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Almost everywhere convergence of the inverse Jacobi
transform and endpoint results for a disc multiplier

by

TROELS ROUSSAU JOHANSEN (Kiel)

Abstract. The maximal operator S, for the spherical summation operator (or disc
multiplier) Sgr associated with the Jacobi transform through the defining relation Sgf(\)
= 1yai<ryf(t) for a function f on R is shown to be bounded from LP(Ry,du) into

LP(R,dp) + L*(R,dp) for 3245 < p < 2. Moreover S. is bounded from L (R, du)

into L (R, du) + L*(R,du). In particular {Sgf(t)}r>0 converges almost everywhere

towards f, for f € L?(Ry.,du), whenever 3255 < p < 2.

1. Introduction. The importance of the disc multiplier in Eu(iigean
harmonic analysis—defined as the operator Sy satisfying the relation Sif (&)
= Ljjg< R]?(f)—was firmly established by Fefferman’s groundbreaking result
in [7] that Sk is not bounded on LP(R™), n > 2, unless p = 2. The op-
erator has since then played a role in other areas of mathematics. It usu-
ally appears whenever one studies convergence properties of eigenfunction
expansions for differential operators on manifolds, and it also appears as
an extreme endpoint case of Bochner—Riesz means. An interesting aspect,
however, is that the operator behaves much better when restricted to radial
LP-functions. Indeed, according to [I1], the operator is bounded on L ,(R™)
for 2n/(n+1) < p < 2n/(n — 1). This result has later been improved in sev-
eral directions, and we shall recall them one by one in the main text.

A natural analogue of the disc multiplier in the framework of spherical
analysis on Riemannian symmetric spaces of rank one was introduced by
Meaney and Prestini in the mid-90’s and the study was completed in the
paper [I8] with almost sharp statements about the mapping properties of
the maximal operator associated with the disc multiplier. In the present
paper we follow in their footsteps and generalize their results to Jacobi
analysis, and we establish the missing endpoint results in the setting of
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Jacobi analysis. In particular we complement the paper [1]. This implies
almost everywhere convergence of {Srf(z)}r>o for f € LP(du) for a certain
range of p, most directly related to [23] in the Euclidean case, whereas the
extension to Hankel transforms was considered in [4].

There are other ways to obtain almost everywhere convergence of
{Srf(x)}r>1. In [2], the authors obtain equiconvergence results for {Sgrf}
in the slightly more general framework of (noncompact) Chébli-Trimeche
hypergroups. The results of the present paper should generalize to their
setting without much effort. Our endpoint results are stronger, however, as
we are able to determine the endpoint behavior of the maximal operator at
the level of Lorentz spaces. Moreover, and this is a fundamental advantage
of working with maximal operators, we will use the results of the present
paper as part of a complex interpolation argument in a companion paper
to obtain convergence results for Bochner—Riesz means in Jacobi analysis
below the critical order of integrability. In order for this to work we need
norm estimates in the first place.

Finally we wish to point out that a “flat” version of our results on the
disc multipliers was recently obtained in [5]. By “flat” we refer to the modern
habit of regarding Dunkl analysis on R as a “zero curvature limit” of har-
monic analysis in rank one root systems, in the sense of Cherednik, Heckman
and Opdam. The proofs of [5] are more or less straightforward adaptations
of techniques from [23] and [21], since the size of balls, measured in terms of
the relevant measures in Dunkl theory, does not grow exponentially fast, in
contrast to what happens for noncompact Riemannian symmetric spaces. It
is well-understood that the “curved” situation—be it analysis on symmetric
spaces or slightly more generally, Jacobi analysis—is complicated by balls
having exponential volume growth.

We employ the same techniques as in [18], carried out in the more general
setting of Jacobi analysis. Most proofs are therefore structurally identical to
those in [18], which we wish to acknowledge at this point. There are several
technical difficulties, however, like the precise asymptotic expansion for the
c-function in Lemma Also of importance is that we are able to incor-
porate the paper [22] by Prestini. The careful analysis, in turn, allows us to
establish new endpoint results, thereby showing to exactly what extent one
can generalize the spherical analysis on symmetric spaces of rank one. Since
we never use the actual formula for the measure du(t), but rather just its
behavior for ¢t ~ 1 and ¢ > 1, and since the key ingredients for the proofs—
asymptotic estimates for ¢, and the Plancherel density |c()\)|~2—are also
available for Chébli-Trimeche hypergroups (see Theorem 1.2, Section 1.3,
Theorems 2.1 and 2.2 in [2]) the exact same calculations can be carried out
in the context of such hypergroups.
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2. Jacobi analysis. Let (a)g = 1 and (a)y = a(a+1)---(a+ k —1).
The hypergeometric function oF)(a,b;c, z) is defined by

o (@)k(0)x
2Fi(a, b, z) = kz Wzk, 2| < 1
—0

the function z — 9Fi(a,b;c,z) is the unique solution of the differential
equation

2(1 = 2)u"(2) + (e — (a+ b+ 1)2)u/(2) — abu(z) = 0

which is regular at 0 and equals 1 there. The Jacobi functions for parameters
(a, B) are defined by

St =R (Sa+ B+1—iN), S(a+ B+ 1+iN);a+1,—sinh®¢).
It is thereby clear that A — ¢)(t) is analytic for all ¢ > 0. Moreover, for
QA > 0, there exists a unique solution ¢y to the same equation satisfying
Ha(t) = A1 40(1)) as t — oo, and X — ¢y (t) is therefore also analytic
for t > 0.

In what follows we assume that o # —1,—-2,..., a > [ > —1/2, and
|IB] < a+1. Let p = a+ [+ 1. The usual Lebesgue space on R will simply

be denoted LP, whereas by LP(du) we understand the weighted Lebesgue
space, with du(t) = duq g(t) = A(t) dt, where

A(t) = Anp(t) = (2sinh t)**™ (2cosh ¢)**1, > 0.

We adopt the notational convention of writing u(A) for the weighted mea-
sure of a measurable subset A of R, that is, u(A) = [[1allz1(gy)- It is of
paramount importance to stress that the behavior of A(t) depends on the
“size” of t. More precisely,

AW < {

In analogy with the case of symmetric spaces, one proceeds to show
the existence of a function ¢ = ¢, for which @y (t) = c(A)elA=Pltpy(t) +
c(=N)el=*=Pltg_\(t). Since we adhere to the conventions and normalization
used in [9], the c-function is given by

200 (A (5(1+14N))
C(3(p+ )T (3(p+iN) = B)
Observe that for o, 3 # —1,-2,..., ¢(—=A)~! has finitely many poles for

SN < 0 and none if A > 0 and Rp > 0. It follows from Stirling’s formula
that for every r > 0 there exists a positive constant ¢, such that

(2.1)  Je(=N)]" <er (14 A)FY2 i SA>0 and c(—X) #£ 0 for [N — A|<r-

t2a+l fort <1,

e2prt for t > 1.

c(\) =
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The following statement on the precise asymptotic expansion of the density
|c(\)| 72 will play an important role later in the paper. We have included a
detailed proof since the result cannot be deduced directly from [25] or [18];
« and (§ need not correspond to integer-valued root multiplicities, so the
expression for ¢(\) does not really simplify, unlike for rank one symmetric
spaces.

LEMMA 2.1. Assume a> 3> —1/2.
(i) For every integer M there exist constants ¢;, i = 0,...,M — 1,

(depending on o, 3, and M) such that

M-—1
le(A)| 2 ~ c0|A|2a+1{1 + 3 A+ O(A*M)} as |\ — co.
j=1

(ii) Let d(A\) = [e(N)|72, A > 0, and k € No. There exists a constant
Ck = Cka,p Such that

dk
d\k
(iii) c'(A) ~c(A)OAY) and c”"(A) ~ c(A\)O(X72).

d()\)‘ < (1 + |A|)2oFIF,

This improves on the usual asymptotic statement that [c(\)| 72 ~ |A[?*+!
as |A\| — oo and we will need this improvement at a later stage. This was
already observed in [I8].

