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Shilov boundary for holomorphic functions
on some classical Banach spaces

by

MARfA D. AcosTa (Granada) and
MARY LILIAN LOURENGO (Sao Paulo)

Abstract. Let A, (Bx) be the Banach space of all bounded and continuous functions
on the closed unit ball Bx of a complex Banach space X and holomorphic on the open
unit ball, with sup norm, and let A, (Bx) be the subspace of A (Bx) of those functions
which are uniformly continuous on Bx. A subset B C Bx is a boundary for A (Bx)
if ||f|l = supyep|f(x)| for every f € Ao (Bx). We prove that for X = d(w,1) (the
Lorentz sequence space) and X = C1(H), the trace class operators, there is a minimal
closed boundary for A (Bx). On the other hand, for X = S, the Schreier space, and
X = K(lp,4q) (1 <p< g < ), there is no minimal closed boundary for the corresponding
spaces of holomorphic functions.

1. Introduction. A result of Shilov asserts that if 2l is a unital sep-
arating algebra of C(K) (K a compact Hausdorff topological space), then
there is a smallest closed subset S C K such that every function of 2 attains
its norm at some point of S [6, Theorem I.4.2]. Bishop [4] proved that if K
is metrizable, then, in fact, there is a minimal subset of K satisfying the
above condition for every separating algebra of C(K). That subset is the set
of peak points for 2 (see definition below).

Globevnik introduced the corresponding concepts for a subalgebra of
Cp(12), the space of bounded continuous functions on a topological space {2
not necessarily compact [9]. In fact, he considered the case {2 = Bx, where
X is a Banach space. If 2 is a subspace of C,(£2), we will say that a subset
B C 2 is a boundary for A if

[fll =sup|f(b)|, VfeA
beB
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If there is a closed boundary B that is contained in all closed boundaries
for A, we will say that B is the Shilov boundary of .

If X is a complex Banach space, we will denote by A,(Bx) the space
of uniformly continuous functions on the closed unit ball of X which are
holomorphic on the open unit ball. Globevnik [9] described the boundaries
of Ay(Be,)- As a consequence of the description, he showed that this algebra
has no Shilov boundary. Aron, Choi, Lourengo and Paques [3] gave examples
of boundaries for A, (B, ) and proved that there is no Shilov boundary
for this algebra. They also showed that the unit sphere of ¢; is the Shilov
boundary for Ay, (By,).

Moraes and Romero [14] gave a characterization of the boundaries of
Au(Bq, (w,1)), where d.(w, 1) is the canonical predual of the Lorentz sequence
space d(w, 1) when w = (1/n). Later Acosta, Moraes and Romero [2] gener-
alized that characterization proving it for any space d.(w, 1) and obtained
another one in terms of the strong peak sets of the unit ball. In this case,
there is no Shilov boundary. Choi, Garcia, Kim and Maestre [5] proved that
there is no Shilov boundary for Ay (B¢ (k)), when K is infinite and scattered.
Acosta showed the same result for every infinite X and also proved that for
this space the set of extreme points of the unit ball of C'(K) is a boundary
for Au(Be(xy) (see [1]).

Before going on it is convenient to recall some definitions. Let A be a
function space on a metric space §2. An element y € 2 is called a peak point
for A if there is some f € A such that f(y) = 1 and |f(z)| < 1 for all
x € 2\ {y}. In this case we say that f peaks at y. An element y € (2 is
called a strong peak point for A if there is some f € A satisfying f(y) = 1
and such that given any £ > 0 there is some 6 > 0 such that dist(z,y) > ¢
implies that |f(z)] < 1 — 4. It is clear that every closed boundary for A
contains all the strong peak points.

In this paper we prove that there is no Shilov boundary for A, (Bx ) when
X is the Schreier space or the space K(¢,,4,) (1 < p < ¢ < 00). For the
spaces X = C1(H), the trace class operators on a complex Hilbert space H,
or X = d(w,1), the Shilov boundary for A,(Bx) exists. In fact, all the
points in the unit sphere of d(w, 1) are strong peak points for Au(Bgw,1)),
and so in this case the Shilov boundary is the unit sphere. For ¢; the same
result holds. That fact was proved in [3] for the finitely supported sequences
in the unit sphere. If K is infinite, we also prove that there are no strong
peak points for Au(Bc (k). The set of peak points for Au(Be (k) is the set
of extreme points of Be(k if K is separable.

