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¡1¢¤£^¥�¦�§$¨9©�ª�«%¦$¬Y¨�¥�¢®­ \S[ G ¯�\°T²±S`'³®´1T%±�[
T�¯�\^_aµ�T�U·¶']
`'¸c´�¹�ºC»c\½¼9¾�¿�À�Á1ÂYÃ^ÄÅ9Æ�Ç�ÈÊÉ Á�Ë®ÌMÍcÎ>ÏrÀ>bOV:\^Uc`%[�\ÐV3¯PÑ Lp,q(logL)A(G) ÒY`'] 0 < p, q ≤ ∞ T�UOV A ∈ R bcµÔÓ

[�»c\g±S_�T%Ó
Ó�`'Òe³®\�T%Ó
¸c]�T�¯c_a\�ÒY¸cUO±�[�µa`'UOÓ f `'U G ÒY`']�Õ�»cµÔ±�»®[�»c\gÖP¸1T%Ó
µØ×MUc`']
³;b ‖f‖p,q,A b¶'µØÙ>\^U;¯PÑ

W�Ú%¹ÔÚ�h ‖f‖p,q,A =





( 1Û
0

(t1/p(1− log t)Af∗(t))q
dt

t

)1/q

µaÒ 0 < q <∞ b
sup

0<t<1
t1/p(1− log t)Af∗(t) µaÒ q =∞ b

µÔÓÝÜcUcµØ[�\'b�Õ�»c\^]
\ f∗ V:\^Uc`%[�\ÐÓÝ[�»c\ÞV:\Ð±S]
\�T%Ó�µaUc¶ß]
\�T�]
]�T�Uc¶'\^³®\^UP[Ê`'Ò f ¹�ºC»cµÔÓvÖP¸1T%Ó
µØ×
Uc`']
³àµÔÓv\ÐÖP¸cµØÙ'T�_a\^UP[®[�`ßT�Uc`']
³áÕ�»c\^U 1 < p ≤ ∞, 1 ≤ q ≤ ∞, A ∈ R `']
p = q = 1, A ≥ 0 ¹Oâc`'] A = 0 [�»c\ÐÓ
\ãÓ
´1T%±S\ÐÓ�T�]
\g[�»c\i¸OÓ
¸1T�_ ­ `']
\^UP[�äãÓ
´1T%±S\ÐÓSb1T�UOV
ÒY`'] p = q [�»c\SÑ�T�]
\6å�Uc`�ÕæUçT%Ó Å9ÆÐÇ%ÈvÉ Á�Ë¤ÌMÍcÎ>ÏrÀSÌ%bO´1T�]�[�µÔ±S¸c_�T�]g\SècT�³®´c_a\ÐÓ�`'Ò�d�]
_aµÔ±Sä
Ó
´1T%±S\ÐÓS¹�dgÒ�±S`'¸c]�Ó
\'bEµaÒ p = q T�UOV A = 0 b�[�»c\^UZ[�»c\ ­ `']
\^UP[�ä�é:ê1Ñ/¶'³Ê¸cUOV²Ó
´1T%±S\
Lp,q(logL)A µÔÓæÓ
µa³®´c_ØÑë[�»c\6±S_�T%Ó�Ó
µÔ±ÐT�_5ìkT�U1T%±�»�Ó
´1T%±S\ Lp ¹

âc`'] 1 ≤ p, r ≤ ∞ b 1 ≤ q, s ≤ ∞ T�UOV A,B ∈ R b^ÕC\�_a\S[ M(p, q, A; r, s,B) ¯�\
[�»c\æÓ
´1T%±S\k`'ÒeT�_a_c¯�`'¸cUOV:\ÐVí_aµaUc\�T�]�`'´�\^]�T$[�`']�Ó T ÒY]
`'³ Lp,q(logL)A [�` Lr,s(logL)B

Õ�»cµÔ±�»�±S`'³®³v¸:[�\�Õ�µØ[�»3[�]�T�UOÓ�_�T$[�µa`'UOÓ^¹1X*\6±ÐT�_a_�[�»cµÔÓ�TÞÌMÍcÎ>Ï�ÀÊ¾�î�¼5¾�¿�ÀSÁ1ÂYÃ^Ä Å9Æ�Ç�ÈÊÉ Á�ËÈvÉcï Â�ð�Í ï ðLÀS¿rÌ'¹�Xñ\í±ÐT�_a_�[�»c\Ê`'´�\^]�T$[�`']iUc`']
³ò`'Ò T [�»c\ ÈÊÉ:ï Â�ð�Í ï ðLÀS¿ÊÁ�¾�¿ È `'Ò T b9T�UOV
V:\^Uc`%[�\6µØ[æ¯PÑ ‖T‖M(p,q,A;r,s,B) W `'] ‖T‖M(p,q,A) µaÒ r, s,B = p, q, A ¹�h­ `']
\^UP[�ä�é:ê1Ñ/³Ê¸cUOV°³v¸c_Ø[�µa´c_aµa\^]�ÓÝ»1T^Ù>\ÞT�]
µÔÓ
\^U°µaU½T3U�¸c³v¯�\^]Ý`'ÒC]
\Ð±S\^UP[Ê´1T�´�\^]�ÓS¹
âO`']�\SècT�³®´c_a\'b�µaU3ó�ô$õOög]�T�Ò�T�å'`>Ó�T�UOVv÷
T%Ó�[�ÑOøY`�V:\^]
µØÙ>\ÐVv¯cµa_aµaUc\�T�]�µaUP[�\^]
´�`'_�T$[�µa`'UÊ[�»c\^`%×
]
\^³¤Ó�ÒY`']�`'´�\^]�T$[�`']�Ó�`'U ­ `']
\^UP[�ä�é:ê1Ñ/¶'³v¸cUOVÊÓ
´1T%±S\ÐÓ^b$Õæ»cµa_a\NµaU3óØÚ�ù�õ:º�T�`�T�UOVãXñ]
µa¶'»P[
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Ó
»c`�ÕN\ÐVÞ[�»1T$[æ[�»c\¤W ¸OÓ�¸1T�_5V:µ � ±S¸c_Ø[�hN\^UOVÞ´�`'µaUP[�]
\ÐÓ�¸c_Ø[�`'Ò5[�»c\Ý÷�T�]�±SµaUcå�µa\SÕ�µÔ±Säã³v¸c_Ø×
[�µa´c_aµa\^]E[�»c\^`']
\^³ µÔÓEÒY]
`'³ L(logL)A WY[�»c\ ­ `']
\^UP[�ä�é:ê1Ñ/¶'³v¸cUOV¤Ó�´1T%±S\ L1,1(logL)A h
[�` L1,q bPÒY`'] A ≥ 1/2+1/q ¹PìkT�å;À^ÂEÎ ï�� b>µaU
óØÚ�õMbPÓ
»c`�ÕC\ÐVÊ[�»1T$[�³®\�T%Ó
¸c]
\ÐÓEÕæ»cµÔ±�»�T�]
\
±S`'³®´1T%±�[�_ØÑ�Ó
¸c´c´�`']�[�\ÐV�`'U�[�»c\
	1T$[�±S¸c]�Ù>\ÐÓ�µaU R2 ³�T�´ L2 [�`¤[�»c\vÓ�³�T�_a_a\^]�dg]
_aµÔ±Sä
Ó
´1T%±S\ L2,2(logL)A ÒY`'] A < 0 b1T�UOV3Ó�`¤T�]
\i\SècT�³®´c_a\ÐÓC`'ÒEd�]
_aµÔ±SäS×Mµa³¤´c]
`�Ù/µaUc¶®³®\�T$×
Ó
¸c]
\ÐÓS¹Oºk»c\iV:µa³®\^UOÓ
µa`'U3`'Ò9[�»c\ÐÓ
\6dg]
_aµÔ±Sä�µa³®´c]
`�Ù/µaUc¶í³®\�T%Ó
¸c]
\ÐÓNÕæT%ÓCÓ�[�¸OV:µa\ÐVÞµaUñó��$õM¹­ `']
\^UP[�äS×Mµa³®´c]
`�Ù/µaUc¶ë³®\�T%Ó�¸c]
\ÐÓkÕC\^]
\iµaUPÙ>\ÐÓn[�µa¶PT$[�\ÐV�µaU°ó�
�õM¹

ºC»c\Ý´c]
`'¯c_a\^³ `'Ò�µaUO±S_a¸OÓ�µa`'U*T�UOV�Uc`'U:×MµaUO±S_a¸OÓ�µa`'Uß`'Ò�V:µ���\^]
\^UP[iÓ
´1T%±S\ÐÓ�`'Ò�³v¸c_Ø[�µØ×
´c_aµa\^]�Ó6ÒY`'] ­ `']
\^UP[�ä¤Ó
´1T%±S\ÐÓ6»1T%Óã¯�\^\^Uñ\Sè�[�\^UOÓ�µØÙ>\^_ØÑñÓ�[�¸OV:µa\ÐVeb�Ó�\^\¤ÒY`']ã\SècT�³®´c_a\
ó���õMb
óØÚ���õMb�ó �%õgT�UOV�ó��$õM¹��N`�Õæ_aµaUc¶°T�UOVHâc`'¸c]
Ucµa\^]
ó �%õ�µa³®´c]
`�Ù>\ÐV½[�»c\3]
\ÐÓ
¸c_Ø[ M(p; p) (
M(p; p,∞) ÒY`'] 1 < p < 2 `'ÒCêeT�ÒY]�T�UHóØÚ���õ�[�`�¶'\^Uc\^]�T�_E_a`/±ÐT�_a_ØÑ
±S`'³®´1T%±�[i¶']
`'¸c´OÓ^¹� U [�»c\
Ó�T�³®\�´1T�´�\^]ë[�»c\SÑ Ó
»c`�ÕN\ÐV [�»1T$[ M(p, q; p, r) ( M(p, q; p, t) ÒY`'] p 6=
1, 2,∞ T�UOV 1 < q ≤ r < t ≤ q′ b�T�UOV½[�»1T$[ M(p, s; p, r) ( M(p, q; p, r) µaÒ
r′ ≤ q < s ≤ r ¹� U½ó��$õMb���T�]
\ÊT�UOV��:T$[�`�Ó�[�¸OV:µa\ÐV�[�»c\ ­ `']
\^UP[�äÝ³v¸c_Ø[�µa´c_aµa\^]�Ó
´1T%±S\ÐÓ M(p, q; p, r)
T�UOV Ó
»c`�ÕN\ÐV [�»1T$[ ÒY`'] µaUcÜcUcµØ[�\'b;±S`'³®´1T%±�[�T�¯�\^_aµ�T�Uò¶']
`'¸c´OÓSb M(p, q; p, r) (
M(p, t; p, s) µaÒ 0 < 1/r − 1/q < 1/s − 1/t T�UOV M(p, t; p, s) 6= M(r, v; r, u)
µaÒ 1 < p, r <∞ T�UOV r 6= p, p′ ¹� Uí[�»cµÔÓ�´1T�´�\^]�ÕC\k¶'\^Uc\^]�T�_aµaä^\�[�»c\�]
\ÐÓ�¸c_Ø[�Ó�`'Ò�ó��$õO[�` ­ `']
\^UP[�ä�é:ê1Ñ/¶'³v¸cUOVëÓ
´1T%±S\ÐÓS¹
dg¸c]�´c]
`�`'Ò Ó�V:\^´�\^UOV�»c\�T^Ù/µa_ØÑ;`'U;[�»c\^µa]�[�\Ð±�»cUcµÔÖP¸c\ÐÓS¹9dg¸c]�³�T�µaU;Uc\SÕJ±S`'UP[�]
µa¯c¸:[�µa`'U
µÔÓ¤[�`½ÜcUOV T�U ¸c´c´�\^]Þ¯�`'¸cUOV ÒY`']ë[�»c\ ­ `']
\^UP[�ä�é:ê1Ñ/¶'³v¸cUOV ³v¸c_Ø[�µa´c_aµa\^]�Uc`']
³¤Ó�`'Ò
[�]
µa¶'`'Uc`'³®\S[�]
µÔ±í´�`'_ØÑ/Uc`'³®µ�T�_ÔÓ�Õ�»cµÔ±�»ßV:\^´�\^UOV W _a`'¶PT�]
µØ[�»c³®µÔ±ÐT�_a_ØÑOh�`'U
[�»c\®±ÐT�]�V:µaU1T�_Ø×
µØ[�Ñ*`'ÒC[�»c\�Ó
¸c´c´�`']�[Ê`'ÒN[�»c\^µa]ÊâO`'¸c]
µa\^]6[�]�T�UOÓ
ÒY`']
³¤Ó^¹�ºk»cµÔÓÊT�_a_a`�Õ�ÓÝ¸OÓã[�`
Ó
»c`�Õ6b�ÒY`']
\SècT�³®´c_a\'b�[�»1T$[ÊµaÒ 1 ≤ p ≤ ∞ b5[�»c\^UZ[�»c\�³v¸c_Ø[�µa´c_aµa\^]íÓ�´1T%±S\ÐÓ M(p, s,A; p, t, B)
T�UOV M(p, q, C; p, r,D) T�]
\gV:µÔÓ�[�µaUO±�[kµaÒ t ≤ s b B ≥ A bcT�UOV 1/t− 1/s+B−A <
1/r−1/q+D−C WYÕæ»c\^]
\æµaÒ p = 1,∞ ÕC\k¸cUOV:\^]�Ón[rT�UOV�T�_a_c[�»c\�Ó
\Ð±S`'UOVíµaUOV:µÔ±S\ÐÓ�[�`
¯�\ p T�UOV¤T�_a_:[�»cµa]�VíµaUOV:µÔ±S\ÐÓE[�`ã¯�\kUc`'U:×MUc\^¶PT$[�µØÙ>\�µaÒ p = 1 b'Uc`'U:×M´�`>Ó
µØ[�µØÙ>\�µaÒ p =∞ hr¹� è/´c_aµÔ±SµØ[Ý±S`'UOÓ�[�]
¸O±�[�µa`'UOÓ6`'Ò�³v¸c_Ø[�µa´c_aµa\^]�Ói[�»1T$[ÝT�]
\®±S`'³Ê¯cµaU1T$[�µa`'UOÓi`'ÒCâO\�� �^]iå'\^]
Uc\^_ÔÓ
T�]
\ã¶'µØÙ>\^U;[�`®Ó�»c`�Õ [�»c\ÝV:µÔÓn[�µaUO±�[�Uc\ÐÓ�Ó�`'Ò5[�»c\ÐÓ
\6Ó
´1T%±S\ÐÓS¹