Proof. (i) Following the technique in [20, Subsection 2.2.1] we introduce
the auxiliary function

Q) = (Iq[ F(1=b+5.0) (f[ P ar o))
r=1 r=1

where we of course have in mind the particular parameters
(22) p:27q:47 b1:b2:1_p/27 b3:b4:1+ﬁ_p/27
' am=a=1, pfi=ph=0Fp=0Hh=i/2, o=ar=i

so that |Q(A\)| = |c(A\)|~2 by the duplication formula for the I'-function.
Recall that by Stirling’s formula,

logI'(2) = (2 — §) log z — z + 5 log(2m) + £2(2),

where

> B2r
Q ~
(2) ; 2r(2r — 1)22r—1
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for suitable numbers Bs,, (the Bernoulli numbers). Moreover,

n

2(z) = l Bar + R, (2)
a 1 2r(2r — 1)22r—1 "

r

for every positive integer n, where—upon writing z = ze—the remainder
term R, (z) may be estimated according to

2n
[Ban|  (sec)
2.3 R <
(2.3) [Bn(2)] < 2n(2n — 1) |z]?n—1
(see [20], equation (2.1.6)]). Presently z will be of the form z = a, A+ 1 —a,
with a,. > 0,a, € C, and A € Ry, so that arg z remains constant as A — oc.
For fixed M € N and large |A| we thus have

for larg z| <7

p
log Q(A Zlogfl—b +B:A) = Y log (1 — ar + ay )

r=1 r=1

= i{(% — by + BpA) log(1 = by + BrA) — (1= by + B, N)
T:i log(27r) + 0201 = b+ BN}
—Z{ I a,+ apA) log(1 — ap 4+ @A) — (1 — ay + a, )
+ %log(27r) + 021 —ar + )}
P

q
S Z(% — by + 5r/\) log(8,\) — Z(% —ar + CET/\) log(a,\)

r—=

1 1
3(q—p)(log(27) —2) — 5K — 0

p
DR =be+ 8N =D 21— ar+ o))
r=1

r—=

q
~ > (5= by +5:A) (log B, +log A)

+ o+

—_

_ Z(% —a, + a,)\) (log o + log \)

M-1
+4(q—p)(log(2m) —2) —sk— 0+ > AT + O(AM)
j=1
= [3(g—p) + 0+ A log A — A(log h + k)
M-1
+10g2 — 0+ 5(g—p)(log(2m) —2) + Y ;AT +0(A M)
j=1
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where

<ﬁaw><r"m W) (L) )

1 r=1
q

p: :1: q
Zar Zb K= Zﬂr—Zar.

r=1 r=1

With the parameters defined as in (2.2), one sees that k = 0,6 =1+ 1 —
(1-=p/2)-2=(1—p/2+ ) -2=2a, and (¢ — p)/2 = 1, whence
M-1 ‘
QU ~ e 20 (1S x4 o)
j=1

g

1

= CO/\QO‘H{I + A+ O(/\_M)} as [A| — oo.
J=1

(ii) & (iii) We have d'(\) = —2d(N\)c/(A)/c(N), so it suffices to show that
O

c/(A)/c(N) = O(1/)). This may be seen as in the proof of [19, Lemma 8] as
follows: Since
(;(()\)) — z’caﬁ{@b(i)\) — (o — B +iN) + %Q/) <O";+Z) B w(p +1 ) }’
where
RO -
ORI +;n(n+z)’

~ being the Euler constant, it follows that
c/(\) 1 1 >
= Cag

o
Z1 — %3 1 29 — %4
= — 73
c()) A pHiaA ;(zl—i-n) (z3+n) 2; (22 +n)( z4—|—n)}

with zZ1 = iA, Z9 =
Observe that

NO|—=

(0 = B4 iN), 23 = a— B+ i), andz4:%(p+i)\).

R A O . S
i ptiX iXp+iN) | TN (el M2 T A

The assertion for £ = 1 now follows from the estimate

a— 1 +1/2| 1
LS MLESTE S
2 l|a+n|lzs+nl 2 =zt n|lzu+n
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The required estimate for d”(\) is obtained analogously: First observe that
() () (V)
a'() = —2d' () <Y _9q(n .
In order to establish the assertion for k=2 it suffices to prove that ¢ (\)/c())

~ O(1/)?). This can also be established as in the proof of [19, Lemma 8];
indeed,

) = a0 e0) ~ /o) + 1) — 0/ (a)
+ap S0 (0a) = vlea) + o) - Bulan)

where ¢/(2) = 272+ 322 | (z+n) 2, evaluated at the four points z;. Heuris-
tically, it is now easy to prove that the left hand side is O(A~2). The second
half of the right hand side behaves as % % according to what we have already
established in the case of k = 1, so it suffices to show that

oo

1 1
2 (zi+n)? (242 +n)?

n=1

fori=1,2.

< &
— AR

If, say, ¢ = 1, the required estimate follows like this:

i 1 <i(04—5)<06—ﬁ+2i)\+2n)
—(zn+n)?  (+n)?|” Z(@IA+n)?(a—B+id+n)?
[e'e} c/
a76
g \ ——dz < .
= ’ﬁ§x3+)\3 HRP\E

One proves by induction that ¢ ()\)/c(A\) = O(A7F) for k = 0,1,...,
and one would then formally have to carry out another proof by induction
that the estimate for d*)()\) has the right order in |A|. We leave the tedious
details to the energetic reader. m

REMARK 2.2. In principle one should be able to obtain the asymptotic
expansion for |c(\)| 72 from the expansion of |c()\)|? in [2, Theorem 2.2] by
long division of the asymptotic series. Such computations are indeed justified
(cf. [6, Section 1.5]). We have opted for a self-contained proof, however, that
is inspired by [20, Section 2.2]. We found it worthwhile to use the explicit
formula for the c-function since we still need similar estimates for various
derivatives of c¢()\) and |c(A)|*2. The asymptotic expansion for |c()\)|~2 will
therefore be more explicit than what could be obtained from [2].

EXAMPLE 2.3 (Specialization to rank one symmetric spaces). For special
values of a and 3, determined by the root system of a rank one Rieman-
nian symmetric space, the functions ¢, are the usual spherical functions of
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Harish-Chandra, and the Jacobi transform is the spherical transform. To
be more precise assume G/ K is a rank one Riemannian symmetric space of
noncompact type, with positive roots a and 2«. Furthermore let p denote
the multiplicity of «, and ¢ the multiplicity of 2« (we allow ¢ to be zero).
With o := £(p+ ¢ — 1) and 3 := 1(¢ — 1) both real, and p = 2(a — 3) and
= 20 + 1, the function cpf\a’ﬁ ) is precisely the usual elementary spherical
function ¢, as considered by Harish-Chandra, p =a+6+1 = %(p +2q) as
it should be, and dim(G/K) =p+q+ 1 =2(a+ 1). According to Lemma
m we write [c(\)|72 = P(\) + E(\), where
0 whenever ¢ = 0, p = 2k,
|[E(\)| = |P(\)|-{ |1 —coth(mA/2)] whenever ¢ =21+ 1, p =4k + 2,
|1 — tanh(w\/2)| otherwise

(cf. the proof of Lemma 4.2 in [25]). Since |c(A)|™2 ~ A"~ ! as A — oo, we
can at least say that deg P(A\) =n — 1.

A similar choice of parameters «, 3 reveals that even spherical analysis on
Damek-Ricci spaces is subsumed under the present setup. This was already
exploited in [I] in order to extend results from spherical analysis on rank
one symmetric spaces to the framework of Damek—-Ricci spaces.

Let dv()\) = dve g(A\) = (2m)71/2|c(\)| 72 d\ and denote by LP(dv) the as-
sociated weighted Lebesgue space on R ; note that c(\)c(—\) = c(\)c(A) =
lc(\)|? whenever a, 3, A € R. The Jacobi transform, initially defined for, say,
a function f € C°(Ry) by

= pgy | HOer 0ty

extends to a unitary isomorphism from L?(du) onto L?(dv), and the inver-

sion formula is the statement that
x

~

F) = § FN)@at) dv(N)
0
holds in the L?-sense (cf. [16], formula (4.5)]. The limiting case « = 3 = —1/2
is the Fourier-cosine transform, which we will not study. One easily verifies

that Lf(A) = =(A2 + p2) F(N).

3. The disc multiplier: statement of results. Our starting point in
defining the disc multiplier is the inversion formula for the Jacobi transform,
that is,

o0

£ = | F)ea) dv(n),

0
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where dv(\) = |c(\)| 72 d). Let Sgf(t) = S F(N)@a(t) dv(X) and notice that
for well-behaved functions f (say, in C>°(R4)), Srf may be written as an
integral operator

Sai () 5{(&) r)dpu(r) bioa(®) dv() = | Kult. 7)) )

where Kg(t,r) = So ox(t)ox(r) dv(X). The goal of the present paper is to
investigate the mapping properties of the associated maximal operator S :
[ 54,
S« f(t) = sup [Sgf(t)]
R>0

in order to establish almost everywhere convergence, Sgf(t) — f(t), for f
in LP(du), for a nontrivial range of p. The investigation follows [I8] very
closely, but several complications of a purely technical nature (the Jacobi
parameters «, [ not being integers, for example) will make the presentation
lengthier. The philosophy is simple, however; since the functions ¢y behave
locally as a Euclidean eigenfunction (meaning a Bessel function since we
always have the spherical analysis in mind), we should analyse the kernel
Kp in different regions of the (¢,r)-domain R, x Ry to probe similarities
with as well as deviations from a purely Euclidean harmonic analysis. This
will imply a decomposition of Spf as the sum Sgrf(t) = Z?Zl Sirf(t),
where S; rf(t) = \;° Ki,r(t,r)f(r) du(r) and K; g(t,r) = 14,(t,r)Kg(t,7),
1=1,...,4, where

Ay ={(t,r): 0<t,r <Ry},

Ag =A{(t,r) : t,7 > Ro},
As ={(t,r):t>1,0<7r < Ry},
Ay = {(t,?") :0<t< Ry, r> Ro}.

