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Ergodic transforms associated to general averages
by

H. AIMAR (Santa Fe), A. L. BERNARDIS (Santa Fe),
and F. J. MARTIN-REYES (Mélaga)

Abstract. Jones and Rosenblatt started the study of an ergodic transform which is
analogous to the martingale transform. In this paper we present a unified treatment of
the ergodic transforms associated to positive groups induced by nonsingular flows and to
general means which include the usual averages, Cesaro-a averages and Abel means. We
prove the boundedness in L”, 1 < p < oo, of the maximal ergodic transforms assuming
that the semigroup is Cesaro bounded in L?. For p = 1 we find that the maximal ergodic
transforms are of weak type (1,1). Convergence results are also proved. We give some
general examples of Cesaro bounded semigroups.

1. Introduction and main results. Let (X,F,v) be a complete o-
finite measure space. By a flow I' = {7 : t € R} we mean a group of
measurable transformations 7, : X — X such that 7y is the identity, 745 =
707 (t,s € R) and the map (z,t) — ma from X x R into X is F-F-
measurable, where Fis the completion of the product o-algebra F® L where
L is the Lebesgue o-algebra, and the completion is taken with respect to
the product measure of v on F and the Lebesgue measure m. The flow is
said to be measure preserving if v(r,E) = v(E) for all t € R and all E € F
(we also say that the flow preserves the measure v). The flow is said to be
nonsingular if v(E) = 0 for all t € R and all £ € F with v(F) = 0. It
is clear that measure preserving implies nonsingular. In this paper we are
mainly interested in nonsingular flows which are not necessarily measure
preserving.

From now on we fix a nonsingular flow I" = {7, : t € R}. For each t € R
we consider the measures v, defined by 1v(E) = v(14(E)). These measures
have the same sets of measure zero since the flow is nonsingular. If J; is
the Radon-Nikodym derivative of v; with respect to v then { f(z) dv(z) =
§x f(rex)Ji(z) dv(z) for all nonnegative measurable functions f and for all
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integrable functions f. Moreover, Jyys(7) = Js(riz)Ji(z) a.e. x. It follows
that the operators S f(x) = Ji(x) f(ryx) are positive isometries in L'(v) and
lim; o S* = I in the strong operator topology [15], where I is the identity
operator. Consequently, by [6, Lemma II1.11.16] (see also [23]) there exists
a function (z,t) — Ji(x), measurable with respect to the product o-algebra,
such that, for almost every t, J;(x) = J;(x) a.e. x. Consequently,

(11) | £(x) dv(a) = § Flria) ) dv(z)
X X

for almost every ¢. Furthermore, J;i4(x) = Js(npx)Ji(z) a.e. (z,s,t) € X X
R x R, where in X x R x R we consider the completion of the product
measure.

In this paper we are interested in a class of groups G = {T* : t € R} of
positive operators which contains the groups S! considered previously. We
introduce this class in the next definition.

DEFINITION 1.1. Let (X,F,v) be a complete o-finite measure space.
Let I' = {7, : t € R} be a nonsingular flow on X. Let g(x,t) = g/(x) be a
positive function defined on X x R that is 7 ® L-measurable and such that
Gt+s(7) = gs(1ex) g (z) ace. (x,5,t) € X xRxR. A group G = {T" : t € R} of
positive operators induced by I" and g is a family of linear operators acting
on measurable functions such that T'*5f = TYT*f), T°f = f, and, for
almost every t,

(1.2) T'f(z) = gi(x) f(px)  aee. .
The semigroup {1" : ¢t > 0} will be denoted by G.
Throughout the paper we work only with this kind of groups. For such

a group, it follows from ((1.1]) that if 0 < p < oo and Hy(z) = (g¢(x)) P J(x)
then for almost every ¢,

(1.3) VIf @) dv(a) = | |T' f(2) P Hi(x) dv ().
X X

One of the classical problems in Ergodic Theory is to study the conver-
gence of the averages

AL f(a) =

m | =

|7 f(2)dt
0

as ¢ — 0% and as € — oco. (In principle these averages are well defined for
f >0.) There are other kinds of averages like the Cesaro-a averages
1 I3
CHf(z) = ita S (e —t)*T' f(x)dt, a >0,
0
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or Abel means

1 oo
REf(a) = - { e T f() dt,
0
which have also been studied in this ergodic setting ([2], [5], [8], [9], [17], [22],

[23]). All these averages are particular cases of the “convolution” averages
defined by

o
Al f (@) = | o ()T f(x) dt,

0
where p.(t) = (1/e)p(t/e) and ¢ is a nonnegative integrable decreasing
function defined on (0,00) (the trivial case ¢(t) = 0 will not be consid-
ered). If ¢ is the characteristic function x(g 1y of the interval (0, 1) then the
(p-averages .A;SD f are the usual ergodic averages; in this case, as we have
already done, we simply write AY f (this convention will also be used for
other operators).

In order to prove the almost everywhere convergence of the averages

A;i‘p f, the standard approach is to consider the maximal operator

M f(z) = sup AL, f ()]
e>0

and, for f € LP(v), 1 < p < 00, to prove a dominated ergodic estimate, i.e.,
Sx IMEfIPdv < Oy |fIPdv with a constant C' independent of f. It is clear
that for such an inequality to hold the averages Aj’@ must be uniformly
bounded operators in LP(v). This remark gives rise to the next definition.

DEFINITION 1.2. Let G be a group as in Definition Let ¢ be a
nonnegative integrable decreasing function on (0,00). Let 1 < p < oo. We
say that the semigroup Gy = {T" : t > 0} is ¢-bounded in LP(v) if there
exists C' > 0 such that for all nonnegative functions f € LP(v),

(1.4) sup S |AZ fIPdv < C S |f|P dv.
e>0 X ’ X
If ¢ = Xx(0,1) then we say that the semigroup G, is Cesaro bounded in LP(v).

Observe that if the semigroup Gy is ¢-bounded in LP(v) and f € LP(v)
then the averages AY f are well defined and holds for all f € LP(v).
Obviously, the semigroup G4 is p-bounded in LP(v) if g:(x) = 1 and the
flow is measure preserving.

In what follows we look for a relation between @-bounded semigroups

and Cesaro bounded semigroups (this is probably known, for instance see
[9] for Abel means).

PROPOSITION 1.3. Let G be a group as in Definition [I.1 Let ¢ be a
nonnegative integrable decreasing function on (0, 00) with Sgo © >0 and let
1 < p < oo. The semigroup G4 is Cesaro bounded in LP(v) if and only if
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the semigroup Gy is p-bounded in LP(v). Furthermore, there exists C' > 0
such that CM™ f(x) < MF f(x) < (§ )M f(z) for all measurable f, where
MFf(x) = supg | AL f(2)].

Proof. 1t suffices to consider f > 0. Notice that if ¢(u) > 0 for some
u > 0 then, since ¢ is decreasing, AY f(z) > up(u)Ad, f(z). From this
inequality, we see that p-bounded implies Cesaro bounded and

/\/l;f(:n)

M f(a) <
wp(u)
On the other hand, if ¢ is a simple function, ¢ =" , CiX(0,;)) Ci = 0, we
get

(15) AL f(x) Zczb A f (@) (Zcz b )M f(2) = ([o) M* f(a).
Then M7 f(z) < ({o)M™ f(z) and

p
1Az f1dv < (o) sup | A f17 dv.
X ’ e>0 X
Consequently, Cesaro bounded implies (p-bounded for ¢ simple. For gen-
eral o, the assertion follows from the above inequalities and the monotone
convergence theorem. m

Proposition [1.3] allows us to reduce the study of the boundedness of
/\/l[; to the usual ergodic maximal operator, i.e., to the case ¢ = x(o1)
corresponding to the standard ergodic averages. In the next proposition we
show that the almost everywhere convergence of A;@ f also reduces to the
standard case.

PROPOSITION 1.4. Let G be a group as in Definition [I.1] Let ¢ be a
nonnegative integrable decreasing function on (0,00) with Sgo >0 and let
1 < p < 0. Assume that for a nonnegative measurable function f the limit
lim. o0 AL f(z) = € exists and M* f(z) < oo for some x. Then the limits
lime oo AL, f(x) = (§)0 exists. The same statement holds for the limit as
€ goes to zero.

Proof. If ¢ is a simple function then the assertion follows immediately
from the first equality in . Assume now that ¢ has compact support. It
is easy to see that there exists a sequence {¢, }, of nonnegative decreasing
simple functions such that ¢, T ¢ and ¢ — ¢, < ¥, where the functions ¢,
are nonnegative, integrable, decreasing and lim,,_,~, Sgo 1, = 0. By Proposi-
tion [L.3] we have

AL (2) = ALy, f(@) = AL,y f@) < AT, f@) < (Jn) M f(@),
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The result now follows immediately since M f(z) is finite, limy, o {10, =0
and lime oo AT, f(x) = (Jn)L.

Take now a general ¢. Let L > 0 and ¢, = ¢x(0,z)- Let ¥ = p(L)X(0,z]
+ PX(L,00)- Then

At f) - (Te)] < Az, 1 >—-(§ @ )e| + 1A%, f(@)]
< |z, 1@ = (Vo)e + (Twr) M 1@,

Since limy, . {97 = 0 and M*f(x) < o0, and ¢y, has compact support,
the general case follows from what we have already proved. =

Now we are going to give some nontrivial examples of Cesaro bounded
semigroups. Some other examples and related questions are studied in §6.