Throughout this paper, all the Banach spaces considered are complex.
For a Banach space X, Bx and Sx will be the closed unit ball and the unit
sphere of X, respectively. We will denote by A.(Bx) the Banach space of
all bounded and continuous functions on Bx which are holomorphic on the
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open unit ball, and by A, (Bx) the space of all functions in A (Bx) which
are uniformly continuous.

2. Existence of the Shilov boundary on the Lorentz sequence
space. Given a decreasing sequence w of positive real numbers satisfying
wp = 1 and w € ¢ \ ¢1, the complex Lorentz sequence space d(w,1) is
given by

d(w,1) = {m :N—C: sup{i |z(o(n))|wy, : 0 : N—N injective} < oo}.
n=1

The norm is given by
||| = Sup{an|m(a(n))| 0NN injective} (z € d(w, 1)).
n=1

It is well known and easy to verify that the above supremum is attained for
the decreasing rearrangement of z. The usual vector basis (e, ) is a monotone
Schauder basis (see [12]).

A canonical predual d,(w, 1) of d(w, 1) is given by

n *k
di(w,1) = {xEcozlim%:O}

where W,, = >, wy and z* is the decreasing rearrangement of x. This
space is a Banach space endowed with the norm

ol = MW}

(see [16] and [7]). d«(w, 1) has a Schauder basis whose sequence of biorthog-
onal functionals is, in fact, the canonical basis of d(w, 1).
We begin by presenting some useful lemmas.

LEMMA 2.1. If (z,) is a bounded sequence of complex numbers such that
the sequence (1+ |z,| — |1+ zn|) converges to zero, then so does (|zp| — zn).

Proof. We consider the following identity for a complex number z:
A+ |zl =142 =1+ |2+ 2/2| + 1+ 2> =201 + |2]) |1 + 2|
=2(Rez—|z]) +2(1 + |2])(1 + |2z| — |1 + 2|)-
If we apply the above identity to the sequence (z,) and use the assumption,

we find that the sequence (|z,| — Re zy,) converges to zero.
Now if we consider the expression

(|z| — Rez)? = 2(Rez)? + (Im 2)* — 2|z| Re 2
= (Im2)*> 4+ 2(Rez — |2|) Re 2,
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and we apply the identity to the sequence (z,), we deduce that Im z, — 0.
Hence
|zn| — 2n = |2n| — Rezp —ilmz, — 0. m

LEMMA 2.2 ([3, Lemma 9]). Let 0 < a < 1. The real-valued function

given by
ga(x) = <1 + %) (1 + %) (z € R)

attains its maxrimum at x = a and
1

a(l—a)’
LEMMA 2.3. The set of peak points in Sx for As(Bx) is invariant under

surjective linear isometries on X . The same holds for the set of strong peak
points in Sx.

9a(7) < gala) = Vz e R\ {a}.

By the maximum modulus theorem, every peak point for a subspace of
A (Bx) belongs to Sx. As a consequence, so does every strong peak point.
The following result shows the converse for the subspace of all polynomials
on d(w, 1).

THEOREM 2.4. The set of strong peak points for the space of polynomials
of degree less than or equal to 2 on d(w, 1) contains the unit sphere of d(w, 1).

Proof. Let yo € Sq(w,1)- By Lemma 2.3 we can assume that supp yo is an
interval of positive integers containing {1} and

(1) yo(j) € RY, Vjesuppyo, yo(n)>wyo(n+1), VneN.

We will prove that yg is a strong peak point for A, (d(w,1)).

If the support of yy contains just one element, then yy = e; and it is

sufficient to consider the first-degree polynomial given by

fle)=142z(1) (x€d(w,l)).
Clearly [|f[| = 2 = f(yo). By using the fact that in Sy, ;) the weak and
o(d(w,1),d«(w,1)) convergences coincide ([16, Proposition 2.2] and [10,
Corollary II1.2.15]) and that every point of the unit sphere is a point of
weak-norm continuity of the unit ball [13, Proposition 4], it is easily checked
that f strongly peaks in the unit ball at yg.

Now assume that J := supp yo has at least two elements. Since ||yo|| = 1,
by (1), we know that >, ;wiyo(i) = 1 and so 0 < w;yo(i) < 1 for every
1€ J.

For every k € J we define

Ao =3 (120 Y (1 3 wel)) e dw.)

1-— k
wryo( wiyo (k) Sy
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where
1

wiyo(k)(1 — wryo(k))
Then f, is clearly a non-homogeneous polynomial on d(w, 1) of degree 2 and
Jr(yo) = 1. We will check that || fx]| = 1.