To be more precise, the constant Ry will be chosen as in the technical
lemma below (the proof of which can be found in [25] for rank one symmetric
spaces and more generally for Jacobi functions in [12]). Here J,(2) is the
usual Bessel function of order p and J,(z) is the modified Bessel function
defined by J,,(2) = 27 0(1/2) T (pn + 1/2)27HJ,(2).

LEMMA 3.1. Assume Ro > 1/2, Roe > RB > —1/2, and X belongs either
to a compact subset of C\ (—iN) or a set of the form

Dey ={AeC:y >3\ > —¢|RA[}

for some €,y > 0. There exist constants Ro, Ry € (1,/7/2) with R3 < Ry
such that for every M € N and every t € [0, Ry,

(aﬂ)(t) B 2F(Oz—|— 1) ta+1/2 9]

2m
T I(a+1/2)0(1/2) \JA() U ()" T (V)

m=0
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20 (o + 1) tO‘H/?
- m m—t« E

Fla+1/2)I(1/2) \/A(t) Za 2 Tonta (M) + Engy1(At),

where ap(t) = 1 and |ap(t)| < Ca(t)Rl—(éRa+m—1/2

ally, the error term Ejpryq is bounded as follows:

ey t* D if (M| <1,

|EM+1<At>|s{ LR Lk
et MHD £~ (RotMAD - p ] > 1

for all m € N. Addition-

In the following four subsections we will establish the mapping properties
of the associated four maximal operators S;, individually, and the main
theorem will then follow by noting that |S.f(t)| < S i, |Si.f(t)|. The
investigation in [I8] and its outcome may be summarized roughly as follows:
For f € L*(K\G/K), we split the maximal operator S, associated to the
“disc multiplier” as

S*f = Sl,*f+52,*f+53,*f+547*f7

where

e Si.f is bounded on L*(K\G/K) for 2n/(n+1) < s < 2n/(n—1)
(this is the “Herz range”),

e Sy.f is bounded into L*(G) + L*(G) for 1 < s < 2,

e S3.f is bounded into L?*(G) for 1 < s < 2,

e S,.f is bounded into L*(G) for 2n/(n + 1) < s.

It thus follows—and this is the main result of [I8]—that S.f belongs to
L?*(G) + L*(G) for 2n/(n +1) < s < 2 (since 2 < 2n/(n — 1) for all n € N).
Our first result is a generalization thereof to the setting of Jacobi analysis.
For the remainder of the paper we set
da+4 da+4

and p; = .
20043 20 +1
THEOREM 3.2. Assume a > (3 > —1/2. Then

(i) Si. is bounded on LP(Ry,du) for p € (po,p1);
(ii) So. is bounded from LP(Ry,dp) into LP(R,du) + L*(R,du) for all
€ (1,2];

(ili) Ssx is bounded on LP(Ry,dp) for all p € (1,2];

(iv) Six is bounded from LP(Ry,dp) into L*(R,dp) for all p € (po, 00).
Hence S, is bounded from LP(R.,du) into LP(R,du) + L*(R,du) for all
p € (po,2].

THEOREM 3.3. There exists a compactly supported function f in LPO(dpu)
with the property that {Srf(x)}r>1 diverges for almost every x € Ry.

Po =

The part most closely resembling the Euclidean counterpart of the disc
multiplier is S1.f, where the kernel Kg(t,r) is localized in both ¢ and 7.
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The remaining three pieces of S, f all derive their mapping properties, to
some extent, from the Kunze—Stein phenomenon, perhaps most clearly seen
in Ss.. Philosophically, the localized part S} of Sg (with R=1 for analogy)
should correspond to the Euclidean disc multiplier acting on radial func-
tions. Since the Euclidean disc multiplier is merely L?-bounded when acting
on functions not necessarily radial, we cannot expect S; to be bounded on
LP(G/K) unless p=2. Note that the full operator Sg (R=1) is unbounded
on LP(K\G/K) for p # 2, since the corresponding multiplier cannot be
analytically continued to the strip in the complex plane described in [3].
For the next result we must first recall the definition of Lorentz spaces.

DEFINITION 3.4. Let (X, u) be a measure space, 0 < p < 0o, and 0 < ¢ < co.
By the Lorentz space LP4(X,p) we understand the space of equivalence
classes of measurable functions f with finite Lorentz space norm, ||f||zr.q
< o00. Here

1, - | (ot Xs1g > ey )" g <o,
fllzra = 0
supt'/Pu({z e X : |f(2)] > t}) if ¢ = o0.
t>0

See [10, Chapter 1] for a summary of the properties of Lorentz spaces.
THEOREM 3.5.

(i) The mazimal operator Sy . is bounded from LPOY(Ry, du) into
LPi>o(Ry,dp), i = 0,1, where pg = ggig and p; = 3o+,
(ii) The maximal operator Sy, is bounded from LPO (R, du) into

L*(R,dp).
The mazimal operator S, is therefore bounded from LPO'(R,du) into the
space L*(R, du) + LPO>°(R, dp).

This was not addressed by Meaney and Prestini but is to be seen as the
Jacobi-analysis analogue of the endpoint result in [23]. As for the sharpness
of the Lorentz space indices, we mention the following result.

PROPOSITION 3.6. The disc multiplier Sg is not bounded from the space
LPor (R, dp) into LPO>®°(R, du) + L?(R,dp) for any r € (1, 00].
Proof. The conclusion follows at once from the observation that even the

localized piece S}% of the disc multiplier fails the stated mapping property,
according to [4, Theorem II]. m

4. Proof of the mapping properties for noncritical exponents.
The present section contains the lengthy proof of Theorem as well as
Theorem As already indicated, one studies S, in four different regions
of the (t,r)-plane, so we have split the proof into four subsections.
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4.1. Investigation of S; .. We begin the lengthy examination of S,
with an analysis of the behavior of the kernel K when both arguments are
small. We scale the corresponding operator Sy g slightly by writing

- r r - _ [O,Ro] if0<t§R0/2,
S1rf(t) —A§t)K1,R(tv )f(r)dp(r),  A(t) {[07 Ro/2] if Ro/2 <t < Ry.

Moreover we assume 2(«+ 1) is not an integer since we may otherwise copy
the proofs from [I§] verbatim, with n := 2(a + 1). Recall from Lemma
that @) (t) may be written as

ta+1/2
At)

palt) =c (Ta(At) + a1 (1) Tas1 (M) + E2(A, 1),

so that

x(t)oa(r)
ta+1/2 pat1/2

VAW VAW
+ 241 () Tas 1 (M) Ta (A7) + 201 (£) Tag1 (A)72a1 (1) Tas1 (A7)
tot1/2

+ cm (TaONt) + t2a1 (£) Tat1 (M) Ba(A, 1)

ra—i—l/?

+ Cm (Ta(Ar) 4+ 1701 (1) Tar1 (Ar)) Ea(A, 1)

_Cta+1/2 Ta+1/2 <C Ja()\t) Ja()\r)
= A0 VAP 0 (e

+eatan(t) o

+ negligible terms.

(Ta(X) Ta (A1) + TaAt)r2ay (r) Tas1(Ar)

Joa(A) Jag1(Ar
+Cgr2a1(r) ()\(t)i) ()\jégﬂ)

Ja+1(At) Ja+1()\7”)>
()\t)a+1 ()\T)Oé+1

+r?ay (t)ay(r)

The indicated decomposition yields a compatible decomposition of K; r and

S1,rf(t), in the sense that Kj g = Z?zl K{"R and S1 rf(t) = Z?zl Sin(t),
where

75o¢—i-1/2 oz-i-l/2 1 JSDL Ja()\'/“)Ja(At)

\/7 \/7 oo )\2(1

Kig(t,r) = dv(X),

ta+1/2 a+1/2 1 R Jat1(AF) Ja(AE)
K%’R(t, r) = r? ay (r iia S = 2a+1a dv(N),
JAG) S A(r) Tttt 0 A
(0% Oé R
K3 p(t,r) = t /2 patl/2 g S Ja(Ar) Jat1(AL) ()
s ’ ata+1 2a+1 ’
1/ ) VA(r) rt 5 A
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ta+1/2 rat+1/2 1

\/7 \/7 rat+lia+l
R

% S Jat1(Ar) Jat1(At)
2\2(at+1)

KiR(t,r) = r2a; (r)tay (t

dv(N),

K 15 r = sum of negligible terms

(it is to be understood that all functions are extended by zero to all of R
for t not in [0, Rp]), and

. | Kig(t,r)f(r)A(r)dr for0<t< Ry, i=1,....5
1,Rf(t) =\ A®)

0 otherwise.

