes, S; is
the normal squeezing, and T; moves an edge into the right position (i.e. to
[0,1] x RM), possibly scaling and deforming it in a way independent of e.

We want an edge to touch the node only at the side corresponding to
({0} x RM) N G}, so we assume

W (4.0 8252) C {0} x RM

for all j =1,2,3,i.e. 2, begins at the node §24..

The node £24 . converges to a one-point set, say 240 = {204} € T5(Q;) C
RM+1 for all j = 1,2,3, as € — 0. This means that with respect to say L>-
functions it disappears. Nevertheless it is important because it contains the
information about which parts of the beginning of each edge are connected
with each other (e.g. if {24, is not connected, see Figure 5). What is of less
importance is the exact shape of {24, (see also remarks in [16], but keep in
mind Figure 4 and Remark 2.1 where the shape does destroy convergence
of eigenvalues).
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We assume the node 24, has a description (24, = W 4(G4.), where
U.u(2) = ez + 24, 2e4 — 204 as € — 0. Note that since 2., j = 1,2,3,
are open, {24, is closed in {2.. It may even have empty interior.

Throughout this article we consider the following additional conditions
(C1)~(C7) on Gy, T¢ j, Tj and G4, where always j = 1,2,3. The technical
condition (C2) will only be used in Proposition 2.1. It is an open question if
one could do without it. Condition (C8) will only be used for Theorem 1.2.
(C7) and (C8) are abstract conditions: there will be more explicit sufficient
ones in Section 3.

For j =1, 2,3 we suppose

(C1)  G;N ({0} x RM) has finitely many connected components with pos-
itive M-dimensional measure.

(C2)  There are at most countably many open, connected, pairwise disjoint
Uit c Gj, l € I, such that each U7+ has connected z-sections and
E:={zcR|IyecRM (z,y) ¢ Gi\Uier, U7} has at most finitely
many accumulation points.

(C3)  1T.,(z,y) — (z,y), € — 0, pointwise for all (z,y) € G}, and if (1% ;).
denotes the z-component of Tt ;, then (1% ;). — proj,| G, uniformly
on Gj.

(C4)  There is a C > 0 such that for all ¢ < 1, v € RMHL ||| = 1,

sup || DT j(z,y)vll, sup  [|DT.} (,y)v| < C.
(z,y)eC; (w,y)€T: ;(Gy)

(05) Define IZ-E,j? T;j by DTa,](m7y) =Eyy1 — ,Z-E,j(xa y)7 (DTE,j(m7y))_1

= Em+1+ 77;(2, y). Denote the elements of these matrix functions
by 7¢ ;11 and zfj,l,k’ I,k=0,...,M. We assume

1 1,
Sup (_ ‘,TE,J',O,l(mvy)L - ’z,j,o,l(xﬂ y)) < o0,
0<e<1, (z,y)€G; € €

7;,]($7y)77;T]($7y) —>07 5_)07

and there are maps 7; = (7 1,...,Z;m) : Gj — RM such that

1 1
161{8 g ,];:,j,o,l(xa y) = IEIE)I g ,Z:s,j,O,l (.’IJ, y) = 7},[('7;7 y)

for all (z,y) € Gj, l=1,..., M.

(C6) G4 is bounded independently of €, i.e. there is a positive Ry, such
that G4 C Br,(0) forall 0 <e < 1.

(C7) Define H} as the set of all [u] = [ur,us,u3] € H}(G1) x H}(G5) x
H!(G3) such that there are a constant 3 > 0, a sequence &, | 0
(both dependent on [u]), and @,, € H!({2.,) such that @, 0¥, ;j — u;
weakly in HY(G;),j = 1,2, 3, and
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3
Y en 1Dy (@n 0 ¥, )l 2
J=1 1
+ enl|tn o WEnAH%ﬁ(G“n) + . 1D (@, o WEnA)H%?(G‘Lsn) < p.
n

We assume H! is a closed subspace of H!(G1) x HX(G2) x H(G3)
and for every e > 0 there is a linear map & : H! — HY(G;) x
HY(G9)x HY(G3) x HY(G4,) and a constant C' > 0, independent of ¢,
such that (@ [u]); = (P [u1, us,us]); = uj for all [u] = [uy, ug, us],
J =123,

3
1
21) €Y sl ) = EH@?[U])ZLHQL%GM)+g||D(¢f[U])4H%2(G4,E) —0
=1

as e — 0, and U = (PH [u1, u2,us)); ongl on 2., j=1,...,4,is
a function in H'(£2.) (i.e. ®¥[u] comes from the H'-function . via
the transformations ¥, ;).

(C8) 16C >0, 20 — 0, [un] € HL, [|fun]lens < C and [un]lz, =1 for

2
12(Gae,) 0 as n — co.

all n, then e, ||up 4]

In the limit 2. collapses to the one-dimensional net
3

2 = U Qj70 U {2074}.
j=1
If we set Wy j(x) := Tj(z,0) : [0,1] — RM¥L then 2,0 = W ;(]0,1[) (see
Lemma 2.2 below), j = 1,2, 3.

EXAMPLE 2.1 (L-shaped domains with holes). Let g; € C%([0,1],]0, oc]),
7 =1,2, and set
Q. :={(z,y) eR* |0 <y <egi(x), 0 <z < 1}

U{(z,y) e R?* |0 <z <ega(y), 0 <y <1},
2. is the L-shaped domain considered in [10]. We will show that (2. is
net-shaped in our sense, with Kg =2 and Ky = 1.

We have to divide {2.. To do that let Cy > ||gjlloo, j = 1,2, and 0 <
g0 < 1/3C,. Divide (2. into two edges (2;. C (2, j = 1,2, and {23, :=
2\ (1. US,), 0< e <ep, by setting

Q1 i={(z,y) eER* |0 <y <egi(n), eCy <z < 1},
o= {(z,y) ER* |0 <z < ega(x), eCy < y < 1}.

Then (2. = U?Zl (2; - is bounded, connected, and since x — (x,eg1(z)) and
y — (€92(y),y) do not intersect tangentially for 0 < ¢ < ¢¢ (possibly upon
decreasing ¢ a little), 2. is also Lipschitz. The sets 21 ., (2., {23, are
mutually disjoint.
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Fig. 3. An example of an L-shaped domain {2. with holes

Now we define the diffeomorphisms 7; ;, 7 = 1,2. Recall that x is a
cut-off function, x' > 0, x(z) = 0 for x < 1/2 and x(z) = 1 for z > 1.
Extend g1, g2 to C?-functions on R in such a way that

0 < inf |g;(a)] < suplg;(@)| < Gy j=1,2
z€R rER

:W_ )+ ()2 9))

Then 1. ;(z, (%m +eCy,y) for z < 2eCy, T ; = id for & > 3eCy, and
1/2<0 TEJ( y) <1+ |1}/ |Joo for 2eCy <z < 3eCy, j = 1,2.

Hence TEJ,TJ S. : R? — R? are C'-diffeomorphisms, as are U =
TjoScoT.;,j=1,2.

Set G := G2 :=]0,1[ x |0, 1[. These are obviously bounded, open, con-
nected, Lipschitz sets and proj,(G;) =10, 1[. It is easily seen that u'/&j]@j :
éj — !_Zjﬁ is bijective.

Set G3. == {(z,y) e R? |0 <y < g1(ex), 0 < & < Oy} U{(z,y) € R? |
0<x<go(ey), 0<y<Cytand ¥ 3(2) :=cz. Then ¥, .|q,, : Gz — 23,
is bijective.

Since %1(0 y) = €(Cq,91(eCy)y) and ¥, o(z,y) = £(g92(eCy)y, Cy), it
follows that W¥__ ((236 NR.) {0} xR, j=1,2.

Cond1t1ons (Cl) (C4) and (C6) are obviously satisfied. We show that
(C9) and (C10) of Section 3 hold; then by Proposition 3.1 below, (C7) and
(C8) also hold.

Note that (23, is connected. Set w;, := ]0,1[. Then G = Jycpe1 Wiz
That is, in Definition 3.1 we have L; =1, 6 =1, G;1 = G4, j = 1,2, and
So = {(17 1)7 (27 1>}

For all 0 < ¢ < g9 we have (0,1/2) € 90G; N 0Gs, ¥.1(0,1/2) =
(Cy, 391(eCy)), and W 5(0,1/2) = £(392(cCy), Cy) € £25.. Choose 0 <
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81 < 3 infrer(g1(2), g2(x)) and set

U := (}51,09 + 51[ X ]51,251[) U (]51,251[ X ]51,09 + 51[)
This is the Uy 12,1 of Definition 3.1. If x € ]61,Cy + 01 and y € |1, 261],
then by the choice of g9 and ¢; we have 0 < ex < 2/3 and 0 < y < £g1(x),
yielding ¥, 3(z,y) € (2. If additionally > Cj, then ¥, 35(z,y) € {21 and
p1r0j£,3(1175_711 oW, 3(z,y)) = 2e(xz—Cy) € |0, eC,[. Analogous statements hold
for the second set in the definition of U.

Hence, if in Definition 3.1 we choose r := 61/3, 2. 1,1 = (C'g + %51, %61)
and zc 91 = (%(51, Cy+ %51), all conditions of the definition are satisfied, i.e.
G1 and G4 connect nicely and {2 is nicely connected, that is, (C9) holds.

By Proposition 3.1, (C7) holds and
Hy={[u1,u2] | uje Hy(0,1]), j = 1,2, u1(0,-) 0,11 = u2(0,-)[jo,1[ as traces}.
To prove (C10) we divide G5 into three parts: a rectangle in the middle
with corners at 0 and the intersection of eg;(z) with £g2(y), and each of the
remaining parts connecting it to the edges.

By the Implicit Function Theorem (possibly decreasing ¢ slightly) there
is a neighborhood W C R? of 0 and a function x : ]0,9] — R such that
y=cg1(z), x = ega(y) for (x,y) € W if and only if z = z(e), y = y(e) :=
£g1(z(¢)). The functions z(¢), y(¢) are C? and z(e)/e, y(e)/e are bounded
away from oo and 0 as € | 0.