Ifx e Bd(w,1)7 then

My =

) — 1 wix (k) 1 ol i
@ @)= e L o o)
1 wi |z (k)| 1 (i
= M, (1 1- wkyo(k?)) (1+ wyyo (k) jGJZ\%k}‘ ’ (])\)
1 wg|z (k)] 1 — w|x (k)] -
=, <1+ 1- wk?JO(k)> <1+ wiyo (k) > (since € Bx)
1 wkyo(k:) 1_wky0(k)
< (U ) (V) (b benmazay
1

Hence || fx]| = 1.
Our intention is to show that yg is a strong peak point for the space of
second-degree polynomials. To this end, we will prove that

(3) € By Y. felen) =1 = 2alk) - volk).
For every fixed k, we write

_ wkxn(k) - wjxn(j)
S 1—wpyo(k) " Z wryo(k)

n
jeJ
J#k
We rewrite the inequality (2) in terms of the above sequences:

1 1
[ frln)l = 311+ unl [L+ o] < g0 (L fun])(1+ [on]) < 1.

If we assume that | fx(x,)| — 1 as n — oo, then the sequence (1+vy,) has no
subsequence converging to zero. From the above inequality we deduce that

|1+ up| —1—|u,| — 0.

Since k is fixed, Lemma 2.1 implies that (|u,| — u,) converges to zero, that
is, |zn (k)| — xn(k) — 0 as n — oo. Also by Lemma 2.2, we know that

w|zn (k)| — wryo(k) as n — oo.

Hence we deduce that x,(k) — yo(k) as n — oo.
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Now we choose a sequence («;,) in ¢; such that suppa = J, ay, > 0 for
alln € Jand ) ;a, = 1. Define

f@) = arfe(®) (v € Byupy))-
keJ
Then f is a polynomial of degree at most 2 in d(w, 1) and ||f|| <1 = f(yo).

We now prove that this function strongly peaks in the unit ball of d(w, 1)
at yo. So assume that |f(z,)| — 1 for some sequence (z,) in the unit ball.
Then clearly fi(z,) — 1 as n — oo for every k € J.

Since yo € Sq(w,1), by condition (3), we know that (x,) converges point-
wise to yg. All the elements involved in the argument are in the unit ball
of d(w,1) and so (x,) converges to yp in the o(d(w, 1), d.(w, 1))-topology.
Since dy(w, 1) is an M-ideal in its dual (see [16, Proposition 2.2] or [10, Ex-
amples I11.1.4c]), in the unit ball of d(w, 1), the weak and weak* topologies
coincide on the unit sphere, in view of [10, Corollary II1.2.15]. By applying
this to the element yo, which is the w*-limit of (z,,), we see that in fact (z,)
converges weakly to yo. Since all the points of the unit sphere of d(w, 1) are
points of weak-norm continuity [13, Proposition 4], we conclude that (zy,)
converges in norm to yo and yg is a strong peak point, as we wanted to
show. m

COROLLARY 2.5. The Shilov boundary for the space of second-degree
polynomials on d(w, 1) is Syw,1)- Hence Sqqy,1y is also the Shilov boundary
fO?" Au(Bd(w,l)) and ‘AOO(Bd('w,I))'

It is known that all the finitely supported elements in Sy, are strong
peak points for the space of second-degree polynomials on ¢; [3, Theorem
10]. We now extend that result.

THEOREM 2.6. Sy, is the set of strong peak points for the space of second-
degree polynomials on £1.

Proof. If yo € S¢,, then, by Lemma 2.3, we can assume that yo(n) > 0
for every n. If |[suppyo| = 1 and {n} = suppyo, the function x — 1+ x(n)
strongly peaks in the unit ball of ¢1 at yg. Otherwise, if J := supp yo satisfies
|J| > 2, then the second-degree polynomial given by

B 1 z(k) iz 8N
fr(x) = O (1 + T yo(kz)> (1 + yo(k) ) (x € ly)

satisfies fx(yo) = 1. In view of Lemma 2.2, also [|fx|| = 1 and now we can
follow the argument in the proof of Theorem 2.4. u

3. Boundaries for the Schreier space and C(K). A subset E =
{n1 < -+ < ng} of the natural numbers N is said to be admissible if k < n;.
The Schreier space S is the completion of the space cqq of all scalar sequences
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of finite support with respect to the norm |z[| = sup_;p [z;], where the
supremum is taken over all admissible sets E of natural numbers.

The following theorem shows in particular that the intersection of all
boundaries for A (Bs) is empty.