A slightly more convenient expression for K 11 g(t,r) is obtained by writing
K ll,R(tv T)

a+1/2 a+1/2 R 7)Jda 0 a\AT")Ja
) ( r),

0

AT

where
ta+1/2 a+1/2 1 1

\/7 \/7 TO‘ ta
The associated operator 1,Rf(t) = 1jo,Rry t)S Ei(t,r)f(r)A(r)dr is
therefore easily estimated. We have

|eS1 RS ()] < |10, Ro) B (2, M et (1110, R0) f () S N e (d)s

where 1/p+ 1/p) = 1, 1 < p < 00, so the associated maximal operator
t — Supps ]85’117Rf(t)| is bounded on LP(du) for 1 < p < oo. The term
M g(t,r) in our kernel decomposition Ki 5(t,r) = My g(t,r) + E1(t,r)
turns out to be fairly complicated, however.

Recall that

[Ex(t )] S

1 «
[ Drlee )\r] Dy <1
0
(

pot1/2 pat1/2 1 1 B o L
AT AT § Ja(Ar) Jo(A)A™2Y (M) |72 d.
We need a description of not only the leading term in the asymptotic be-
havior of |c(A\)|~2 as A — 00, so we use Lemma [2.1| with M = [2a + 2] (the
integer part of 2a 4 2) to write
|C(>\)|_2 — )\2a+1 + Cl)\Qa + C2)\2&—1 4t CM,1A2(Q+1)_[2(Q+1)]
+ O(A2a+17[2(a+1)]).

Ml,R(ta 7") =
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Note that 2 +1 < M < 2(av + 1), since 2(ov + 1) is not an integer.
Correspondingly the asymptotic expansion of |c()\)|~2 still takes the form
lc(\)|72 = P(\) + E()\), but P is not a polynomial anymore. At any rate

(4.1) MLR(t,T)
toz-i—l/? ,roz-i-l/Q 1 1

VAR VAR Tt

R
c CM—
{ S Ja(AT’)Ja()\t) ()\ +c + ; + .o 4+ )\]\4;) d\
1

R
+ | Ja () Ja (A E(N) d)\}.
1
We thus need to consider separately a host of new operators, like
a+1/2 oa+1/2 R
! r 11 [ Jar) Ta0ATdN,  d=2 - M,....1,
VAW VAG)
pot1/2 patl/2 o B 1
[ oooaddx—{--atax
(R S

VAWD VAR e

where the latter piece S(l) <+ Ad)\ (at least for d = 1) gives rise to an
operator comparable with 6511’ rf considered above. We will keep the con-
stants ¢, as they never influence the estimates. The conclusion, as before,
is that the “error” term gives rise to a maximal operator that is bounded
for the full range p € (1, c0), hence uninteresting as far as the ongoing proof
is concerned.

The first piece in the above-mentioned decomposition of Mll R gives rise
to the operator

Mii,R(t7 7") =

Ml

Sy f(t) = g M j(t,7) f(r)A(r) dr
A1)
sat1/2 1 fo

R
{S Ta(AP) Ja(AE)A d)\} F) A2 dr.

VAR) 5
Since 0 < r,t < Ry, we can introduce the approximation \/A(r) ~ r®+1/2,
A(t) ~ t**t1/2 in order to arrive at the favorable estimate

1 Ro R
SR FO1 S o] VT T xax} e ar
0 0
oo R
< tla‘ | {S Jo(Ar) Jo (AE)A d)\}f(r)raH dr‘ — Tai(b),
0 0

where TR is formally the standard partial sum operator for Euclidean Fourier
integrals, f being viewed as a radial function on R", with n := 2(a+1). More
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precisely, Tr is indeed the partial sum operator for the Hankel transform H,,

Ml
and by [15] the maximal operator ¢ — supp~; |[S; " f(t)] is bounded on

LP(Ry, x?Fldz) for %gig <p< g‘gﬁ This also exlplains the appearance of

M
the Herz range. The result of Kanjin applies to .S, é’R as well, since we have
localized its integral kernel in both arguments. We must still consider the

MO M} MY
remaining pieces S| 7 f(¢), 5] g f(t),... and S} g f(2).

Next on the list is the piece (of the kernel M; g)

pot1/2 | patl/2 g I§
c — — \ Ja(At)Jo(AT) dA.

VA@) 1% A(r) T4
Recall that we DO allow the possibility that » > ¢ in this analysis. So let us
assume that r > t and choose a smooth partition of unity 1 = g(1)+9g(2)+9(3)
on (0,00), indicated schematically by

[, Rl = [1,1/r]U1/r, 1/t]U[1/t, R]
(1) () ®3)
where only the piece g3y =: g¢ will be important. Here g; is taken to be

identically 1 on (1/t, R] and supported in (1/7, R] (we will later choose g;
more carefully). The corresponding expansion of Mﬂ p Will be written

M?,R(t) T) =

(42) M g(t,r)

«a «a r 't (
pot1/2 atl/2 g {S R -~gt()\)d>\}

VAW /A el O Y

0,(1 0,(2 0,(3
= MR () + MY () + MY ().

=C

We first analyze the range 1 < A\ < 1/r, corresponding to the function
Mf’](%l). Here we estimate

1/r 1 1/r

V17O [ TaAr)[dX S — | ()72 dA

0,(1
MY ) S s s
1

tO[r’nO[
_ 1 A2 = 1 i_l <1
T patl/2pa L7 jot1/2pa \ p1/2 ~ pat1/2pa+1/27
where we have used that 1/r > 1. It thus follows by the Holder inequality
(with 1/p+ 1/p’ = 1) that

ayD 1)
|Sl,1§’-’R OIS tat1/2 S Ta+1/2A(T) dr
0
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R R ,
- ﬁ( SO £ PA() dr)l/p< SOT—(OH—I/Q)p’A(T) dr) 1/p
0 0

1 f 2at1—(at+)p 5 \ P
S WHfHLp(du)( S r 2 dT) ;
0

4a+4
) 2a41

> p
0,(1)
The associated maximal operator S "

which is finite precisely when 2a4+1 — (a4 1/2)p’ > —1, that is

or equivalently when p > ggié

therefore satisfies the estimate
0 (1)

|S FOI St forp > 5otz and 0 <t < Ry.
It follows that
MO (1) Ro Ro
1Sy FIE, S NFIE, | @t 2PA@) de S (||, | e (ert/2er2ett gy,
0 0

which is finite precisely when —(a + 1/2)p + 2o + 1 > —1, that is, when
20
p < defd Ve have therefore established that S "% is bounded on LP

2a+1" ot il
: a+ a+
precisely when 5 3 <P <3441

The range 1/r < X < 1/t, corresponding to the piece Mf’l(f), is just as

easily handled: The standard estimates |.J,(Ar)| < (Ar)~%/2 and |J,(At)] S 1
imply that
1/t 1 1

0,(2)
|M1,R CERIRS tapa S A\1/2 dA S ta+1/2pa+1/2°

0,(2)
Prior analysis shows that the associated maximal operator S; " is LP-

4a+4 4da+4
bounded for 5575 < p < 5577
0,(3)

It turns out to be more difficult to estimate the piece M,’y", correspond-
ing to the range 1/t < A < R. In order to get started we use the more precise
Bessel function estimate

Ju(t) = ccos(t - 0271?//22 —7/4) L o)

from [26], p. 199] to write
0,(3
M171({)(t7 r)

le' a f E -
2 pett2 g | cos(At — 245 T) cos(\r — 2 4+17T)gt(/\) dA+E

VAR) JA(r) t* re v (At)1/2 (Ar)1/2
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pot1/2 pat+l/2 1 o1 B A\ _ 2041 Ay _ 2041
r cos( EL7) cos(Ar — 29 W)gt()\)d/\—i—E

A(t) J/AQr) t 1 M A

patl/2 at1/2 g B ixe(t+or)
s LAy
A(t) A(r) trr ev=+11/t

where F is an error term. Observe that

=C

T

gt(A\) d\ = ()\ = 1p0, g1 (\) gtg/\)> (e(t 4+ vr))

— <<)\H “(”;/\))A* <:p»—> €i§x>>(e+w),

where (---)" designates the Euclidean Fourier transform. Let o; denote the
Fourier transform of A — ¢;(\)/A and set o.(y) = sup; |o¢(y)|. Choosing

gt as in [I8, Lemma 1], it follows that o, is Lebesgue integrable on R, so
0,(3)

that—apart from the error term E—we can estimate Sl’*l'R f(t) as follows:

R ei)\s(tJrzzr)
A

0

0,(3)
S F()]

1 ein

S i giug S(w(w . ))(€(t+w))f(1")\/A(r)dr
1 eiRac

:W&;l?’g} Sat(a(t—i—w))( . * (f(z) A(a:)))(r)dr

- 1 €iRm X J

<ot 3 Joeit s (5 @A) )] ar

where we recognize the Carleson operator

ein
OV () = sup( . (f(a) A<x>>) (r)

R>0\ *
applied to the function fv/A. Since convolution with the L'-function o,

is an LP-bounded operation, it follows from the weighted estimates for the
Carleson operator, developed in [21] (see also [22]), that

My
(4.3) 151 Fllzeapy < cllflizeap

4o+4 < < 4a+4

%013 2ot As for the error term E in our decomposition of

for
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M{)’(?’), we notice that
11 1 1 ¢ 1
1Bl < roto p1/2 43/2 S A2 77 = patl/2pa+1/2
1

/t

since 1/r < 1/t and 1/R < t. It thus follows, as above, that the error term
FE gives rise to a maximal operator that is LP-bounded for the same range
of p.