EXAMPLE 1.5. Let 1 < p < oo and T*f(x) = (J;(2))"/? f(ryx), where J;
is the Radon—Nikodym derivative considered at the beginning of the intro-
duction. It is clear that each T is an isometry on LP(v), and consequently
G+ is Cesaro bounded in LP(v). Observe that G_ = {T* : t < 0} is also
Cesaro bounded in LP(v).

EXAMPLE 1.6. Let X = [0,1) with the Lebesgue o-algebra. Let dv =
w(z) dz, where w(r) = 2% and —1 < 8 < 0. Consider the flow 7;(z) = = + ¢
(mod 1), that is, 7¢(z) =  +t — [« + t], where [x + ¢] stands for the integer
part of x +t. Set T'f(z) = f(rsx). The semigroup G, is Cesaro bounded
in L'(v) (and therefore bounded in LP(v), 1 < p < 0o) if and only if there
exists C' > 0 such that for all € > 0,

1 £
- S w(t_ix) dt < Cw(x) ae. z.
€0
This holds since |z|? satisfies the Muckenhoupt A; condition on the real line
(see [10], [7] or [12]), i.e., there exists C' > 0 such that (b—a)~! SZ 2| dx <
Cinfye(qp) |z|? for all intervals (a,b). However, the semigroup G_ = {T* :
t < 0} is not Cesaro bounded in L!(v). To prove this we observe that G_
is Cesaro bounded in L!(v) if and only if there exists C' > 0 such that,
for all e > 0, e {j w(na)dt < Cw(x) a.e. x. By the continuity of w, this
inequality would hold for all x # 0. If we take € > 0 and x = 1 — ¢, we have
2e

1 1 ¢ 1
— dt> —\Pdy=—"— &P,
2e (S)w(ﬁx) - 2e§)y y 2(ﬁ+1)8

Since w(z) = w(l — ) < 2 for € small, we see that
1
2

L (% w(ry(1 — €))dt 1
BT O e iy
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is as large as we wish if we take € small enough. Therefore, G_ is not Cesaro
bounded in L'(v).

Clearly, the measure v is equivalent to the Lebesgue measure (the in-
variant measure for the flow I") in the sense that they have the same sets of
measure zero. However v is not comparable to the Lebesgue measure, that is,
there is no constant K > 0 such that (1/K)|F| < v(F) < K|E| for all mea-
surable sets E, where |E| is the Lebesgue measure of E: if E = (0,b) C (0, 1)
we have v(E)/|E| = b°/(8 4 1) and b7 is as large as we wish if we take b
small enough.

One may ask whether or not the flow could have the property that for
some constant K > 0,

(L6) (L/K)W(E) < v((E)) < Kv(E)

for all measurable sets E and all t. Then there should be a o-finite measure
1 equivalent to v for which the flow is measure preserving and such that p is
comparable to v (consequently, everything would be reduced to the measure
preserving case). Our present example shows that the measure y would be
the Lebesgue measure and we have already shown that it is not comparable
to v. However, we are going to give a direct proof showing that does
not hold in our example although the semigroup is Cesaro bounded in L!(v).
In fact, for 0 < e < 1 and I. = (1 —¢,1), we have 7-(I;) = (0, ). Therefore,
v(1.(I.)) = P /(B +1). Since v(I.) < 27P¢, we have

v(re(I:)) > 28¢P
v(l.) ~B+1
which is as large as we wish if we take € small enough.

In what follows we state our results about the boundedness of ./\/lg and
the convergence of the averages .Ajﬁp f under the main assumption that the
semigroup G, is Cesaro bounded in LP(v).

THEOREM 1.7. Let (X, F,v), I', {gt : t € R} and G = {T" : t € R} be as
in Definition [I.1] Let ¢ be a nonnegative integrable decreasing function on
(0,00) and let 1 < p < oo. Assume that the semigroup G is Cesaro bounded
in LP(v).

(a) If 1 < p < oo then:
(i) There exists C > 0 such that for all f € LP(v),
VIMEfPdv < |fPdv.
X X
(ii) For all f € LP(v), lim. o+ Az o f = ({¢)f a.e. and in LP(v).
(iii) For all f € LP(v), the averages AL f converge a.e. and in
LP(v) as e — oo.
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(b) If p=1 and gi(x) =1 then:
(i) There exists C > 0 such that for all f € L'(v) and all X > 0,

C
v({z € X« [MSf(2) > A}) < < S 1P dv.
Ay
(ii) Forall f € L'(v), lim._o+ AT f = (§¢)f a.e. and in measure.
(iii) For all f € L'(v), the averages AT, f converge a.e. and in
measure as € — 0.

REMARK 1.8. The result does not hold if p =1 and g;(x) # 1. To show
an example we work on the real line. We follow Example 2.11 in [I1]. Take

01) = Xm0+ Tx0m (), T (@) = 25w

and dv = g(z) dz. It is easy to see that the semigroup G is Cesaro bounded
in L'(dv). Notice that the maximal operator M™ associated to the semi-
group satisfies

1
+ Tr) = —— - X
M f(@) = oM (f)(x),

where M~ is the one-sided Hardy—Littlewood maximal function defined by
M~ f(z) =sup.sge ' §7__|f(s)|ds. Therefore, if a weak type (1,1) inequal-
ity were satisfied for M™ with respect to v we would have

| ()dfﬂ<*§\f( )| da.
{o:(1/g(x)) M~ f(x)>A}
If we take f = x(o1) then M~ f(z) = 1/x for z > 1. Taking A = 1/2, we
have oo = S(LOO) g(x)dx <20\ | f(x)|dx = 2C.

Once we know that the convergence of .A;.:O f holds in the almost every-
where sense or in the LP-norm, it is reasonable to try to give some informa-
tion about how the convergence occurs.

Take any sequence {ey }kez with g1 > e > 0 for all k, limg_, e, =0
and limkﬂoo €r = 0o. Nothing can be said about the rate of convergence of
limk_, 0 AZ ,f. However, for N < 0, S (Ao f(x) — Acy o f(2)) =

Ao of (x ) Acy_1 o f(x). Therefore, the limit

0
(1.7) lim (Aep o f(x) — Ay o f(2))
= A507¢f(;1:) - Nlinjoo AEN—la‘Pf(‘T)

exists and is essentially equal to limg_,_ o Ek o+ Consequently, if we try

to give some information about the convergence of Agk o we can analyze
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the convergence of Zgz_oo( Aep o f(@) — Aey o f(2)). We can try to prove
the absolute convergence, the unconditional convergence or the existence in
LP(v) of the square function Y 5o | Ac, of — Aep , o f|% If, in particular,
we take a lacunary sequence {ej}rez, i.e., e > 0 and ep1/ep > p > 1
for all k, then an example in [I] shows that there exists f € L (v) such
that the series does not converge absolutely. More precisely, let X = [0,1)
with the Lebesgue measure v and, as before, consider the flow 7 (z) =
r +t (mod 1). Let ¢ = X(0,1)- Then there exists f € L°°(v) such that
S Mep o f(2) — Asy_of(x)| = 00 ae. (The example in [I] is for
© = X(-1,1), that is, A.f(z) = (2¢)7*{°_f(x + t)dt, but the example
for o = x(o,1) follows immediately.) Given the cancellation properties of
S (Ao f(x) = Acy_, o f(x)) and the last result, it is natural to con-
sider the convergence of
0
Z 'Uk(Aak,gaf(x) - Ask_l,cpf(x))y
k=—o00

where vy, is a bounded sequence of real or complex numbers. Reasoning in the
same way for k — oo, we arrive at the problem of convergence of the series
Y ore oo Uk( Ay o f () — Az, o f(2)), where vy, is a bounded sequence of real
or complex numbers. We shall only study the convergence and boundedness
of the last series for lacunary sequences because the expected results imply
unconditional convergence of the series Y 2 (Ae of(2) — Asp 1 o f(2)),
and this fact restricts the classes of sequences for which you can expect
positive results (see Remark after the statement of the results). We
must point out that Jones and Rosenblatt [14] studied this problem for
© = X(0,1) in the setting of periodic functions on the real line with the flow
7i(x) = x + t and for discrete averages associated to a measure preserving
transformation; the problem for general functions on the real line with the
same flow and in the context of weighted spaces was studied in [3].

So far, we have only established our main aim, that is, to study the
convergence and boundedness of

o0

(1.8) D k(Ao o f (@) = Acy_y o f (2))

k=—o00
in the setting of Cesaro bounded semigroups, where ¢y, is a lacunary sequence
and v is a bounded sequence of real or complex numbers. The natural
approach is to consider the maximal operator

1, f(x) = Sup TN f ()],

where for each N = (N1, N2) € Z? with N; < Ny, 7N, is the truncation
operator
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Ny

Inf(x) = Z Uk(Aey o f (@) = Aey o f (2)).

k=N1

Unlike the problem of the boundedness of /\/lg, it is not immediately clear
how to estimate the maximal operator 7 by 77, i.e., by the corresponding
operator associated to the standard ergodic averages, or, in other words, it
is not obvious how to reduce the general problem of the convergence of
to the case ¢ = x(o,1)- That is due to the nature of the operator 7; which
is essentially a singular integral maximal operator (when we look at the real
line with 7wz = x + t).
Our results are collected in the following theorems.