THEOREM 3.1. Let § be the Schreier space and B be a boundary for
Ao(Bs). If o € B and 0 < r < 1, then B\ (xo + rBs) is a boundary for
Ao (Bs). As a consequence, there is no Shilov boundary for Ax(Bs).

Proof. Assume that h € Ay (Bs). For every 0 < ¢ < (1 —7)/2, there is
Yo € coo such that ||yp]| < 1 and
[h(yo)| > ||A]l —e.

We write k = maxsuppyo and denote by (P,,) the sequence of canonical
projections associated to the usual basis of S. Choose a positive integer n
such that n > k/(1 — |lyol]) and |[(I — Py)(z0)|| < €. We will check that

Yo+ Ay € Bs for every A € C with |A| =1 and y = Z?Znﬂ(l/n)ej.

Let A = F U F be an admissible set such that E C {1,...,k} and
min F' > k. If E # (), then |E| + |F| < k and

> oo+ ] < 3l + Y lu0)] < ol + 5 < 1.

1€ EUF S el

If £E=0,then ) ,cp|(yo+ Ay)(0)| = D icr ly(@)] < 1. So |lyo + Ay|| < 1.
By the maximum modulus theorem, there is Ay € C with [A\g| = 1 such

that
|h(yo + Aoy)| = |A(yo)| > [Ih] —e.

Fix A1 € C satisfying || = 1 and
(Yo + Aoy) + Al = [h(yo + Aoy)| + 1.

Since |ly|| = 1 and P,(y) = 0, there is y* € Ss such that y*(Aoy) = 1,
y*(e;) = 0 for all j < n and so y*(yo) = 0. Now, we define a holomorphic
function g by

g(z) = h(x) + \iy*(x) (x € Bs).
Clearly g € Ax(Bs) and
17]] =+ 1 < [h(yo)| + 1 < [h(yo + Moy)| + y"(Aoy)
= lg(yo + Aow)| < llgll < [IA] + 1.

Since B is a boundary there is zg € B such that

9(z0)| > [[A]| — e+ 1.
On the other hand,

9(20)| < [h(20)] + [y*(20)| < IA]l + " (20)] < [[R]] + 1.
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This implies |y*(z0)| > 1 — €. Hence
(I = Po)(20) || = |y™(20)| > 1 —e.
Consequently,
120 — ol = [[(1 = Pn)(z0 — o) |
> 17 = Pu)(zo)| = (T = Paaol| > 1— 2 > 1.
Also |h(z0)] +1 > ||h]| + 1 — ¢ and hence |h(z0)| > ||h|| — . Therefore

29 € B\ (xzo+7rBs) and this set is a boundary for A (Bs). As a consequence,
the Shilov boundary of this space does not exist. =

We recall that a point © € By is a C-extreme point of the unit ball if
(ye X, [z + Myl <L, VAEC, [\[=1) = y=0.

THEOREM 3.2. If K is any infinite compact Hausdorff topological space,
then there are no strong peak points for .AOO(BC(K)). If K is separable, then
all the extreme points in Be(k) are peak points for the space of firsi-degree
polynomials on C(K).

Proof. 1t is known that every peak point is a C-extreme point [8, Theo-
rem 4]. So we will prove that C-extreme points of Be (k) are not strong peak
points. Assume that zg € Se(k) is an extreme point of the unit ball. Since
K is infinite, there is a sequence (x,) C C(K) satisfying

0<uz, <1, |z,]| =1,Vn, suppx, Nsuppx, =0, Vn #m.

Assume that h € BAOO(BC(K))

cop-basis, it converges weakly to zero. Then the sequence (zo(1—x,)) is in the
unit ball of C(K) and converges weakly to . Since C(K') has the Dunford—
Pettis property, it also has the polynomial Dunford—Pettis property [15],
and so the argument in the proof of [1, Proposition 4.1] shows that

h(zo(l —z,)) — 1.

Since x,, are non-negative elements in the unit sphere, for every n there is
t, € K such that x,(t,) = 1 and so

[20(1 = zn) = @oll = [[wownll = [xo(tn)2n(tn)] = 1.

with h(zg) = 1. Since (x,,) is equivalent to the

Hence z is not a strong peak point for Ao (Be(k))-

If K is separable and {t, : n € N} is a dense set in K, we will prove
that the function u such that u(K) = {1} is a peak point for the space
of first-degree polynomials. In view of Lemma 2.3, this proves the stated
assertion.