It could, however, also happen that R < 1/r, in which case we do not
decompose [0, R] but rather estimate Mﬂ g directly: trivially |M{) r(r 1) <
p(at1/2)p=(e+1/2) 56 once again we end up with a maximal operator that
is LP-bounded for the stated range of p.

The last remaining case is 1/r < R < 1/t, where we use the decomposi-
tion [0, R] = [0,1/r]U[1/r, R] and carry out the exact same type of estimate
as before. This completes our analysis of M{)’ R

Now consider

dA

el W B FACYVAEY

and assume without loss of generality that » > ¢. Decompose the domain of
integration smoothly as
(LRl =[1,1/rJU[1/r, 1/t]U[1/t, R].
1 (2 3)

The resulting pieces M, ]13’(1) and M, ;3’(2) are trivially estimated since they

Mil(tar) =
1

happen to resemble the error terms appearing in the analysis of M {)’ r above.

The final piece Ml_ 11%’(3) is also easily handled, since

’§ Ja(Ar)JaM) (| 1 ’8%1 1
Y = pr/241/2 3 N2 TS 122
1/t 1/t
For the remaining terms Mf pt=2—M,. .., -2, and M{ER we employ the

trivial estimate |J,(t)| < ¢ for all ¢ to see that

1 1

—92 2—M E
|My R(Er) + -+ Myp" (6 r) + MiR(t )] S [ot1/2 patijz’

hence the associated maximal operator is LP-bounded for p € (pg,p1). We
have thus finished the proof for the operator 5117 R-

Regarding Si p» we first recall that the associated kernel is

fotl/2 patl/2 al(r)r2]§Ja+1()\r)Ja()\t)

CVAD VAR By e

K3 g(t,r) lc(\)]| 72 dA.
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We once more break up the domain of integration as [0, R] = [0,1] U [1, R]
and use the basic estimate |.J,(t)] < ct* to estimate in the range A € [0,1]
as follows:

i Jas1(Ar) T (M)

)\2a+1

§ (Ar)etL(Af)

g S

le(V)] de‘
0 0
In the range A\ € [1, R] we once again use the asymptotic expansion of

lc(\)|72 from Lemma to decompose the integral

B Jas1 () Ja (M)
S )\2a+1

lc(\)| 2 dX
1
further, giving rise to integrals of the sort encountered in M; g.
By symmetry in ¢ and 7, the same estimates hold for Ki r(t,r), so it
remains to investigate the kernels K f r and K 15 r (the error term) together
with the associated operators Si r and Si g+ To this end recall that

foHL/2 patl/2 120, (1) t2a1(t)I§Ja+1()\r)Ja+1(>\t)

/A(t ﬁ rat+l tat1 A\2(a+1)

For A € [0,1] in the domain of integration we may proceed as above, and
for A € [1, R] we once again use Lemma leading us to consider terms
already analysed for Mf’ R

A favorable estimate for the maximal operator associated with the error
term K f r also follows from earlier considerations: If r» > ¢, we decompose
[0,R] =[0,1]U[1,1/r]U[1/r, 1/t]U[1/t, R] smoothly, thereby breaking K157R
into four pieces. Using that |Eo()\,t)] < ¢4 for [At| < 1 and |Ea(\t)| <
t2(At)2~(@+1/2) for [Xt| > 1 (cf. Lemma , it follows that |K7 p(t,r)
r(@+1/2);=(a+1/2) The associated maximal operator S, is therefore LP-
bounded for the usual range p € (pg, p1).

By piecing together all the estimates in the present section we have thus
finally proved that S; . is bounded on LP(R,dp) if and only if 40‘ +3 <p<
4213]:411' We have also seen that the reason for this restricted range is purely
Euclidean. At this stage in the analysis, the curved geometry of the under-
lying symmetric space is not strong enough for non-Euclidean phenomena
to overpower the Euclidean structure.

Kigp(t,r)= lc(N)][ 72 dA.

| ~

4.2. Investigation of S>.. From now on the analysis of Sg will in-
volve the behavior of the Jacobi function ¢y(t) when ¢ tends to infinity,
and Lemma is not applicable in this region. As in the case of symmetric
spaces, this investigation requires sharp bounds on the c-function, a close
study of the Harish-Chandra series for ¢), and an analogue of the Gan-
golli estimates in the Jacobi setting. Recall that @y (t) = c(\)e=Pltp, (t) +
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c(—=\)el=iA=Ptp_ (1), where we now formally expand ¢, (t) as a power series
(the “Harish-Chandra series”),

t) = i (e 2k,
k=0

Since ¢y is a solution to L, g + (A2 + p?)p = 0, the I,(\) are given
recursively—according to [25 formula (3.4)]—by IH(A) =1,

k
(k+1)(k+1— i\t (A B)D (p+2j —iNIH(N)
7=0
[(k+1)/2]
+(B+1/2) Y (p+2(k+1—2) = iNThpa—2(N),
j=1

where [z] is the integer part of z. In fact, Iy41 = arly + Z? é b;“F where
(by [25, Corollary 3.4])

a—f-1 a-fF-1+pg(ala-1)-BB-1)+1)

—1

ae =14 E+1—in ’
2841 p+2j—1

bk: _1]€+]+1 1 .

j = (1) L L A

LEMMA 4.1 (Gangolli estimates). Let D be either a compact subset of
C\ (—iN) or a set of the form D ={\ =& +in € C|n > —¢lf|} for some
€ > 0. There exist positive constants K,d such that

(4.4) (V)| < KA+ k) forallkeZ,, A€ D.
Proof. See [8, Lemma 7). m

It follows that the expansion for ¢, (t) converges uniformly on sets of the
form {(t,A) € [¢,00) x D}, where c is a positive constant. More precisely, if
A€ D, and ¢ > 0 is fixed, we see that

oo oo
Vi o) <D K1 +k) e Sy (14 k) S,
k=0 k=0
that is, ¢x(t) is bounded uniformly in A € D for ¢t > ¢ > 0. We will take
¢ = Ry in later applications. Since A — ¢, (t) is analytic in a strip containing
the real axis, it follows as in the proof of [I8, Lemma 7] that derivatives of
¢ in A are bounded independently of A as well.

REMARK 4.2. It is easy to prove that ‘%(ﬁ,\(t)‘ < ¢ forall t > Ry and
A € [0,2p]. This was done for symmetric spaces in [I8, Lemma 7], whereas
a more general statement in the context of Jacobi analysis was obtained in
[13, Lemma 4.1].
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The asymptotic behavior of ¢y (t) as t increases can now be investigated.
The result is formally the same as the analogues in [25] and [24], and the
proof will even work for complex parameters «, (3.

THEOREM 4.3.

(i) For every M >0, 0 <m < M and A € C with S\ > 0, there exist
polynomials f;, in A of degree m such that

M
Iiy(A) = Z Yo + Bt

m=0

where v* is a sum of terms 1/ fi,,, and where

k ’p’m€2k a .k a ’p|m€2k
A< A . |D <geg P C
|rym( )| = |§R)\|m | %A7m| = |§R)\|m+a
M+1 2k
k Ip| e,
‘EMJrl’ S A ‘%A‘M'Fl 3

the constant A is independent of M and .
(ii) Let Am(Nt) = 2272, Yt (N e=%t. There exists a function Eypy
such that, for every M >0, t > Ry, and A € C with S\ > 0,
Oa(t) = Am(X t)e 2™

m=0

Am()\7 t)€_2mt + 6_2(M+1)t8M+1 ()\7 t),

e

0

3
|

where

a b a+b |p|me2m

2(MA41)| | M+1
’D56M+1| SQbAe ’P|

M—M—HGb(t)’

with Gy (t) == z;’;ojke%(lﬂf).

Proof. The algebraic properties of the Harish-Chandra series are inves-
tigated in [25 Section 3], along with the estimates in part (i) of the the-
orem, and it is an arduous (yet elementary) matter to redo the proofs for
complex parameters «, 3 instead. The improved statement in (ii) via the
presence of the exponential factor in e~ 2(M+1tg M+1(A, t) was established in
[18, Lemma 6], the proof of which need not be repeated. =

PROPOSITION 4.4. Fort > 1 consider the operator

o iR(t—r)
Uf(t) =e " sup ¢

f(r)A(r)e " dr|.

1 t—r
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Then U maps LP (R, du) boundedly into L*(R,du)+LP(R, du) for 1<p<2.