THEOREM 1.9. Let (X, F,v), I', {g: : t € R}, G and ¢ be as in Theo-
rem Let 1 < p < oo and assume that the semigroup G. is Cesaro
bounded in LP(v).

(a) If 1 < p < oo then there exists C > 0 such that for all f € LP(v),
Sx |75 flPdv < C (| f[Pdv.

(b) If p=1 and g;(x) = 1 then there exists C > 0 such that for all f €
L'(v) and all X > 0, v({z € X : [T} f(x)| > A}) < (C/X) S5 | f]dv.

To obtain the a.e. convergence of 7y ,, f it suffices to prove that the limits
limy— o0 Tp of (#) and limy .o T2 of(z) exist a.e., where

0

T]\lf,cpf(x) - Z ’Uk(Ag;c,gof(x) - A;;c_l,cpf(x»v

k=N
N

TJ\Q/,wf(x) = ZU’“(A;MD (z) - A;;cfl:ﬁ@ ().
k=1

(Here N stands for a natural number.) We shall need some extra assumptions
on ¢ but we point out that the examples in the introduction and others as
the Poisson kernel, p(t) = 1/(1 + t2), satisfy these conditions.

THEOREM 1.10. Let (X, F,v), I', {g: : t € R}, G and ¢ be as in Theo-
rem . Let 1 < p < co. Assume that {tPp(t) dt < oo for all0 < 3 <1 and
the semigroup Gy is Cesaro bounded in LP(v). Then for all f € LP(v), the
sequence Tj\lwf converges a.e. and in LP(v) as N — oo.

If g;(z) = 1, that is, T'f(x) = f(7x), we can prove the same result,
including the case p = 1, with a weaker condition on ¢. The key point is
that in this case the operators T are contractions in L>°(v).

THEOREM 1.11. Let (X, F,v), I' and ¢ be as in Theorem Let G
be the group defined as T'f(z) = f(nz). Let 1 < p < oo. Assume that
§° log t|e(t) dt < oo and the semigroup G4 is Cesdro bounded in LP(v).



116 H. Aimar et al.

(a) If 1 < p < oo then for all f € LP(v), the sequence T]\lﬂsof converges
a.e. and in LP(v) as N — co.

(b) If p = 1 then for all f € L'(v), the sequence T]\lwf converges a.e.
and in measure as N — o0.

For the same class of semigroups, i.e., g;(x) = 1, we have the following
result for the convergence of 72 of-

THEOREM 1.12. Let (X,F,v), I' and ¢ be as in Theorem [L.7] Let G
be the group defined as T'f(x) = f(rx). Let 1 < p < oco. Assume that
S(l) llog t|¢(t) dt < oo and the semigroup G is Cesaro bounded in LP(v).

(a) If 1 < p < oo then for all f € LP(v), the sequence T]\Q,¢f converges
a.e. and in LP(v) as N — oo.

(b) If p = 1 then for all f € L'(v), the sequence ’T]%,,Lpf converges a.e.
and in measure as N — 00.

Under the assumptions in Theorems and |1 L if §o° [logt|p(t) dt
< 0o and the semigroup G is Cesaro bounded in LP(v) then the correspond-

ing results on convergence of Ty, f hold as N = (N, Ng) (—00,00).
For general groups but for standard averages, we can obtain the a.e.
convergence of 72 o f.

THEOREM 1.13. Let (X,F,v), I', {g: : t € R} and G be as in Theo-
rem Let 1 < p < oo and assume that the semigroup G. is Cesaro
bounded in LP(v). Then for all f € LP(v), the sequence T2 f converges a.e.
and in LP(v) as N — oo.

Applying Theorems [I.10] and [I.13] we obtain the following result for gen-
eral groups and Standard averages.

THEOREM 1.14. Let (X,F,v), I', {g: : t € R} and G be as in Theo-
rem [L7. Let 1 < p < oo and assume that the semigroup Gy is Cesaro
bounded in LP(v). Then, for all f € LP(v), the sequence Ty f converges a.e.
and in LP(v) as N = (N1, Na) — (—00,00).

REMARK 1.15. As Jones and Rosenblatt remarked in [I4], once we have
Theorem we can deduce, under the same assumptions, that if 1 < p
< oo then the square operator Sf(z) = (330 [Acpof — Ay of12)?
is bounded in LP(v). Furthermore, as in [14], Theorem implies that the
series

oo
D (Aof(@) — Ay o f (@)
k=—oc0
converges unconditionally in LP(v), 1 < p < oco. We remark that Johnson
[13] characterized the decreasing sequences ¢j with limg_, o e = 0 such
that the series S.0___(A., o f(x) — Ac,_, o f (2)) is unconditionally conver-
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gent for all f € L%(v) in the case X = [0,1) with 7(z) = z + ¢ (mod 1)
and ¢ = X(o,1)- This characterization allows one to see that the lacunary
sequences are good but e, = —1/k, k < 0, is a bad sequence, in the sense
that the series does not converge unconditionally for all f € L?(v) (see [L3]).
Therefore, our results are not valid for e, = —1/k, k < 0, and we have to
restrict our attention to a class of subsequences, for instance, the lacunary
sequences, as we have done.

We start by establishing in §2 the results for 7 in the case of the real
line and mz = x + t in weighted LP spaces. We prove Theorem in §3.
Next, we transfer the results in §2 to the ergodic setting and prove Theorem
in §4. The proofs of Theorems [[.TI0HI.13] are in §5. We point out that
in §3 and §4 we need the results in weighted spaces. One of the difficulties
in the transference argument in §4 comes from the fact that ¢ does not
necessarily have compact support. Another problem to overcome is the a.e.
convergence of the truncation operators 7y, f for functions f in the suitable
dense class. Finally, in §6, we provide general examples of Cesaro bounded
semigroups.

2. Theorem [1.9] on the real line for the translation flow. Let
us consider X = R with the Lebesgue measure, the flow on R defined by
7(z) = x +t and g¢(x) = 1. Let ¢ be a nonnegative integrable decreasing
function on (0, 00). The p-averages associated to this flow are

1 o0
AL S @) =2 | S+ (/e dt
0
In this section we consider ¢ extended to the whole real line with ¢(t) =0
for t <0 and we define ¢(t) = ¢(—t). With this notation,

1 o

=~ | S —0¢t/e)dt = [+ Ge(w).

—00

Al f(@)

Notice that ¢ is increasing in (—o00,0). It is well known (use Proposi-
tion that the maximal function M, f(z) = sup..q|AZ,f(z)| is con-
trolled by the one-sided Hardy-Littlewood maximal function M7 f(x) =
sup.soe ' §; | f(z + )| dt. More precisely,

Myf(@) < (§ o) M*f(@).
(Notice that M is M, for ¢ = x (g 1).) It follows that weights good for M+
are also good for M, (by a weight we mean a nonnegative measurable func-
tion defined on R). The following results can be obtained from the theorems
in [24] and [20].
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(1) Assume that w € Af, i.e., there exists C such that

1 g
M~ w(xz) = sup 78 |lw(x —t)|dt < Cw(z) ae.
e>0 € 0
(M~ is the left-sided Hardy—Littlewood maximal function). Then
the operator M, is of weak type (1,1) with respect to the mea-
sure w(x)dz, that is, there exists C' such that S{x:MWf(x)>A}w <

(C/X) (| flw for all A > 0 and all f € L*(w).
(2) Assume that w € A}, i.e., there exists C' such that for any three
points a < b < ¢,

w)l/p(S )1/19 < Cle—a),

where p+p’ = pp’. Then the operator M, is bounded in LP(w), 1 <
p < 00, that is, there exists C' > 0 such that {|M, f[Pw < C{|f[Pw
for all f € LP(w).

REMARKS 2.1. Notice that w € Az‘f, 1 < p < oo, if and only if
holds for a < b < ¢ with b = (a + ¢)/2. We point out that we can define A
classes, reversing the orientation of the real line, and obtain the correspond-
ing results for the maximal function associated to a function ¢ supported in
(—00,0). There are many important properties of these classes of weights;
in particular, in §6| we shall frequently use the following result (see [24] and
[20]): w € A} if and only if there exist u € Af and v € A] such that

w = uvlP.

[

(2.1) (

a

Throughout the paper, we will consider a bounded sequence v = {vy},
k € Z, of real or complex numbers and a lacunary sequence ¢ = {ex} of
positive numbers. We say that v = {vy} is a multiplying sequence and we
write ||v]|co = supy, |vk|. For each N € Z2, N = (N1, Np) with Ny < Na, we
define the sum
No
(22)  Twef(a)= Y (AL of(x) = AL of(2) = Ky * f (@),

k=N1

where Kn,(2) = Y02, (e, (€) — @, (2)). Notice that Ty, is the
operator 7y, defined in the previous section with the flow 7 (z) = +t and
gt(x) = 1. If we need to emphasize the dependence on ¢ = {e;} and v = {vy}
we shall write Ty ;- » and Ky, . As usual, to prove the a.e. convergence,
we shall study the boundedness of the associated maximal operator

T f(z) = jstelgz Ty N f ()]
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in the setting of the weighted spaces LP(w) = {f : (| |f[Pw)'/? < oo}. (If
necessary, we shall write 77, _ .) Since the operators Ty, x are convolution
operators with kernels K, x supported in (—o0,0), the study of T and T}, v
is related to the right-sided Hardy-Littlewood maximal operator M ™.