Define .
f@):=> an(l+a(tn)) (z €C(K)),
n=1



Shilov boundary for spaces of holomorphic functions 35

where (o) C Sp, with a,, > 0 for every n. Then f is clearly a first-degree
polynomial on C(K) and f(u) = || f|| = 2. If z € Be(x and [f(z)| = 2, then
|1+ z(t,)| = 2 for every n and so z(t,) = 1 for all n, that is, x = u. =

Since £, has a countable subset of functionals that separate points and
attain the norm at the same element of the unit ball, we can also obtain:

COROLLARY 3.3 ([3]). All the extreme points in By are peak points for
the space of first-degree polynomials on .

4. Shilov boundary on the trace class operators. Let H be a
complex Hilbert space. An operator T' : H — H is called a trace class
operator if there are orthonormal sequences (ey) and (fy) in H such that
T(z) =001 An{z, en) fn for every z € H and the sequence (\y,) is in ¢;. In
that case, the norm of 7' is given by ||T|| = >"77; [An|. We denote by C1(H)
the Banach space of all trace class operators on H.

THEOREM 4.1. If H is a complex Hilbert space, then the Shilov bound-
aries for Ay(C1(H)) and Ax(C1(H)) both exist and coincide.

Proof. Assume that {e; : i € I} is an orthonormal basis of H and F' C I

is any subset. Then the operator I1p given by
HF(T) .= PrTPp (TE Cl(H)),
where Pp(z) = > ,cp(i)e; (x € H), is a norm one projection on C1(H).
Since Lin{e; ® e; : 4,7 € I} is dense in C1(H), for every h € Axo(Bc,(m))
we have
[h]l = sup [|ho Ip|.
FClI
F finite

For every complex finite-dimensional space Y, the subset of peak points of
By is a boundary for A,(By) [4, Theorem 1]. We will prove that for every
finite subset F' C I, every peak point of the unit ball of IIr(C1(H)) for the

space of bounded and continuous functions on the unit ball of I1p(C1(H))
which are holomorphic on the open unit ball, is a strong peak point for

Au(Bey(m))-

Let To € S, (g)NIIr(C1(H)) be a peak point. Then there is a continuous
function g on the unit ball of ITr(C4(H)), which is holomorphic on the open
unit ball and satisfies

9(To) = llgll=1 and |g(T)| <1,VT € (Be, ) N Hp(CL(H))) \ {To}.
Now we extend g to Be, gy by
g(T) =g(Ip(T)) (T € Beymy)-

Clearly g € Au(Bcym)), llgll < llgll = 1 and g(Tp) = 1. Assume that
(Tw) C Beymy with [g(T5,)| — 1, that is, [g(ITF(Ty))| — 1. Since I (C1(H))
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is a finite-dimensional space and Tj is a peak point, we have ITp(T,,) — Tp.
Since ||To|| = 1, it follows that || IIg(7),)|| — 1. By using [11, Proposition
2.2], we have
| PE T Pr||* + || PrTu(I — Pr)|* + (I = Pr) T Pr || +||(I — Pr)Tu(I - Pr)||?
<|Tl? < 1,
and so ||IIr(T,)—T,| = || PrT,Pr—T,| — 0. Since we know that (IIp(T},))
converges to Tp, so does (T},), and Tp is a strong peak point, as we wanted
to show. Since the strong peak points are contained in any closed boundary
and in this case the set of strong peak points is a boundary for -Au(BCl( H)),
the Shilov boundary for this space is the closure of the set of strong peak
points of Au(Bc, (). The same argument works for Ao (B, ()

5. Boundaries for K (¢,,{,;). We now study the properties of the bound-
aries for A (Bx), where X is the space of all compact operators on ¢, for
1 <p<oo.

THEOREM 5.1. If 1 < p < q < oo, then there is no Shilov boundary for
Aoo(Br(e,,,))- In fact, if B is a boundary for Asc(Bks,.0,)), 0 <7 <1 and
So € B, then B\(So+7Bg(s,.,)) is also a boundary for Asc(Bk s,.e,))- There
are closed boundaries A, B for A (B (s,.,)) such that dist(A, B) > 1. The
same assertions hold for Aw(Bk s, .0,))-

Proof. We denote by (P,) and (@) the sequences of canonical projec-
tions associated to the usual bases of £, and ¢,, respectively.