ì�Ñ¤±S`'³Ê¯cµaUcµaUc¶6[�»c\ÐÓ
\g³v¸c_Ø[�µa´c_aµa\^]�ÓN¸OÓ
µaUc¶ÊT
!æ¸OV:µaU/é"��»1T�´cµa]
`%×M_aµaå'\6±S`'UOÓn[�]
¸O±�[�µa`'U�b
ÕC\ëT�_ÔÓ
`�Ó
»c`�Õ [�»1T$[ÝµaÒ r 6= p, p′ b�[�»c\ëÓ�´1T%±S\ÐÓ M(p, t, A; p, s,B) T�UOV M(r, v, C;
r, u,D) T�]
\�V:µÔÓ�[�µaUO±�[CÒY`']CT�UPÑ 1 ≤ s, t, u, v ≤ ∞ T�UOV A,B,C,D WYÕæµØ[�»ë[�»c\�Ó�T�³®\
±ÐT^Ù>\�T$[�T%Ó�T�¯�`�Ù>\ãµaÒ�[�»c\ãÜc]�Ón[�µaUOV:\Sè3µÔÓ 1 `'] ∞ hr¹

#e¢%$�¨�§'&/¥�¦)(+*-,%.0/�1çª�¥�©3254761«8&92
#e¢�¡1¢%: ¾'Â!Î%Â�ðL¾�ÁñÎ%Á�Ë<;�Î%Ì�ðLÏNîSÎ>Ï^Â�Ì �=� U;[�»cµÔÓ�Ó
\Ð±�[�µa`'U�ÕN\6Ó
¸c³®³ëT�]
µaä^\ã¯1T%Ó
µÔ±ã´c]
`'´:×

\^]�[�µa\ÐÓE`'ÒO[�»c\ ­ `']
\^UP[�ä�é:ê1Ñ/¶'³v¸cUOV®Ó
´1T%±S\ÐÓ^¹>âO`']�]
\ÐÓ
¸c_Ø[�Ó�Ón[rT$[�\ÐVí»c\^]
\CÕæµØ[�»c`'¸:[�´c]
`�`'Ò Ó
ÕC\�]
\^ÒY\^]5[�»c\�]
\�T%V:\^]�[�`�ìN\^UcUc\S[
[ET�UOV>!æ¸OV:UcµÔ±�å¤ó�ù�õPÕ�»c\^]
\�[�»c\ÐÓ
\NÓ�´1T%±S\ÐÓ�T�]
\NÓn[�¸OV:µa\ÐV
\Sè�[�\^UOÓ
µØÙ>\^_ØÑ>¹

âc`'] 1 < p ≤ ∞, 1 ≤ q ≤ ∞, A ∈ R bC`'] p = q = 1 T�UOV A ≥ 0 b
[�»c\ ­ `']
\^UP[�ä�é:ê1Ñ/¶'³Ê¸cUOVßÓ
´1T%±S\ Lp,q(logL)A µÔÓãT�ìCT�U1T%±�»*Ó�´1T%±S\¤T�UOV
µØ[�ÓiV:¸1T�_�µÔÓ
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µÔV:\^UP[�µaÜc\ÐV6Õ�µØ[�» Lp′,q′(logL)−A Õ�»c\^U p <∞ b�Õæ»c\^]
\ p′ T�UOV q′ T�]
\�[�»c\N±S`'U �n¸c¶PT$[�\
µaUOV:µÔ±S\ÐÓæ[�` p T�UOV q ]
\ÐÓ�´�\Ð±�[�µØÙ>\^_ØÑ>¹­ `']
\^UP[�ä;Ó
´1T%±S\ÐÓ¤T�]
µÔÓ�\�T%ÓÊµaUP[�\^]
´�`'_�T$[�µa`'U Ó�´1T%±S\ÐÓí`'Ò ­ `']
\^UP[�ä;Ó
´1T%±S\ÐÓS¹ � UOV:\^\ÐVeb
µaUJóØÚ'ÚSõMb�÷;\^]
¸O±^±SµgÓ�»c`�ÕC\ÐV²[�»1T$[ë¯PÑ²±S`'UOÓ
µÔV:\^]
µaUc¶°[�»c\�±S_�T%Ó�Ó
µÔ±ÐT�_ K ÒY¸cUO±�[�µa`'U1T�_�`'Ò� ¹
��\^\S[�]
\ÝT�UOVÞ[�»c\ãÒY¸cUO±�[�µa`'U f(t) = tθ(1 + |log t|)−A `'Uc\6±ÐT�U;`'¯:[rT�µaU

Lp,q(logL)A = (Lp0,q0 , Lp1,q1)f,q;K

Õ�µØ[�» 1/p = (1− θ)/p0 + θ/p1 ¹� ÓCÕæµØ[�» ­ `']
\^UP[�ä6Ó
´1T%±S\ÐÓ^bc[�»c\ãÜc]�Ó�[æµaUOV:\Sè3V:`'³¤µaU1T$[�\ÐÓC[�»c\ãµaUO±S_a¸OÓ
µa`'U;]
\^_�T$[�µa`'U��
ÒY`']�T�UPÑ q, s > 0 T�UOV A,B ∈ R b
WMù�¹ÔÚ�h Lp,q(logL)A ⊆ Lr,s(logL)B µaÒ 0 < r < p ≤ ∞.
X »c\^UZÕC\�Ù'T�]�Ñ°[�»c\;Ó�\Ð±S`'UOVHT�UOVZ[�»cµa]�V½µaUOV:µÔ±S\ÐÓÊ[�»c\^U�bEÒY`']¤T�UPÑ 0 < p ≤ ∞ b�µaÒ
\^µØ[�»c\^]

W µYh q ≤ r T�UOV A ≥ B `'] W µaµYh q > r T�UOV A+ 1/q > B + 1/r,

ÕC\i»1T^Ù>\
Lp,q(logL)A ⊆ Lp,r(logL)B.

X µØ[�»3[�»cµÔÓæµaUO±S_a¸OÓ�µa`'U�]
\^_�T$[�µa`'U�`'Uc\ã±ÐT�U�\�T%Ó�µa_ØÑ3Ó
\^\i[�»1T$[�µaÒ�\^µØ[�»c\^]
W µYh s < r ≤ q T�UOV B + 1/r > C + 1/s `'] W µaµYh r ≤ s ≤ q T�UOV B ≥ C,

[�»c\^U
WMù�¹�ù'h M(p, q, A; p, r,B) ⊆M(p, q, A; p, s, C).

��µa³®µa_�T�]
_ØÑ>b'µaÒ1\^µØ[�»c\^] r ≤ q ≤ v T�UOV C ≥ A `'] r ≤ v < q T�UOV C+1/q > A+1/v b
[�»c\^U
WMù�¹ �>h M(p, v,A; p, r,B) ⊆M(p, q, C; p, r,B).

dg¸c]kµaUP[�\^]
\ÐÓ�[�_aµa\ÐÓkµaU�T%Ó�å�µaUc¶íÕ�»c\^]
\i[�»c\ÐÓ
\6±S`'UP[rT�µaUc³®\^UP[�ÓgT�]
\ãÓ�[�]
µÔ±�[Ð¹
ºC»c\^]
\ÝµÔÓ�Të÷�T�]�±SµaUcå�µa\SÕ�µÔ±SävµaUP[�\^]
´�`'_�T$[�µa`'Uç[�»c\^`']
\^³ ÒY`']�[�»c\ÐÓ
\v`'´�\^]�T$[�`']�ÓÊW�Ó
\^\

ó��:b�´�¹�ù8� �$õ hr¹�º�T�å�µaUc¶ A = 0 ¶'µØÙ>\ÐÓ�[�»c\vµaUP[�\^]
´�`'_�T$[�µa`'Uç[�»c\^`']
\^³ ÒY`']�`'´�\^]�T$[�`']�Ó�`'U­ `']
\^UP[�ä6Ó
´1T%±S\ÐÓÝW�±SÒ�¹�óØÚ��$õMb�ó��:bc´�¹�ù'ù8��õ hr¹
�����������
� ù�¹ÔÚ��! É Í>Íc¾�Ì^À T ðYÌ6Î#" É Î�Ìrð ï ðYÁ�À�Î%¿Ý¾rÍcÀ�¿�Î%Â!¾�¿ÝÎ�Á�ËíðYÌ6¾�î%$�ÀrÎ'&vÂ Æ ÍcÀSÌ

(p0, q0) Î�Á�Ë (p1, q1) b($Eð Â�)í¿�À�Ì!ÍcÀ�Ï^Â�ð+*%À%$�À�Î'&ãÁ�¾�¿ È Ì M0 Î%Á�Ë M1 Î�Á�Ë 0 < θ < 1
�

, )/ÀSÁ
Â�)/ÀS¿�À6ðYÌ6Î�Ïr¾�ÁcÌ�Â!Î�Á1Â M = M(M0,M1, θ) Ì É Ï-)ÞÂ�)/Î%Â
‖Tf‖pθ,r,A ≤M(M0,M1, θ)‖f‖qθ,r,A

îS¾�¿vÎ�Á Æ r ≥ 1 Î�Á�Ë
1

pθ
=

1− θ
p0

+
θ

p1
,

1

qθ
=

1− θ
q0

+
θ

q1
.

º5]
µa¶'`'Uc`'³®\S[�]
µÔ±;´�`'_ØÑ/Uc`'³®µ�T�_ÔÓ�T�]
\�V:\^UOÓ
\;µaU L(logL)A ÒY`'] A ≥ 0 T%Óí[�»c\ÐÓ
\
Ó
´1T%±S\ÐÓæT�]
\�»c`'³®`'¶'\^Uc\^`'¸OÓæìkT�U1T%±�»;Ó�´1T%±S\ÐÓ^¹���\^UO±S\g¸OÓ
µaUc¶v[�»c\ãV:`'³®µaU1T$[�\ÐVÞ±S`'UPÙ>\^]�×
¶'\^UO±S\�[�»c\^`']
\^³ µØ[NÒY`'_a_a`�Õ�Ó�[�»1T$[N[�»c\ L(logL)A ³v¸c_Ø[�µa´c_aµa\^]NUc`']
³ `'Ò5Tã´�`'_ØÑ/Uc`'³®µ�T�_
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±ÐT�U°¯�\ÞT�´c´c]
`�è/µa³ëT$[�\ÐVZ¯PÑß[�»c\ Lpn,1(logL)A ³v¸c_Ø[�µa´c_aµa\^]ÝUc`']
³ëÓãÕæ»c\^]
\ pn ↓ 1 ¹� ÓæTí±S`'UOÓ
\ÐÖP¸c\^UO±S\ãÕC\i»1T^Ù>\i[�»c\ãÒY`'_a_a`�Õ�µaUc¶®_a\^³®³ëT/¹
� ���%��� ù�¹�ù �í¼9À^Â g ;�À Î·Â�¿rð Ç ¾�Á�¾ È À^Â�¿�ðLÏñÍc¾ ï�Æ Á�¾ È ðLÎ ï�� , )/ÀSÁ ‖g‖M(1,1,A)

≤ ‖g‖1
�

ºC»c]
`'¸c¶'»c`'¸:[ë[�»cµÔÓí´1T�´�\^]¤¯PÑ f(x) ' g(x) ÕC\3Õæµa_a_æ³®\�T�U½[�»1T$[®[�»c\^]
\�\Sè/µÔÓ�[
±S`'UOÓ�[rT�UP[�Ó C1, C2 bcµaUOV:\^´�\^UOV:\^UP[g`'Ò x bOÓ�¸O±�»3[�»1T$[ C1g(x) ≤ f(x) ≤ C2g(x) ¹� Uç`'¸c]ã±ÐT�_Ô±S¸c_�T$[�µa`'UOÓ^b9¶'\^Uc\^]
µÔ±®±S`'UOÓ�[rT�UP[�Ó�Õ�»cµÔ±�»*T�´c´�\�T�]ã³ëT^Ñ�Ù'T�]�Ñ
ÒY]
`'³ò_aµaUc\
[�`®_aµaUc\'¹� [EÕ�µa_a_c¯�\æ±S`'UPÙ>\^Ucµa\^UP[�[�`iå�Uc`�Õ [�»c\ Lp,q(logL)A Uc`']
³ ÒY`']E[�»c\�±�»1T�]�T%±�[�\^]
µÔÓn[�µÔ±
ÒY¸cUO±�[�µa`'U�b χI b'`'ÒeT�UíµaUP[�\^]�Ù'T�_ I ¹ � U�ó��$õc[�»c\�±ÐT%Ó�\ p = q = 2 b A < 0 ÕæT%Ó�T%VcV:]
\ÐÓ�Ó�\ÐVe¹
âO`']k[�»c\i¶'\^Uc\^]�T�_�±ÐT%Ó
\i[�»c\i´c]
`�`'Ò�µÔÓæÓ�µa³¤µa_�T�]^¹

� ���%��� ù�¹ � �®¼9À^Â I ;�ÀÞÎ�Á½ðYÁOÂ!ÀS¿-*%Î ï ¾�î ï ÀSÁ Ç Â�) |I| ��� ¾�¿ÞÎ�Á Æ ¾�î®Â�)/À���Î%Á�Î>Ï )
Ì!Í:ÎPÏ�ÀSÌ Lp,q(logL)A $�À )/Î *�À

‖χI‖p,q,A ' |I|1/p|log |I| |A

$ )/ÀS¿�ÀÝÂ�)/ÀÊÀ " É ð+*%Î ï À�Á�Ï�ÀÊÏr¾�ÁcÌ�Â!Î�Á1Â�Ì C1, C2 Ë>ÀnÍcÀ�Á�Ë�¾�Á ï�Æ ¾%Á p �
#e¢ #e¢�� Á�À	" É Î ï ð Â�ðLÀ�Ìi¿�À ï Î'Â�ðYÁ Ç ¼9¾%¿�ÀSÁOÂYÃÐÄ Å�Æ%ÈvÉ Á�Ë®Á�¾�¿ È Ì �=� [æÕ�µa_a_5T�_ÔÓ�`®¯�\i»c\^_a´cÒY¸c_

[�`ÞV:\^]
µØÙ>\íÓ
`'³®\vµaUc\ÐÖP¸1T�_aµØ[�µa\ÐÓi]
\^_�T$[�µaUc¶ ­ `']
\^UP[�ä�é:ê1Ñ/¶'³v¸cUOVçUc`']
³¤Ó�ÕæµØ[�»çV:µ���\^]
\^UP[
µaUOV:µÔ±S\ÐÓ^¹�ºC»c\ã´c]
`�`'Ò ÓæÒY`'_a_a`�Õ�ÒY]
`'³ ��	'_ÔV:\^]�
�ÓkµaUc\ÐÖP¸1T�_aµØ[�Ñ�T�UOV�T�]
\ã`'³®µØ[
[�\ÐVe¹

� � ��
���������� ��� ù�¹����! É Í>Íc¾�Ì^À 1 < b <∞ b 1 ≤ p, q <∞ Î�Á�Ë α ∈ R �
W µYh � î αq(1− δ)b′ < −1 Â�)/ÀSÁ

‖f‖p,q,α ≤
( −1

1 + αq(1− δ)b′
)1/qb′

‖f‖p,qb,αδ.