Proof. The proof is similar to the one for [18, Theorem 3] and immediate
for p = 2. For 1 < p < 2 fixed and k € N write pi(t) = 1j_gx(t), @r(t) +
Y(t) =1 for all ¢t > 1, and correspondingly

% LiR(t—r) % k+l iR(t— 7»)
e Pt S R fMA(r)e " dr=ce¢ ptz S fr)A(r)e " dr
1 k=1 k

b+l iR(t—r)

_eptZSOk +(t) |

k

P fr)A(r)e " dr

= (Axrf(t) + Brrf()),
k=1

where
k+1 LiR(t—r)
Aerf(t) = e Per(t) | —— f(r)A(r)e""dr,
k
kt1l LiR(t—r)
Bipf(t) = e ") | S——F(r)Aw)e " dr.
k
Then
[ee]
Ap + su B
g ke f (1) RE‘Z nrf(t ‘
with

= e Por(t)C(gx())(1),
C(gx) being the Carleson operator applied to the function

ge(r) = f(r)A(r)e " g pg1y (7).
For p € (1,00) it follows that

oo p o0 o0
< P —pt P
thlAk,*f Lp(R,dm—g;”A’f’*f”M k};u«e or(t)C(ar) ()12,

oo k+2

=3 | e oty (Clan) ()P A1) dt

k=1k—-1

k+2

<Ze 1) [ (Oge) (8)PA(E) dt

k—1
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k+2
eP(k=1)(2-p) S g () |P dr
k—1

eP(k—1)(2—p) S g (r)|P dr

INE

M 71

k=1 1
o k+1
< Z eP(k=1)(2—p) S £ (r)PePP” dr
k=1 k
00 k+1
_ ep(k—l)(Z—p) S ]f(r) ’perTeppr—Qpr dr
k=1 k
oo k+1
~ep VPP dr ~ o fI-
k=1 k

Here ¢, = ¢’P~2) for p < 2 and ¢, = ¢*~2) for p > 2. The actual value of
¢p is immaterial of course, but it should be noted that it can become very
large. At (f) we have used the classical weighted estimates for the Carleson
operator corresponding to the weight w = 1.

It now suffices to establish the estimate

(4.5) Hsup ‘i Bi,rf (1) H
k=1

R>1

L2(R,dp) < CP”fHLP(R,du) for 1 <p<2.

For p = 2 this follows from the easy estimate supR>1}Zz°:1 Bk,Rf‘ <
Uf + 3 52, Ak« f, since U is trivially L?-bounded. It remains to establish
a restricted (LP, L?)-estimate for 1 < p < 2 by the interpolation theorem
of Marcinkiewicz. Fix a measurable subset £ C [1,00). If [[1g||p2(r gy > 1,

then
HgBk,*lE‘ 2 (Radp) S elewdw S IEl LR, dp)
for p < 2.
On the other hand, if |[1g||zrr g < 1,
1
Brote@] < e (| o 1s0)A@e dr (o
k
e~ Pt
< PRI B (t
Son© | Bl (t),

where |Ej| denotes the p-measure of the set By, = EN [k, k+ 1). But then

e} 0 N
szl kxlE L2(R,dp) — ; | B, EHLz(Rdu) = ckz:l@ | By |
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00 (o)
<ecy B = | 1p(rAr) dr < dl1s]7, g g
k=1 1

thus proving the restricted (LP, L?)-estimate in this case as well. This also
finishes the proof of the proposition. =

LEMMA 4.5. Let T be either the Carleson operator, the Hilbert transform
on R, or a convolution operator with Lebesque integrable kernel on R. The
mazimal operator associated with the function t — e P'T(f(r)A(r)e ?")(t)
maps LP(R ., du) boundedly into LP(R, du) + L*(R, du) for 1 < p < 2.

Proof. The corresponding statement in [18] was established by using [21],
hence cast in terms of radial Fourier analysis on R™. Prestini later generalized
her weighted estimates to a setting that applies to Jacobi analysis, witness
the paper [22]. Hence there is nothing new to prove. m

THEOREM 4.6. The maximal operator Sa . associated with the operator
Sorf(t) = | Kor(t,r)f(r)A(r)dr
Ro
is bounded from LP(Ry,du) into LP(R,du) + L*(R,dp) for 1 < p < 2 (where
it is implicitly understood that we are in the range t > Ry).

The clever technique of proof—originating in [I8]—is to bound Ss . by
means of maximal operators associated with the Carleson operator and the
Hilbert transform, using Proposition [£.4 and Lemma This is a standard
technique when working on spaces of homogeneous type, but for weighted
measures where the volume of large balls grows exponentially more care is
needed. The above technical results are designed to deal with this problem.

Proof of Theorem[.6, Adopting an earlier idea we decompose smoothly
the domain of integration appearing in the definition of K3 r as [0, R] =
[0,2p] U[2p, R] by means of a partition of unity g; + g2 = 1 on [0, c0), where
g2 € C, (R) is chosen so that ga(A) =1 for A > 2p, and supp g2 C [p, 00).

The kernel K5 rp decomposes accordingly as Ko p = KZER + KéWR, where
KQE r—to be regarded as an error term—is

2Ky p(t,r) = | e(i’\_p)(”t)%(t)%(?“)gl()\)Ci
R

L NG EENCOTTOY

R N——

+) e“(’“‘”"“t*%A<t>¢x<r>gl<x>6(|_c 8;9)
R

—
b
N—r
[N}
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(—ix—p)(r+1) c(-A”
+ S e P ¢—A(t)¢—A(T)91(/\)W
R

Since |c(£))?/|c(N)|?| = 1, all four terms are estimated in a similar manner,
as follows: Let F) denote the Euclidean Fourier transform in A. Then

[§ 0L A DB (V) dA| = P62 ()6 (r) g1 (V) (@)
& {c if |z] < 1,
1/z? if [z| > 1,
that is, the functions {pe*(""" ¢4 5 ()11 (r)g1()) dA are Lebesgue integrable

on R with respect to ¢t and r separately, with L'-norm independent of either
t or r. Additionally,

‘Sei’\(t+T)¢iA(t)¢i/\( )T((?))\’)Q 91( d)\‘ < T

R

so that the maximal operator associated with K g is well behaved.

To avoid notational clutter we will now indicate how to proceed with
estimates for integrands of the form ¢ (t)d+ (r)e* ) g1 (M) e(FA)?/|c(N)[%;
here we allow all possible combinations of signs on A and r. Use the first
few terms in the Harish-Chandra series expansion for ¢, to write ¢y (t) =
Ag(\, 1) 4+ Ar(\, 1)e™28 + Eo(\, t)e~ 4. Strictly speaking we would obtain 12
terms in the expansion of Ké\f[R upon inserting the Harish-Chandra series for
¢+(\). By abuse of notation we simply write the decomposition of K%% as

M M,1 . . .
KéWR = K, }’%0 + K, 5 + E, where E is whatever remains. More precisely

R
Ky (tr) = et [ | e gy (M) Ao(A, 1) Ag(A, ) dX
-R
R 9
4 S M) go (V) Ag(N, £) Ao(\, 1) Tc(zi\))\\)Z d\ + similar terms|.
-R
Since Ag(A,t) = 14 372, 78 (N)e ¥, one has
S 61)\(15—7")92()\) d\ = — S eM(t_T)gl(A) d\ + S ezA(t—T) d\
-R R -R
N eiR(t—r) e—iR(t—r)
= —qit-r)+ t—r  t—r

where g3 is Lebesgue integrable on R. Proposition [4.4]is therefore applicable.
As for the remaining terms in Ag(A, ) Ag(A, 1), we use the fact that v§()\) is
in fact a constant (cf. [25], p. 262]). Since all these terms decay exponentially
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fast, their associated maximal operators will be L*-bounded in the full range
1 < s < oo and therefore uninteresting.
Moreover, by integration by parts,

R R
| ePMIGH(N) dA = 2 | eI Gy(N) dA
-R p

SIA(t+T) R eiA(t+T) ) R 1 R \

= - - iA(t+r) A1

{ P Gg()x)]p—l—[(t+r)2G2()\)L+(t+r)2§Je GH(N) dA

where
c(FN)?
GQ()\) = ‘((:()\)?2 gg()\)/lo()\,t)/lo()\,’l“).

For A > p we have |G2(\)| < ¢, |GH(N)| < ¢/A, and |GY| < ¢/A?, meaning
that
c

R
‘ | erta, | <
+r
-R
The remaining piece of Ky g is slightly more troublesome, but since the
7Y in the expansion Ag(\,t) = 1+ >, v&(A\)e 2 are constants, we can

simplify the investigation at hand by writing

R
Bg%g<@r>::e—p@+r>[g AN H_ (17,0 dA
-R
R 2
4 S ezA(tJrr)HJr(t, T, )\)(|:C(EF)\))\|)2 d)\ + similar terms|,

-R

with
H:I: (ta r, )‘)

= {A1 (A, T)€_2T + Ay (A, t)e_zt + Ay (£A, r) A1 (A, t)e_zre_%}gg()\).

The kernels associated with the indicated three pieces of, say, H_, are all
estimated in the same manner, so let us simply consider the first term; it
gives rise to the kernel

R oo R
e~ 2r S ei)\(tir)/h(—)\,?“)gg d\ = e 21‘2 S z)\(t r) 1+J )92()\) d)\
—-R 7=0 —R

:a%EZa%%EEA*wF%gﬂu—m,
=0
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where we use the estimate |'yll+j()\)| < ¢(e2049) /)) for A > p to conclude
that the Euclidean Fourier transform of 711 +i go is Lebesgue integrable on R,
whereas the Fourier transform of 1_g p) is ¢f /. Again Proposition
applies.