Set Gs; = 10,1[ x ]0,1[, 7 = 1,2,3, and define C'-diffeomorphisms
V.3, :R* > R? j=1,23, by

We,i’),l(xa y)5 = gil(y(g)xa .T(E)y),
Ve s2(2,y): = ((Cg — x(e))x + 2(e), g1(e((Cy — x(€))x + 2(€)))y),
Ve 33(2,y): = (92(e((Cy — y(€))y +y(e)))x, (Cy — y(e))y + y(e))-
We get
3
G3\ | J ¥e3,(Gsy) = ({z(e)} x 10,y(=)]) U (10, z()[ x {y(e)})

j=1
For Uy, and U,y ;; in (C10) we can simply choose the same sets as before,
that is, U and Bs, /3(2¢,1,1) (choose (j,1) = (1,1)). Then all conditions of
(C10) are satisfied.

We have just shown that the L-shaped domains Hale and Raugel consider
in [10] are net-shaped in our sense. Their convergence is stronger than ours
(see Remark 1.1), but we can handle L-shaped domains with holes.

For example, if we keep everything as before, only changing G'1 and G3 1
by setting G := G3,1 := |0, 1[2\31/4(1/2, 1/2), then £2; . and {25 . each have
a hole which contracts, for the former, only in y-direction, and for the latter
in all directions of order €. (C1)—(C6) obviously remain true. For (C9) and
(C10) we may have to change U by making §; smaller. For example choosing
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0 < & < 35 infrer(g1(x), g2(z)) will be sufficient. Hence 2. connects nicely,
H! remains unchanged, and (C9) and (C10) are satisfied.

Solving the limit problem Ag[uy, u2] = [wi, w2] means solving the follow-
ing problems (see [10] for the domain without holes, [14] and Proposition 3.2
if there are holes): there are w1, ua, w1, ws : [0, 1] — R such that

(uj(2)g;(2)) = —wj(z)gj(x), = €]0,1[,j=1,2
(75} (0) = UQ(O),
ui(1) =uy(1) =0, u1(0)g1(0) +u3(0)g2(0) =0,
for the domain without holes. With the holes we have to divide (G; into four
subsets with connected z-sections (see the definition of nicely decomposed
n [14]). Set h : [1/4,3/4] — R, h(z) := \/1/16 — (z — 1/2)2. Then these
subsets are: ]0,1/4[ x |0, 1], {(z,y) € R? | 1/4 <2 <3/4, 0 <y < 1/2 —
h(z)}, {(z,y) € R? | 1/4 <2 < 3/4, 1/2+ h(z) <y < 1}, ]3/4,1[ < ]0,1[.
On each of these sets u; and w; are functions of x only, hence we have
to find ug,we : [0,1] — R, uyj,wiy @ [0,1/4] — R, ui2,u13,wi2, w3 :
[1/4,3/4] — R, and uy 4, w1 4 : [3/4,1] — R such that
(us(x)g2(2)) = —wa(x)g2(x), = €]0,1],
(u11(2)g1(2)) = —wii(2)gi(x), 2 €]0,1/4]
(u1,;(2)91(2)(1/2 = h(2)))" = —wi1;(2)g1(2)(1/2 — h(z)),
x €]1/4,3/4[, j = 2,3,

(u14(2)g1(2)) = —wia(@)g1(z), = €]3/4,1],
u1,1(0) = u2(0), wui1(1/4) =u12(1/4) = u13(1/4),
u1,2(3/4) = u1,3(3/4) = u1.4(3/4),
14(1) = u5(1) =0, 3 ;1(0)g1(0) + u5(0)g2(0) =0,
2u 1 (1/4) = wy 5(1/4) +uy3(1/4),  2uj 4(3/4) = u)5(3/4) + ui 5(3/4).
Note that the hole in {23, has no influence at all on the limit problem. =

u

Define A, ; : Gj — RMADxM+D) -5 — 1 2 3 by
1 1
€ . 1/e
As,j(aj)y) = .. (DTE,j(wvy))
€ 1/e
x (DT}(Se o Tt j(x, y)))_l'
In [14] the convergence of the semigroups is in the norm ||ul| p2 4| Dyul| 72

+e7 || Dyul| 2. Here we will have convergence with respect to the equivalent
norm || - [|c.q, 0 < d < 1, on H} defined by (for 0 < d < 1)
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3

1
22 =3 | (1 (D) + 5 D) dody

j=1G,
+ S <5u4 + - ]Du4]2> dz.
G4,z~:
We divide (2. into the above-mentioned three edges §2;., j = 1,2, 3, and

the node {24, which in turn get transformed by ¥, ; into G;, j = 1,2, 3,
and G4 .. Thus we can identify L(£2.), H(£2.) with

(23)  LZ:={[u] = [u1,...,ud] [uj € L*(G)), j = 1,2,3, us € L*(Gae)},

(D = 3 § oy drey +2 | wgvidz,
‘ Gj G4,8

J
(2.4)  H!:={[u] € L?|ujc H(G,), j =1,2,3, ug € H'(G4,),
Jue H' () UoW.j =wuy,j=1,...,4},

(fa) o)y o= ([l )z + = § DD d=

Gae
1 T
+Z S <D Ujs — yuj>A5j(:U y)AEJ(:U Y) (vaj,gDyv]) dXc ;,
J=1G;
with norms || - |1z, || - |2, respectively. Here we used measures on RMA+1
defined by

X |det DT j(x,y)| |det DT;(S: o T; j(x,y))| dz dy,

BN

X |det DTj(z,0)| dzx dy

for all Lebesgue measurable sets A C éj, 7=1,23.
Two functions u; € L*(G;), uj € L*(2;) (u; € L*(Ga,) if j = 4) will

always—unless stated otherwise—be related by u; =u; 0%, ;, j=1,...,4.

Given uj, j = 1,2,3 or j = 1,...,4, we write [u] for [uq,u2,us] and
[u1,...,uq], respectively. It will be clear from the context which case is
meant.

The definition of Lg and H, 51 with the respective scalar products in (2.3),
(2.4) is just a change of variables on each subset £2;., j = 1,...,4, the
measures A ; being the Jacobians of the respective transformations dropping
the common factor eM. Thus @ € L?(§2.) iff [u] € L? and HQH%Q(QE) =
EM||[uH|%g, u € HY(9.) iff [u] € H1 and ||u|]Hl (0.) = aMH[u}H%{; Also, if
[ue] € H} is such that (||[uc]||c1)e>0 is bounded, then (e MH{L\5|’H1(QS))5>O
is bounded as well (see Lemma 2.7(iii) below).
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We have already introduced the space H! in (C7); let L? be the closure
of H} in L?(G1) x L?(Gs) x L*(G3). We introduce inner products on them
by

3
(2.5) (ful, [oDez = Y § ujuj iy,
J=1G;y
(2.6) (o s = (. [z + 3 | Dy Doy
j=1G,
Denote the respective norms by || - ||z and || - || 1.

We write equation (1.1) and the limit equation as abstract equations on
Lg and L2, respectively. As usual, the abstract linear operators involved,
namely A. and Ap, are generated by bilinear forms a. : H x H} — R and
ap : H! x H! — R, respectively. These bilinear forms are defined as follows:

3 T
1
(2.7)  ac([u], Z ( zuj,— qu)A AT< xvj,gDyv]) dXc,
j=1Gj
1
+ - DuyDuvg dz,
6G4,5

NE

\ Dy Dovj| W ;(x)|2|det DTj(x,0)| da dy
1G;

(2.8) ao([u], [v]) :=

<.
I
<.

3
\ Dou;D,vj|(1,0)DT] (z,0)[ 7 dA;.
1G;
[

<.
Il
<.

It is well known (see e.g. [14, Proposition 2.2]) that if V, H are two infinite-
dimensional Hilbert spaces, V' C H densely and compactly, || - ||v, || - ||l#
denote the norms on V' and H, respectively, (-,-) i the inner product on H,
and a: V x V — R is a symmetric bilinear form satisfying

la(u,v)] < Cillullvilvllv,  a(u,u) > Collull} — CsllullF,

C4,Cq,C3 constants, then a defines, via a(u,v) = (w,v)y for all v € V|
a linear selfadjoint operator A : D(A) C V' — H with compact resolvent.
Moreover, D(A) C V, D(A) C H densely and there is a complete orthonor-
mal system (ONS) of H consisting only of eigenvalues of A.

By Lemmas 2.1 and 2.7 below we can apply this to the cases above.
Call the resulting operators A, and Agy. They are sectorial, and the linear
semigroups e~ <t ¢ > 0, as well as the fractional power spaces exist. There
are complete ONS of L2 and L? consisting of eigenvectors of A. and Ay,
respectively.
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Equation (1.1) then becomes
(2.9) [ug) = —Acfu], t>0,
and the limit equation will be [u;] = —Ag[u], t > 0.

It is clear that it suffices to investigate the behavior of the semiflow
generated by equation (2.9) because a simple transformation changes it into
the semiflow generated by (1.1).

Henceforth we shall only treat equation (2.9).

We start with a few lemmas which are easy consequences of conditions

(C1)—(CT7).
LEMMA 2.1. There is a constant C' > 0 such that for all j = 1,2,3,
0<e<1andveRMTL || =1,
1
¢ < IDTi(x, y)oll, |det DT;(z, y)l, | DTz, 5 (2, y)v]], [det DIz 5(z, y)| < C,
for all possible (x,y). m
Note that by Lemma 2.1 similar estimates hold for DTj_l7 DT} DT]-T7

€J
and DTg ;- The lemma is easily proved by using the fact that 7} is a diffeo-
morphism on a compact set and condition (C4). =

LEMMA 2.2. Ase — 0,
U i(z,y) = W (x), DY (z,y) — (!760-(9:), 0,...,0)
pointwise for all (z,y) € G4, j = 1,2,3. Moreover, there is a constant C

such that || j(x, ), | D¥: ;(z,y)v|| < C for all v € RM*TL |v|| =1, 0 <
e <1, (z,y) € Gj, and ¥ ;(z) #0 for all x and j.

Proof. By (C3) and (C5), ScoT. j(x,y) — (x,0) and D(S:01; ;)(z,y) —
(e1,0,...,0). Together with Lemma 2.1 this proves the result. m
LEMMA 2.3. For all j =1,2,3 the following hold:
(i) There is a constant C > 0 such that for all 0 < e <1, (x,y) € Gj,
veRMH || =1,
1
o < ldet A (@, y)l, [ A (2, y)oll < C.
(ii) We have
1 7
Asa)— (1 BED) proia,o)
0 Ey J
pointwise on G, as € | 0, where T; is the function of condition (C5).