W µaµYh � î 1 < δ <∞ b�Â�)/ÀSÁ
‖f‖p,q,α ≤

(
pb′

qδ′

)(1/qδ′)′

‖f‖pb,qδ,α.

�e¢�� 474 &�§���¨�ª�¥�©72��M¨1§ 1
ª��Y¦�¬ 4���¬ &�§�¥5¨1§+1 2%¢ ºk»c]
`'¸c¶'»c`'¸:[æ[�»c\i]
\^³ëT�µaUOV:\^]
`'Ò�[�»c\æ´1T�´�\^]EÕC\CÕ�µa_a_c]
\ÐÓ�[�]
µÔ±�[�`'¸c]NT$[
[�\^UP[�µa`'U®[�`6±S\^]�[rT�µaU ­ `']
\^UP[�ä�é:ê1Ñ/³v¸cUOVëÓ�´1T%±S\ÐÓ
Õ�»cµÔ±�»�T�]
\ÝìCT�U1T%±�»�Ó�´1T%±S\ÐÓ^b1U1T�³®\^_ØÑë[�»c\6Ó
´1T%±S\ÐÓ Lp,q(logL)A Õ�»c\^]
\

1 < p <∞, 1 ≤ q ≤ ∞, A ∈ R, `']
p = q = 1, A ≥ 0, `']
p = q =∞, A ≤ 0.

ºk»c\ÐÓ�\6Ó
´1T%±S\ÐÓ�T�]
\ÝT�_a_9±S`'UP[rT�µaUc\ÐV�µaU L1 T�UOV;±S`'UP[rT�µaU L∞ ¹



	�7�ý"� � � ����� ��25���$þ����	� /�
9� �%�64 � �%� þ�� 7'� ����2 � � ���

X*\gÜc]�Ón[kV:\^]
µØÙ>\�¸c´c´�\^]C¯�`'¸cUOVcÓNÒY`']N³v¸c_Ø[�µa´c_aµa\^]NUc`']
³¤Ó�`'Ò�[�]
µa¶'`'Uc`'³®\S[�]
µÔ±g´�`'_ØÑ�×
Uc`'³®µ�T�_ÔÓ¤WLT%±�[�µaUc¶;¯PÑß±S`'UPÙ>`'_a¸:[�µa`'U�hgÕ�»c\^Uç[�»c\íÜc]�Ó�[ã[�ÕN`3µaUOV:µÔ±S\ÐÓã`'Ò�[�»c\ ­ `']
\^UP[�ä�é
ê1Ñ/¶'³v¸cUOVíÓ
´1T%±S\ÐÓ�T�]
\C[�»c\æÓ�T�³®\'¹'ºk»cµÔÓE¸OÓ�\ÐÓ�[�»c\kÒY`'_a_a`�ÕæµaUc¶6`'¯OÓ�\^]�Ù'T$[�µa`'U®Õ�»cµÔ±�»®±ÐT�U
¯�\ã´c]
`�Ù>\ÐV;¯PÑ�\^_a\^³®\^UP[rT�]�Ñ;±ÐT�_Ô±S¸c_a¸OÓS¹

� ���%��� �/¹ÔÚ�� sup
0<t<1

(tx(1− log t)y) = ex−y
(
y

x

)y �

� � ��
���������� ��� �/¹�ù �í¼9À^Â G ;�À�Î
Ï�¾ È Í:ÎPÏSÂ�Î ;�À ï ðLÎ�Á Ç ¿�¾ É Í�b 1 < p < ∞ Î%Á�Ë
A ≤ B �  É Í>Íc¾�Ì^À P ðYÌiÎÊÂ�¿�ð Ç ¾%Á�¾ È ÀSÂ�¿�ðLÏkÍ:¾ ï�Æ Á�¾ È ðLÎ ï ¾�Á G $Eð Â�) ‖P‖M(r,r) ≤ C0îS¾�¿ÝÎ ïYï 1 < r <∞ � , )/ÀSÁ
Â�)/ÀS¿�ÀiðYÌ6Î�Ï�¾�ÁOÌrÂ!Î%ÁOÂ C = C(p, q, A,B,C0) Ì É Ï )�Â�)/Î'Â

‖P‖M(p,q,A;p,q,B) ≤ C(log |supp P̂ |)B−A.
� ¿�¾�¾�î � � Ó
Ó
¸c³®\æÜc]�Ó�[ q <∞ ¹ ��]
`'´�`>Ó�µØ[�µa`'U3ù�¹��vÓ�»c`�Õ�ÓE[�»1T$[NµaÒ 1 < b <∞ T�UOV

δ µÔÓæ±�»c`>Ó
\^U�Ó
¸O±�»3[�»1T$[ Bq(1− δ)b′ < −1 bc[�»c\^U
W �/¹ÔÚ�h ‖P ∗ f‖p,q,B ≤

( −1

1 +Bq(1− δ)b′
)1/qb′

‖P ∗ f‖p,qb,Bδ.

ºk»c\ãV:\^ÜcUcµØ[�µa`'U�`'Ò�[�»c\ ­ `']
\^UP[�ä�é:ê1Ñ/¶'³v¸cUOV;Uc`']
³ ¶'µØÙ>\ÐÓ
(3.2) ‖P ∗ f‖p,qb,Bδ

≤ ‖P ∗ f‖1/bp,q,A sup
t

(t1/pb
′
(1− log t)Bδ−A/b) sup

t
|P ∗ f(t)|1/b′

T�UOV�T%±^±S`']�V:µaUc¶®[�`í[�»c\ã\^_a\^³®\^UP[rT�]�ÑÞ_a\^³¤³ëT/b/[�»c\ã³®µÔVcV:_a\�[�\^]
³ µÔÓk¯�`'¸cUOV:\ÐV;¯PÑ
e1/pb′e−(Bδ−A/b)((Bδ − A/b)pb′)Bδ−A/b.

X µØ[�»c`'¸:[�_a`>Ó�Ó¤`'Ò�¶'\^Uc\^]�T�_aµØ[�ÑHÕN\�±ÐT�U T%Ó
Ó
¸c³®\ N ≡ log |supp P̂ | > p ¹ ­ \S[
b = bN ≡ N/(N − p) W�Ó
` b′N = N/p hæT�UOV�±�»c`�`>Ó�\ δ = δN Ó�¸O±�»�[�»1T$[�ÒY`']�Ó
`'³®\
Ü:è/\ÐV ε0 > 0 b

Bq(1− δN )b′N = −(1 + ε0).

ºk»c\^U δN → 1 T%Ó N →∞ T�UOV
( −1

1 +Bq(1− δN )b′N

)1/qb′N
=

(
1

ε0

)p/qN
≤
(

1

ε0

)p/N

µÔÓæ±S_a\�T�]
_ØÑ3¯�`'¸cUOV:\ÐVe¹ � _ÔÓ�`cb1Ó�µaUO±S\ BδN −A/bN → B −A b
e−(BδN−A/bN )((BδN −A/bN )pb′N )BδN−A/bN → NB−A.

º�`'¶'\S[�»c\^]kÕ�µØ[�»3\ÐÖP¸1T$[�µa`'UOÓvW �/¹ÔÚ�hkT�UOVñW �/¹�ù'h�[�»cµÔÓæ\ÐÓ�[rT�¯c_aµÔÓ�»c\ÐÓ
W �/¹ �>h ‖P ∗ f‖p,q,B ≤ CNB−A‖P ∗ f‖1/bNp,q,A sup

t
|P ∗ f(t)|1/b′N .

ºC»c\Ý¯�`'¸cUOV:\ÐV:Uc\ÐÓ�Ó�`'Ò�[�»c\ M(r, r) ³v¸c_Ø[�µa´c_aµa\^]gUc`']
³¤ÓgT�UOV�[�»c\ � UP[�\^]
´�`'_�T$[�µa`'U
ºk»c\^`']
\^³ \^UOÓ�¸c]
\�[�»1T$[N[�»c\ M(p, q, A) Uc`']
³ `'Ò P µÔÓkT�_ÔÓ�`Ê¯�`'¸cUOV:\ÐVÞ¯PÑ®[�»c\�Ó�T�³®\
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±S`'UOÓ�[rT�UP[Ð¹�ºk»�¸OÓ
W �/¹���h ‖P ∗ f‖p,q,B ≤ CC1/bN

0 NB−A‖f‖1/bNp,q,A sup
t
|P ∗ f(t)|1/b′N .

÷�`']
\^`�Ù>\^]^b�T%Ó�[�»c\ M(r, r) Uc`']
³ V:`'³¤µaU1T$[�\ÐÓ�[�»c\vÓ
¸c´c]
\^³v¸c³ `'Ò�[�»c\vâO`'¸c]
µa\^]�±S`%×
\ � ±Sµa\^UP[�Óæ`'Ò P bc[�»c\ãµaUO±S_a¸OÓ�µa`'UOÓ�`'Ò�[�»c\ ­ `']
\^UP[�ä�é:ê1Ñ/¶'³v¸cUOV�Ó
´1T%±S\ÐÓkÕ�µØ[�»;V:µ���\^]
\^UP[
Üc]�Ó�[�µaUOV:µÔ±S\ÐÓkÑ/µa\^_ÔV

‖P‖p′,q′,−A ≤ C(p, q, A)‖P‖∞ ≤ C0C(p, q, A)|supp P̂ |.
º�`'¶'\S[�»c\^]¤Õ�µØ[�» ��	'_ÔV:\^]�
�ÓëµaUc\ÐÖP¸1T�_aµØ[�Ñ T�UOVH[�»c\�[�]�T�UOÓ
_�T$[�µa`'U µaUPÙ'T�]
µ�T�UO±S\ç`'Òg[�»c\ÐÓ
\
Uc`']
³¤Ó^bcÕN\i`'¯:[rT�µaU3[�»c\6¯�`'¸cUOV
W �/¹ �'h sup

t
|P ∗ f(t)|1/b′N ≤ (‖P‖p′,q′,−A‖f‖p,q,A)1/b′N ≤ C‖f‖1/b

′
N

p,q,A.

ºk»c\ãV:\ÐÓ
µa]
\ÐV3]
\ÐÓ
¸c_Ø[�ÒY`'_a_a`�Õ�Ók¯PÑ3±S`'³v¯cµaUcµaUc¶®µaUc\ÐÖP¸1T�_aµØ[�µa\ÐÓÊW �/¹ �>hMé�W �/¹ �'hr¹
âc`']k[�»c\6±ÐT%Ó�\ q =∞ b1TíV:¸1T�_aµØ[�Ñ�T�]
¶'¸c³®\^UP[�Ó�»c`�Õ�Ó
‖P‖M(p,∞,A;p,∞,B) = ‖P‖M(p′,1,−B;p′,1,−A) ≤ C(log |supp P̂ |)B−A.
� ��� ����� ����� �/¹ � �! É Í>Íc¾�ÌSÀ B ≥ A ≥ 0 Î�Á�Ë P ðYÌÝÎ¤Â�¿�ð Ç ¾�Á�¾ È À^Â�¿rðLÏ�Íc¾ ï�Æ Á�¾��È ðLÎ ï ¾�Á G ÌSÎ%Â�ðYÌ î Æ ðYÁ Ç ‖P‖1 ≤ C0

� , ):À�Á
‖P‖M(1,1,A;1,1,B) = ‖P‖M(∞,∞,−B;∞,∞,−A) ≤ C(log |supp P̂ |)B−A.

� ¿�¾�¾�î � âO`'] p = 1 b�[�»c\�´c]
`�`'Ò�µÔÓvÓ
µa³®µa_�T�]Ý[�`�[�»c\�´c]
`'´�`>Ó
µØ[�µa`'U T�¯�`�Ù>\�Uc`%[�µaUc¶
[�»1T$[®[�»c\ L1 ¯�`'¸cUOV:\ÐV:Uc\ÐÓ�Óë`'Ò P ¶'µØÙ>\ÐÓ ‖P‖M(1,1,A) ≤ C0 ¹�ºk»c\;±ÐT%Ó
\ p = ∞
ÒY`'_a_a`�Õ�Óæ¯PÑÞV:¸1T�_aµØ[�Ñ>¹

ºC»cµÔÓE´c]
`'´�`>Ó�µØ[�µa`'U¤µÔÓ�¸OÓ
\ÐVÊµaUÊ[�»c\kUc\Sè�[�]
\ÐÓ
¸c_Ø[�Õæ»c\^]
\CÕC\NÙ'T�]�ÑÊ¯�`%[�»Ê[�»c\æÓ�\Ð±S`'UOV
T�UOVÞ[�»cµa]�V;µaUOV:µÔ±S\ÐÓS¹

� � ��
���������� ��� �/¹����®¼5ÀSÂ G ;�ÀkÎãÏr¾ È ÍcÎ>Ï^Â9Î ;�À ï ðLÎ%Á Ç ¿�¾ É Í�Î�Á�ËgÌ É Í>Íc¾�ÌSÀ p <∞ b
1 ≤ r ≤ q ≤ ∞ Î�Á�Ë B ≥ A � ¼9À^Â P ;�ÀÝÎíÂ�¿�ð Ç ¾�Á�¾ È À^Â�¿rðLÏkÍc¾ ï�Æ Á�¾ È ðLÎ ï ¾�Á G $Eð Â�)
‖P‖M(s,s) ≤ C0 îS¾%¿ÝÎ ïYï 1 < s <∞ ð î p 6= 1 bEÎ�Á�Ë ‖P‖1 ≤ C0 ð î p = 1

� , )/ÀSÁ
‖P‖M(p,q,A;p,r,B) ≤ C(log |supp P̂ |)1/r−1/q+B−A

$ )/ÀS¿�À*Â�)/ÀñÏ�¾�ÁOÌrÂ!Î%ÁOÂ C ËPÀ�ÍcÀSÁ�Ë�Ìß¾%Á ï�Æ ¾�Á·Â�)/ÀçðYÁ�Ë�ðLÏ�ÀSÌ p, q, r, A Î�Á�Ë²Â�)/À°Ï�¾�Á	�
Ì�Â!Î�ÁOÂ C0

�
� ¿�¾�¾�î � â�µa]�Ón[ÐbæÓ
¸c´c´�`>Ó
\ q < ∞ ¹kâO`'];T�UPÑ 1 < b, δ < ∞ ÕN\ç»1T^Ù>\'bkÒY]
`'³

��]
`'´�`>Ó
µØ[�µa`'Uçù�¹��ëT�UOVÞ[�»c\ãV:\^ÜcUcµØ[�µa`'U�`'Ò5[�»c\ ­ `']
\^UP[�ä�é:ê1Ñ/¶'³v¸cUOV;Uc`']
³�b
‖P ∗ f‖p,r,B ≤

(
pb′

rδ′

)1/rδ′

‖P ∗ f‖pb,rδ,B(3.6)

=

(
pb′

rδ′

)1/rδ′( 1Û
0

trδ/pb(1− log t)Brδ(P ∗ f)∗rδ
dt

t

)1/rδ

.
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��¸c´c´�`>Ó�\3ÕN\3±�»c`�`>Ó
\ b T�UOV δ Ó
¸O±�»½[�»1T$[ bq = δr ¹EºC»c\^U�bE`'Ò�±S`'¸c]�Ó
\'b trδ/pb
= tq/p T�UOV (1− log t)rδB = (1− log t)qbB bc»c\^UO±S\6µØ[æ\�T%Ó
µa_ØÑÞÒY`'_a_a`�Õ�ÓC[�»1T$[
W �/¹ 
'h ‖P ∗ f‖rδpb,rδ,B ≤ ‖P ∗ f‖qp,q,Bb sup

t
|P ∗ f(t)|bq/b′.