Assume that B C By, r,) is a boundary for Ao (Bg(g,r,)), 0 <7 <1
and Sp € B. If h € Ax(Bk,4,)) and 0 < e < (1 —7)/3, then there are
N € Nand F' € By, ,) which satisfy Qv F Py = F and

[h(F)| > [[h]| —e.
Since Sy is a compact operator, there exists n > N with
(I = Q@n)So(I — Pl <e.
Choose R € Sk, ,¢,) such that
(I —Qn)R(I - P,) =R,

and xo € Sy, satisfying P,zo = 0 and ||R(zo)|| = 1. Then there exists
y* € Sp: with Q,(y*) = 0 and y*(R(zo)) = 1. Notice that ||[F'+ AR[| <1 for
every complex number A with |A\| = 1. By the maximum modulus theorem,
there is A9 € C such that |A\¢| =1 and

|R(F)| < |R(F + AoR)| < sup [h(F + AR)|.
I\=1

If A\ € C is a modulus one scalar satisfying
|h(F + )\()R) + Aly*()\oR(mo))‘ = ‘h(F + )\OR)’ + 1,
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we define a holomorphic function g by
g(T) :=h(T) + Aly*(Txo) (T € BK(Zp,éq))'
Clearly g € Aso(Bg(e,,¢,)) and
lgll = 19(F 4+ MR)| = [R(F + Ao R) + Ay” (Ao Rzo)|
= |h(F + XR)|+ 1> |h(F)| + |y (Rxzo)| > ||| — e+ 1.
Since B is a boundary for A (Bg(e,.,)), there is S € B such that |g(5)| >
llg]| — €. Hence
(4) [h]] =22 +1 < |lgll — & < [g(S)] < [R(S)] + [y (Sxo)l,
and so
ly*(Sxo)| > 1 — 2e.
By the choice of zg and y*,
(L = Qn)SU = Po)|| 2 |y*(I = Q@u)S — Pa)xo| = |y*(Szo)| 2 1 — 2e.
Finally, we deduce that
1S = Soll > (1 = Qn)(S — So)(I — Pl
> (1 = Qu)S(T = Po)ll = (T = Qu)So(T = Pu)| > 132 > .
From inequality (4), we also obtain
[h(S)| = ||A]l — 2.

We have just proved that B\(So+7 By, ¢,)) is a boundary for Aoo (Bg(s,,,¢,))-
As a consequence, the Shilov boundary of this space does not exist.

Now we give a procedure to construct boundaries for A, (B K(gmgq). Since
Lin{r @ y : ¢ € ({p)*, y € £y, supp z,suppy are finite} is dense in K (¢, £,),
for every h € Aoo(Bgk (s, ,,)) We have

|h|| = sup{||hr|| : F C N finite},

where hp(T) := MQrFT Pr) for T € K(¢,,{,) and Pp, QF are the projections
given by

Pp(z) =Y az(n)en (z€4), Qr(x)=> z(n)e, (z€ly).

neF neFr

Note also that ||hr| < ||h¢g] for F C G.

Assume that (F,) is an increasing sequence of finite subsets of N such
that G, := Fy41\ F), is non-empty and J,, ,, = N. We consider the subsets
Ay, whose elements are those operators T' € By, ¢,) that admit a decom-
position T'= R + S satisfying

IRl =1SIl=1, R=QrRPr, QrSPr =0, Qg,SF, =5

Note that A, is closed for every n.
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We now check that B = J,, An is a closed boundary for Ax(Bgs,.¢,))-
Given h € Ax(Bgs,,0,)) and € > 0, there is some finite subset /' C N such
that |hp|| > ||h]| — €. If F C F,, then also ||hg,,| > ||h|| — . Hence there is
an operator R € Sk, ) such that Qr, RPp, = R where hp,, attains its
norm and so

[h(R)| = [|h]] - &

It S € Sk, satisfies Qp, SPr,, = 0 and Q¢,,SPg,, = S, then the
operator R + AS is in the unit ball of K (¢,,£,), for every complex number
A in the unit disk. The maximum modulus theorem applied to the function
A — h(R 4+ \S) defined on the complex unit disk shows that there is a
complex number \g with |[A\g| = 1 and such that

[h(R+ XS)| = [h(R)| = [|h]] —e.

Since R + A\oS € A, B is a boundary for A (B (e, ¢,))-
Note that for two positive integers n < m, if T,, € A, and T,;, € A,
then

(5) [T = Tull = [|Qc, (T — Th) Pa,, || = 1Qa, Tn P, || = 1.

Since every A, is closed, the above inequality shows that B is also closed.
By the same argument, |J,, A2, and |J,, A2n—1 are also closed boundaries

for As(Br(e,,6,))- In view of (5), the distance between them is at least 1. m
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