Proof. This is straightforward, using conditions (C3)-(C5) and Lem-
ma 2.1. =

For completeness we now bring in a technical lemma we shall need.
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LEMMA 2.4. Let £2 C ]0,00[ x RM be open, bounded, Lipschitz, 0 €
proj,(£2) and assume (£2)g # O (recall that (£2)g is the interior, as an M-
dimensional set, of the intersection ({0} x RM)YN Q). Let &, — 0 and w €
H'(2) with w|(g), =0 (as a trace). Then

1
En

Proof. Extend w to w € H'(RM*1) and set {0} xw=02N ({0} xRM).
Approximate w in H*(RM*1) by C*-functions w,. Then the w, |, approx-
imate w in H'(£2) and Wn|(0), = wl(@), = 0in L?((£2)g). We get for 6 > 0,
as n — oo,

2
HwHLQ({(JC,?J)EQ:O<QCSETL}) — 0, n — oo.

19113 g0y x Byt — N1TnllEaopcmson = § @a0:9)dy
Bs(w)
= | @Oy dy+ an 0.y dy — | @?(0,y)dy
Bs(w)\w w Bsw\w
and as d | 0,
(2.10) 18117 210y ¢ 55wy — O
There is a sequence of positive numbers §,, — 0 such that
(2.11) proj,({(z,y) € 210 <z <en}) C Bs, (w).
We get

L S w? dz dy

= {(z,y)eN|0<z<en}

2 ~
s S lw(z,y) — (0, y)|? dz dy
" {(w,y)eR| 0<w<en}

2 _
+ = | w(0,y)* dz dy

e
" {(z,y)eN | 0<z<en}

En

2 ~ ~ 2 ~ 19
<. §) [ (@, y) =w(0, )72 mary dx +2[ 0|72 0y xproj, {(x.w)e2 | 0<a<eny) = 05

S(C/En) SS” m||@||iII(RM+1)d:L‘

where C' is a constant and we have used Theorem 6.2.29 of [8], (2.10) and
(2.11). =

The next lemma characterizes H!(£2) and L2(£2).

LEMMA 2.5. (i) Let u; € HX(G;), j = 1,2,3. Then [u] € H] iff there is
alv] € H! and uil(@;)o = Vil(@;)0r 3 = 1,2,3 (as traces). Note that if
(Gj)o = {0} x wjo, then wjo is open and nonempty, for j =1,2,3.
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(ii) H! < L? densely and compactly and L? = L2(Gy) x L%(Ga) x
L%(Gs). Moreover, setting L2 = L% (G1) x L% (G2) x L2 (G3) we
have L?(G1) x L*(Ga) x L*(G3) = L? @ L.

Proof. L? = H?:1 L%(G;) follows because every u; € L?(G;) can be
approximated by u,; € H}(G;) with u,; = 0 for  near 0. By part (i),
[u,] € H!. The rest of part (ii) is trivial.

To proof (i), notice that if j, k € {1,2,3} and j # k, then (2. being open
and connected implies there is a path v in (2, starting in §2;. and ending
in (2 .. Moreover, £2;. N 2. = 0, and both sets are open, so 7 has to pass
through 2. N §24 .. But then the assumption LD;jl((_ZLE N$2:) C {0} x RM
implies (Gj)o has nonempty interior, i.e. w;o is open and nonempty.

Let [v] € H! and uj € H}(G}) be as in (i). By condition (C7) there are
U. € H'(§2.) and C > 0 such that v, o V. ; = vj. Set

ue (2, y) = vj(x,y) + X (e @) (uj(2,y) = vj(z,y)) € Hi(Gy),

_ v=(2), 2 € g,
Ue(z) := -1 .
UE’]’O!I/E’]- (Z)’ AS Qj,E?] _17273'
Then 4. € H'(£2.) and
Hue,j - 'UJjH%g(Gj) < S \vj - Uj‘ dx dy — 0,
{(z,y)€G; | 0<z<e}
| Dyue,j — Dyl 22,y = 0s
| Datie,jll2(q;) < 21Davillzea,) + 1Dl z2a;)
1
+ z [P X luj — vj| da dy.
{(z)eG; | 0<z<e}
Let ¢, — 0. By Lemma 2.4 the last term above tends to zero. Since

([te,,jll71(G;))n is bounded, taking a subsequence, also called &,, we can

assume (ue, ;)n to converge weakly in H'(G}), the weak limit being u;. By
(C7), [u] € H! follows. =

PropOSITION 2.1. Fiz j € {1,2,3}. Denote by Zg the set of all L*-
functions which are locally functions of x only, i.e.

L2 :={ue L%(G;) | 3S C G;, |S] = 0 Y(z0,50) € G; IV = V (w0, 50) C Gj
open, (w0, 90) € V, & = Ti(z0,yo) € L*(proj,(V))
such that u(z,y) = u(z) V(z,y) € V \ S}.

Then L%(Gj) = Zg and L*(G;) is dense in L%(Gj). Moreover, if u €
HSI(G]), then Oyu € LE(GJ) u

Proof. In this proof we drop the index j, that is, G; becomes {2.
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We only suppose of {2 that it is open, bounded, connected and there
is a subdivision of {2 as in condition (C2), i.e. there are open, connected,
pairwise disjoint U; C §2, each U; has connected z-sections and E := {z € R |
Jy € RM (z,y) € 2\, U;} has at most finitely many accumulation points.

In this proof we write L? for L2(§2). If the underlying space is not 2 it
will be mentioned explicitly. Other function spaces will be treated likewise.

Recall that for an open set U C RM*! and z € R the set (U), :=
UnN({z} xRM) is the z-section of U. For (x,y) € U we denote the connected
component of (U), which contains (z,y) by U.(y).

The proof will be given through a series of claims.

CLAIM 1. There are at most countably many 17J such that 2 = Uj 173
and

L2 ={ue L”|3S C 2, |S| =0V 3u; € L*(proj,(V))),

u(e,y) = () for all (z,y) € V; \ S}.

Ifu e Egi then u has a representative u and there are a nullset Sc 2 and
u; € L*(V;) such that |proj,(S)| =0 and u(z,y) = uj(x) for (x,y) € V;\ S
and all j.

CLAIM 2. E is at most countable and we can assume that 2\ |J,U; =

UxGE‘{CE} X (‘Q)JU

CLAIM 3. For all 1 # 1, x € proj,(U;) N proj, (U;) we have (Up)x N (Uy)z
= 0. Also, if (x,y) € Uy for some L, then (U})z = 2:(y).

CLAIM 4. Let U be an open, connected, bounded set with connected x-
sections and u € L*(U) be a function depending locally on x only. Then for
every 6 > 0 there is a function w € H(U) with ||u —wl| 2y < 6. Moreover
w is a function of x only and w € C§°(proj,(U)).

CLAIM 5. Given u € E§ there is a sequence w, € H! N C™ such that
lu — wpllz2 — 0, n — co.

Claim 5 immediately implies E§ c L2

Assuming the claims above, we now show that L? C Eg This then im-
mediately implies d,u € L2 for each u € HY, and C*°({2) is dense in L2.

Let u € H!. Theorem 2.5 of [14] implies there is a nullset S C {2 such
that for all (g, 1) € §2 there is an open neighborhood V of (g, o) and a
function %(z) defined on proj, (V) with u(z,y) = @(z) for all (z,y) € V'\ S.
Thus H} C Z? By the first claim Z? is closed in L?, and L? C Eg follows.

We now prove the claims.
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Proof of Claim 1. If open 17] are such that 2 = Uj Y~/j, then obviously
Zg contains the set in Claim 1. We have to show the existence of ‘7] such
that the other inclusion is true as well.

For (z,y) € (2 there is an r = r(z,y) > 0 such that |x —r,z + r[ X
Hj]‘/il]yj —r,y; +r[ C £2. We can cover {2 by countably many of these sets;
denote them by 17j, Jj€eN.

Let u € L2. We have to show there is a nullset S C 2 and for each j a
function u; € L2(pr0jm(1~/j)) with u(z,y) = u;(z) for all (z,y) € ‘N/J \ S,

The sets IN/(mO,yO) in the definition of L? give an open covering of {2
(depending on u). Choose a countable subcovering, denoted by Uy, and let

& € L%(proj,(U))) be the corresponding functions.
We change u on a nullset: if (z,y) € S and there is no r > 0 with

{2} x B.(y) C S, then for | # [ and (z,y) € U N (7l~ we have U; N (7l~ﬂ
({z} x RM) £ 0, and w(x) = u(z,y1) = G;(z) for suitable y; € RM. That
is, we can define u(z,y) = () if (z,y) € U;N S.

Redefining v in this way we can assume that for all (z,y) € S there is an
r=r(x,y) > 0with {x} xB,(y) C S. But then proj,(S) is a one-dimensional
nullset.

Set S = Uzeproj, (5){2} % (£2)z. Then |S| = 0 and for (z,y) € 17] \ S we
can define u;j(z) := u(x,y). Now, u € L? and |(‘~/])x| > r; for some r; > 0
imply @; € L*(proj, (V})).

Proof of Claim 2. Since E has at most finitely many accumulation
points, F is countable. For each [ the set U; \ |J,cg{x} x (£2), consists of at

most countably many sets which are open, connected and have connected
x-sections. Using these sets instead of U; we can without loss of generality

assume 2\ |J,U; = UmeE{m} X (£2).

Proof of Claim 3. We have (Up), N (Up): = 0 since Uy N Uy = ). Now
let (z,y) € U;. Obviously (Up)s C $2:(y). Let (2,41) € 22(y) \ (U1)z. Then
z & E by Claim 1 and there is an [ # [ such that (z,y1) € (Up),. Hence the
connectable open set (2,(y) (viewed as a set in RM) is the union of open
(in RM), pairwise disjoint sets (Uy)q, with k varying in an at most countable
set containing [ and [. This cannot be, thus 2,(y) \ (U;). = 0.

Proof of Claim 4. Let 6 > 0 and U, u be as stated in the claim. Note
that U satisfies the conditions imposed on {2 at the beginning of this proof,
the division into the (U;); having just the one element U itself.

We can apply Claim 1: without loss of generality there are S, V; C U such
that u; € L%(proj,(V;)), |proj,(S)| =0, U = U; Vj, and u(z,y) = u;(z) for
(z,y) € V;\ S.
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We can redefine u and u by setting u(z,y) := u(z) := 0 if € proj,(.5).
This allows us to define @ : proj,(U) — R by u(z) := u(z,y) if (x,y) € (U),.