Now we can state the main result in this section.

THEOREM 2.2. Let ¢ be a nonnegative integrable function with support
in (0,00) and decreasing in that interval. Let ¢ = {e} be a p-lacunary
sequence and let v = {vg} be a multiplying sequence.

(i) If1 <p < oo and w € A} then there exists a constant C depending
only on p, p, ||[vlle and w such that §p [T fPw < C(§@)? §p [f[Pw
for all f € LP(w).

(ii) If w € Af then there exists C depending only on p, ||v||le and w
such that §gocp . i1s j@ysay @ < (C/NE QNS Lt w) for all A >0 and
all f € LY (w).

The organization of this section is as follows. Subsection [2.1] is devoted
to notations and properties of lacunary sequences. In Subsections and
2.3 we prove Theorem [2.2(i) and Theorem [2.2[(ii) respectively.

Throughout this paper, we shall use the notations introduced in this
section and the letter C' will mean a positive constant not necessarily the
same at each occurrence.

2.1. Lacunary sequences. In this section we establish in this section
some properties of the p-lacunary sequence € = {ex}. The next proposition
shows that, without loss of generality, we may assume that

(2.3) 1< p<epii/er <P

PROPOSITION 2.3. Given the p-lacunary sequence € = {ex} and the mul-
tiplying sequence v = {vi}, we can define a p-lacunary sequence n = {ng}
and a multiplying sequence u = {uy} with the following properties:

() 1<p < ma/mi < 0 and [o]loo = lfulloe i

(i) For all N = (N1, N2) there exists M = (My, Ma) with Ty, = T,
where Ty, is the operator defined in (2.2) for n = {n} and u =
{ur}-

The proof is exactly as in the case ¢ = x(o,1) (see [3]). It follows from
this proposition that it is enough to prove all the results of this paper in the
case of a p-lacunary sequence satisfying . For this reason, in the rest of
the paper we tacitly assume that {e} satisfies . Observe that, under
this assumption,

(2.4) (1/p)2m=") < e Jem < (1/p)™ ™ for all m > n.
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If we denote by « the smallest positive integer such that 1/p+ (1/p)* <1,
from (2.4) we get ¢; + e < €y forallm >4+ a — 1.

2.2. Proof of Theorem [2.2(i). First assume that ¢ is simple, that is,
=794 agX(~by,0)» ¢ > 0. We point out that this theorem was proved in
[3] for the function x = x(_1,0). Observe that the kernels Ky, satisfy

: aE 1 1
KN"P = ; a’gbg kZ]V Vk (mX(—bgak,O) - b(gk_l X(—bgek_l,())) .
= =N

For each £, set ' = {Ei} where af; = beey, is a p-lacunary sequence and the
equality can be written as Ky, = » ;4 asbeK Nox.ctw- Lherefore, Ty , =
> t—1 @ebeTr ot and T < 370 agb(Ty . - By the results in [3], there
exists a constant C' depending only on p and [|v|e such that {[T7¥ , f[Pw <
C {|f|Pw. Thus

T < C(Z am)pg fPw = C(S ga)px P,

Now, let f € L'(dz) N LP(w). Choose a sequence {¢y} of simple functions
with support in (0, 00), decreasing in (0,00) and such that ¢ converges
to ¢ in the L'-norm. Then Ty, [ converges to Ty, f in the L'-norm as
k — oo. Fix a positive integer M. It follows that there exists a subse-
quence @g; such that TN#,kj [ converges a.e. to Ty, f as j — oo for all

N = (N1, Na) such that |Ni|,|No| < M. Then |Tn f| < liminf; . T‘;k]-f
almost everywhere for all N = (Ny, N3) such that |Ny|,|N2| < M. Con-
sequently, SUpy—(n, Ny): [Ny |,|Na|<M | TN f| < liminf; o T;kj f, a.e. By the
Fatou Lemma and the result for simple functions we have

S sup TN, flPw < lim infs T3, flPw
N=(N1,N2):|Ni|,|No|<M J—0 J

< Ciminf (Jei, ) 1w = ¢ (J) {1 P,

Letting M tend to oo we obtain {|T% f[Pw < C(§ )P § | f[Pw for f € L' (dx)N
LP(w). Now let f € LP(w). There exists a sequence f, € L'(dz) N LP(w)
that converges to f in LP(w). Fix M. There is a constant Cjs such that if
N = (N1, Na) with | Ny, |Na| < M, then

TN o f] < T (f = fo)l + TN (fa)| < CorMF(f = fo) + T fo-

Therefore SUpy_(n, ny) : [Ny ], No| <M TN o f| < Cor M (f — f) + T f. Using
that w € A;{ and what we have already proved, we have
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| sup T fPw < Cor VM (f = fo)Pw + O\ |T3 fulPw
N=(N1,N3): |N1|,|Na|<M

P
<Cullf = falrw+ (1) {1 falw,
Letting n — oo and then M — oo we finish the proof.

2.3. Proof of Theorem (ii). As in [3] for the function x = x(_1,0),
the theorem follows from Theorem [2.2fi) and the following lemma.

LEMMA 2.4. Let a be supported on I = (z*,2* + h) with Sla =0 and
let w € Af. If A = p?(@tD) there exists C, independent of =*, h and a, such
that

| Tra(z)w(z)dz < C\|a(2)|w(z) dz.
z<x*—Ah I

Proof. We start by pointing out that this result was proved in [3] for the
function x = x(—1,0)- Second, as in [3], it suffices to prove

S Tya(z)w(z)dz < C’S la(2)|w(z) dz,
2<—Eita I
assuming that I = (0,¢;).
First we prove the inequality for simple functions. Let ¢ = Y ;_; ay X (—be,0)»
ap > 0. For each ¢, pick 55(5) such that 5f(£)_1 <g < 6f(€). Obviously, a has
support in (0, af(g)) and Tja(z) < D75, agbgT;’ee’va(z). Therefore,

S Tya(2)w(z)dz < Z agby S T e ya(z)w(z) dz
(=1

2<—€ita 2<—Ejita

S
= Zagbg S T;}Egyva(z)w(z) dz
=1 z<—€f(£)+a
S
+ Z agby S T oo ya(z)w(z) dz.
(=1

4 .
_Et([)+a<z<_8’+°‘

By the result in [3] for x = x(—1,0) (notice that el = {et} is a p-lacunary
sequence), we have

Z agby S T e ya(z)w(z) dz < C(S go) S la(2)|w(z) dz.
(=1

£
Z<_8t(2)+a

Now we estimate the term > ;_;asbe{__ a(z)w(z) dz.

E3
Ert)+a <F<"Eita Tx,az,v
Since 55(2)71 < g;, we have 55(@%{ < gi192q+9. Therefore
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i+2a+1 —em

S T, e ya(z)w(z) dz < Z S T co pa(z)w(z) dz.

<z<—Eita m=i+a —€m+1

a(z)| is bounded by

_ L
L) ta

Fix £ and N € Z?. Notice that |Ty

2.

k
If z € (—emy1, —em) and u € I, then z—u € (—gp42, —&m) and the k-terms

in the above sum such that si < €m OF €pqa < 5;;71 are zero: in the first

case because (—et,0) N (&2, —&m) = 0, and in the second case because

X(—si,o)(z —u) = X(*Ei,l,o)(z —u) =1 and {,a = 0. Then we only have at

¢
X5ELVEk

1 1
§’L)k <5]€X(—ei,o) (z—u) — TX(—sf;,l,O)(Z - u))a(u) du

k-1

most four terms in the above sum and in these cases Ef; ~ €. Consequently,
\TMX,Ei’%a(zﬂ < C(1/ep) SI |a(u)| du and

. .
m . 1 m
| TX7€e7va(2)w(z)d2SC’g—S!a(u)]du | w(z)de.

Temt " —Em+1

Since w € Af, we have

e
S T7 e ya(z)w(z) dz < CS la(u)|w(u) du
—Em+1 I
Hence
i+2a+1
| Te@wEd<c Y fla)w()de
*Ef(z)+a<z< €ita m=i+a |
= C '\ |a(w)|w(w) du
I
Then
Z CLEbE S T;,eé,va(z)w(z) dz < C(S 90) S |a(u)|w(U) du,
=1 _Eﬁ(z>+a<z<—5i+a I

and we are done for simple functions.
For the general case, using the notations introduced in the proof of The-

orem [2.2(i) (with f = a), we have

S sup |TN pa(2)|w(z) dz < liminf S 15, a(z)w(z)dz
J

N:|N1|,|N2|<M j—oo

2<—€ita 2<—€ita

]—>

< C’limg)lf(s gokj) S la(2)|w(z)dz = C’(S go) S la(z)|w(z) dz.
I I

Letting M tend to co, we are done.
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3. Proof of Theorem

Proof of (a)(ii) and (b)(ii) for ¢ = x(0,1)- We follow the idea in [I6] (see
Theorem 2.5 on page 11). Since the semigroup is Cesaro bounded in LP(v),
for all f € LP(v) and a.e. z € X the functions f*(s) = T f(x) are locally
integrable. It follows that for a.e. x,

1t e
glggwéf (s+1)dt=f*(s) ae.s.
Since, fOI‘ a.e. s and a.e. t’ fx(s + t) = gs(x)gt(Tsx)f<Ts+tx) and fm(s) —
gs(x) f(Tsx), we have

1 €
lim — Sgt(TSSL‘)f(TS+t:E) dt = f(1sz) a.e.s>0.
e—0t € 0

Let B = {(z,s) : s > 0,lim__ o+ e {| g¢(7s2) f (Tse@) dt = f(7sx)}. This set
is measurable in the product space. Let N = X x[0,00)\E and N, = {s > 0:
(x,s) € N}. Then for almost every z, the Lebesgue measure || is zero.
Therefore, |[N| = 0 and for a.e. s > 0 the set N®* ={z € X : (x,s) € N} has
measure zero. Notice that N® = 7_¢(N?). Let s > 0 be such that v(N*) = 0.
Since the transformations are nonsingular, we obtain v(N°) = 0. That means
that for a.e. z, lim._ o+ e~ {7 g¢(x) f () dt = f(x), as we wished to prove.