� Ó�µaUë[�»c\g´c]
\SÙ/µa`'¸OÓC´c]
`'´�`>Ó�µØ[�µa`'U�b:ÕN\�±ÐT�U3T%Ó�Ó�¸c³®\ N ≡ log |supp P̂ | > p T�UOV
ÕC\Ê´c¸:[ b = bN ≡ N/(N − p) ¹�º�T�å'\ δ = δN = qbN/r T�UOV
Uc`%[�\Ê[�»1T$[i[�»c\®T%Ó�×Ó
¸c³®´:[�µa`'U q ≥ r \^UOÓ
¸c]
\ÐÓ δ > 1 ¹�âO`']9[�»cµÔÓ5±�»c`'µÔ±S\�`'Ò b T�UOV δ ��]
`'´�`>Ó
µØ[�µa`'U �/¹�ùNÑ/µa\^_ÔVcÓ
W �/¹ �>h ‖P ∗ f‖p,q,Bb ≤ CNBbN−A‖f‖p,q,A
WYÕ�»c\^]
\ C V:\^´�\^UOVcÓ�`'U C0 hr¹�ºk»c\ãµaUc\ÐÖP¸1T�_aµØ[�µa\ÐÓíW �/¹�ô>hMé�W �/¹ �>hrb�T�_a`'Uc¶¤Õ�µØ[�» � 	'_ÔV:\^]�
�Ó
µaUc\ÐÖP¸1T�_aµØ[�Ñ>b�¶'µØÙ>\

‖P ∗ f‖p,r,B ≤
(
N

rδ′

)1/rδ′

NB−A+Ap/N‖P‖p/Np′,q′,−A‖f‖p,q,A

≤
(
N

rδ′

)1/rδ′

NB−A+Ap/NC(p,C0)‖f‖p,q,A.

ìN¸:[
1

rδ′
=

1

r
− 1

q
+

p

rN
,

Ó
`í¸c´�`'U�Ó�µa³®´c_aµaÒ�Ñ/µaUc¶®ÕN\i`'¯:[rT�µaU
‖P ∗ f‖p,r,B ≤ C1C2(p, q, r, A)N1/r−1/q+B−A‖f‖p,q,A

Õ�»c\^]
\ C2 = max((1/r − 1/q + p/r)1/r−1/q+p/r, 1) T�UOV C1 µÔÓgµaUOV:\^´�\^UOV:\^UP[ã`'Ò
r WLT�UOV B hr¹

f�`�Õ�ÕC\iÕ�µa_a_�V:\�T�_5ÕæµØ[�»;[�»c\v±ÐT%Ó�\ q = ∞ ¹�â�µa]�Ón[�±S`'UOÓ�µÔV:\^] 1 6= r < ∞ ¹�ºC»c\^U
¯PÑ3V:¸1T�_aµØ[�ÑÞÕN\i»1T^Ù>\
‖P‖M(p,∞,A;p,r,B) = ‖P‖M(p′,r′,−B;p′,1,−A) ≤ C(log |supp P̂ |)1/r+B−A

Õ�»c\^]
\ C = C1(1/r + p′)p
′+1/r ¹

ºC»c\�±ÐT�]
\�ÕN\�»1T^Ù>\g[rT�å'\^U�Õ�µØ[�»ë[�»c\ã±S`'UOÓn[rT�UP[�ÓCÕæµa_a_e¯�\g»c\^_a´cÒY¸c_�µaU3±S`'UOÓ
µÔV:\^]
µaUc¶
[�»c\;ÜcU1T�_�±ÐT%Ó
\'b q = ∞ T�UOV r = 1 W q = r = ∞ ÕæT%Ó®V:`'Uc\;µaU½[�»c\;´c]
\SÙ/µa`'¸OÓ
±S`']
`'_a_�T�]�ÑOhr¹%�N»c`�`>Ó�\�T3Ó
\ÐÖP¸c\^UO±S\ {sn} Õ�»cµÔ±�»ñV:\Ð±S]
\�T%Ó
\ÐÓã[�` 1 ¹9ºk»c\^U ‖f‖p,1,B =

limn→∞ ‖f‖p,sn,B ¹�W�ºk»cµÔÓ�±ÐT�U�¯�\Ý´c]
`�Ù>\ÐV
µaU;[�»c\ÊÓ�T�³®\ãÕæT^Ñ�T%Ó�Ó
»c`�Õ�U�µaU½ó�
�õ�ÒY`']­ `']
\^UP[�ä6Ó
´1T%±S\ÐÓS¹�hkºk»�¸OÓSb
‖P ∗ f‖p,1,B = lim

n→∞
‖P ∗ f‖p,sn,B

≤ lim
n→∞

C1

(
1

sn
+ p′

)p′+1/sn

(log |supp P̂ |)B−A+1/sn‖f‖p,∞,A

Õ�»c\^]
\ C1 µÔÓkµaUOV:\^´�\^UOV:\^UP[g`'Ò sn T�UOV B ¹���\^UO±S\
‖P ∗ f‖p,1,B ≤ C(log |supp P̂ |)B−A+1‖f‖p,∞,A.

� ��� ����� �/¹ � �vºk»cµÔÓk¶'\^Uc\^]�T�_aµaä^\ÐÓvó��/b
��]
`'´�¹ �/¹ÔÚ�õM¹
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� ��� ����� ����� �/¹�ô �  É ÍPÍ:¾%ÌSÀ r ≤ q Î�Á�Ë A ≤ B

� � î P ðYÌvÎ�Á Æ Â�¿�ð Ç ¾%Á�¾ È ÀSÂ�¿�ðLÏ
Íc¾ ï�Æ Á�¾ È ðLÎ ï Â�)/ÀSÁ

‖P‖M(p,q,A;p,r,B) ≤ C(log |supp P̂ |)1/r−1/q+B−A

$ )/ÀS¿�ÀÝÂ�)/ÀÊÏ�¾�ÁOÌrÂ!Î�Á1Â C Ë>ÀnÍcÀSÁ�Ë�ÌÝ¾�Á p, q, r, A,B Î�Á�Ë¤Â�)/À L1 Á�¾�¿ È ¾�î P �
� ¿�¾�¾�î � Xñ\6T�_ØÕæT^Ñ:Ók»1T^Ù>\ ‖P‖M(s,s) ≤ ‖P‖1 ¹
�9¢��3¨�¥�� &���ª-6 � ¬Y¦ . ¨ � 1çª���¦$¬ 4�� ¬ &�§ 254761«8&92 �L¨�§ ¦��-&�«>¬ §�« � & /1§$¨�ª-4�¢ º5`

Ó
»c`�Õ [�»c\�Uc`'U:×M\ÐÖP¸1T�_aµØ[�Ñë`'Ò�±S\^]�[rT�µaU ­ `']
\^UP[�ä�é:ê1Ñ/¶'³v¸cUOVë³v¸c_Ø[�µa´c_aµa\^]NÓ
´1T%±S\ÐÓ�ÕN\æÕ�µa_a_
\Sè/»cµa¯cµØ[Þ´�`'_ØÑ/Uc`'³®µ�T�_ÔÓëÒY`']¤Õæ»cµÔ±�» [�»c\�¸c´c´�\^]ë¯�`'¸cUOVcÓë`'UH[�»c\�³v¸c_Ø[�µa´c_aµa\^]ëUc`']
³ëÓ
¶'µØÙ>\^U µaU ��]
`'´�`>Ó
µØ[�µa`'U �/¹��°T�]
\�Ó
»1T�]
´�¹ � U²[�»cµÔÓ¤Ó
\Ð±�[�µa`'U�b�ÕC\;±S`'UOÓ
µÔV:\^]®[�»c\�±Sµa]�±S_a\
¶']
`'¸c´�bæT�UOV µaU [�»c\çUc\Sè�[3Ó�\Ð±�[�µa`'U�bC¶']
`'¸c´OÓ�Õ�µØ[�» \^_a\^³¤\^UP[�Óë`'ÒãÜcUcµØ[�\ç`']�V:\^]3T�UOV
T�]
¯cµØ[�]�T�]�Ñ;±S`'³®´1T%±�[gT�¯�\^_aµ�T�U�¶']
`'¸c´OÓS¹

�9¢�¡1¢
	 É:ï Â�ð�Í ï ðLÀS¿ãÁ�¾�¿ È ÌÝ¾�î � À���
S¿ÝÎ%Á�Ë��iðY¿rðLÏ ) ï À^Â &�ÀS¿�Á�À ï Ì
� � ��
���������� ��� �c¹ÔÚ��®¼9À^Â 1 ≤ r, q ≤ ∞ Î�Á�Ë A,B ∈ R � � î P ðYÌíÂ�)/À � À���
�¿

¾�¿ñË>À ï Î��OÎ ïYï 
rÀ � ¾ É Ì�ÌrðYÁ &%ÀS¿�Á�À ï ¾�î*Ë>À Ç ¿�ÀrÀ N b6Â�)/ÀSÁ·Â�)/ÀS¿�ÀßðYÌ*Î Ï�¾%ÁcÌ�Â!Î�ÁOÂ C b
ðYÁ�Ë>ÀnÍcÀ�Á�Ë>ÀSÁ1ÂC¾�î N b�Ì É Ï )�Â�):Î%Â

‖P‖M(p,q,A;p,r,B) ≤ C(logN)α

$ )/ÀS¿�À α = max(1/r − 1/q + B − A, 1/r − 1/q,B − A, 0)
� , )/ÀíÌ^Î È À ;�¾ É Á�Ë

)/¾ ï Ë�Ì�îS¾�¿ P Â�)/À��iðY¿rðLÏ ) ï À^Â &%ÀS¿�Á�À ï ¾�î6Ë>À Ç ¿�ÀrÀ N ð î p 6= 1,∞ �
� ¿�¾�¾�î � X »c\^U r ≤ q T�UOV A ≤ B ÕN\ã±S_a\�T�]
_ØÑ3»1T^Ù>\

‖P‖M(p,q,A;p,r,B) ≤ C(logN)1/r−1/q+B−A

ÒY]
`'³ ��]
`'´�`>Ó�µØ[�µa`'U �/¹��c¹ � Ò�b�µaUOÓn[�\�T%Veb r ≥ q T�UOV A ≤ B b�[�»c\^Uß[�»c\íµaUO±S_a¸OÓ
µa`'UOÓã`'Ò
[�»c\ ­ `']
\^UP[�ä�é:ê1Ñ/¶'³v¸cUOVíÓ
´1T%±S\ÐÓ^b$[�`'¶'\S[�»c\^]�ÕæµØ[�»v[�»cµÔÓ�¯�`'¸cUOV3WLT�´c´c_aµa\ÐVvÕæµØ[�» r = q hrb
¶'µØÙ>\

‖P ∗ f‖p,r,B ≤ C‖P ∗ f‖p,q,B ≤ C(logN)B−A‖f‖p,q,A.
ºk»c\i`%[�»c\^]�±ÐT%Ó�\ÐÓ�T�]
\6Ó�µa³®µa_�T�]^¹

d�Uc\k±ÐT�UÊ\Sè/´c_aµÔ±SµØ[�_ØÑÊ±ÐT�_Ô±S¸c_�T$[�\k[�»c\ ­ `']
\^UP[�ä�é:ê1Ñ/¶'³v¸cUOVÊUc`']
³ëÓ�`'ÒO[�»c\ÐÓ�\kå'\^]
Uc\^_ÔÓ
T�UOVZ[�»cµÔÓ¤T�_a_a`�Õ�Óí¸OÓÊ[�`ß´c]
`�Ù>\Þ[�»c\;Ó
»1T�]
´cUc\ÐÓ
Ó®`'Ò�[�»c\3¸c´c´�\^]í¯�`'¸cUOVcÓ®µaU²±S\^]�[rT�µaU
±ÐT%Ó
\ÐÓS¹9âO`']�[�»cµÔÓi±ÐT�_Ô±S¸c_�T$[�µa`'U*µØ[iµÔÓi±S`'UPÙ>\^Ucµa\^UP[i[�`3µÔV:\^UP[�µaÒ�Ñ�[�»c\í±Sµa]�±S_a\í¶']
`'¸c´çÕ�µØ[�»
[−1/2, 1/2] ¹

� � ��
���������� ��� �c¹�ù �í¼5À^Â P Ë>ÀSÁ�¾%Â!À6ÀSð Â�)/ÀS¿�Â�)/À���ðY¿�ðLÏ ) ï À^Â &%À�¿�Á�À ï ¾�î�Ë>À Ç ¿�ÀrÀ N b
Â�)/À � À���
S¿ &%ÀS¿rÁ�À ï ¾�î3Ë>À Ç ¿�ÀrÀ N bg¾�¿ÞÂ�)/À�Ë>À ï Î��OÎ ïYï 
�À � ¾ É Ì�ÌrðYÁ &%À�¿�Á�À ï ¾�îÞËPÀ Ç ¿�À�À
2N + 1

� , ):À�Á
‖P‖p,q,A '

{
( logN)A+1 ð î P = ��ðY¿�ðLÏ ) ï ÀSÂ &%ÀS¿rÁ�À ï Î�Á�Ë p = q = 1 b
N1/p′(logN)A ¾%Â�):À�¿-$EðYÌSÀPb

$ )/ÀS¿�ÀÝÂ�)/ÀÊÀ " É ð+*%Î ï À�Á�Ï�ÀÊÏr¾�ÁcÌ�Â!Î�Á1Â�Ì6Ë>ÀnÍcÀSÁ�Ë�¾%Á ï�Æ ¾�Á p �



	�7�ý"� � � ����� ��25���$þ����	� /�
9� �%�64 � �%� þ�� 7'� ����2 � � ( �
� ¿�¾�¾�î � Xñ\�Õ�µa_a_e´c]
`�Ù>\g[�»c\�]
\ÐÓ
¸c_Ø[æÒY`']�[�»c\��gµa]
µÔ±�»c_a\S[æå'\^]
Uc\^_Lb dN bcT%ÓN[�»c\�´c]
`�`'Ò`'Ò�[�»c\i\ÐÓ�[�µa³ëT$[�\ÐÓæ`'Ò�[�»c\i`%[�»c\^]æå'\^]
Uc\^_ÔÓ�µÔÓæÓ
µa³®µa_�T�]kµaU;U1T$[�¸c]
\'¹� [NµÔÓ�]
`'¸:[�µaUc\�[�`v±�»c\Ð±�åí[�»1T$[N[�»c\^]
\�T�]
\�´�`>Ó
µØ[�µØÙ>\�±S`'UOÓ�[rT�UP[�Ó A,B Ó�¸O±�»ë[�»1T$[CÒY`']

t ∈ [0, 1/2] b
ANχ[0,1/(4N+2)] ≤ |dN (t)| ≤ B

(
Nχ[0,1/(N+1/2)] +

1

t
χ[1/(N+1/2),1/2]

)
.

f�`%[�µÔ±S\i[�»1T$[
1

x
χ∗[1/(N+1/2),1/2) =

χ[0,1/2−1/(N+1/2)]

x+ 1/(N + 1/2)
.