Let proj,(U) = ]a,b[. Since U is open and connected, it follows that
u € L*(Ja + 01,b — 1) for all §; > 0. Let §; > 0 be such that

Squmdy— S u? dx dy < 6.
U {(z,y)€U | z€la+d1,b—61[}
There is a w € C§°(Ja + d1,b — 01[) with [[w — Ul 21045, p—6,)) < 612 and
extending w trivially we get
b—61
|lu — wHQLQ(u) <0+ S (U — w)? S dydx < C6,
a+d1 U)a

where C' =1+ Sup,¢jq 4 S(U)I dy depends on U only.

Proof of Claim 5. We have 2 = |J,U; U, cg{z} x (2)z, where E is
countable and has at most finitely many accumulation points, the set (U;),
and (J,.g{z} x (§2), are pairwise disjoint, and each U; is open, connected
and has connected z-sections. Setting U; := ) for those [ € N for which U,
is not defined, we can assume [ € N and |U;| — 0 as | — oc.

By Claim 4 for each I,n € N there is a u;,, € C§°(proj,(U;)) with
lu = wpl 2w,y < 27!/n.

Set vn(z,y) == w,(z) if (z,y) € U, I = 1,...,n, and v(z,y) := 0
elsewhere. Then v,, is well defined for all n € N, and

— 72 = Znu wal 2oy + S llul2ey — 0, n— oo,

I>n

<2/n

If (z1,y1) € U for some | € N, then for n large v,(z,y) = w;,(x) close
to (z1,%1), and vy, is C* around this point. If (z1,y1) € 2\ U, U, then
1 € E. If x; is an isolated point of E, then there are [ # [ such that
r1 € proj,(Up) Nproj,(U;) and for n large v,(z,y) = 0 on a neighborhood
of (ml, yl)- .

But if z1 is not an isolated point of F, then it could happen that v,, is not
C* at the point (21, y1). So we choose open neighborhoods E,, of all (finitely
many) accumulation points of E such that [vnll L2 (@n(E, xrM)) < 1/n, and

cut-off functions y,, such that y,(z) = 0 near all accumulation points of F,
and yn(x) =1 on R\ E,.

Set wy(x,y) = Xn(x)vp(x,y). Then w, € C*(£2), Oyw, = 0, and as
n — 00,

lu—wnll2 < lu—vp| 2 +vn—wnllp2 < lu—vall g2 +vnll L2000, xRM)) — 0,
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[(@uwn)dedy <23 I (@)t (@) 22y + [9ettn(@) Gy < oo
2 =1

Hence w,, € H! and the last claim has been proven. m

The next lemma presents some tools for comparing H! and H}.

LeEMMA 2.6. (i) If €, — 0 and u, € LP(G}) — up in LP(G;), then
unldet DT, (. ) |det DT}(Ss, o T, (. )| — woldet DT, (2, 0)|
in LP(G;), p>1, j=1,2,3.

(ii) For 0 < e < 1 define L : L2 — L% by (DL[u]); = uj, j = 1,2,3,
(@L[u))s = 0. Then ®F is continuous.

(iii) The linear operator ® : HY — H! of (CT7) satisfies the following:
(1 ) (®H[u]); = uj, j=1,2,3, and (2.1) holds, that is, as e — 0,

1
CZ sl 7 g,y = @ [u)all 2, ) + z ID(@ [u))all72(c, ) — O

(2) 122 [u]ll g2 < Cill[u]ll -
(3) If [ve] € L2, [wo) € L?, [u] € H} are such that [[ve]ll 2 < Co
< 00, Ve; — o, in L3(Gy), j =1,2,3, then ([vg],dif[u]),;g —
([vo], [U])Lg as € — 0.
(4) (X [u], @F[v]) 2 — ([u], [v]) 2 as € — 0 for all [u], [v] € H.
(5) [|B8 [u] — PL[u]llz — 0 as e — 0 for all [u] € H{.
The constants C1,Cy, are independent of €.
Proof. (C5) and Lemma 2.1 prove (i) and (ii).
Condition (C7) implies (iii)(1); and (iii)(2) follows from this and Lemmas
2.1 and 2.3.
Now let [ve] be as in (3). Then by parts (iii)(1) and (i),

([ve], @ = Z X Ve jUj dAe j + € X 2)574(@5[11])4 dz
7j=1 G] Gae

S(ez/voll@E [ul)all2(q,
This proves (iii)(3) and together with (2) also (4). Part (5) follows from (1). m

We collect some facts about || - ||¢ 4.

LEMMA 2.7. Let 0<d <1.

(1) [l [le,a is equivalent to || - || g1 -
(ii) There is a constant C > 0, independent of d and €, such that ||-||-.q <
Cl ey and C7H -y < I llea-
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(iii) If u. € H'(£2.) corresponds to [uc] € HY, then ||[uc]l|le1 bounded as
e — 0 implies E_MHaEHHl(_QE) is also bounded.

(iv) Nl = 2, + ozl ).
(v) There is a C > 0, independent of ¢, such that for all [u] € H},
Cao([u], [u]) > ac (@ [u], 8 [u]),

Nl < Nalli + ao(ful, [u]) < Cllly.

Proof. Lemmas 2.1 and 2.3(i) prove (i) and (ii). (iii) is a consequence of
(ii) and [|ul| g1 (0. = M|\l g1 Part (iv) is obvious. The second inequality
in (v) follows from Lemma 2.1, which also together with Lemmas 2.3(i) and
(2.1) implies the first inequality. m

The next two lemmas provide some rules which are helpful for working
in L? and L?.

LemMMmA 2.8. Fiz j € {1,2,3}. If w € L*®(G;), then w = ws + wy,
where wy, € L®(Gj) N LA(Gy), wi € L®(G;) N L2 (Gy) and |Jws|e <
[w]loos [[willeo < 2[w][oo-

Proof. Since w € L*(G;), we can decompose it as w = ws + w, with
Ws € LE(G]), w, € Li(G])

For ¢,k > 0 define U, := {(x,y) € G | ¢ < u(x,y) < c+k}. It could be
that for given ¢, k we have |U. ;| = 0, but if U, , is not a nullset, then setting
ws(z,y) := ws(x,y) if ¢ < ws(z,y) < c+ k and ws(z,y) := 0 elsewhere, we
find by Proposition 2.1 that ws € L? and thus

|Uer|c? < S wsWs dx dy = S wws dr dy < ||w||oo(c+ k)|Ue k|-
Gj Gj
This in turn would imply ¢ < ||w||oo. Thus {(z,y) € G; | ws(z,y) > ||w]|so }
is a nullset.

Considering —w, we see {(z,y) € G; | ws(z,y) < —||w|«} is a nullset as

well, i.e. [|[ws|loo < ||w]loo- Finally, ||w] ||oo < 2||w||co follows immediately. m

LeMMA 2.9. Fiz j € {1,2,3}.
(i) If v € LYG,) and w € L>=(]0,1]), then (z,y) — v(z,y)w(x) €

L3(Gy).

(ii) If u € L*(Gj), then
S wdrdy =0 Vv € L2(G;) & S wvd); = 0 Vv € L2(Gy).
G; Gj

(iil) If u,v € L2(G;) and w € L*>°(G;)N L% (G;), then SG]- wow dAj(z,y)
= 0.

(iv) Ifu € L2(G;), w € L®(G;) N L2(G;), then uvw € L2(G).
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Proof. (i) There are w, € C§°(R) and C' > 0 such that |[wy||zeqo,1p) <
CHU}HLOO(]OJD, and [Jwy, — wHL2(]0,1[) — 0 asn — oo.

There are also v, € H!(G;) such that ||v, — vllp2(q;) — 0 as n — oo.
But then v,w,, € H}(G;) and

[vpwn — vw| L2,y < Cllwllzeegopllvn — vllzza,) + lv(wn — w)llz2@q,)-
The first term tends to 0 as n — oco. Since v(wy, —w) — 0 almost everywhere
on G and |v(wy, —w)(z,y)| < [v(z,y)|(1+C)|[w| £~qo,1p)> by the Dominated
Convergence Theorem we also get [lv(w, — w)|r2q;) — 0. This proves
vw € L2(G;).

By (i) and Lemma 2.1, v € L2(G;) iff v|det DT}(x,0)| € L2(G;), hence
(ii) holds. Using (ii) it is sufficient to prove SGj wvw dx dy = 0 to prove (iii).
So let u,v,w be as in (iii). For m € N let u,, be the truncated function
um(x,y) = u(z,y) if |u(z,y)| < m and upy(z,y) = 0 elsewhere. Analogously
define v,,,. These functions are locally functions of = only, hence by Propo-
sition 2.1, upmvy, € L2(G;) and (iii) follows from

0= S U Vmw dz dy — S wwdrdy, m — 0.
G G
Now let u, w be as in (iv). By Proposition 2.1, u, w are locally functions of
only, hence so is vw € L?(G;) as well, and vw € L%(G;) follows. =
Act

We shall need the following estimates on the linear semigroups e~ ",
—Apt
e .

LEMMA 2.10. The following hold:

(212) Q) e~ ulllzz < Ilflllzz, Vju € L2, ¢ > 0,
(213) (i) lle a2 < ez, Vju € L2, ¢ > 0,
(214) (i) e Al <1+ & Ilulllz Viu] € L2, £ >0,
(215) (i) e [l < C/1+ & Nlllzzs VIl € L2, >0,

where the constant C > 0 in (iv) is independent of t, [u].

Proof. The inequalities can be proven easily by expressing each vector
with respect to the ONS of eigenvectors, and using Lemma 2.7(iv) together
with the fact that all eigenvalues are positive and tend to infinity. Note that
the constant C in (iv) exists by Lemma 2.7(v). m

We shall prove the convergence of the resolvents by following the ideas
of [2] and [5]. To be able to do this, we need two more technical lemmas.