Before continuing, we notice that we have just proved that M™ f(x) =
supg<.cq A | f|(z) a.e. for each measurable function f. Therefore M7 f is
measurable. It is proved in a similar way that /\/l[; f is measurable when ¢
is a simple function. Finally, for general ¢, ./\/lj,j f is measurable since it is
the limit of ./\/l;fn f, where ¢, is a sequence of simple functions.

Proof of (b)(i). As we said at the beginning of the introduction, the
functions Hy(x) are measurable with respect to the o-algebra product and
for a.e. t,

(3.1) | f@)dv(a) = | f(rz)H(x) dv()

X X

for all nonnegative functions and all f € L!(v) (see (1.3) and keep in mind
that we assume ¢¢(x) = 1 in the case p = 1). Since the flow is Cesaro
bounded in L'(v), by Tonelli’s Theorem we have

%S S f(rz)dvdt < C S f(z)dv
0X X

for every € > 0 and each measurable function f > 0. But, for almost all ¢,
§x f(mex) dv =\ f(x)H_¢(x) dv. Therefore
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1 €
| f(2) <SH_t(x) dt> dv < C | f(z)dv
X 0 X
for all nonnegative measurable functions f, which implies e~ SE H_4(x)dt
< C a.e. x. Since the function on the left hand side is F-measurable and 75
is nonsingular we see that for all s, e {0 H_y(rs2) dt < C a.e. x. Multiply-
ing by Hy(z) gives e §§ H_y(rsx)Hy(x) dt < CHy(x) a.e. x. Therefore, for
almost every s,

1 &€
- VH_i(rez)H,(x) dt =

0

Notice that the set

%SHS_t(x) dt < CHg(z) ae. .
0

S
E = {(m,s) e X xR: éSH_t(TSSU)HS(QS) dt > CHS(SU)}
0
is measurable in the completion of the product o-algebra F ® L and the last
statement implies that the completion of the product measure of E is zero.
Then it follows that for almost every x € X,
1y 1¢
z S Hi(z)dt = ngS_t(x) dt < CHg(z) for ae. s,
s—e 0
or, in other words, for almost every x the functions ¢t — H;(x) satisfy Af
with a constant independent of x.

Since M < ({57 @)MT, it is enough to prove the weak type (1,1)
inequality for M™ and we shall do it by transference arguments. We can
assume that f > 0. For each 7 > 0, consider M, f(x) = supy.<, AL f().
Let A >0 and B\ = {z € X : M} f(x) > A}. F1XR>O Then, by (3.1),

S

S XE, (Tex)Hy(x) dv(z) dt
0X
R
)z S

If we define f*(t) = f(mx), we find that if R > 0, t < R, and xg,(rz) =1
then M™*(f*x[0,r4y))(t) > A. Therefore

v(Ey) < | % S Hy(x) dt dv(z).

X {t: M (foX (0, p4n)) () >A}

XE, (Tex)He(x) dt dv(x).

Since, for almost every =, the functions t — Hy(z) satisfy A with a con-
stant independent of x, and AT characterizes the weak-type (1, 1) inequality
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of M (see §2), we obtain

R+n
wnsfgggf%><>wwm
R+n
% S Sf(Ttﬂ?)Ht(HT) dv(z)dt
0 X
o C(R+n)
=% (S] )S(f(x) dv(z) dt = /\R)S(f(x) dv(x).

Letting R and then 7 tend to infinity we obtain the inequality that we wished
to prove.

Proof of (a)(i). We start by proving that our assumption, that the semi-
group G4 is Cesaro bounded in LP(v), implies that

for almost every x € X, the function ¢ — H(x)

2
(3:2) belongs to Az‘f with a constant independent of x.

We shall use the ideas of Rubio de Francia about factorization of weights [21].
By hypothesis, there exists C' > 0 independent of € > 0 and f such that

S |ASfIPdv < C S |fIPdv  for all f e LP(v),
X X
and consequently

VI P dv <O\ [fP'dv forall fe LY (v),
X X

where (AJ)* is the adjoint operator of A5, f. Notice that if T} is the formal
adjoint of T} then for almost all ¢,

* _J—t(‘r) o
33) (o) = o),
(3.4) Hy(z) = (T W) (2) (T ) P(2)  ae. @

for any function h > 0, h 6 LP (v). For h € LP (v), we define Q.h =
(AL|APYYP and P.h = ((A5.)*|h[P)Y/P. Then Q., P. and R. = Q. + P- are
bounded from LPP' (v) into Lpp/( ) with constants independent of € > 0. Fix
C > 0 such that [|[R-A|| ) < C’HhHLpp/(V) for all b € LPP (1) and all € > 0.

For fixed h > 0, h € L (v), and € > 0, let G(z) = 322 RV h(x)/(2C)7,

where jo) is the jth iteration of R.. Then G € L”p/(z/), h<Gae., R:G <
2CG a.e. and so P.G < 2CG a.e. and Q.G < 2CG a.e., i.e., there exists
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C > 0 such that
(3.5) ALGY <Ca¥  ae,
(3.6) (.A;;)*Gp < CGP a.e.

Since the operators T? are linear and positive, we infer from (3.5)) that for
s<t<s+eg,

2e
/ / 1 /
CT'GY (x) > THALGY ) (z) = % | TGP () ds
0
2e+t s+2¢
_ ! | 7G¥(z) du > 1 | 7G¥ (2)du.
2¢e — 2e

s+e
Raising to the power 1 —p < 0, multiplying by (T!)*GP?(x) and using (3.4))
we have, for almost all ¢,

1 s+2¢ , 1-p
CHy(z) < (25 S TGP (x) du> (T™H*GP(z) ae. z,
ste

where the exceptional set depends on ¢ and t. Integrating over any measur-
able set A C X gives

1 s+2e ) 1-p
C | Hy(z) dv < §<2 | 767 (x) du> (T~4*GP(x) dv
A A c s+e
for a.e. t € [s,s + ¢|. Integrating over the interval [s,s + €| and applying
Fubini’s Theorem, we obtain

s+e€
c\ \ Hyz)dtdv
A

@ Trewa) " (Terena)

A s+e s

Since A is any measurable subset we have

s+e
37) C | Hy)adt

s

-\ 2¢

< (1 S:f: TGP (x) du) o (S§€(T_t)*Gp(x) dt) a.e. T,

s

where the exceptional set depends on s and e. On the other hand, since the
adjoints (T~%)* are also linear and positive, arguing in the same way we
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deduce from (3.6]) that

s+2¢e
38) C | (Hy(x))' " at
s+e
1 s+e 1-p' s+2¢e )
< (25 S (T7)*GP(x) du> S T'GP (z)dt  ae. z,
s s+e
where the exceptional set depends on s and e. From (3.8]) and , we get
s+e s+2e p—1
(3.9) | Hi2) dt( | (Hi(a))' dt) <O ae.
S s+e

where the exceptional set depends on s and e. Then, for almost every =z,

b c

, -1

(3.10) § (o) at (§ (i)' dt)p < Clc—a)?

a b
for all rational numbers a < ¢ and b = (a + ¢)/2. Now it is clear that the
same holds for all real numbers a < ¢ and b = (a + ¢)/2. Therefore, (3.2))
holds (see Remarks [2.1).

Now, let us prove (a)(i). Since M™ f(z) < M™(|f])(x), we can assume
that f > 0. For each 1 > 0, consider M f(z) = supy.<, AL f(x). From
the positivity of T* we have Tt/\/l+f( ) = M+(th)( ). If we define f*(t) =
T!f(x), we find for all R > 0 and all ¢ <R,

&g €

1 1
(3.11) M;;'(th)@) = sup fSTs'Hf(x) ds = sup fxfm(s +t)ds
0<e<n € 5 0<e<n €
1 3
= Ssup — S f X[o R+77](3 + t) ds < M+(sz[O,R+n])(t)’
0<e<n € 0

where M is the one-sided Hardy-Littlewood maximal operator in R. Then,
by , Fubini’s Theorem, and the fact that A;f implies boundedness
of the one-sided Hardy—Littlewood maximal operator, we conclude that for
each R > 0,

R
(3.12) (M) f(=))P dv(x) %S V1T My f(@)[PHy() dv(x) dt
X 0X
1 R
< S R S |M*(f" X[O,R+n])(t)‘th<37) dt dv(x)
X 0
R+n
< S 1 1P OPH) ddv()
X 0
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R+n
0

R+n

+
V VIF@)P du(z)dt
0 X

7" f ()| Hy(w) dv(x) dt =

ZU\Q

R

Q = Q

1

S |/ (2)[" dv ().