� ÓÊ¸OÓ�¸1T�_Lb�Ó
¸c´c´�`>Ó�\;Üc]�Ó�[í[�»1T$[ q < ∞ T�UOV p 6= 1 ¹ � U½Ù/µa\SÕ `'Ò ­ \^³®³ëTçù�¹ �
µØ[
Ó
¸ � ±S\ÐÓk[�`®´c]
`�Ù>\i[�»1T$[

J =

1/2Û
0

(1− log t)qA

(t+ 1/(N + 1/2))q
tq/p−1 dt ≤ CN q/p′(logN)qA.

�N»c`�`>Ó�\ m Ó
¸O±�»ß[�»1T$[ 2m ≤ N + 1/2 < 2m+1 ¹9ì�ÑßV:µØÙ/µÔV:µaUc¶;[�»c\®µaUP[�\^¶']�T�_�µaUP[�`
Ó
¸c¯cµaUP[�\^]�Ù'T�_ÔÓ�`'Ò5Õ�µÔV/[�» 2−k ÕN\ãÓ
\^\i[�»1T$[

J ≤
( m∑

k=1

+
∞∑

k=m+1

) (1− log 2−k)qA

(2−k + 1/(N + 1/2))q
(2−k)q/p−1(4.1)

≤ C
m∑

k=1

kqA(2−k)q/p−q +

∞∑

k=m+1

N qkqA(2−k+1)q/p.

��¸c³®³¤µaUc¶Ê¶'µØÙ>\ÐÓk[�»c\6V:\ÐÓ
µa]
\ÐV3]
\ÐÓ
¸c_Ø[Ð¹
��¸c´c´�`>Ó�\6Uc`�Õ q =∞ WLT�UOV p 6= 1 hr¹:Xñ\ãUc\^\ÐVÞ[�`í¯�`'¸cUOV

sup

{
t1/p(1− log t)A

t+ aN
: t ∈

[
0,

1

2
− aN

]}
,

Õ�»c\^]
\ aN = 1/(N +1/2) ¹:dg¯OÓ�\^]�Ù>\�[�»1T$[�[�»c\�ÒY¸cUO±�[�µa`'U t1/p(t+aN )−1 µaUO±S]
\�T%Ó
\ÐÓ
¸cUP[�µa_ t = aN/(p − 1) T�UOV
[�»c\^UñV:\Ð±S]
\�T%Ó�\ÐÓ^¹5ºk»�¸OÓ�µaÒ A ≥ 0 T�UOV t ∈ [aN , 1/2] b
[�»c\^U�Ó
µaUO±S\ (1− log t)A V:\Ð±S]
\�T%Ó
\ÐÓSb

t1/p(1− log t)A

t+ aN
≤ C

(
aN
p− 1

)−1/p′

(log aN )A ≤ CN1/p′(logN)A.

f�`%[�µÔ±S\®[�»1T$[ t1/p(1 − log t)A µaUO±S]
\�T%Ó
\ÐÓ6ÒY`']ÝÓ
³ëT�_a_ t T�UOVß[�»c\^UZV:\Ð±S]
\�T%Ó�\ÐÓ^¹�ºk»�¸OÓ
ÒY`'] N Ó
¸ � ±Sµa\^UP[�_ØÑ3_�T�]
¶'\ÝT�UOV t ∈ [0, aN ] b

t1/p(1− log t)A

t+ aN
≤ C a

1/p
N (log aN )A

aN
≤ CN1/p′(logN)A.

��¸c´c´�`>Ó
\ A < 0 T�UOV N µÔÓ�_�T�]
¶'\C\^Uc`'¸c¶'»v[�»1T$[ √aN ≥ aN/(p−1) ¹ � Ó (1−log t)A
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µÔÓ�T�U;µaUO±S]
\�T%Ó
µaUc¶¤ÒY¸cUO±�[�µa`'U�b1µaÒ t ∈ [0,
√
aN ] b:[�»c\^U

t1/p(1− log t)A

t+ aN
≤
{
Ca
−1/p′

N (log
√
aN )A µaÒ t ∈ [0,

√
aN ] b

Ca
−1/2p′

N µaÒ t ∈ [
√
aN , 1/4] ¹� U;\^µØ[�»c\^]�±ÐT%Ó
\'bOµØ[æµÔÓ�TÝ[�]
µØÙ/µ�T�_5±ÐT�_Ô±S¸c_�T$[�µa`'U�[�`í`'¯:[rT�µaU;[�»c\6V:\ÐÓ�µa]
\ÐV;¯�`'¸cUOVe¹

â�µaU1T�_a_ØÑ>b9ÕN\®±S`'UOÓ
µÔV:\^]i[�»c\¤±ÐT%Ó�\ p = q = 1 b A ≥ 0 ¹�ºk»c\®\ÐÓn[�µa³ëT$[�\ÐÓã`'Ò�W �c¹ÔÚ�h
Ó�[�µa_a_E¶'µØÙ>\Ê[�»c\®±S`']
]
\Ð±�[ã¸c´c´�\^]ã¯�`'¸cUOVe¹5º5`3`'¯:[rT�µaUç[�»c\®Ó�T�³®\Ê`']�V:\^]i`'Ò�³ëT�¶'UcµØ[�¸OV:\
ÒY`']�[�»c\æ_a`�ÕN\^]E¯�`'¸cUOVíÕN\k`'¯OÓ�\^]�Ù>\k[�»1T$[ |DN (t)| ≥ c/t W ÒY`']�T�Ó
¸cµØ[rT�¯c_a\�±S`'UOÓ�[rT�UP[ c h
´c]
`�Ù/µÔV:\ÐV

t ∈
N−1⋃

k=0

[
1/4 + 2k

2N + 1
,
3/4 + 2k

2N + 1

]
.

ºk»�¸OÓ m{|DN | ≥ x} ≥ c/x ÒY`'] x < N ¹���\^UO±S\
‖DN‖1,1,A ≥ C

[logN ]∑

k=0

2−k+1Û
2−k

(1− log t)A

t
dt ≥ C

[logN ]∑

k=0

(log 2k)A

≥ C(logN)A+1.

ºC»cµÔÓ
±ÐT�_Ô±S¸c_�T$[�µa`'U�\^U1T�¯c_a\ÐÓç¸OÓ�[�` Ù>\^]
µaÒ�Ñ [�»1T$[ç[�»c\Z¸c´c´�\^]
¯�`'¸cUOVcÓßT�_a]
\�T%V/Ñ
V:\S[�\^]
³®µaUc\ÐV ÒY`']3[�»c\°±S`'³®³®`'U å'\^]
Uc\^_ÔÓ
T�]
\ñÓ
»1T�]
´ Õæ»c\^U r ≥ q b A ≤ B ¹ � U
´1T�]�[�µÔ±S¸c_�T�]^b�Uc`%[�\ë[�»1T$[Ý[�»c\ëÒY`'_a_a`�Õ�µaUc¶
±S`']
`'_a_�T�]�Ñ°Ó�»c`�Õ�Ó6[�»1T$[vµØ[ÝµÔÓ6Uc`%[Ý[�]
¸c\¤[�»1T$[
‖PN‖M(p,q,A;p,r,B) ' (logN)1/r−1/q+B−A Õ�»c\^U r > q T�UOV 1/r − 1/q +

B − A > 0 WLT�_Ø[�»c`'¸c¶'»Z[�»c\ ­ `']
\^UP[�ä�é:ê1Ñ/¶'³v¸cUOV½Ó
´1T%±S\ÐÓÊÓ�T$[�µÔÓ
Ò�Ñ Lp,q(logL)A ⊆
Lp,r(logL)B hr¹

� ��� ����� ����� �c¹ � �! É Í>Íc¾�ÌSÀ r ≥ q Î%Á�Ë A ≤ B
� � î PN ðYÌ�Â�)/À � À���
S¿ç¾�¿

Ë>À ï Î �OÎ ïYï 
rÀ � ¾ É Ì�ÌrðYÁ &%ÀS¿rÁ�À ï ¾�î®Ë>À Ç ¿�À�À N W�¾�¿ �iðY¿rðLÏ ) ï À^Â &%ÀS¿rÁ�À ï ¾�î®Ë>À Ç ¿�À�À N ð î
p 6= 1,∞ hrb�Â�)/ÀSÁ

‖PN‖M(p,q,A;p,r,B) ' (logN)B−A.
� ¿�¾�¾�î � ­ \S[ dN V:\^Uc`%[�\�[�»c\ �gµa]
µÔ±�»c_a\S[�å'\^]
Uc\^_g`'ÒãV:\^¶']
\^\ N ¹Nºk»c\^U ÒY`']ÞT�UPÑ

1 ≤ r ≤ ∞ b
‖PN ∗ dN‖p,r,B = ‖PN‖p,r,B ≥ C(logN)B−A‖dN‖p,q,A.

º�`'¶'\S[�»c\^]kÕ�µØ[�»Þ[�»c\ã\�T�]
_aµa\^]æÕN`']
å�bc[�»cµÔÓ�±S`'³®´c_a\S[�\ÐÓk[�»c\i´c]
`�`'Ò�¹
� UcÒY`']�[�¸cU1T$[�\^_ØÑ>b1[�»c\ÝÓ�T�³®\i\�T%Ó�ÑÞ\ÐÓ�[�µa³ëT$[�\ÐÓkÕ�µa_a_9Uc`%[�Ó
¸ � ±S\i[�`®¶'µØÙ>\ã[�»c\ã_a`�ÕC\^]

¯�`'¸cUOV6ÒY`']9[�»c\ÐÓ
\�³v¸c_Ø[�µa´c_aµa\^]�Ó9Õ�»c\^U q > r ¹ � UOÓ�[�\�T%Veb�ÕC\�±S`'UOÓ�µÔV:\^]5[�»c\�[�\ÐÓ�[�ÒY¸cUO±�[�µa`'U
FN V:\^ÜcUc\ÐVçµaU½ó��:b �/¹�ù�õM¹eâO`']�±S`'UPÙ>\^Ucµa\^UO±S\ÊÕN\v]
\^´�\�T$[�[�»c\ÊV:\^ÜcUcµØ[�µa`'Uç»c\^]
\'¹�âO`']iT
_�T�]
¶'\�µaUP[�\^¶'\^] λ T�UOV MN = 2λN+1 b$Ó�\S[ xj = 2(j − 1)/

√
MN ÒY`'] j = 1, . . . , 2N b

zk = 3Nk/
√
MN ÒY`'] k = 1, . . . , N bcT�UOV¤_a\S[ DN V:\^Uc`%[�\g[�»c\ �gµa]
µÔ±�»c_a\S[kå'\^]
Uc\^_e`'Ò

V:\^¶']
\^\ λN ¹ ��\^ÜcUc\
Dj,k(x) = DN (x− (xj + zk)) T�UOV D̃j,k(x) = Dj,k(x)χ[−2/MN ,2/MN ]+xj+zk .
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f�`%[�µÔ±S\�[�»1T$[NµaÒ N µÔÓ�Ó�¸ � ±Sµa\^UP[�_ØÑ¤_�T�]
¶'\�[�»c\^U¤[�»c\�ÒY¸cUO±�[�µa`'UOÓ D̃j,k(x) T�]
\�V:µÔÓ �n`'µaUP[�_ØÑ
Ó
¸c´c´�`']�[�\ÐVe¹

d�¸c]Ý[�\ÐÓn[íÒY¸cUO±�[�µa`'U²ÒY`']ÊV:\S[�\^]
³®µaUcµaUc¶ßÓ�»1T�]
´½_a`�ÕC\^]v¯�`'¸cUOVcÓÊ`'U°[�»c\�`'´�\^]�T$[�`']
Uc`']
³¤ÓCÕ�µa_a_�¯�\ã¶'µØÙ>\^U;¯PÑ
W �c¹�ù'h FN (x) =

1

MN

N∑

k=1

2−k/p
2k∑

j=1

D̃j,k(x).

� � ��
���������� ��� �c¹���� , )/ÀS¿�ÀiðYÌ6ÎëÏ�¾�ÁOÌrÂ!Î�Á1Â C WnðYÁ�Ë>ÀnÍcÀ�Á�Ë>ÀSÁ1ÂC¾�î N hgÌ É Ï )ëÂ�)/Î'Â
‖FN‖p,q,A ≤ CN1/q+AM

−1/p
N .