LEMMA 2.11. Let e, | 0, C > 0, [up] € D(A:,) and [w,] € H} be
such that [|[un]ll 1 ;[ Ae, [unlllrz, < C, llwnllrz, — 0, |1Dewnjllr2G,) — 0,
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E;lDywn’j — wWo,; = (wo,j,l,...,w07j7]\/[) m L2(Gj), 7 = 1,2,3, and
[Dwnallr2(ay.,) < €n- Assume upj — ugj € HY(G;) weakly in H'(G;)
and € 1Dyunj — ug; weakly in L2(Gj), 7 =1,2,3. Then

3
> § (Do (1, T, ) + (0,50,))
G]

x DT, (2, 0)(DT; (2, 0)) (0, wo 5)" dXj = 0.
Proof. We have
0« (Anfun), [w ])L2 = an([un), [wn])

Z( g 2Un,j (1,0)An ;AL (1,07 Dywnj dAnj

—0in L2

1 T
+ | (Dmun,j (1,0) A ;AL ; <0, E—Dywn,])
G n

<l

—(LT) DT} (,0) (DT (2,0))7 (0,wo,5)T in L2

1
+ (0, — Dyuw> Ap i AL (1,007 Dywn 5) dAn

—0in L2

1 1 r
+ (0, — Dyun,j) AnjAn <0, —Dywn,j) d)\n,j>
. En En
J

=0,

) DTj_ 1 (x,O) (DTj_ ! (w’o))T (O’WU,j)T

1
+ — S Dun74Dwn74dZ

<VEnCi
3
— > (Do ;(1,7) DT} (2,0)(DT;  (2,0)) 7 (0, w0 5) "
G

+(0,204) DT} (2, 0) (DT} (,0))" (0, w0,)") dAy,

where C7 > 0 is a constant, and we have applied Lemmas 2.3 and 2.6. =

LEMMA 2.12. Lete, — 0, C >0, and [u,] € D(A:,) be a sequence such
that ||[un]l| g1 . [|Ae, [unlllr2 < C. Then there are a subsequence, called e
again, and [ug] € H} such that u, ; — ug j weakly in H*(G;) and strongly in
L%(G;), j =1,2,3, as n — oco. Moreover, £,  Dyu, ; — o, € (L*(G;))M
as n — oo, weakly in L?. Decompose L*(G1) x L*(G2) x L*(Gs) = L2 & L?



A reaction-diffusion equation 183

to get Ug 1 = Uojls + Vo411, L = 1,...,M, T; = T; s+ Tj; then for
Jj=12,3,
U j.s = Do ;(|(1,0)DT] (x,0)[2(1,0) DT} (2,0) DT} (x, 0)(0, Epr)" = T;.s).
Also

ac,, ([un], 2 [v]) — ao([uo], [v])  V[v] € Hy, n — .

Proof. Since ||[un]| g3 is bounded, so is [|un, || 1 (@), and a suitable sub-
sequence satisfies u,, ; — ug ; € H'(G;) weakly. By Lemma 2.3, the sequence
551|\Dyun,j\|Lz(GJ_) is bounded, i.e. |[Dyuy,jllr2(q,) — 0 and ug; € HY(Gy),
j=1,2,3.

Also—taking again a subsequence—there are o ; € (L?(G;))™ such that
et Dy un; — Up 4y in L3(Gy), l=1,...,M, j=1,2,3.

The boundedness of [u,] in H} shows that ([u,]), is admissible in the
definition of H! and thus [ug] € H}. Now let [v] € H.. Then

an([un], ¢TIL{ [v])
3

1
J <Dw“n,j» E—Dyun,j> A j Az 5(1,0)T Dyvj ddn,
G n

<.
<.

+— | DunaD(@]v])sdzxdy

~~

:=c¢(n)—0

= Z S <D$un=j |(170)~An,j(377y)|2vaj
@ —|(1,7;)DT; ! 2Dy, in L?
1
*(“?DWW>~%ﬂmwAu@waﬂFaw )Mm+4m

7D S
H(0 E]JV,)DTJ‘ ((1,7;)DT; )T Dyvjin L

3
(216)  — > § (Douoyl(1, Tj(x,9)DT; (2, 0)/”

Jj=1G;

4 (0,70,) DT} (2,0)(DT}  (@,0)7 (1, T, ))") Davy dy,
where we made use of Lemmas 2.3 and 2.6. Unfortunately we do not know
lp,;. But using certain test functions w, € H, we can eliminate it in (2.16).

First we use test functions related to 7;. Denote by (T, ;) : R x RM —
R the x-component of T}, ;. We now fix j € {1,2,3}, u; € H}(G;), and
cn < |lproj, — (Thj)e HLl/Q G,y with ¢, — oo (see (C3)), and set

wnj (2, y) = =@ = (Tn )2 (2, y))x(enw)u; (2, y)-
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Then wy,; € HYGj), wy(z,y) — 0 in L*(G;) and wy ;(z,y) = 0 for =
close enough to 0.

If we set wy,; :=0for j #1=1,...,4, then [wy,] = [wy,1,...,wn4] € H}
and ||[w]|[zz — 0. Using (C3)-(C5) one can show that |[Dywy,jllr2(q;) and
len ! Dywn j — Tj(z, y)ujlL2(g,) tend to 0 as n — oo. We can apply Lemma
2.11 to get

(217) | (Dauo;(1,75)
1 (0,7i0y) DTS @, 0) (DT (2, 0))7(0,T5) "y d; = 0.

By density (2.17) holds for all u; € L2(G}).
For the second set of test functions fix again for a moment j € {1,2, 3},

meN, l€{l,...,M} and u; € H(G}). Set
u](a:)y)X(mx)yl? (':Evy) € ij

Wy (T,y) = {
! 0, (z,y) # Gj.
Then [wy,;] € H} and [enwy,,] satisfies all conditions as a test function in
Lemma 2.11, with

1 {0, l;éklorj;ékg,

_D pu—
En yklwn,l,/m uj(a:,y)x(m:c), ] = klv ] — ]€2.

We get
S (Dzuo ;(1,7;)
Gj ~ _ _
T 4 (0,10,)) DTy (@, 0) (DT (2, 0)) (0, €0) ux (ma) dA; =0,
where ¢; is the [th unit vector. Letting m — oo yields
(2.18) 0= | (Dauo;(1,Ti(x,y))
Gj ~ -1 —1 T T, . ).
+(0,u0,4)) DT (,0)(DT; (2,0))" (0, €1)" uj dA;
for all possible j and [, and by density also for all u; € Lg(Gj).
Write T ; = Tojs + UL, T = Tjs + Tj1, with Tojs, Ts € L3(G)),
o 1,71 € LA(Gy), j = 1,2,3. By (C5) and Lemma 2.8, T;,,7; |
L>(Gj).
Now equation (2.18) and Lemma 2.9 imply that for all j = 1,2,3 there
is a v; € L2(G;) such that

vj(2,9)(1,0) = (Dguo (1, Tjs(x,y)) + (0,20,4,5)) DT, (2, 0)(DT; H (x,0))"
Thus

Dyug; = 9;(1,0)DT} (x,0)DT;(x,0)(1,0)" = v;|(1,0) DT} (x,0)?,
(0,T0,5,5) = Do (|(1,0) DT} (2,0)|7*(1,0) DT} (x,0) DTj(x,0) — (1, T}s)).
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Insert this and (2.17) into (2.16), and then use Proposition 2.1 and Lemma
2.9 to obtain

+(0,%0,)) DT (2,0) (DT} (2,0))"(1,0)" dA;

3
= Z S Dzuo,ijijl, 0))DT]T(1‘, 0)|_2 d)\] = ao([’LLo], [’U]) ]
j=1G;
Lemma 2.12 allows us to prove the convergence of the resolvents.

LEMMA 2.13. Let ey, | 0, A € C, and |arg(A\—1/2)| < 7—3§ for some small
§ > 0. Assume [wy] € L2 and [wo] € L? are such that ||[w,] — P [wolllzz,
— 0 asn — o0o. Set [uy] := (Ac, + M)t w,] and [ug] := (Ao + X)L wo).
Then there is a constant C' > 0, independent of A, such that H[un]Hgnl <C
for all n, and as n — oo, forj—123unj—>uojinH(G) 1Dy
—  Dgug (|(1,0)DT (x,0)|7(1,0) DT} (2,0) DT (x,0)(0, Ex)" — T;) in
L*(Gj), and 5n||un,4”L2 (Gaoy TE 1||Dun,4HL2 (Gaoy — 0. 1N particular we
have ||[un] — P [up]||c,.qa — 0 as n — oo, for all 0 < d < 1.

Proof. By Lemma 2.6(ii), ||®%[wo]||;2 < C1. Using the numerical range
it is not difficult to show !

I[w]llzz

<

where C3 > 0 can be chosen arbitrarily small and Co = Cy(c3) > 0 is
independent of n and A (see e.g. Exercise 6, Chapter 1.3 of [11]). Together
with Lemma 2.7(iv) this gives
unllF = Nlunll 72 + an([un], [un])
= ((An + AD)n], ]l 2z — O = 1)
< (Mwnlllizz + (A + Dl [ualll ) unlllz < Calllwa]ll £z | lun]l 22,
where Cy is a constant independent of n and A. This in turn implies the
boundedness of [|[un][| 1 and hence of [[[uy][[n,1 as well (see Lemma 2.7).
We can apply Lemma 2.12: there is a subsequence, called ¢,, again, and
[Uo] € H} such that u, ;j — @ ; in H(G;), j = 1,2, 3, and a,([uy], 8H [v]) —
ao([tig], [v]) for all [v] € HL. Since also
an([un], @1 [0]) = (Anlun], @5 []) 12 = (fwn], @5 [0]) 13 — A([un], @7 [0]) 2
— (fwol. o)) 22 — Ml [o])

by Lemma 2.6(iii), we get [uo] € D(Ag) and [ug] = (Ag + M)~ wo] = [uo).
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Lemma 2.12 also shows &, ! Dyu,, j — o ; and
(2.19) To,j.s = Do 3(|(1,0) DT} (2,0~
x (1,0)DT} (z,0)DT;(x,0)(0, Ex)" — Tjs).
Now
0 (fwn], [un]) £z = ([wo], [uo]) 2

S

— a([un], [un]) — ao([uo], [uo]) + A(([un], [un]) 2 — ([uo], [uo]) r2)

_ 23: ( { (‘(Dxuo,j,'ﬁo,j) ( L Zi(zy) )DTj_l(:ﬁ,O) 2

= \a 0 Eu

— (Duo 7)1, o)DTjT(x,o)—2> d;

2

+
Gj

1
‘ (Dxun,j, g—Dyun,J) Anj(x,y)\/[det DT, ;| |det DT;(S,, o Ty )|
n

_\(D;I;UOJ ,5073') ((1) EI‘Z]—{/I )DTj_lw / \det DT7‘
L Tj(x,y) ’

DT Y(z,0
0 By ) i (2,0)

_‘(Dzu[),ja 00,5) ( |det DT (x, 0)]} dx dy

=:E1n,

+ A S (uid-]det DT, ;| |det DT;j(Sp o Tp, 5)| — u%’jldet DTj(z,0)|) dx dy)

Gj
=:F3 n,;—0
1
+ | <€—|Dun,4|2+snx(un,4)2> dz
G4,n "

=:F3n

((§0 (Datto s, Daio Ty +0,.5) DT, 2
G.