Letting first R and then 1 go to infinity we obtain
V(M f(@))P dv(z) < C | [ f(@)P dv(x).
X

X

Proof of (a)(ii) and (b)(ii). Since the maximal operator is bounded in

LP(v) (p > 1) or of weak type (1,1), it is enough to prove the a.e. con-

vergence. By Proposition it suffices to show the a.e. convergence in the

standard case ¢ = x(o,1), which has already been proved at the beginning
of this section.

Proof of (a)(iii). Since the maximal operator is bounded in LP(v) it is
enough to prove the a.e. convergence in a dense class. As before, it is enough
to prove it in the standard case ¢ = x(q,1). To find the dense class we proceed
almost as in Lemma 4.2 of [4]. We shall need some results of independent
interest.

LeEMMA 3.1. Under the conditions of Theorem if 1 < r < plet
G- = {S" : t € R} be the one-parameter group of positive operators defined
by Stf(z) = (9:(x))" f(rex) for all f > 0. Then there exists r, 1 < r < p,
such that the semigroup G, = {S* : t > 0} is Cesaro bounded in LP/"(v).
Furthermore, the maximal operator associated to G, is bounded in Lp/T(V).

Proof. We have already seen in the proof of (a)(i) that G4 Cesaro
bounded implies that for almost every x the functions ¢t — Hy(x) belong
to A; with a constant independent of = (actually, the implication is an
equivalence, see Remark . Then by the properties of A;{ classes, there
exists r, 1 < r < p, such that for almost every = the function ¢ — H;(x)
belongs to A;/T with a constant independent of x (see [24] and [19]). We
notice that
(3.13) VIS°f (@) P/ Hy(w) dv(a) = | |f(@)]P/" dv(x)

X X
for all f € LP/"(v) and all f > 0. Again, by the proof of (a)(i) applied to
the semigroup G, 1, the maximal operator associated to G, 1 is bounded in
LP/"(v), and therefore the semigroup is Cesaro bounded in LP/7(v). =

LEMMA 3.2. Under the conditions of Theorem[L.7] if 1 < p < oo, then,
for all f € LP(v):

(a) lime oo [AL f(z) — AT (AL f)(2)] = 0 a.e. for ally > 0.
(b) lime o [ AT f — AT (A Pl = 0 for all 5> 0.
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Proof. First, notice that
1 v
(3.14) AL (@) — AT (AL f)(2) ;S (AL f(z) = T*(AL f)(2)) ds
0

Fix 0 < s <~y and € > 7. Then

(315) AL S(2) ~ T(AL ) )] = iSthm =LY 150 a
. 3§th(3:) it — 1SJ§Eth(x) dt‘
glgT dt+17§8Tt|f|(:n)dt

< 0 €

Therefore, by (3.14),

(316) AL f(a) ~ AT(AL ()] < i(S)TtIfI( D+ 2} i)

It is clear that lim. o e™! {j T*| f|(x) dt = 0 for a.e. z, since the function
fE(t) = Tt f(x) is locally integrable for almost every x. To control the other
term we use Lemma Let p>r > 1,let I, = {S’ : t € R} be as in that
lemma, let M™ be the maximal operator associated to G, = {S*: ¢ > 0}.
By Lemma M is bounded from LP/"(v) into LP/"(v). Consequently,
MT(|f|")(z) < oo ae. for f € LP(v). It follows that e! Sz+€ Tt f|(x)dt
tends to 0 a.e. as € goes to infinity since

vte y+e

(3.17) % | 7'1f)()dt < %( S (Tt|f|(:x))rdt>l/ryl/7"

r +e 1/r
<7+€)1/ 1 ! t r 1/r
<
< (G L sume@a)

1/r 1/
< O Sy @

€
Therefore (a) is completely proved.
To prove (b) we observe that [ASf — AT (AL f)] < MTf+ M (AL f).
It follows from statement (a)(i) of Theorem that M*f + M (AT f) €
LP(v). Then (b) follows from (a) and the dominated convergence theorem. m

The next theorem follows from Lemma using a standard argument.
We include it for the sake of completeness.
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THEOREM 3.3. Under the conditions of Theorem[L.7 with 1 < p < oo, let
A={feLP(v): .A:ff = f for all v > 0} and let B be the linear manifold
generated by {f — A;rf : f € LP(v),y > 0}. Then A® B = LP(v), where
B stands for the closure of B and A® B ={f+g:f¢€ A ge B}. In
particular A ® B is dense in LP(v).

Proof. We first prove that { AT f} is weakly convergent as e goes to
infinity for all f € LP(v).

Let f € LP(v). By hypothesis, sup.~q [lIAZ fllrr) < C|lfllr). This
shows that the set {AF f : € > 0} is bounded in LP(v). Therefore there exists
a sequence {ex} — oo such that {A;: f} is weakly convergent. If we suppose
that {AZX f} is not weakly convergent as € goes to infinity, then there exist
another sequence {n} — oo and g1,g2 € LP(v), g1 # go, such that {AZ f}
converges weakly to g1 and {.A:,r]c f} converges weakly to go. The continuity
of AT gives that { A f — AY(AZ f)} converges weakly to g1 — A% gi. On
the other hand, by Lemma (b), {AL f — AT(AL f)} converges to 0 in
LP(v). Therefore, g1 € A. The same argument shows that go € A, and so
0#g1—g2 € A B

We now prove that g —ge € B. Otherwise there exists a linear functional
A : LP(v) — R such that A(B) = 0 and A(g; — g2) = 1. It follows that
Ag = A(AZg) for all g € LP(v) and all y > 0. In particular, A(AZ, f) = Af.
On the other hand, {A(A:kf)} converges to Ag; in R. Then Ag; = Af.
In an analogous way we get Agy = Af. It follows that 1 = A(g1 — g2) =
Ag1 — Ags = 0, a contradiction. Thus g; — g2 € B.

Let us now prove that [ AXgllzr) — 0 as e tends to infinity, for all
g€ B. If g=go— .A;“go for some gg € LP(v) and s > 0, this follows from
Lemma (b), and therefore it holds for any g € B. Now fix g € B. For any
d > 0, there exists go € B such that ||g — gol|rr(,) < J. As a consequence,

IAZ gl Loy < AT g — AL goll Loy + AT 90l Lo (v
= |AX (9 — 90)l ey + 1AL goll Loy < CO + |AT gol| 1o (u)-

Since [|AZ gollr() — 0 as e tends to infinity (go € B) and d is any positive
number we conclude that || AXg||1r(,) — 0 as € tends to infinity .

We have already seen that g — g2 € B. Thus { AT (g1—g2)} converges to 0
in LP(v). On the other hand, g1 — go € A, which implies that AT (g1 — g2) =
g1 — g2. Hence g1 — g2 = 0, a contradiction. Therefore, { AL f} is weakly
convergent as € goes to infinity. (The preceding argument also proves that
AN B={0}.)

We now prove that A@® B = LP(v). Let Pf be the weak limit of {AX f}
as ¢ tends to infinity. Then f = Pf + (f — Pf). From the continuity of
AY and Lemma ), it follows that Aj(Pf) = Pf for all ¥ > 0, that
is, Pf € A. If we suppose that f — Pf ¢ B, then there exists a linear
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functional A : LP(v) — R such that A(B) = 0 and A(f — Pf) = 1. But Pf
is the weak limit of AT f and therefore A(Pf) = lim._,o, A(AL f). However,
A(AT f) = Af. Therefore A(f — Pf) =0, a contradiction. m

Now we can conclude the proof of (a)(iii) of Theorem Since the
maximal operator is bounded in LP(v) it is enough to prove the a.e. conver-
gence in the dense class D1 = A@® B. If f € A this is obvious. For f € B,
Lemma (a) proves that { AT f} converges to 0 a.e. as € tends to infinity.

REMARK 3.4. The set A in Theorem equals {f € LP(v) : T*f = f
for all s > 0}, since it follows from (3.15) and (3.17)) that AFf — TS(AL f)
— 0 a.e. as € — oo for all f € LP(v).

Proof of (b)(ii) and (iii). Since the flow is Cesaro bounded in L!(v) and
g1(z) =1, it is Cesaro bounded in LP(v) for 1 < p < co. Then the averages
converge a.e. as ¢ — 0 and as € — oo for f € LP(v)NL'(v), which is a dense
set in L!(v). Together with the weak type (1, 1) inequality for M7 this gives
the almost everywhere convergence and the convergence in measure of the
p-averages for all f € L!(v).

REMARK 3.5. It follows from the proof of Theorem [I.7] that the semi-
group G4 is Cesaro bounded in LP(v) if and only if

(3.18) for almost every z € X, the function ¢ — Hi(x)
' belongs to A;‘ with a constant independent of z,

where Hy(x) is defined in (|1.3)).

4. Proof of Theorem We shall use transference arguments and
only prove (a) since the proof of (b) is similar. We point out that the sup-
port of ¢ is not necessarily bounded. For that reason, we have to modify
slightly the usual transference arguments. As before, we shall use the nota-
tion f*(t) = T f(x).