The kernel associated with H is slightly different, but the kernel asso-
ciated with each of the three terms in H, satisfies

R
. )\)2 e—2r
—2r Z)\(t-‘r’l’)A A C(L A d) < )
R e L R

The final remaining piece K%R — Kév‘[ I;LO — Kéw }’%1 is easily bounded by

Sf A2d\ < ¢, for all R > 1, thereby completing the proof. m

4.3. Investigation of S3 .. Recall that we are concerned with the op-
erator

Sa,rf(t) = SK?),R(’% r)f(r)A(r) dr
in the region where r > Ry and ¢t < Ry/2.

LEMMA 4.7. Forr > Ry, t < Ry/2, and R > 1 we have

et 1
[Ksr(t, )] S ot 1j2

We shall prove the lemma in a moment but first we observe that it leads
to the desired bound on the relevant maximal function S3 .. Indeed, by

Lemma [4.7]
17 e’ 1 fllLr(ap T err=2/pw
$30/ 1S gy | VOIS dr s i Ve
0 0

Cp
< WHf”LP(du)

for 1/p+1/p' = 1,1 < p < 2. By typical arguments we conclude that
1S3 fll e roap) < epllfllry,duy for 1 <p < 2.

Proof of Lemma [4.7] Observing that 1/|t —r| < 1/r and 1/(t+7) <
1/r, we decompose the kernel K3 r(t,s) as K3 r = K:()’l]zz + K§2])% + K§3I)%
where
2p
1 _
Kt 1) = | ox®ear)len)| 2 dx,
0
1/t
2 _
Kp(tr) = § ox®ea)le()| 2 dx,

2p
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R
K tr) = | oa®ea(r)le(y)| 2 d.
1/t
Here
2p
K (tr) = | oa(®)(e(N)e® 2765 (r) + c(=N)el= 27y (1) [e(A)] 2 dA
0
[l aa®aa™]* 1 T e d (oa®)éa(r)
ep[zr NES)) ]0 irepse d)\< c(—\) >dA

J I GV C0) R ey Sy N L)
+ p[z’r <OV ]0+ir p(S) d)\< <OV )‘M

by integration by parts. By Lemma [2.I] and Remark [4.2] the derivatives
5 (W) and d/\(%) are bounded for0 < A <2p,so \K“)%( t,r)]
e~ P" /r. Note that this estimate is stronger than what was stated in Lemma
since for small ¢ the factor 1/ t**1/2 would become large, implying a very

poor kernel estimate.

Integration by parts, now for KéQI)%, shows that

DT B PN () PN (o ) AR P S N (NG|
K3gp(t,r)=e” LT ()\)Lp —e P QSpe d)\<> d\

+6pﬂ_1eiﬂwmw¢%wq”5+lepf§Mrd<wxo¢4w>
ur

ir DU e

C()\) 2p 2p

where we utilize the estimates |pa(t)] < ¢, [pxa(r)] < ¢, [1/c(£N)| <
A2 A ()] < e/ A, ¢\ (r)] < ce® /X, and |7k (@a(t)den(r) [e(EN))] <
eX*1/2 o conclude that
(2) e 1
’K37R(t,7")| S CW ;
It remains to study Kf’])% but since A is allowed to become either very
large (when R is large) or small (less than one, at least), here we have to
be slightly more careful in the estimates, especially since the proof in [I§]

leaves out most terms in the calculation (similar to what happened in the
analysis of Ky ). First write

750(4-1/2 Ja()\t)
A0 L (e

@A(t) - —+ El()‘7t> )
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so that
R
3) R ) i A
Kyp(tr) =™ ) S Aae

A(t) 5, A c(=\)
2 T o A
et A(t)S (a)(bﬂ() ' c(A)

1/t

ta+1/2 R ) d\
+e’ Ei (Mt r)eN ——
© /A0 1§t 1A DA T
ta+1/2 R ] d\
e | Ex(\t)pon(r)e™™ =

VAW ), (V)

where the first two terms satisfy the same estimates. We therefore concen-
trate on the first one. To this end recall that J, (t) ~ t~1/2 cos(t — Zotly) 4

O(t=3/2) for t — oo, so that

R
Ja(N) N 12 [ €MD dX
| =g (r)e™ =t S () =
1/t A c(=A 1/t Aek1/2 c(=)
eAr=1) T B A\
—-1/2 iAr
+ -1t )\a+1/2 >\( ) C(—>\) + 1§t )\a+1/26 ¢)\(T) C(—/\)

where v = exp(iz%“rl 7). Since E(A) ~ O(A73/2) and (=)~} ~ A@F1/2,
the third integral is easily bounded. As for the first two integrals, we have

R ei)\(rit) d\ B |:€i)\(rit) b (7") :| R

1/t Aa+1/2 ¢A(T)c($)\) - i(r 1) )\a+1/2c(:|:)\) 1t

R
1 [ e d oa(r) 0\
=) ), ax \det12g(wy) )

The first term is dominated by ¢/r, which is what we need, whereas the
second term is controlled by an additional integration by parts. This gives
rise to the additional contribution

eMrE g Pa(r) f n 1 I§ eiA(rit)iz Aa(r) d\
(r£1)? dAN\No+12¢(FN) /]y (rE£1)? N dX2 \\e+12¢(FN) )

where the first term is bounded by ¢/r? and where the integral is bounded
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r2 Jo)\2

R
£ S —dA<
1t

Collecting powers in ¢ (noting that \/A(t) ~ t*+1/2 for t < Ry and that we
gained the factor t~/2 when estimating Sf‘/t Ja(AOA™ P (r)eMe(—N)"1dN),
the required kernel estimate follows. The remaining terms in the decompo-

)

sition of K. :,E 7 are treated analogously. =

REMARK 4.8. The proof is as in [I§] but it must be pointed out that the
proof in [I8] has a technical gap, in that the authors ignore ¢_» and c(—2\)
in the estimates. The results on asymptotic properties of ¢y and |c(\)|~2
are stated under the assumption that X is nonnegative, so one must be more
careful. Moreover, as we do not complex conjugate anywhere, and since the
original proof was a bit short, we have filled out the gaps along the way.
Lemma and the results on the asymptotic behavior of ¢y(t) have been
stated and proved in a way that repairs this small deficiency.

4.4. Investigation of Sy .. It remains to analyze S, . but the required
estimates follow at once from those for S3. once we interchange ¢ and 7.
The resulting kernel estimate is

e Pt 1

(46)  [Kar(tr)l<ce—— 57

for r < Rp/2 and t > Ry,

which implies that
Ro/2

—pt
SurfO1S | S ol 0)IAG) dr
0

s 1/p
7||f||Lp< S p—(a+1/2)p'+2a+1 dr) 7
t 0

which is finite whenever p’ < ggﬁ Unlike the operator S «, the LP-bounded-

ness of Sy, does not require an additional constraint on the range of p.
Indeed |Sy.f(t)| < 2| fllze, whence

o
1Sasfl 72y = | 180 F(OPA() dt
Ro
< Te 2t < - dt
< —a e A) dt < (1 Fllz | 2 S S
RO RO

4a+4 <

In other words |[Sa«fllr2(au) < cllfllze for 5073
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4.5. Divergence at p = py. We will presently prove Theorem [3.3] re-
garding the existence of a particularly unpleasant function f € LP°(du). The
technique is an easy extension of the one used to establish [I8, Theorem 4],
which we review for the sake of completeness. It was already used in [17],
which in turn was an extension of the classical Cantor-Lebesgue Lemma
(for trigonometric series) to the setting of Jacobi polynomials on [—1,1].

In the following, one should think of the parameter o (which Meaney
and Kanjin use for the Hankel transform) as our Jacobi parameter «; the
point is that we may ignore the other Jacobi parameter 3 when we are
merely interested in the local (Euclidean) behavior of the Jacobi functions.
So assume a > —1/2, p € [1,00), and 0 < a < b < co. Let L5 ((a,b)) denote
the space of all measurable functions g on R, for which

0 1/p
lglla = (§lo@Peettar) ™ < oc.

a

LEMMA 4.9. Assume ggig < p <2, and that F € L’o{((l,oo)) has the
property that

R+h
: Ja(At) 2a+1 _
Jim | F(A)( i) >/\ d\=0
uniformly in h € [0,1]. Then
R+h
Lim | POYXt2ax =0

uniformly in h € [0,1].

We refer to [15] for a proof. The lemma will be applied to F' = f, which is
permissible since the Hausdorff-Young inequality implies that ||]?|| L7 (dv) <
£l Lr(ay) Whenever f belongs to LP(dpu). Since |c(A)| 72 ~ X2*+! for A — oo,
it thus follows that ﬂ[lm) € IZ((1,00)).

LEMMA 4.10. Assume that p € [%gﬁﬂ] and f € LP(Ry,du) has the

property that imp_,oo Spf(t) exists for every t in a subset E C [0,1] of
positive measure. Then

R+h R
(4.7) lim | f(N)[e(V)] " dA=0

R—o0
uniformly in h € [0,1].