J

<
I
—

I
.Mw

=(Dguo,;)?|(1,0)DT] |2
— (Dyuo3)?|(1,0) DT} |72) d);

+ S ‘(0, Dmuo,j']}’l + Fﬁo’j’J‘)DTj_lﬁ dNj +E1 5,5 + Eg’n,j) + E3
Gj

=:E4;>0

(Ernj + Eonj + Eaj) + Esp,

I
]

1

<.
I
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where we have used equation (2.19), decomposed 7; and vp; as in that
equation, and used Proposition 2.1 and Lemmas 2.3, 2.6 and 2.9.
Now liminf, .o E1,,; > 0 and either A > 0 or Im A # 0. In both cases

necessarily E7 n,],Egn — 0asn — oo, j = 1,2,3, which in turn 1mphes

Dy 71 = =01, Dytin; — Dguoj and €, Dyun] — o, in L? (Gy).
Hence with (2.19),

Go,j = Dauo,i(|(1,0)DT] (2, 0)[7*(1,0) DT} (x,0)DTj(x, 0)(0, Exr)" — Tj)
for j =1,2,3, and

1
nlggj—ﬂ 1Dunall?2,,) = Jim 5nHun4HL2 (Gan) =

The remaining convergence ||[u,] — @711-1 [uo]||n.a — 0 as n — oo follows easily
from the definition of || - ||c4, d < 1. =
We have now prepared everything to prove the main results of this paper.
Proof of Theorem 1.1. Let 0 < t; <t. Then by Lemmas 2.10 and 2.7,
HeiAnt[un] - ¢rIL{(67AOt[UO])Hn,d
< le™ 4 Tun] — e D[] [, + e~ @) [uo] — By (6= [ug])||n,a

< Cill[un] — PE[uo)ll 12 + e Dk [uo] — B (e [ug)) || n,a;
where C1 = C}(t;) is independent of n and ¢. Hence it is sufficient to show
le™ 4@} [uo] — &} (e [ug)) |ln.a — O

and that the [|-||c,1-norm of the above expression is bounded, both uniformly
on [tl, tQ].

If v : ]—00,00[ = {A € C | Jarg(A — 1/2)| < m — ¢}, 6 > 0 small, is as in
the definition of linear semigroups, then for ¢; < ¢ < t9 and [ug] € Lg,
le™ @y fug] — By (674" [ug])

= %H V(T + An) e [uo) — @1 (AT + An) ™" eM[uo))) dA

n,

IN

iﬂ V1) + An) ™ Dy luo] — 2 ((4(s)L + Ao) ™" [uo))llna

x |7 |y (s)| da.
By Lemma 2.13 the integrand tends pointwise to 0 if d < 1, and is bounded
for all d by an integrable function independent of ¢ € [ty, t2]. This concludes
the proof. m

Proof of Theorem 1.2. Given the situation of the theorem, it is well
known that
an([u], [u])

Ap,g = min  max ,
' Eeorwemor [[ulZ,
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where ©; is the set of all [-dimensional linear subspaces of H! (see e.g.
Proposition 2.2 in [14]).

Fix lp € N. If [vgy], 1 <1 < lg, are lp independent eigenvectors of Ay,
then @ [vg,], 1 <1< lp, are Iy independent vectors in H}. Hence

Mg < e (@ (D aafvo]), P (S0 cnfeo))
7 (1, a1 ERI0\ [0} |BH (Sl o [vo)l12,

Using Lemmas 2.7(iv), (v) and 2.6(iii) it is straightforward to show that
Aty < O3 for some constant Co independent of n.

Take a subsequence A, ;, — po € R. Then Ay iy = an([uni,), [Uni,])
shows that (||un, o]l 71 )n, and hence (|[wn 1ol[n,1)n, is bounded. We can apply

Lemma 2.12: taking again a subsequence, there is a [4;,] € H. such that
Un o — Uiy, in L*(Gy), j = 1,2,3, which by (C8) implies [[a]llzz = 1.
This together with Lemmas 2.12, 2.6(iii) shows (1, [t,]) is an eigenvalue-
vector pair for Ay and by Theorem 1.1 and Lemma 2.6(ii) we conclude that
[etn10) — ! [ty ||, — 0 for d < 1.

Since [y was arbitrary, we can use the Cantor diagonal procedure to
find a subsequence, called €, again, such that for all [ € N, (1, [ugg]) is
an eigenvalue-vector pair for Ao, [|[uo]llzz = 1, Any — u and |[[[un] —
&M ugy]||lna — 0 for d < 1.

It is easy to show ([ug,]); is an ONS. The only thing we still have to
show is the completeness, since then necessarily iy = Ao, for all [ € N.

Let [v] € L? be such that ([ug,], [v])r2 = 0 for all [ and [[[v]||2 = 1.
Since the set of all eigenvectors of Ag forms a complete ONS of L2, we can
assume [v] to be an eigenvector as well, i.e. [v] € H}.

Fix I3 € N. Then by Lemma 2.6(iii) for any 6 > 0 there exists an n; =
n1(d) such that for n > ny and 1 <1 <1y,

’([Un,lL@g[v])L%‘ < 0.

Moreover, ¢ [v] = > 1>1 Ont[un], where ap ) = ([ung), PH [v]) 2, and by the
inequality above |ay, ;| < § for I = 1,...,1; and n large enough. It follows
again by Lemma 2.6(iii) that

1= ([v], [o]) 2 = (@] [v], &7 [0]) 2 = Y ey <6+ ap.
1>1 >0

By Lemma 2.7(v) there exists a constant C5 > 0, independent of n and 1,
such that

Csao([v], [v]) > an(@} [0], B [v]) =Y ad Any
1>1

> N1 ) any = Ny (1= 16%).

>0
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Since A\; — 0o as [ — o0, this is a contradiction. This means there is no such
[v], and ([ug,]); is indeed a complete ONS of L2. u

REMARK 2.1. (i) We do not have in general the convergence of the nth
eigenvalue of A, to the nth one of Ay. A very simple example with a domain
consisting of two edges and one node is shown in Figure 4.
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Fig. 4. An example of domains (2. for which the nth eigenvector of A. does not converge
to the nth eigenvector of Ag.

(i) In [14] (and other papers) the boundedness of a sequence u,, € H'(£2)
with respect to the e-norm implies, by taking a subsequence, u, — u €
HL($2) in || - ||z2. Thus uniformly bounded full solutions of the nonlinear
e-problems induce a full solution of the limit problem. This is then used to
prove the upper-semicontinuity of the attractors at ¢ = 0 for equation (1.1).

In our case without condition (C8) we can have eigenvectors [u.] for
which the corresponding eigenvalues A\. — Ao, i.e. [u.] is bounded in the
e-norm ||.||.4, but there is no [ug] € H} such that ||[uc] — ®L]uo] |22 — 0 (see
Figure 4 for an example). Hence in general we cannot expect the continuity
of attractors as mentioned above.

If (C8) is satisfied however, then if &, — 0, [u,] € H. and (||[un],,1)n
is bounded, we can find a subsequence such that u, ; — ug; € Hsl(Gj) in L?,
j=1,2,3, EnHunAH%Q(G“n) — 0, i.e. [ug] € H! and ||[u,] — DL [uo]llze, — 0
as n — oo.

Thus we can apply the method of [14], getting the upper-semicontinuity
of attractors.

3. Special cases. In this section we will present concrete sufficient
conditions which guarantee that conditions (C7) and (C8) of the previous
section are satisfied and Theorems 1.3 and 1.4 hold (see hypotheses (C9),
(C10) below). We will give an explicit description of the operator Ay at the
nodes under quite general assumptions (see Proposition 3.2) and present
some examples. The first one shows (under weak additional assumptions)
that one can cut an edge introducing a new node. In this way one can treat
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-1 —€ € 1

Fig. 5. An example of a nicely connected domain. Here S1 = {(1,1),(1,2),(2,1),
(2a 2)7 (37 1)}5 Sy = {(352)}

net-shaped domains having loops, for which the requirements of Section 2 are
not satisfied. An alternative way of treating loops is to relax the requirement
that Tj is bijective, for example only supposing bijectivity on each of the
two halves of G;. The second example shows (under additional smoothness
assumptions) that the domains (2. can have holes which decrease at least
proportionally with € (in all directions). This generalizes the domains treated
e.g. in [14], which can have holes which scale proportionally to & but only
in y-direction.

As before—unless stated otherwise—we will again treat the example of
a net-shaped domain having three edges and one node which satisfies the
conditions of Section 2, with the possible exception of (C7) and (C8).

Of crucial importance for condition (C7) is how the edges meet at a
node. In [14] the authors define nicely decomposed domains; we will use a
similar idea to define when edges connect nicely at a node (see Figure 5 for
an example).

DEFINITION 3.1. We say the edges (G, j = 1,2, 3) connect nicely at the
node (Gy4,), or simply the domain (2 is nicely connected, if the following is
satisfied: There are §,C' > 0, open, connected, Lipschitz, pairwise disjoint
G C Gy, connected wj; , C RM |wjiz| >0 for all 0 < x < §, such that

U {x}ijyl,m, Gjﬂ(]O (5 XRM UGJI

0<z<é
forl =1,...,L;, 7 =1,2,3. Set Sp ={0,0) | 1 :1,...,Lj, =1,2,3}
and QJZE:—lI/J(G 1), (3,0) € Sqp.

If there are an e1 > 0 and (j;,1;) € S, (0,y;) € 0Gj,1,, i = 1,2, such
that ¥, ;,(0,41) and ¥, ;,(0,y2) belong to the same connected component
of £24,, then there are an open, connected, bounded, Lipschitz Uj, ;, j, 1, C
@3_741((2 ) and 7 > 0, both independent of ¢, and open U, j, 1, = By(2¢j,1,) C

Ujy ity gods V4 (825,0,.0), W) 0 Weu(Ue i) € 10,6C1 x R for all & and
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i = 1,2. In this case we say G, ;, and G}, , join each other (at the node
Gl4,c). Note that j; = ja, I # I3 could happen (see Figure 5 for an example).