For each natural M, we consider the set Qy = {N € Z? : N
(N1, N2), N1 < N, |[Ni| < M,|N2| < M} and the operator T;va(a:) =
SUPN e, | To, N f(2)]-

Let L > 0 and ¢r = ¢x(0,z)- Then 7, <77 \+ 7T _,, p- Since the
semigroup G, is Cesaro bounded in L” ( ) we know that for almost every
x the function ¢ — Ht( ) belongs to A} with a constant independent of z.
Then, for each R > 0, and Theorem - give

R
72, a0 P dvla) = 5 {72, 0 ) @) Hia) di()
X 0X
1 R
< | 7 V1T X ter ) OP Hile) dt ()
X
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» 1L6M+R

<o(fer) [ 5 | 1FOPH@) dtdv()
p)l(LaM—&-OR

:c(gm = | i@ P ) dv() dt

Letting R go to infinity, we obtain
. p
V175, af @ dvi@) < (o) § 1@ dv(a),
X X
with a constant independent of M and L.

Let v = »(L)X(0,] + $X(L,00)- By Proposition T, wf@) <
AMM, f(z) < 4M|r|iM* f(x). Then

V(T g aaf (@) dv(a) < OMP||0 ][} | If (@) dv(2).

X X
Therefore
V[T f @) dv(z) < V[T, anf (@) dv(@) + VTS, 0 f (@)]F dv(z)
X X X
<|[(fer)" +enPluclt] § 17 @) dv(a).
X

Since ||¢r]1 — 0 as L — oo, we have
N Tzaf @) dviw) < C([e) [ 1@ dv@).
X X

Finally, letting M go to co we are done.

5. Proofs of Theorems [I.10-1.13

5.1. Proof of Theorem Since 7. is of strong type (p, p) (Theo-
rem [1.9) it suffices to prove the a.e. convergence for f in the set D = {A¥g:
g € LP(v), v > 0}, which is dense in LP(v) (see Theorem [1.7)). Assume that
feD,ie., f= Ajg for some g € LP(v) and some v > 0. In this case

AL, o f (@) = AL o f(@)] < |AD, (AT g)(z) — AT g()]

+ATg(@) — AL, o(AT9)(2)].

We can deal with both terms in the same way. We only give the details for
the first one. We may assume that {¢ = 1. Since e — 0 as k — —oo, there
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exists kg < 0 such that g, < 72 and ey,4+1 < 1. Therefore,

AL (AT 9)(z) — AT g()]

1 VEE t+y ot
< — t/e ‘ z)ds — ds‘ dt
= b etre] § Tt as |
1 00 t+y ¥
+— | Lp(t/&?k)’ | 7°g(x) ds — | ds‘dt
ek - } 0
k
=1+ 11
It will suffice to prove that
k’o k()
(5.1) Z I < oo and Z I}, < o0
k=—o00 k=—o00

for almost every x. We start with I1;. We have

oo t+y Y
1
(5.2) I, = — S gpt/ek)‘ S ng(:r:)ds—Sng(:L‘)ds‘dt
ek e t 0
1 o0 t+y
< — | e/e)( | ITg()]ds ) at
Ve y
1 T {
+— | o(t/en) (S 7% g ()] ds) dt = I1, + I1I.
VEk
N 0
Now
+ o (o]
(5.3) n,;’gm \ olt/er)dt = MTgx) | o(t)dt
VER 1/v/Er
1VEr | oo
1/\/%k 1
M - t)dtd
< MTg(z )1/x/7:—1/%ﬁ S S§s0() s
1/VEk 1>
< OMtg(x) S B S ©(t) dt ds.
VNG

Therefore, for almost every x,
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ko ko 1/VEk s
54) Y Ip<cMig@) > | =\ e@dds
k=—o00 k=—o00 1/m s s
o 1 o (e}
< CMyg(a) | . | o(t)dtds = CMTg(z) | (logt)p(t) dt
1 s 1

< CMTg( Stl/ng t)dt < oo.
1

On the other hand, to control 11 we use Lemma Let p > r > 1, let

= {S* .t € R} be as in that lemma and let M ™ be the maximal operator
associated to G4+ = {S* : ¢t > 0}. By Lemma M is bounded from
LP/"(v) into LP/"(v). Consequently, M*(|g|")(z) < oo a.e. for g € LP(v).
Applying Holder’s inequality, we have

I < 1/r (Mg @)Y |+ )7t /er) dt
N
C oo
(M+|9| )T S o(t/ey)dt
VEr
c AA r r T r
+ 1/r (M+’9’ (37))1/ S tl/ SO(t/Sk)dt
Y EE e

By the lacunarity of the sequence and the property of ¢, we have, for a.e. x,

ko
> 11,

k=—0c0
N ko o0 ko l/r ()
<C(M+]gr(x))1/r<z | o)dt+ Z RTE | tl/Tap(t)dt)
k=—o001/,/e% k=0 | 1) yer

0o ko 1/r 0o
<C(M+ygr(x))1/r<§(1ogt t) dt + Z gtl/r )dt> < 0

1 k—foo

So far, we have proved the second inequality in (5.1). To prove the first
inequality, we notice that

VEk t+y

0l
| so(t/%)‘ | T°g() dS—STSg(x)ds‘dt
0

1
I, = —
V€K 0 p
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1 Ver t -+
< — t T* ds+ \ |1° ds) dt
SR /sk>(§)| s@lds+ | IT'9() )
1 VEEK Ver VER+Y
< — t T° ds + T° ds ) dt
<5 ) /ek>(§ ()| ds S T*g(x)|ds)
=1+ I.
Now
NG
1< YEEMg(a) | lt/en) de
YEk 0
< EM (o) | olt)dt = LEA"g(a),
0

so that ZZ‘):_OO I <~ 2":_00 Ver)Mtg(z) < oo ace.
To control I;! we use again Lemma Let p>r > 1, let I, = {S":

t € R} be as in that lemma and let M™ be the maximal operator associated
to G.+ = {S* : t > 0}. By Lemma M is bounded from L2/ ()
into LP/"(v). Consequently, MT(|g|")(z) < oo a.c. for g € LP(v). Applying
Holder’s inequality, we have

1 1/VEk NGE
65 f=_( 1 ema)( | mg)ds)
0 Y
1 1/\Ek VER+Y e ,
< () ewan)( ] Img@ras) e
0 Y
1/ o
< () elan) (Ve ) (vE Y (M (gl @)
0
1/r 1/veEk .
< (] et an)vaD ! (Mg )
0
21/r 0
<

w(§ (1) dt) (VER) ™ (M (lgI) (@) "

Therefore Zko I}/ < oo a.e. This finishes the proof of ([5.1]).

k=—00
5.2. Proof of Theorem It suffices to prove the a.e. convergence
in the case p > 1. The other statements follow from the results already
proved and standard arguments. We also notice that it is enough to prove
the a.e. convergence for f in the set D = {Atg:g € LP(v)NL®(v),e > 0},
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which is dense in LP(v) (see Theorem . So, we take f = Afg, g €
LP(v) N L>®(v), and we follow the proof of Theorem except for the
estimates for I}, (see (5.2))), which is now estimated in the following way:

00 t+y 00
1 oo
1=V ptt/e0( | 1Tt ds) ar < 190 1 orear
Yk = p €k Ve

The conclusion follows with the same computations as in (5.3)) and (5.4).

5.3. Proof of Theorem As before, it suffices to prove the a.e.
convergence in the case p > 1. To prove the convergence of 732 f(x), it is
enough to establish it for f € A @ B, where A = {f € LP(v) : f(rz) =
f(x) for all t > 0} and B is the linear manifold generated by

{f(@) = AJ f(@) : f € LP(v) N L*(v), v > O},

since it follows from Theorem that A ® B is dense in LP(v). If f € A
there is nothing to prove. Suppose f =g — Afg, g € LP(v)NL®(v), v > 0.
Then

AL o f(z) — A

€k,P €k—1,¥

f)] <AL (g — ATg) ()| + AL, (g — ATg) ().

€k, P €k—1,¥
Again, we can deal with both terms in the same way. Since ¢, — oo as
k — oo, there exists kg such that for all £ > kg — 1 we have ¢, > v and
€r > 1 . Therefore, for k > ko,

|AZ, o (g — AT g) ()]

€k,P

— || Tg@)pn (0 dt — = | | T g(a)pe, (8) dt ds
0 v 00

= || T g(a)pey () dt — i [ § T'g(@)pe, (t — 5) dt ds
0 0 s

k
[0 120 o(t/ex) — oltfen — s/e0)| di ds.
0

Notice that, by the hypothesis on the function ¢,

o0 o0 S

[ 1ot/en) = o((t = s) /el dt = {[o((t = 5)/ex) — o(t/ex)] dt = {o(t/2r) dt.

s s 0
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Using that ||T%g]loc < ||g|leo, We have

Y s
1
|A5k90( _A:; ) ’<7HgHOOS;SSO t/@k dtds
0*o
For s < v,
13 s/ek 1/ent Y/€k-1 | u
—\o(t/ey) dt = tydt < —Lh=L L o ard
EkS(P(/Ek) | () S oo — e J Vet dtdu
0 0 v/ek 0
v/ek—1 1 U
<C -~ .
<c | uScp(t)dtdu
v/€k 0
Then
0 oo V/ek-1 1 s
> AL - Ag@) < Cllgle Y- | < Jedtds
k=ko k=ko ~/ex 0
1 1 S 1
< Cllglloo § - Y o(t) dt ds = Cllglloe | 1ogtl(t) dt < oo,
0 0 0

and we are done.