� ¿�¾�¾�î �=� U°ó��$õ9[�»c\iÒY`'_a_a`�Õ�µaUc¶®\ÐÓ�[�µa³ëT$[�\ÐÓæÒY`'] F ∗N ÕN\^]
\6±ÐT�_Ô±S¸c_�T$[�\ÐV(�
W�Ú�h F ∗N (0) ≤ 2−1/p b
WMù'h F ∗N (2n+3/MN ) ≤ 2−n/p ÒY`'] n = 1, . . . , N b
W �>h F ∗N (y) = 0 ÒY`'] y > 2N+3/MN ¹

âO]
`'³ [�»c\6V:\^ÜcUcµØ[�µa`'U�`'Ò�[�»c\ ­ `']
\^UP[�ä�é:ê1Ñ/¶'³v¸cUOV�Uc`']
³;bcÒY`'] q <∞ ÕC\i»1T^Ù>\
‖FN‖qp,q,A ≤

16/MNÛ
0

tq/pF ∗qN (1− log t)Aq
dt

t

+

N−1∑

1

2n+4/MNÛ
2n+3/MN

tq/pF ∗qN (1− log t)Aq
dt

t

= I1 + I2.­ \S[ 2−k0 ' 16/MN ¹ � Ó F ∗N ≤ 2−1/p T�UOV k0 ' N b:ÕC\i»1T^Ù>\

I1 ≤
∞∑

k=k0

2−k+1Û
2−k

2−q/ptq/p−1(1− log t)Aq dt

≤ c
∞∑

k=k0

2−q/p2−kq/pkAq '
(

16

MN

)q/p
(logMN )Aq.

��µaUO±S\ MN � 2N bc´c]
`'´�\^]�[�ÑñWMù'hCÓ�µa³¤µa_�T�]
_ØÑÞµa³®´c_aµa\ÐÓC[�»1T$[�ÒY`'] I2 ÕN\ã»1T^Ù>\
I2 ≤ CN

(logMN )Aq

M
q/p
N

,

T�UOV�T%Ó (logMN )Aq ' NAq [�»cµÔÓæ¶'µØÙ>\ÐÓ ‖FN‖p,q,A ≤ CN1/q+AM
−1/p
N ¹

ºC»c\6±ÐT%Ó�\ q =∞ µÔÓæTÊ]
`'¸:[�µaUc\6\Sè/\^]�±SµÔÓ�\'¹
f�`�Õ ÕC\3Õæµa_a_�±ÐT�_Ô±S¸c_�T$[�\�[�»c\�³v¸c_Ø[�µa´c_aµa\^]¤Uc`']
³ `'Ò KN b�[�»c\�âO\�� �^]¤å'\^]
Uc\^_�`'ÒV:\^¶']
\^\ λ8N ¹Oâc`']k[�»cµÔÓæ´c¸c]
´�`>Ó�\ãÕC\iUc\^\ÐVÞ[�»c\ãÒY`'_a_a`�ÕæµaUc¶¤_a\^³®³ëTÝÒY]
`'³ ó��:b �/¹ ��õM¹
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� ���%��� �c¹ � �í¼5À^Â p < ∞ � , )/ÀS¿�À¤ðYÌ®Î
Ï�¾%ÁcÌ�Â!Î�ÁOÂ C > 0 Ì É Ï )
Â�)/Î%Â�îS¾�¿ëÎ%Á Æ

n = 2, . . . , N b N ∈ N b
m{x : |FN ∗KN (x)| ≥ 2−n/p} ≥ C2n/MN .

� ��� ����� �c¹�ô �Ýºk»cµÔÓ®µÔÓ®Ó�[rT$[�\ÐVHÒY`'] p > 1 µaU·ó���õMb�¯c¸:[ë]
\^³ëT�µaUOÓí[�]
¸c\;Õæ»c\^U
p = 1 ¹

�����������
� �c¹ 
 �í¼5ÀSÂ 1 ≤ r ≤ q ≤ ∞ Î�Á�Ë A ≤ B
� � î KN ðYÌ�Â�)/À � À���
S¿

&%ÀS¿rÁ�À ï ¾
î6Ë>À Ç ¿�ÀrÀ λ8N b�Â�):À�Á
‖KN‖M(p,q,A;p,r,B) ' NB−A+1/r−1/q.

� ¿�¾�¾�î � ��µaUO±S\�T;V:¸1T�_aµØ[�ÑñT�]
¶'¸c³®\^UP[Ý¶'µØÙ>\ÐÓi[�»c\ë±ÐT%Ó
\ p = ∞ b�ÕC\®±ÐT�UZT%Ó�Ó�¸c³®\
p <∞ ¹

º5`�\ÐÓ�[�µa³ëT$[�\v[�»c\Ê_a`�ÕN\^]�¯�`'¸cUOV
ÕC\Ê±S`'UOÓ
µÔV:\^]�[�»c\Ý[�\ÐÓ�[iÒY¸cUO±�[�µa`'U FN `'ÒgW �c¹�ù'hr¹� ´c´c_ØÑ/µaUc¶ ­ \^³®³ëT �c¹ �ÊT�UOV;Ó�µa³¤´c_aµaÒ�Ñ/µaUc¶®¶'µØÙ>\ÐÓ
‖FN ∗KN‖rp,r,B ≥

N−1∑

n=1

α2n+1/MNÛ
α2n/MN

tr/p(FN ∗KN )∗r(t)(1− log t)Ar
dt

t

≥ C NBr+1

M
r/p
N

.

� Ó�µaUc¶í[�»c\ã¯�`'¸cUOV3`'Ò FN `'¯:[rT�µaUc\ÐV;µaU3[�»c\i´c]
\SÙ/µa`'¸OÓ�´c]
`'´�`>Ó�µØ[�µa`'U�ÕC\i»1T^Ù>\
‖KN‖M(p,q,A;p,r,B) ≥

‖FN ∗KN‖p,r,B
‖FN‖p,q,A

≥ CNB−A+1/r−1/q.

ºk»c\i¸c´c´�\^]�¯�`'¸cUOV3»1T%Ó�T�_a]
\�T%V/ÑÞ¯�\^\^U;Uc`%[�\ÐV;µaU ��]
`'´�`>Ó
µØ[�µa`'U �c¹ÔÚ%¹
� ��� ����� �c¹ � �vºk»c\ãÓ�T�³®\6T�]
¶'¸c³®\^UP[�ÓæÓ
»c`�Õ [�»1T$[�ÒY`']�T�UPÑ r, q, A,B b

‖KN‖M(p,q,A;p,r,B) ≥ CNB−A+1/r−1/q.

�9¢ #e¢�� ¾ È ÍcÎ�¿�ðYÁ Ç�ÈvÉ:ï Â�ð�Í ï ðLÀS¿íÌ!Í:ÎPÏ�ÀSÌ $Eð Â�)*Ë�ð ��ÀS¿rðYÁ Ç ÌSÀrÏ�¾�Á�Ë�¾�¿®Â�)>ðY¿�Ë3ðYÁ�Ë�ðLÏ�ÀSÌ �
ºk»c\N´c]
\SÙ/µa`'¸OÓ�[�»c\^`']
\^³�Ó
»c`�Õ�Ó�[�»1T$[�[�»c\NUc`']
³¤Ó�`'ÒO³ëT�UPÑ ­ `']
\^UP[�ä�é:ê1Ñ/¶'³v¸cUOVÊ³v¸c_Ø×
[�µa´c_aµa\^]EÓ
´1T%±S\ÐÓ�T�]
\CUc`%[E±S`'³®´1T�]�T�¯c_a\'¹ � UOV:\^\ÐVeb%¸OÓ�µaUc¶iT�Ó
µa³®µa_�T�]5[�\Ð±�»cUcµÔÖP¸c\C[�`Êó��:b �/¹ 
�õ
ÕC\®±ÐT�U°±S`'UOÓn[�]
¸O±�[v\SècT�³®´c_a\ÐÓã`'Ò�`'´�\^]�T$[�`']�ÓãÕ�»cµÔ±�»*¯�\^_a`'Uc¶;[�`�±S\^]�[rT�µaUñ³v¸c_Ø[�µa´c_aµa\^]
Ó
´1T%±S\ÐÓ�T�UOV3Uc`%[k[�`®`%[�»c\^]�Ó^¹

�����������
� �c¹ � �í¼5À^Â 1 ≤ t ≤ s ≤ ∞ b 1 ≤ r, q ≤ ∞ b B ≥ A Î%Á�Ë C,D ∈ R �
¼5ÀSÂ ε > 0

� , )/ÀS¿�ÀãðYÌ6Î%Á F ∈ L1(T) Ì É Ï )ÞÂ�)/Î'Â
F ∈

⋂

1/t−1/s+B−A=ε

M(p, s,A; p, t, B)

; É Â
F /∈

⋃

1/r−1/q+D−C>ε
M(p, q, C; p, r,D).
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� ¿�¾�¾�î � ­ \S[ K ′2n(x) = K2n(x)eiLnx ÒY`'] n = 1, 2, . . . Õæ»c\^]
\'b�T%Óæ¯�\^ÒY`']
\'b KNV:\^Uc`%[�\ÐÓ�[�»c\æâO\�� �^]Eå'\^]
Uc\^_c`'Ò�V:\^¶']
\^\ λ8N T�UOVv[�»c\CµaUP[�\^¶'\^]�Ó Ln T�]
\æ±�»c`>Ó�\^U®µaUíÓ
¸O±�»

TvÕkT^Ñë[�»1T$[�[�»c\ K̂ ′2n »1T^Ù>\6V:µÔÓ �n`'µaUP[gÓ
¸c´c´�`']�[Ð¹ �E¸:[
F =

∞∑

n=1

2−εn

n2
K ′2n .

ºk»c\^U F ∈ L1(T) T�UOV
‖F‖M(p,s,A;p,t,B) ≤ C0

∑

n

2−εn

n2
2n(1/t−1/s+B−A) = C0

∑

n

1

n2
<∞.

d�U6[�»c\�`%[�»c\^]�»1T�UOVeb�ÕC\�Ó�T^ÕZµaU6[�»c\N´c]
\SÙ/µa`'¸OÓ�´c]
`�`'Òc[�»1T$[�[�»c\^]
\�ÕC\^]
\�ÒY¸cUO±�[�µa`'UOÓ
F2n Ó�T$[�µÔÓ
Ò�Ñ/µaUc¶

‖F2n ∗K2n‖p,r,D ≥ C02n(1/r−1/q+D−C)‖F2n‖p,q,C .� ÒëÕN\H_a\S[ f2n V:\^Uc`%[�\ F2n ±S`'UPÙ>`'_ØÙ>\ÐV�Õ�µØ[�»�[�»c\ �gµa]
µÔ±�»c_a\S[°å'\^]
Uc\^_¤`'Ò�V:\^¶']
\^\
λ2n8 bæ[�»c\^U·Ó
µaUO±S\ñ[�»c\ñÒY¸cUO±�[�µa`'UOÓ K̂ ′2n »1T^Ù>\°V:µÔÓ �n`'µaUP[çÓ
¸c´c´�`']�[çµØ[�ÒY`'_a_a`�Õ�Ó;[�»1T$[
|F ∗ f2n(x)eiLnx| = |K2n ∗ F2n(x)|2−εn/n2 ¹ � ÓC[�»c\ �gµa]
µÔ±�»c_a\S[�å'\^]
Uc\^_ÔÓgT�]
\ã¸cUcµØ×
ÒY`']
³®_ØÑ3¯�`'¸cUOV:\ÐV
T%Ó�³v¸c_Ø[�µa´c_aµa\^]�Ó�`'U Lp,q(LogL)C b1µØ[gÒY`'_a_a`�Õ�Óæ[�»1T$[ ‖f2n‖p,q,C ≤
C0‖F2n‖p,q,C ¹:ºk»�¸OÓ�µaÒ F ∈M(p, q, C; p, r,D) ÒY`'] 1/r− 1/q+D−C = δ > ε b
[�»c\^U
∞ > ‖F‖M(p,q,C;p,r,D) ≥ C0

2−εn‖F2n ∗K2n‖p,r,D
n2‖F2n‖p,q,C

≥ C0 sup
n

2−εn

n2
2nδ

T�UOVÞ[�»cµÔÓæµÔÓ�TÊ±S`'UP[�]�T%V:µÔ±�[�µa`'UçT%Ó δ > ε ¹
� ��� ����� �c¹ÔÚ�� �v÷�`']
\Þ¶'\^Uc\^]�T�_a_ØÑ�b�[�»c\ÐÓ�\�T�]
¶'¸c³®\^UP[�Óí±ÐT�U²¯�\Þ¸OÓ�\ÐVZ[�`ç´c]
`�Ù>\

[�»1T$[
M(p, s,A; p, t, B) 6= M(p, q, C; p, r,D)

µaÒ max(1/t− 1/s+B − A, 1/t− 1/s,B − A, 0) < 1/r − 1/q +D − C ¹
�9¢��e¢ � ¾ È ÍcÎ�¿rðYÁ Ç°ÈvÉ:ï Â�ð�Í ï ðLÀS¿;Ì!ÍcÎ>Ï�ÀSÌ $Eð Â�) Ë�ð ��ÀS¿rðYÁ Ç � ¿rÌ�Â6ðYÁ�Ë�ðLÏ�ÀSÌ � ­ `']
\^UP[�ä�é

ê1Ñ/³v¸cUOVñ³Ê¸c_Ø[�µa´c_aµa\^]vÓ
´1T%±S\ÐÓv±ÐT�U²T�_ÔÓ�`�¯�\�Ó
»c`�ÕæU°[�`�¯�\�V:µÔÓ�[�µaUO±�[vÕæ»c\^Uñ[�»c\ëÜc]�Ó�[
µaUOV:µÔ±S\ÐÓCT�]
\gV:µ���\^]
\^UP[Ð¹:âO`']�[�»cµÔÓ�ÕC\æÕæµa_a_eT%V:`'´:[�[�»c\�¸OÓ�¸1T�_1[�\Ð±�»cUcµÔÖP¸c\g`'Ò�±S`'UOÓ�[�]
¸O±�[
×
µaUc¶®³v¸c_Ø[�µa´c_aµa\^]�Óæ¸OÓ�µaUc¶ !æ¸OV:µaU/é"��»1T�´cµa]
`®[�Ñ/´�\6´�`'_ØÑ/Uc`'³®µ�T�_ÔÓS¹

��»c`�`>Ó
\ y1, . . . , yN Ó�¸O±�»3[�»1T$[æ[�»c\ãµaUP[�\^]�Ù'T�_ÔÓ
N∑

j=1

εjyj +

[ −4

λN/3
,

4

λN/3

]

T�]
\�V:µÔÓ �n`'µaUP[ÊÒY`'] εj = 0, 1 ¹ ­ \S[ L(yj) V:\^Uc`%[�\¤[�]�T�UOÓ
_�T$[�µa`'U½¯PÑ yj ¹ ��\S[ %0 = σ0

= KN T�UOV�µaUOV:¸O±�[�µØÙ>\^_ØÑ3V:\^ÜcUc\ !æ¸OV:µaU/é"��»1T�´cµa]
`®´�`'_ØÑ/Uc`'³¤µ�T�_ÔÓ %n+1 T�UOV σn+1 ¯PÑ
%n+1 = %n − L(yn+1)σn, σn+1 = %n + L(yn+1)σn.
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� � ��
���������� ��� �c¹ÔÚ'Ú��®¼9À^Â 1 ≤ p < 2 b 1 ≤ q, r ≤ ∞ Î�Á�Ë A,B ∈ R � , ):À�¿�À

ðYÌÝÎëÏr¾�ÁcÌ�Â!Î�Á1Â C b�ðYÁ�Ë>ÀnÍcÀ�Á�Ë>ÀSÁ1ÂC¾�î N b�Ì É Ï )ÞÂ�):Î%Â
‖%N‖M(p,q,A;p,r,B) ≤ C2N/pNmax(1/r−1/q+B−A,1/r−1/q,B−A,0).