If (2. is nicely connected define an equivalence relation on Sy, by: (j,1) is
equivalent to (4,0 iff (4,1) = (4,1) or there are (4,1) = (j1,01)s- -, (Jmslm) =
(3, 1) such that G, ;, and G, 1,,,, % =1,...,m—1, join each other. Denote
the equivalence classes by Sk, & = 1,..., Np. Note that the equivalence
classes S are independent of €. Thus for a nicely connected domain there
is a partition Si,..., SN, of Sp, independent of «.

Consider the following hypotheses:

(C9) The domain (2 is nicely connected.
(C10)  One of the following holds:
(i) G4, has empty interior for all € > 0.
(ii) There are G471, ...,Gan, C RM*1 open, bounded, connected,
Lipschitz, C > 0, G4; C Q; C RM*! open, and C'-diffeo-
morphisms e 45 : Q; — W..4;(Q;) C RMFL such that

1
c < |det DV, 4.5(2)|, [[ D% 4,5(2)v]| < C,

Ny
‘G4a U !Z’s,4,j(G4,j)’ =0,

j=1
for all possible z,7,e and v € RM+L |jv|| = 1. For all k €
{1,..., N4} there exist open, bounded, connected, Lipschitz
U, C W;j(ﬂs), (7,1) € S and r > 0, all independent of ¢,
and open Uy ;1 = Br(ze k1) C Up N ng(ﬂjlﬁ), such that
9. (UMW g 1 (Ga))| > 1/C and W5 oW 4 (Ue 1 51) € 10, £C
x RM for all .

PROPOSITION 3.1. Assume (2. satisfies the requirements of Section 2,
and conditions (C1)—(C6), (C9) hold. Then (CT7) holds with

(31)  Hg={[u]|uj € H{(G}),j =1,2,3,

and uj|({0}xRM)man,l = Uj|({O}XRM)ﬁ8Gﬁ

if (,1), (§,1) € Sy for some k € {1,...,Nqo}}.

Note that ({0} x RM)N 0Gj, has positive measure and is connected, hence
Uj‘({o}XRM)man’l = const for all possible fized j, 1.
If additionally (C10) holds, then so does (C8).

Proof. In this proof C1,Cs, ... denote positive constants which are in-
dependent of e, respectively n if €, — 0, unless stated otherwise.
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The set ({0} xRM®)NOG;, has positive measure and is connected because
G, is bounded, Lipschitz, |w;; »| > 0, and w;; , is connected, for all possible
7,0, x. _

Denote by H! the set in (3.1). Note that it is closed in H}(G1)x H}(G3) x
H!(G3). To prove (C7) let &, — 0, [u,] € H}, un; — uo; € HY(Gy),
(851\|Dyun7j||L2(Gj))n bounded, j = 1,2,3, and supn(8n|’un4\|%2 2

—+

Efll[sn]HDunAH%Q(GM)) < o0. Then ug ; € H(G;) and ugj\({o}xRM)maGﬂ =

c;, is constant, for all (j,1) € Sgp.

We claim that ¢;; = 1= Ck if (7,1), (E,ZV) € Sk for some ke{l,...,Np}.
Assume for a moment the claim is true. Then H}! C H L. We can define

o . H! — H! by (8H[u]); = uj, j = 1,2,3, (87 [u])s := ¢ on the

connected component of G4 which has nonempty intersection with ¥_ Lo

¥, ;(0G ;) for some (j,1) € Sk. Since 2: is connected, (P [u]), is defined on
all G4, it is well defined and U/j‘({o}XRM)manyl:(dsg{[ ul)4 ]W Qe (Cy00))
hence indeed ®X[u] € H!. So & satisfies all conditions of (C7). Also, if

[u] € HL, then ®H [u] satisfies the condition for the sequence in the definition

of H!, hence [u] € H!, i.e. H' ¢ H! and (C7) holds with H! = H!.

Now we prove the claim. It is sufficient to prove c;; = i if G;; and Gﬁ
join each other. For this it is sufficient to prove the following condition:

(x) IfCyr>0 U C ng(ﬁs) is open, bounded, connected, Lipschitz,
independent of ¢, U g = B,(2.) C Uy ﬁ@;j(ﬁﬂﬁ) is open, (j,1) € S
is independent of ¢, EP_.l -4(Uz) € ]0,eC] x RM for all €, and
upgn(2) == up oW, koWn4( z) 1fz einy,’ 4(an) k=1,...,4, then
there is a subsequence called ¢,, as well, such that lwvn = cjull mr @
— 0 as n — oo. (Recall that cj; = ug;(0G;; N ({0} x RM)).)

We can extend uy, j to U, € HY(RMT1) n > 0. Then without loss of
generality @, ; — o ; in HY(RM+1).

Using Lemmas 2.1, 2.3 and 2.4 we get ||DuU7n||%2(U1) — 0 as n — oo,
and

M-
luvnll 2w, ) < | u? ;|det DW,, j|en ™M~ du dy
{(z,y)eG;,; |0<z<enC}
< = C S

((un,j (xa y) - ﬂn,j (07 y))2
{(ac,y)EG’N |0<z<enC}

+ay,;(0,y)) dedy < Cs,

Taking a subsequence we can without loss of generality assume z, — zg and
By(20) C Uy. Thus, for n large enough, U, 0 D B, 2(20)-
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Define Sy := {u € HY(Uj) | “U‘I%Q(BT/2£Z0)) < Cs}. Then Sy is closed,

convex, 0 € Sy and the constant function C' is in Sy only if C2 < Cg. The
conditions of the general Poincaré inequality are satisfied (see e.g. 5.15 in
[1]), hence there is a C7 such that [|ulz2@,) < C7([|Dullp2(w,) + 1) for all
u € Sy.

Since uy,n € Sy, the sequence (|uyall g1 (v,))n is bounded, and a subse-
quence satisfies uy,, — u € Sy weakly in H(Uy). But then Du =0, u = c
is a constant and uy, — cin Hl(Ul). We get

[[wn,;j CJJHL2(¢/,;}%,4(Un,o))

< Cy | ((Wn,j(z, y) — Un,j(0,9))*
{(z,y)eG;,; |0<z<en,C}

+ (Un,j(0,y) = T0,3(0,9))* + (T0,3(0,y) — ¢j0)%) dz dy
< €nC(09(TZ) + Han,j - aovj||%2(projy((]O,EnC[XRM)ﬁGN))

+ HUOJ - ijlH%2(projy((]0,€nC[><RM)ﬂGj,l)))'
By Lemma 2.4, Cy(n) — 0. Now, u,; — up,; in H' implies Up,j — Uo,j
as traces on L?(Bs(9G;; N ({0} x RM))) for each § > 0 fixed, hence by
(2.11) the second term above also tends to 0. Again (2.11) and ug; = ¢

on 8G;; N ({0} x RM) imply the last term above also tends to 0. We get

1
a H'LLn,j - cj’lHLQ(lpni;lpnA(Un,O)) — 0, n — 0.
On the other hand
1 2
= lung = call 2w, 4,0 = O11 | (o —cj0)* dz
n ,

Un,o
and c¢;; = c follows. This proves the claim.

We now prove (C8). If G4, has empty interior, (C8) holds trivially.

Assume now the situation in (10)(ii) and let €, — 0, [u,] € H}, with
(I[un]lln,1)n bounded, and ||[un]|[z2 = 1. Note that, taking a subsequence,
[uy,] satisfies all conditions we imposed in the proof of (C7).

Fix k € {1,...,Ns}. We can apply (x) above: for suitable (j,1) € Sp
and ¢y j; := uo j(0G;; N ({0} x RM)), we have |up, — kil — 0 as
n — oo.

For ugy € L*(W. 4 x(Gayg)) set ugp := ug o We gy : Ga — R. Then uy €
L2(W. 41 (Gyag)) (vesp. us € HY (Yo 41 (Gag))) iff ugy € L*(Gay) (vesp. ugy €
H'(G4})) with equivalent norms.

Let up 4k = tna 0 ¥y 4 ;. Note that

||D’U/n,4,kHL2(G47k)7 |4 — Ck:,j,lHHl(&p;i‘k(Ukmg,nAyk(G&k)) — 0, n— o
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The set Sy = {u € H' (Gay) | (u, D)r2(G,,) = 0} is closed, convex, 0 €
Sa . and the only constant function in it is u = 0. Hence Sy, satisfies the
conditions of the generalized Poincaré inequality, and there is a constant
Ciz such that [[ullr2(q, ) < Cis([[Dullz2q,,) + 1) for all u € Sy.

This implies that setting a, x = |Gax| ™! §G4 L Undk dz we have w41 —

Qnk € Sak, and, taking a subsequence, uy, 4 ; — oy, converges in H (G4 ) to
a constant, which necessarily has to be 0. That is, for the original sequence
Upak — Ong — 0 in H'(Gyy), implying oy, ) — cg ;. This in turn proves
lunakllL2(Gy,) is bounded and thus so is [[up4l[z2(q, ), 1-e. (C8) holds. m

We now give an explicit description of the limit operator Ag at the node.
The problem of giving such a description for the edges is essentially the same
as that of describing the limit operator in the case of squeezing a Lipschitz
domain. This has been done for the case of so-called nicely decomposed
domains in [14], so we will not treat it here.

We need the following notation. Let the edges GG1, G2, G's connect nicely
at the node G4, and [u] € L2. With the notations of Definition 3.1 set
pji(x) = |G N ({0} x RM)| = |w;,; .| for 0 < z < §. By Proposition 6.1
of [14] we can without loss of generality assume uj|c, (7,y) = u;;(z) and

p;/lQujJ € L*(0,6) and, if [u] € H}, additionally d,u|q,,(z,y) = uj (),

p;/lzu;l € L*(0,6) and uj; is absolutely continuous.

PROPOSITION 3.2. Let (2. be as in Section 2 and assume that the edges
G1, G2, G3 connect nicely at the node Gy (condition (C8) is not required).
Assume the notations introduced above and let [u] € H}, [w] € L?. Then
[u] € D(Ap), Aolu] = [w] iff the distributional derivative

(w}(2)pja(2)|(1,0) DI} (, 0)|~%|det DT}(x,0)|)’

ezists and is equal to —w;;(x)p;;)(x)|det DTj(x,0)| for all0 < x < 6, 1 =
1,...,Lj, j=1,2,3,

(3.2) \ Dou;Dyvj|(1,0)DT] (2,0)| 2 dA; = | wyvjd)
Gj Gj

for allv; € HX(G;), v;(0,-) =0 (as a trace), j = 1,2,3, and

(3-3) Y W(0)p(0)I(1,0) DT} (0)|~?det DT;(0)] = 0
(],l)ESk

forallk=1,...,Ng.