The proof of Theorem will be completed once we produce a function
f € LP(Ry, du) that violates the conclusion (4.7)).
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Proof. We may assume without loss of generality that E is contained in
an interval of the form [,1], A > 1/e. Using that

_ T2 TN g Jart (M)
oa(t) = c\/m< O +t al(t)()\t)aﬂ) + Ea(\t)

with |Eo(\, t)| < t27(@F1/2) \=(2e45)/2 for | \t| > 1, it suffices (due to the fact
that |c(A\)[ 72/ %22+ <1 for A — 00) to show that if

R+h R
Jim | F)ea®le(N)|?dr =0
R
for e <t <1, then
R+h
. ry Ja(At) 20+1 _
Lim | o 06 AZatl g\ = 0,

since Lemma [4.9| is then applicable. Note that the conclusion is not auto-
matic, since the integrands are not always positive. There could be lots of
oscillation going on that would prevent the requirement in Lemma to be
satisfied. We must therefore prove the statements

R+h

: . ~ a1 (M
() Jim ) FT e a0,
R+h R
i lim FN)Ea(X, )N ) = 0.
R

For (i), it follows from the usual Bessel function estimate |J,(z)| < x~1/2
for large = that

R+h R+h

S A()\)M)\Za-&-l A\ < ot~ (20+3)/2 S ‘J?(/\)’)\—(za+3)/2/\2a+1 X
()\t)a—l—l =
R R
R+h , R+h
< et o2 ([ Foyp et an) (] e e gy)
R

where the first integral is bounded by ||ﬂ] 17 (1.00))" The second integral is

00))
roughly of size (hR~(20+3)p/3+2a+1)1/P which tends to zero as R — oo, since
the assumption that p be larger than ggig implies that 2a+1—(a+3/2) < 0.
Therefore ({ij) holds; the proof of is just as easy. =
Proof of Theorem[3.3. Let
R+1 1 R+l
Fr(f) = § FleI ™ ax={ | extle() ™ dr}rm A at

R 0 R
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for R > 0 and f € LP(du) with supp f C [0, 1]. It is seen that the operator
norm of Fg is precisely

R+1

= (1] 1 exoieo o acar) "
0 R

which in turn is the norm of ¢ — {1 o (£)|c(A)| "1 dA in LP ([0, 1], A(t)dt).

Keeping in mind that

tt /2 gL ()
Al (A)e

with |E1(\, 1) < t2(A)~(2a+3)/2 for |At| > 1, we infer from the proof of [I5,
Lemma 2] (see also the proof of [14, Lemma 1]) that

pat) = + E1 (A1)

R+1
Ht N S J ()\t))\a-l-l/Q d\
5 (A L# ([0,1], A(t)dt)
R+1
NHtH> | Ja (At)xa“/?cu = (log R)'/7".
R (At)™ L' ([0,1],t2a+1dt)
Moreover
1 R+l .
{ ‘ { El()\,t))\o‘“/zd)\‘ A(t) dt
1/R R

is uniformly bounded in R, when we take p = pg. Indeed,

1 R+1

[ [} Bosoxs2an” a@ar
1/R R
1 R+1 »
< S ’ S Cth()\t)—(Qa+3)/2)\a+1/2d)\ A(t)dt
1/r R
1 R+1
< S ‘ S Cl)\ d)\‘ tp 2a+3)/2)t2a+1dt
1/R R
R1\? b sass R 1\ sose
_C<10g R ) 1§Rt2a+1 dt-c’(log 7 > [t2a+1]1/R

204 1 o
_ <1og i 1) H s o)

for R — oco. By the Banach—Steinhaus theorem there exists a function f €
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L ((0,1)) so that

R+1 R
lim sup ) f(/\)]c()\)]_l d\| = 0.

R—o0 R

It thus follows from Lemma that {Sgrf(t)} r diverges for almost every
te[0,1]. m

5. Proof of the mapping properties for critical exponents. We
NOW prove Theorem Since S « and S3 . do not behave worse on L° than
on other LP-spaces, it suffices to establish the endpoint mapping properties
of S1+ and Sy . The endpoint mapping property of Sy, is stated below as
Lemma @ so we shall presently concentrate on Sy ..

Recall from Subsection that we decomposed the integral kernel K g
for the localized piece Si r of the disc multiplier into a large collection of
pieces. The contributions K% Ry .,K157 p are easily handled, so we begin
with those:

For K} _r» We introduced a further decomposition K ( r)=DM r(t,T)
+E\(t,7), where M, .r was decomposed even further (cf. (4 ) into functions
of the form

pot1/2 pat1/2 1 1 B
T [ Jar)JaAOAT AN, d=2-M,...,1.

VAW AQr) et

1
The operator Si\’/l é’R associated with M117 p Wwas already seen to be con-
trolled by the spherical summation operator for the Hankel transform, so
the associated maximal operator has the stated mapping property accord-
ing to [4]. The case d = 0 (cf. (4.2)) entails an analysis of three pieces,

Mld,R(t7T) =

M 71(31), M) 71(32 ), and M ’1(;:3), corresponding to a suitable smooth partition of
the interval [1, R].

The piece Mi)’g)(t,r) was seen to satisty the estimate ’Mf’g)(tﬁ)’ e
t=(@t1/2)p=(a+1/2) whence

0(1) Ro 1 o f
0,(1 T
SISO | IEREDIAIA0 b 5 g | 0 A ar
1 — (&
S jati/2 ”fHLPOJ([O,RO],dM) = ( +1/2)||Lp1*°°([0,Ro},du)

1
S oz M lwo @y duy-
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0,(1)

The relevant level function for 517*1’R therefore satisfies the estimate

Mg 1 Mg
A = u({t € [0, Rol = S0 F(0)] > M) < 5 L ISL " 7O A di
0

R
R rar——
< S t +1—(a+1/2)po dt

APo
0

where the integral is finite since

1 1\d4a+4 2a+1
2 1-— - =2 1-— = = 0>-1
o+ <a+2>po o+ (a+2>2a+3 2a—|—3> >

JyEe
(o > —1/2 by the standing assumption), implying HSL*LR f||LPOv°°(R+,d#)
Sl ot (my ey @s claimed.

The mapping properties of the maximal operator associated with M{) ’}(%2)

are the same as for M{)’g) since |Mf’§z2) (t, )| < t~(etl/2)p—(at1/2),

The most difficult piece, Mf ’1(%3), gave rise to an operator that was con-

trolled by the Carleson operator applied to the function fv/A, the upshot
being the estimate . It is seen by close inspection of the argument on
top of page 75 in [4] that the Carleson maximal operator is even bounded
from LPo:! into LPO>° (the underlying measure space now being R, with

weighted Lebesgue measure x2“*1dx), so it follows that the maximal oper-
0,(3)

M

ator S} p™ is bounded from LP'(Ry,dp) into LPO*°(R,, dp). Recall here
JyLo)

that S) & f(t) is only considered for 0 < ¢ < Ry, hence the stated result on

0
the Carleson operator is applicable. Hence Si"/f »" enjoys the stated endpoint
mapping property.

The cases d = 2 — M,...,—2,—1 now follow at once; above we have
merely used that the relevant kernels were dominated by ¢t (@+1/2)p—(a41/2)
Since all the remaining operators satisfy the same estimates, we are effec-
tively done; the maximal operator Si . is bounded from LPo}(R,,du) into
L (R, dp).

As for S, . we will state the precise result as a lemma:

LEMMA 5.1. The mazimal operator Sy . is bounded from LPOY (R, du)
into L*(R, dp).

Proof. Recall that the level function of a function f € LPO(R4,dp) is
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defined by d¢(X\) = p({t : |f(t)| > A}), hence

ds,.s (N < 5 | IS0 F(OPAW) dt

<i°§° e’
~ )2 t
Ry

Observe that A(t) grows as e for t — 0o, so that the t-integrand is domi-
nated by 1/t? on [Rg, 00). For the inner integral, we intend to use the Lorentz

space version of the Holder inequality, that is (with py = ggfgl),

2
A(t) dt.

£ Ao ar

S a+1/2
0 T

Ro/2

[ § 507 ()] < Lo oo/ e
0

to which end it suffices to show that g : [0,Rp/2] — R, r — r~(@F1/2),

belongs to LP0->°([0, Ry /2], dy). This is easy: It follows from the estimate
dy(v) = p({r € [0, Ro/2] : v~ 2 > 9}y < p(fr 2 0: 7272 < 1/7))

2a+2

= ulr € Ry i1 <y TR < (7 WP = T adi2

2042 2a+1

that d,(y)"/P0 < (y~ @+1/2)%a+i = 4~ and therefore

, = d, ()P0 < 1.
191 L7t (0,120 210 Supy g(7) <1 -

This completes the proof of Theorem

REMARK 5.2. Lemmal5.1]should be seen as a “non-Euclidean” analogue
of the result from [23] and the statement is new even for rank one symmetric
spaces.
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