� ¿�¾�¾�î � ­ \S[ VN V:\^Uc`%[�\�[�»c\iV:\g_�T��NT�_a_��^\ ��`'¸OÓ�Ó�µaUÞå'\^]
Uc\^_�`'Ò5V:\^¶']
\^\ 3λ8N ¹ � Ó
%N µÔÓíT;[�]
µa¶'`'Uc`'³®\S[�]
µÔ±�´�`'_ØÑ/Uc`'³®µ�T�_C`'Ò�V:\^¶']
\^\ λ8N b V̂N = 1 `'U supp %̂N T�UOV
[�»�¸OÓ %N ∗ VN = %N ¹ºC»c\ß´�`'_ØÑ/Uc`'³®µ�T�_ %N µÔÓ�TZ_aµaUc\�T�]�±S`'³v¯cµaU1T$[�µa`'U�`'Ò 2N [�]�T�UOÓ
_�T$[�\ÐÓ;`'ÒvâO\�� �^]
å'\^]
Uc\^_ÔÓ^b�Õ�µØ[�»Z±S`�\ � ±Sµa\^UP[�Ó ±1 b5[�»�¸OÓ ‖%N‖1 = 2N ¹�ºk»c\¤¸OÓ
¸1T�_ !æ¸OV:µaU/é"��»1T�´cµa]
`
T�]
¶'¸c³®\^UP[�Ó�Ó
»c`�Õ²[�»1T$[ ‖%N‖M(2,2)≤ c2N/2 ¹ � UP[�\^]
´�`'_�T$[�µaUc¶ÞW `']�¸OÓ
µaUc¶ ­ \^³®³ëTiù�¹�ù
µaÒ p = 1 hæ¶'µØÙ>\ÐÓ�[�»c\Ý\ÐÓ�[�µa³ëT$[�\ ‖%N‖M(p,r,B) ≤ C2N/p ÒY`'] p > 1 ¹�ºk»�¸OÓ�µaÒ r ≤ q
T�UOV B ≥ A ÕC\i»1T^Ù>\

‖%N ∗ f‖p,r,B = ‖%N ∗ VN ∗ f‖p,r,B ≤ C2N/p‖VN ∗ f‖p,r,B
≤ C2N/pN1/r−1/q+B−A‖f‖p,q,A.

ºk»c\i`%[�»c\^]�±ÐT%Ó�\ÐÓ�T�]
\ã\�T%ÓnÑÞ\Sè/\^]�±SµÔÓ
\ÐÓ^¹
âc`'] p = 2 [�»c\6T�]
¶'¸c³¤\^UP[�Ó�T�]
\6³®`']
\ãV:\^_aµÔ±ÐT$[�\'¹
� � ��
���������� ��� �c¹ÔÚ�ù � � ¾%¿ 1 ≤ r ≤ q ≤ ∞ Î%Á�Ë B ≥ A b
‖%N‖M(2,q,A;2,r,B) ≤ C2N/2Nmax(1/r−1/q,1/r−1/2,1/2−1/q)Nmax(B−A,B,−A).
� ¿�¾�¾�î � â�µa]�Ón[Ðb9Ó�¸c´c´�`>Ó
\ A ≤ 0 T�UOV q ≥ 2 ¹ � Ó�µaUc¶�[�»c\ÊÒ�T%±�[�[�»1T$[ ‖%N‖M(2,2)

≤ C2N/2 T�UOVÞ[�»c\6å�Uc`�Õ�U�³v¸c_Ø[�µa´c_aµa\^]�Uc`']
³ `'Ò VN , Ó
µa³®µa_�T�]�T�]
¶'¸c³®\^UP[�Óæ[�`í[�»c`>Ó
\¶'µØÙ>\^U�T�¯�`�Ù>\ÝÓ�»c`�Õ
‖%N‖M(2,q,A;2,2,0) = ‖%N‖M(2,2,0;2,q′,−A) ≤ C2N/2N1/2−1/q−A.

ì�ÑÞÒ�T%±�[�`']
µaUc¶í[�»c]
`'¸c¶'» L2 bcµØ[�ÒY`'_a_a`�Õ�Ók[�»1T$[�µaÒ r ≤ 2 ≤ q T�UOV B ≥ 0 ≥ A bc[�»c\^U
‖%N ∗ f‖M(2,q,A;2,r,B) ≤ ‖%N‖M(2,2,0;2,r,B)‖VN‖M(2,q,A;2,2,0)

≤ C12N/2N1/r−1/q+B−A.

º�T�å�µaUc¶�µaUP[�`3T%±^±S`'¸cUP[�[�»c\vÒ�T%±�[g[�»1T$[ L2,q(logL)A ⊂ L2,q µaÒ A ≥ 0 b�`'Uc\Ê±ÐT�U
\�T%Ó
µa_ØÑ3Ó
\^\i[�»1T$[æµaÒ A T�UOV B T�]
\i¯�`%[�»;Uc`'U:×MUc\^¶PT$[�µØÙ>\'b1[�»c\^U

‖%N ∗ f‖2,r,B
‖f‖2,q,A

≤ C ‖%N ∗ f‖2,r,B‖f‖2,q,0
≤ C2N/2N1/r−1/q+B.

ºk»c\ã±ÐT%Ó
\iÕæ»c\^U A,B T�]
\i¯�`%[�»�Uc`'U:×M´�`>Ó�µØ[�µØÙ>\ÝµÔÓæÓ
µa³®µa_�T�]^¹� Ò 2 ≤ r ≤ q ÕC\íUc`%[�\í[�»1T$[ ‖%N‖M(2,q,A;2,r,B) ≤ C‖%N‖M(2,q,A;2,2,B) T�UOV¸OÓ
\�[�»c\6´c]
\SÙ/µa`'¸OÓæ\ÐÓ�[�µa³ëT$[�\ÐÓS¹�ºC»c\ã±ÐT%Ó
\ r ≤ q ≤ 2 µÔÓ�V:¸1T�_L¹
� ��� ����� �c¹ÔÚ�� �vºk»c\^]
\ãµÔÓ�TÊÓ
µa³®µa_�T�]k¯�`'¸cUOV;µaÒ r > q T�UOV��$`'] B < A ¹
f�\Sè�[æÕN\�Õ�µa_a_9ÜcUOV�[�»c\ã_a`�ÕC\^]æ¯�`'¸cUOVcÓkÒY`']æ[�»c\i³v¸c_Ø[�µa´c_aµa\^]�Uc`']
³¤ÓC`'Ò %N ¹
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� � ��
���������� ��� �c¹ÔÚ ��� � ¾%¿ 1 ≤ p ≤ 2 b

‖%N‖M(p,q,A;p,r,B) ≥ C2N/pN1/r−1/q+B−A.
� ¿�¾�¾�î � � ¶PT�µaU�b1ÕN\ãÕ�µa_a_9¸OÓ
\ã[�»c\6[�\ÐÓ�[�ÒY¸cUO±�[�µa`'U FN µaUP[�]
`/V:¸O±S\ÐV�µaUZW �c¹�ù'hr¹�ºk»c\

±ÐT�_Ô±S¸c_�T$[�µa`'UOÓæ[�»1T$[�Ó
»c`�Õ
‖%N ∗ FN‖p,r,B ≥ C2N/pN1/r+BM

−1/p
N

T�]
\�Ó�µa³¤µa_�T�]e[�`k[�»c`>Ó�\�¶'µØÙ>\^UãÒY`'] KN∗FN µaUãºk»c\^`']
\^³ �c¹ 
iW�Ó�\^\�ó��/b'�/¹ÔÚ'Ú�õPÒY`']5V:\S[rT�µa_ÔÓ�hr¹
ºk»c\6\Sè�[�]�TíÒ�T%±�[�`']�`'Ò 2N µaU;[�»c\Ý±S`'³®´c¸:[rT$[�µa`'U�`'Ò m{x : |%N ∗ FN (x)| ≥ 2−N/p}
¶'µØÙ>\ÐÓæ]
µÔÓ
\i[�` 2N/p ¹

ºC»c\ÐÓ
\N[�ÕN`g]
\ÐÓ�¸c_Ø[�ÓEÓ
»c`�Õ½[�»1T$[�[�»c\ ­ `']
\^UP[�ä�é:ê1Ñ/¶'³v¸cUOVÊ³Ê¸c_Ø[�µa´c_aµa\^]�Ó
´1T%±S\ÐÓ�Õ�µØ[�»
V:µ���\^]
\^UP[�Üc]�Ó�[�µaUOV:µÔ±S\ÐÓSb r < p ≤ 2 b�T�]
\6V:µÔÓn[�µaUO±�[Ð¹

�����������
� �c¹ÔÚ)� �í¼5À^Â 1 < p ≤ ∞, 1 ≤ s, t ≤ ∞ Î�Á�Ë A,B ∈ R � , ):À�¿�ÀvÀ����
ðYÌ�Â�Ì F ∈M(p, s,A; p, t, B) Ì É Ï )ÝÂ�)/Î'Â F /∈M(r, u, C; r, v,D) îS¾�¿�Î�Á Æ 1≤ r < p b
1 ≤ u, v ≤ ∞ Î�Á�Ë C,D ∈ R �

� ¿�¾�¾�î � ì�Ñg[�]�T�UOÓ
_�T$[�µaUc¶ %N Ó�¸cµØ[rT�¯c_ØÑ6±S`'UOÓn[�]
¸O±�[ %′N Õæ»c`>Ó
\�âc`'¸c]
µa\^]�±S`�\ � ±Sµa\^UP[�Ó
»1T^Ù>\6V:µÔÓ �n`'µaUP[gÓ�¸c´c´�`']�[Ð¹ �N`'UOÓ�µÔV:\^]

F =
∑

N

%′NN
− logN2−N/p.

� ±^±S`']�V:µaUc¶®[�`!��]
`'´�`>Ó
µØ[�µa`'UOÓ �c¹ÔÚ'Ú6T�UOV �c¹ÔÚ�ù�b
‖F‖M(p,s,A;p,t,B) ≤

∑

N

2N/pNαN−2 logN2−N/p

Õ�»c\^]
\ α V:\^´�\^UOVcÓÝ`'Uc_ØÑß`'U s, t, A,B ¹ � Ó α ≤ logN ÒY`'] N Ó�¸ � ±Sµa\^UP[�_ØÑñ_�T�]
¶'\'b
F ∈M(p, s,A; p, t, B) ¹

f�`�Õ6b5[rT�å'\;T�UPÑ r < p T�UOVZÜ:è/\ÐV u, v b C,D ¹%��µa³®µa_�T�]íT�]
¶'¸c³®\^UP[�ÓÝ[�`�[�»c`>Ó
\
¶'µØÙ>\^U;µaU�ºk»c\^`']
\^³ �c¹ �/bO¯c¸:[�¯1T%Ó�\ÐV;`'U3[�»c\i´c]
\SÙ/µa`'¸OÓ�´c]
`'´�`>Ó�µØ[�µa`'U�b�Ó
»c`�Õ

‖F‖M(r,u,C;r,v,D) ≥ sup
N
‖%N‖M(r,u,C;r,v,D)2

−N/pN− logN

≥ C0 sup
N

2N(1/r−1/p)N−2 logN .

ìN¸:[ 2N(1/r−1/p)N−2 logN →∞ T%Ó N →∞ bc»c\^UO±S\ F /∈M(r, u, C; r, v,D) ¹
�e¢
�3¨�¥�� &���ª-6 � ¬�¦ . ¨ � 1çª���¦$¬ 4�� ¬ &�§ 2�476O«8&92��M¨1§ 6O§ ��¬�¦�§'6c§). /�§$¨�ª-4 2
�e¢�¡1¢�� ¿�¾ É Í�Ì $Eð Â�) � Ácð Â!ÀZÌ É ; Ç ¿�¾ É Í1Ì �=� UJ[�»cµÔÓßÓ
\Ð±�[�µa`'U ÕN\²Ó�»c`�Õà[�»c\½Uc`'U:×

\ÐÖP¸1T�_aµØ[�ÑH`'Òg±S\^]�[rT�µaU ­ `']
\^UP[�ä�é:ê1Ñ/¶'³Ê¸cUOVH³v¸c_Ø[�µa´c_aµa\^]ëÓ
´1T%±S\ÐÓíÕ�»c\^U G µÔÓ¤Tß±S`'³í×
´1T%±�[ÐbET�¯�\^_aµ�T�U½¶']
`'¸c´ZÕ�»c`>Ó�\ÞV:¸1T�_C±S`'UP[rT�µaUOÓíTZW _�T�]
¶'\$h6ÜcUcµØ[�\ÞÓ
¸c¯c¶']
`'¸c´ X ¹�ºk»c\
T�]
¶'¸c³®\^UP[�Ó�T�]
\6Ó�µa³¤µa_�T�]C[�`í[�»c\ã±Sµa]�±S_a\Ý±ÐT%Ó�\��cÕC\iÕæµa_a_9Ó
å'\S[�±�»;[�»c\i³ëT�µaU3µÔV:\�T%Ó^¹



� ( � �N� -9����}��Lu�}r�$z � ���i��{�}r�^x R
­ \S[ H ¯�\k[�»c\�T�UcUcµa»cµa_�T$[�`']�`'Ò X T�UOVí_a\S[ DH = χH/m(H) Õ�»c\^]
\ m V:\^Uc`%[�\ÐÓ

[�»c\=�gT'T�]C³®\�T%Ó
¸c]
\�`'U G ¹ � Ó D̂H = χX b DH µÔÓkT6[�]
µa¶'`'Uc`'³®\S[�]
µÔ±�´�`'_ØÑ/Uc`'³®µ�T�_�`'Ò
L1 ×MUc`']
³ `'Uc\'¹� [�µÔÓ�Ó
»c`�ÕæUçµaU²ó��/b-��\Ð±�[�µa`'U��%õ�[�»1T$[iµaÒ |X| ≥ 100N [�»c\^U
[�»c\^]
\ÊµÔÓiT®[�]
µa¶'`'Uc`%×
³®\S[�]
µÔ±ã´�`'_ØÑ/Uc`'³®µ�T�_ FN b�V:\^ÜcUc\ÐV�`'U G bcÕ�»c`>Ó�\vâO`'¸c]
µa\^]�[�]�T�UOÓ�ÒY`']
³ µÔÓ�Ó
¸c´c´�`']�[�\ÐV
`'U X T�UOVÞÕ�»c`>Ó�\ã]
\�T�]
]�T�Uc¶'\^³®\^UP[�µÔÓk¶'µØÙ>\^U;¯PÑ

F ∗N (u) =





2−1/p µaÒ u < 2m(H) b
2−n/p µaÒ ∑n−1

k=1 2km(H) ≤ u <∑n
k=1 2km(H) b

0 µaÒ u ≥∑N
k=1 2km(H) ¹

� Ó�µaUc¶½[�»cµÔÓ�[�\ÐÓn[;ÒY¸cUO±�[�µa`'U FN T�UOV `'¸c]Þ´c]
\SÙ/µa`'¸OÓÞÕC`']
åHÕN\ß±ÐT�U \ÐÓ�[�µa³ëT$[�\ç[�»c\
³v¸c_Ø[�µa´c_aµa\^]�Uc`']
³¤ÓC`'Ò DH ¹

� � ��
���������� ��� ��¹ÔÚ��í¼5À^Â 1 ≤ r ≤ q ≤ ∞ Î�Á�Ë B ≥ A � , )/ÀSÁ
‖DH‖M(p,q,A;p,r,B) ' (log |X|)1/r−1/q+B−A.