Proof. The proof is very similar to the one of Proposition 6.1 in [14], so
we only outline it. We use the notations introduced above, that is,
u(z,y)le;, (T, y) = wj(z) if [u] € L?. Note that we can apply Proposition
3.1 and H} is as in (3.1).
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Case =. Let 6 > 0 be as in Definition 3.1 (or slightly smaller) and 0 <
61 < 36.Fixk € {1,...,No}and (j,1) € Sy. Set a;(z) :=|(1, O)DTjT(x, 0)|72
x |det DT;(x,0)|. Let v € H{ (61,6 — 61) and set v;(z,y) = v(z) if i = j,
(z,y) € Gy, 61 < x < & — b1, and v;(z,y) := 0 elsewhere. Then [v] € H}
and

4 1)
ao([u], [o]) = Vudy @ aypiade, ([, [o]) 2 = | ewypyldet DTy (e, 0)] da.
0 0

Letting 6; — 0, we see that Ag[u] = [w] implies
() 05p50) () = —wj(x)pja(x)|det DTj(x,0)| € L*(0,4).
In particular lim, o}, (z)c;(2)pj(z) exists.
Now set vi(z,y) := 1 — x(x/d1) if (z,y) € G;; for all (G,1) € Sk, and
vi(x,7y) := 0 elsewhere. Then [v] € H! and as 6; — 0,
0 — ([w], [v]) 2 = ao([ul, [v])

5
— Z Sugjvéajdxdy: Z S ;z »; ~~v g

(3 l)GSk (j,l)ESk
4
=— Z S(u;[a;p}.’[)’(m)v; dx + (uéjajpifv;)(O)
— — Z (u’ﬁa; 3’[)(0)
(.}J)esk

Thus equation (3.3) holds. In the same way using test functions v;(z,y) :=
o(z,y) if (z,y) € Gj, vi(z,y) := 0 elsewhere, ¥ € H!(G;) arbitrary with
trace v(0,.) = 0, one can prove equation (3.2).

Case <. Assume the distributional derivative exists and equations (3.2)
and (3.3) hold. Let [v] € H} and &; | 0. Then

ao([u], [v])
3
x
Z Dy m(vjx<6 >>ajd:1:dy
Jj=1G; !
3 x
+Z D,u; m(vj(l X(5 >)>ajd:1:dy
Jj=1G; !
3 j 1
_Z Wil ﬁd)\‘ J_ oY [ 1 — x d
= ivixX\ 5 J+ZZ S(uj,lp],laJ)UJ X\s x
j=1G; ! j=l1=1 0 !
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ExAMPLE 3.1. Let 2. be as in Section 2. Assume 0 < zg < 1 is such that
Go = G1N(]0, m0[ x RM) and G}, := G1 N (Jzo, 1] x RM) are both connected,
Lipschitz and have finitely many connected components. Set T , := T} 1| G
Te,b = T5,1|6b7 Ty =Ty := 1T, !pa,a =T,08:0 Ta,a = u75,1|§aa 'Ils,b =
Tb (@] Se (o] T&b = J’e’l‘éb, Qaﬁ = WEJ(GQ), Qb,s = z—:,b(Gb) and Qc,a =
U1 (GiN({mo} x RM)), W, o(2) := We 1 (20, 90) + €2, Gee := W} (). Then
2,082 U2 . = (21 ., but instead of three edges and one node, the domain
§2. consists now of four edges G, G, G2, G3 and two nodes G, G4.

Note that a simple linear transformation would yield proj,(G,) =
proj,(Gp) = 10,1 and u'/a_’al(Qc,E),!Z/;bl(qu) C ({0} x RM), as assumed in
Section 2.

It is easy to show that for this “new” domain conditions (C1)—(C6),
(C8) of Section 2 hold. (C7) holds because [ug,up, te, U2, ug, us) € HL iff
Ua| ({0} xRM)NGy = Ubl({oyxrM)NG, (as traces).

We can apply the methods of Section 2 and get a limiting operator
Ap(new) induced by ag(new), where it turns out that ag(new) = ap(old).

In other words: if zp € ]0,1[ is as stated above, the we can divide an
edge putting in a new node. The resulting net-shaped domain satisfies all
conditions stated in Section 2 which hold for the original domain. =

EXAMPLE 3.2. Let M = 1 and 2. C R? satisfy conditions (C1)—(C7) of
Section 2. Assume ||7:1,0,0l/cc < 1if € < gg for some 0 < g9 < 1.

In the following we shall always assume € < gg, possibly decreasing
go > 0 slightly. Assume additionally that there are xo € ]0,1[, 6 > 0,
01 € CY([zo — 28,20 + 28], R), [ = 1,2, such that g1 < g2 and

G1 N ([xo — 26,20 + 20] x R) = U {z} x]o1(x), 02(z)].
x€[x0—28,20+26]

Fix yo € Jo1(x0), 02(z0)] and set ze 4 := ¥ 1(20,Y0), Yec(2) := 2c4 + 2. We
assume p1(z) < yo < p2(z) for all zp — 20 < x < z9 + 20.

By Lemma 2.1, (C4) and (C5) there is a constant C7 > 0 such that

Iproj, (¥o1 (21) — U1 (22))| < Cillz1 — 22,

R _ Ch
Iproj, (21 (1) = i (z2)ll < — |21 = 2]

(3.4) 1Wer(z1, 1) — Pei(z2, y2)|| < Ci(Jxr — x2| +€lyr — y2l),

1
11 (23, y0) — Ye 1 (20, y0)|| = o (lzs — o]

for all 21, 22, 1, Y1, T2, Y2, 3 such that Az + (1 —X)z2 € £21 . and A(x1,y1) +
(I = X)(z2,y2) € Gy, for all X € [0,1], and |z3 — zo| < 26, possibly decreas-
ing €9 to get the last inequality. The displayed inequalites imply there are
0,70 > 0 such that Wa_ll oW, (B, (0)) C By, (x0,y0) C Gi. Possibly decreas-
ing ep again and defining z4 . + = !I/s_’cl oW, 1(xg £erg/4C1, yo) € Byy(0), we
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find that there is an r; > 0 such that By, (2:4,+) C By, (0) and
g/gllgls,c(Brl (25,4,:5:))

To 7o
- —e > + te—2|) xR|NG;.
. <<{‘TO “2c, ™ 6SOJ N [xo ‘50, 52@]) 8 ) @

Set a :=19/10C] and define G, := (]0, zo[ x R) NGy, Gy, := (Jxo, 1[ X R)
NG, 2ce =Y 1(([xo — e, z0+ ae] x R)NG1), Gee := W_I(Qc,e), and

€,

X.(x) =+ (% (20— ) — afs)X(aie (z — 20 + 3a5)>,

Vifony) = EELDZ AL (01(0) + o))
1
+

)
5 (01(Xe(2)) + 02(Xe (), (2,y) € Ga,
where we have extended Y (z,y) =y if z < 29 — 3ae. Then

Go 3 (z,y) — (Xe(2), Ye(z,v)) = XYe(2,9y) € ([0,20 — ag] x R) NGy
is bijective for ¢ < gg. Thus

Too(w,y) =Ty 0 XYz : Go — Tea(Ga) = T2 (([0, 20 — ae] x R) N GY)
is a C''-diffeomorphism. If we set T, := T} and analogously define T.p, Ty, it
is straightforward to show that the requirements of Section 2 which do not
involve the node are satisfied (for e < ).

Note that 7, = 7, = 7; in (C5). Moreover, (3.4) shows G, is bounded,
i.e. (C6) holds. The balls B,,(0) and By, (zc4,+) satisfy the conditions in
Definition 3.1, hence G, and G} connect nicely at G.. and (C7) holds as
well. B

Define T : [—a, a)? — ([zo — as, 20 + ag] x R)N Gy = Ulz—zo|<ac{®} ¥
[01(2), 02(x)] by

T:(z,y)

1
= <:130 +ex, 5 (Ql(xo—i-&’l?) + 02(xo+ex) +% (02(xo+ex) — Ql(:zso—i—e:z:)))).
Then T, and Y. 41 : [~a,a)? — C_}’QE, Ues1 = !I/s_’cl oW.1 0T, are Ccl-

diffeomorphisms. It is straightforward to show that |det DLD(S 4,1| is bounded
away from 0 and infinity. (C5) implies that || DW. 4 1||, || DW_. 4 11| are bounded
uniformly in (z,y) and e. Next, B,,(0) and Brl(z€74¢) satlsfy the require-
ments for Uy and U, j; in (C10). That is, (C10) holds and by Proposition
3.1 so does (C8) at Ge.

We have (2, = 2, N2 N2 N2 N3N, ie. asin Example 3.1
we look at 2. as a net having four edges and two nodes, but unlike in 3.1
now G.. has nonempty interior. As in Example 3.1 we get the same limiting
operator Ag as for the original net-shaped domain with three edges and one
node.
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Now perturb (2. slightly by changing {2..: let U be a (finite number of)
small Lipschitz domain(s), U C |—a, a[?, and set G, := V. 41([—, ]2\ U).
Then (2. has a (finite number of) hole(s) which decrease(s) proportionally
to e in all directions, G, and Gy, still connect nicely at G.., (C10) holds,
and H! and ag do not change.

In other words: under the additional assumptions on the smoothness
above, the domains {2. can have a finite number of holes in any edge if these
holes decrease of order ¢ in all directions. The limiting problem does not
change under this perturbation.

In our example, M =1 and (G1)z, has only one connected component,
but the technique could be extended to domains for which M > 1 and the
x-sections (G1)z, have a finite number of connected components.

If a hole in an edge disappears faster than of order £, we can no longer
find a diffeomorphism of the node (containing this hole) onto a fixed Lip-
schitz domain satisfying the requirements of condition (C10). In this case
one would have to divide the node and then apply this proposition.

In particular one can apply this technique to domains 2. = S.(£2) with
2 C R? Lipschitz and bounded, viewing (2. as a net-shaped domain hav-
ing only one edge and no node. Thus—under the additional smoothness
assumptions mentioned above and taking into account the weaker conver-
gence in our theorems—the results of [14] also hold if the relevant domains
have finitely many smooth holes of order € or less. =
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