� ¿�¾�¾�î � ��µaUO±S\ m(H) = |X|−1 b �N`']
`'_a_�T�]�Ñ �/¹�ôv¶'µØÙ>\ÐÓ
‖DH‖M(p,q,A;p,r,B) ≤ C(log |X|)1/r−1/q+B−A.

âc`'];[�»c\ñ_a`�ÕC\^];¯�`'¸cUOV·±�»c`�`>Ó
\ N =
[

1
7 log |X|

] T�UOV `'¯OÓ
\^]�Ù>\ñ[�»1T$[
Ó
µaUO±S\
supp F̂N ⊆ X b�ÕC\C»1T^Ù>\ DH ∗FN = FN ¹ � [EµÔÓEÓ�[�]�T�µa¶'»P[�ÒY`']�ÕkT�]�Ví[�`i±ÐT�_Ô±S¸c_�T$[�\k[�»1T$[
‖FN‖p,q,A ' m(H)1/pNA+1/q Ó�µaUO±S\ F ∗N µÔÓ6TÞÓ
¸c³ `'ÒN±�»1T�]�T%±�[�\^]
µÔÓ�[�µÔ±¤ÒY¸cUO±�[�µa`'UOÓ
`'Ò�µaUP[�\^]�Ù'T�_ÔÓS¹���\^UO±S\'b

‖DH‖M(p,q,A;p,r,B) ≥
‖DH ∗ FN‖p,r,B
‖FN‖p,q,A

≥ CN1/r−1/q+B−A.

� ��� ����� ��¹�ù � ��µa³®µa_�T�]
_ØÑ�bOÒY`']�T�UPÑ q, r, A,B b
C0(log |X|)1/r−1/q+B−A ≤ ‖DH‖M(p,q,A;p,r,B) ≤ C(log |X|)|1/r−1/q|+|B−A|.
� ��� ����� ����� ��¹ � �®¼5ÀSÂ G ;�À¤Î%Á*ðYÁ � Ácð Â!À>bCÏr¾ È ÍcÎ>Ï^Â�Î ;�À ï ðLÎ�Á Ç ¿�¾ É Í²Î�Á�ËÞÌ É Í �

Íc¾�Ì^À Ĝ Ï�¾%ÁOÂ!Î�ðYÁOÌgðYÁ � ÁOð Â!À ï�Æ¤È Î�Á Æ À ï À È ÀSÁOÂ�Ìã¾�î � Ácð Â!Àv¾�¿�Ë>ÀS¿ � ¼9À^Â 1 ≤ t ≤ s ≤ ∞
Î�Á�Ë B ≥ A �  É Í>Íc¾�Ì^À ε > 0

� , ):À�¿�ÀãðYÌ6Î�Á F ∈ L1(T) Ì É Ï )ÞÂ�)/Î%Â
F ∈

⋂

1/t−1/s+B−A=ε

M(p, s,A; p, t, B)

; É Â
F /∈

⋃

1/r−1/q+D−C>ε
M(p, q, C; p, r,D).

� ¿�¾�¾�î � ºk»cµÔÓCµÔÓæÓ
µa³®µa_�T�]C[�`Ê[�»c\i´c]
`�`'Ò�`'ÒCó��/b��c¹ �$õ �cÕC\g[rT�å'\ F [�`í¯�\6TÊÓ�¸cµØ[rT�¯c_a\
ÕC\^µa¶'»P[�\ÐV3Ó�¸c³ `'Ò9[�]�T�UOÓ�_�T$[�\ÐÓk`'Ò5ÒY¸cUO±�[�µa`'UOÓ DHn b/Õ�»c\^]
\ Hn T�]
\�[�»c\ãT�UcUcµa»cµa_�T$[�`']�Ó`'ÒETÊÓ
\ÐÖP¸c\^UO±S\6`'Ò�ÜcUcµØ[�\ÝÓ�¸c¯c¶']
`'¸c´OÓ Xn Õ�»c`>Ó�\6±ÐT�]�V:µaU1T�_aµØ[�µa\ÐÓ�[�\^UOV�[�`®µaUcÜcUcµØ[�Ñ>¹

� ��� ����� ��¹����vºk»cµÔÓæ±S`']
`'_a_�T�]�Ñ3µÔÓC[�»c\6T�U1T�_a`'¶'¸c\Ý`'Ò�ºk»c\^`']
\^³ �c¹ �/¹
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X*\Þ±ÐT�U²T�_ÔÓ
`çÓ�»c`�Õ [�»c\�Uc`'U:×!±S`'³¤´1T�]�T�¯cµa_aµØ[�ÑZ`'ÒæUc`']
³¤ÓÝ`'Òæ³v¸c_Ø[�µa´c_aµa\^]íÓ�´1T%±S\ÐÓ
Õ�µØ[�»;V:µ���\^]
\^UP[�Üc]�Ó�[�µaUOV:µÔ±S\ÐÓ^¹

� � ��
���������� ��� ��¹ � �®¼9À^Â G ;�À¤Î�ÁñðYÁ � ÁOð Â!À>bNÏr¾ È ÍcÎ>Ï^Â�Î ;�À ï ðLÎ�Á Ç ¿�¾ É Í�b XN ;�À
Î � ÁOð Â!À¤Ì É ; Ç ¿�¾ É Í ¾�î Ĝ $Eð Â�) |XN | ' 100N b 1 ≤ p < 2, 1 ≤ q, r ≤ ∞ bkÎ�Á�Ë
A,B ∈ R � , )/ÀS¿�À6ðYÌ6Î¤Â�¿�ð Ç ¾�Á�¾ È À^Â�¿rðLÏ�Í:¾ ï�Æ Á�¾ È ðLÎ ï %N Ì É Ï )ÞÂ�):Î%Â

C02N/pN1/r−1/q+B−A ≤ ‖%N‖M(p,q,A;p,r,B) ≤ C2N/pN |1/r−1/q|+|B−A|.
� ¿�¾�¾�î � Xñ\N¸OÓ
\N[�»c\ !æ¸OV:µaU/é"��»1T�´cµa]
`ã´�`'_ØÑ/Uc`'³®µ�T�_ÔÓ %N ±S`'UOÓn[�]
¸O±�[�\ÐVíµaU;ó��/b �c¹ ��õM¹

��µaUO±S\ supp %̂N ⊆ XN b1Ó
µa³®µa_�T�]gT�]
¶'¸c³®\^UP[�Ó�[�`®[�»c`>Ó�\Ý¶'µØÙ>\^U�µaU ��]
`'´�`>Ó�µØ[�µa`'U �c¹ÔÚ'Ú%b
¯c¸:[;Ò�T%±�[�`']
µaUc¶²[�»c]
`'¸c¶'» DHN bNÕ�»c\^]
\ HN µÔÓ�[�»c\*T�UcUcµa»cµa_�T$[�`'];`'Ò XN W ]�T$[�»c\^]
[�»1T�U VN hrb1Ó
»c`�Õ [�»1T$[

‖%N‖M(p,q,A;p,r,B) ≤ C2N/pN |1/r−1/q|+|B−A|.

ºk»c\ÐÓ�\iÒY¸cUO±�[�µa`'UOÓ�T�]
\iå�Uc`�ÕæUÞ[�`®Ó�T$[�µÔÓ�Ò�Ñ (%N ∗ FN )∗(u) = F ∗N (u2−N ) W�Ó
\^\i´c]
`�`'Ò
`'Òkó��/b��c¹ ��õ hrbO[�»�¸OÓ�T�U;\�T%Ó�Ñ3±ÐT�_Ô±S¸c_�T$[�µa`'U�¶'µØÙ>\ÐÓ

‖%N ∗ FN‖p,r,B ≥ Cm(HN )1/p2N/pNB+1/r

≥ C2N/pN1/r−1/q+B−A‖FN‖p,q,A.
��\^]
\ãµÔÓC[�»c\ÝT�U1T�_a`'¶'¸c\ã`'Ò�ºk»c\^`']
\^³ �c¹ÔÚ)��¹
� ��� ����� ����� ��¹�ô �®¼5ÀSÂ G ;�À¤Î%Á*ðYÁ � Ácð Â!À>bCÏr¾ È ÍcÎ>Ï^Â�Î ;�À ï ðLÎ�Á Ç ¿�¾ É Í²Î�Á�ËÞÌ É Í �

Íc¾�Ì^À Ĝ Ïr¾�Á1Â!Î�ðYÁcÌ�ðYÁ � ÁOð Â!À ï�Æ�È Î%Á Æ À ï À È ÀSÁ1Â�ÌC¾�î � Ácð Â!À�¾�¿�Ë>ÀS¿ �  É ÍPÍ:¾%ÌSÀ 1 ≤ s, t, u, v
≤ ∞ bEÎ�Á�Ë A,B,C,D ∈ R � � î r 6= p, p′ Â�)/ÀSÁ

M(p, s,A; p, t, B) 6= M(r, u, C; r, v,D).

�e¢ #e¢ � ¿);rð Â�¿�Î�¿ Æ Ï�¾ È ÍcÎ>Ï^Â�Î ;�À ï ðLÎ%Á Ç ¿�¾ É Í�Ì � º�`Þ`'¯:[rT�µaUß[�»c\®T�U1T�_a`'¶'`'¸OÓã]
\ÐÓ
¸c_Ø[�Ó
ÒY`']CT�]
¯cµØ[�]�T�]�Ñ¤±S`'³®´1T%±�[CT�¯�\^_aµ�T�Uë¶']
`'¸c´OÓ�ÕN\�¸OÓ
\æ[�»c\�ÒY`'_a_a`�Õ�µaUc¶Ý_a\^³®³ëT/b'Õæ»cµÔ±�»�±ÐT�U
¯�\ã´c]
`�Ù>\ÐV;¯PÑ3Tí±�»1T�Uc¶'\ã`'Ò�Ù'T�]
µ�T�¯c_a\ÐÓ�T�]
¶'¸c³®\^UP[Ð¹

� ���%��� ��¹ 
 �®¼9À^Â G Î�Á�Ë H ;�ÀÊÏ�¾ È ÍcÎ>Ï^ÂCÎ ;�À ï ðLÎ�Á Ç ¿�¾ É Í1ÌÝÎ�Á�Ë π : G→ H Î
Ïr¾�ÁOÂ�ðYÁ É ¾ É Ì%bC¾%ÁOÂ!¾ ):¾ È ¾ È ¾%¿!Í�)PðYÌ È � ¼9À^Â F ∈ L1(H) Î%Á�Ë
Ë>À � Á�ÀÞÎãî É Á�Ï^Â�ðL¾�Á F̃
¾�Á G ; Æ F̃ = F ◦ π � , )/ÀSÁ F̃ ∈ L1(G) Î�Á�ËÝîS¾�¿ëÎ�Á Æ 1 ≤ p, q, r, s ≤ ∞ Î�Á�Ë
A,B ∈ R b
‖F̃‖Lp,q(logL)A = ‖F‖Lp,q(logL)A , ‖F‖M(p,q,A;p,r,B) ≤ ‖F̃‖M(p,q,A;p,r,B).
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W µYh � î t ≤ s b A ≤ B Î�Á�Ë ε > 0 b9Â�):À�Á�Â�)/ÀS¿�ÀiðYÌiÎkî É Á�Ï^Â�ðL¾�Á F ∈ L1(G) Ì É Ï )
Â�)/Î%Â

F ∈
⋂

1/t−1/s+B−A=ε

M(p, s,A; p, t, B)
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1/r−1/q+D−C>ε
M(p, q, C; p, r,D).
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M(p, s,A; p, t, B) 6= M(w, q, C;w, r,D).
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ðYÁ � Ácð Â!ÀPbEÏr¾ È ÍcÎ>Ï^ÂCÎ ;�À ï ðLÎ�Á Ç ¿�¾ É Í �
W µYh � îíÀSð Â�)/ÀS¿*WLT>h s < r ≤ q Î%Á�Ë B + 1/r > C + 1/s bC¾�¿*W ¯�h r < s ≤ q

Î�Á�Ë B ≥ C b�Â�)/ÀSÁ M(p, q, A; p, r,B) (M(p, q, A; p, s, C)
�

W µaµYh � î�ÀSð Â�)/ÀS¿3WLT>h r ≤ q < v Î�Á�Ë C ≥ A b�¾�¿3W ¯�h r ≤ v < q Î�Á�Ë C + 1/q >
A+ 1/v b�Â�):À�Á M(p, v,A; p, r,B) (M(p, q, C; p, r,B)
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