5.4. Proof of Theorem It suffices to prove the a.e. convergence.
To prove the a.e. convergence of T]\% f(x), it is enough to establish it for
f € A® B, where A and B are the sets in the proof of Theorem that is,
A={feLP(v): f(mx) = f(x) for all t > 0} and B is the linear manifold
generated by {f(x) — AT f(x): f € LP(v), v > 0}. If f € A there is nothing
to prove. Suppose f =g — Afg, g € Lp(y) ~v > 0. Then

AL f(@) — AL f@)] < 1AL (9 — AT ) (@) + AL (9 — AT g)(x)].

€k—1
Again, we can deal with both terms in the same way. Since € — 00 as
k — oo, there exists kg such that for all £k > kg — 1 we have g > ~.

Therefore, for k > kg, using (3.16)),

17 1 Ytek
(66) AL - AT < [Tl dr+ - § Tgl() s
0 €k

=1+ I

It is clear that Y7~ Tx < 3 psp, (/) MTg(z) < 00 ae. since g € LP(v).
To control the other term we use again Lemma Let p > r > 1, let
= {S':t € R} be as in that lemma and let M be the maximal operator

associated to G, + = {S' : ¢ > 0}. By Lemma M is bounded from
LP/™ (1) into LP/" (). Consequently, Mt (|g|")(z) < oo a.e. for g € LP(u). It
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follows that

rte
o< (] @lglyar)

Ek -

T +Ek l/r
’Y+€ 1/ 1 0l ) )
( E:) (’Y—i—ek | S'gM)(@)at) ~Y

Vradfe 1/r 1/
< D) TV R (g ) < 2 R (gl @)

€k - Ei/”

Therefore
21/7" 1/r! ~ . 1
g I, < E 1/r MT(lg]") ()" < oo ae.

k>ko k>ko

Consequently,

Z ’Ask,v( —Ajg)( z)| < Z(Ik-f-ffk) < oo o ae.,

k>ko k>ko

as we wished to prove.

6. Examples of Cesaro bounded semigroups. The aim of this sec-
tion is to provide more examples of Cesaro bounded semigroups. We fol-
low the arguments in [I8]. Given a nonsingular flow I' = {1, : t € R},
we first study the groups T'f(x) = f(mx) and then the general groups
Tt f(z) = gi(x) f(rew). We frequently use Remark

6.1. The group T'f(z) = f(rx). We start by giving examples in the
basic setting of the interval [0, 1).

EXAMPLE 6.1. Let X = [0,1) with the Lebesgue o-algebra. Let dv =
w(x) dr, where w(x) = z°. Consider the flow 7,2 = x +t (mod 1) and the
group Tt f(x) = f(mx). In this case Hy(z) = w(rz)/w(x). In Example
we have seen that if —1 < # < 0 then the function ¢ — H(z) belongs to A}
with a constant independent of x. Therefore, by Remark Gy is Cesaro
bounded in L'(v). We already know (see Example that the semigroup

_ ={T":t < 0} is not Cesaro bounded in L'(v) for 3 < 0.

In the same way, if w(z) = (1 — 2)” and —1 < # < 0 then the function
t — H¢(z) belongs to A] with a constant independent of z. It follows from
the theory of one-sided weights (see Remarks thatif0 < g < p—1,p > 1,
and w(z) = (1 — 2)% or w(z) = 2, =1 < 3 < 0, then t — Hy(z) belongs
to A+ with a constant 1ndependent of x. Therefore, in those cases, the
semigroup G is Cesaro bounded in LP(v). As in Exampleu 6}, the semigroup

_ ={T":t < 0} is not Cesaro bounded in LP(v) for 3 # 0.
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We can see that in the above example the flow preserves a measure p
(the Lebesgue measure) which is equivalent to v (that is, ¥(E) = 0 if and
only if p(F) = 0). One may ask if this is always the case when we consider
Cesaro bounded semigroups of the form T!f(x) = f(riz). The answer is
affirmative when the measure v is finite. We state it as a theorem.

THEOREM 6.2. Let (X, F,v) be a finite measure space and let I' = {7 :
t € R} be a nonsingular flow on X. Let G = {T* : t € R} be the group
defined as T' f(x) = f(rw). Let 1 < p < oo. If the semigroup Gy is Cesaro
bounded in LP(v) then there exists a finite measure p preserved by the flow
and equivalent to v.

The proof is as in [I8, proof of Theorem 1, p. 545]. Therefore, we do not
include it.

6.2. Nontrivial examples of Cesaro bounded general semi-
groups. Consider a o-finite measure space (X, F,v) and a nonsingular flow
{m :t € R} on X. Recall that the transformation 7; is ergodic if 7_(F) = E
for a measurable set E implies that v(E) =0 or v(X \ E) = 0.

Let G = {T" : t € R} be the group defined by T*f(x) = (J;(2))"/? f (1s),
1 < p < oo. Clearly, each T® is an isometry on LP(v). Therefore G+ =
{T* : t > 0} is Cesaro bounded in LP(v). Our next result yields nontrivial
examples of Cesaro bounded semigroups, in the sense that the operators 7°¢,
t > 0, are not isometries, moreover they are not uniformly bounded.

THEOREM 6.3. Let (X,F,v) be a nonatomic finite measure space and
let I' = {m : t € R} be a nonsingular flow on X. Assume that 1, is ergodic
for some t with respect to v. Let 1 < p < oo. Then there exists a group
of positive operators S, = {T" : t € R} induced by the flow, acting on
measurable functions, such that

(1) the semigroup S;f = {T" :t > 0} is Cesaro bounded in LP(v),

(2) the semigroup SI‘," is not uniformly bounded in LP(v), that is, there
is no C > 0 such that § |T" f|Pdv < C\ |f[Pdv for all t > 0 and
all f e LP(v).

Notice that the result is a generalization of Theorem 7 in [I§].

Proof. We start by proving the case p = 1. We do it in two steps. We

again use ideas of Rubio de Francia.

1) Let p = 1 and assume that there exists a finite measure p equivalent
to v and preserved by the flow I'. Let M be the maximal operator defined

by M, f(z) = sup..ge? X‘is | f(rex)| dt. We know that M, is bounded on
L?(p), i.e., there exists a constant A > 0 such that M} fll2.,, < Al fll2,-
Let f >0, f € L*(u) \ L= (u). Let w = 32220 A~{(M;;)) f, where (M;;)®
is the ith iteration of M. Then w > f > 0, w € L?(u), w is finite a.e.,
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w ¢ L®(p) and Mjw < 3% A_i(/\/l;)(”l)w < Aw a.e., which implies
that

(6.1) for a.e. x the functions ¢ — w(7x)
' belong to Af with a uniform constant.

Let u = du/dv be the Radon-Nikodym derivative. Let

u(z)w(z)
(u(mpx)w(mz))
and let S = {T" : t € R} be the group defined as T*f(z) = gi(x)f(1ex).
Since Ji(z) = u(x)/u(rz), it follows from (6.1) that the semigroup S; =
{T* . t > 0} is Cesaro bounded in L!(v) (this can be seen directly or by
applying Remark .

Now assume towards a contradiction that the semigroup & is uniformly

bounded in L!(dv). It is clear that then there exists a constant C' > 0 such
that

gi(z) =

S Mf(nx) dv < C S fz)dv = S f(Tt:E)MdV
u(rex)w(Tx) I X u(Tz)
for all f > 0. This inequality implies, for all ¢ > 0, w(z) < Cw(rx) a.e. x,
which implies that w € L (dv), by applying the ergodicity of some 7, which
is a contradiction.

2) Let p = 1 and assume that there is no finite measure p equivalent
to v and preserved by the flow I'. Let 1 < ¢ < oo and let ¢’ be the
conjugate exponent. We consider the group Gy = {Tt : t € R} where
Tt f(z) = (Jy(x))9 f(rx). Since the operators T* are positive isometries
on LY (v), the maximal operator M, f(x) = sup.sg gt S[ia T f(x)| dt is
bounded on L7 (v), i.e., there exists A > 0 such that [|M_, fllg < Allfllg -
Let f >0, f € LY (v). Let w = 3.3, Aii(M;)(?f, where (./\/lq_,)(i) is the
ith iteration of M_,. Then w > f > 0, w € L?(v), w is finite a.e. and
Mow <332, A_i(/\/l;,)(”‘l)w < Aw a.e., which means that
for a.e.  the functions t — (Jy(2))"/? w(ra)

(6.2) T .
belong to A with a uniform constant.

Let gi(x) = ww(x) (Ji(x))"/¢ and let S; = {T" : t € R} be the group defined

TX)
as T f(x) = gTE(:z)f(Ttx). As before, it follows from that the semigroup
S1 = {T? : t > 0} is Cesaro bounded in L!(v) (this can be seen directly or
by applying Remark .
Now assume towards a contradiction that the semigroup & is uniformly
bounded in L!(dv). It is clear that then there exists a constant C' > 0 such
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that

| w(z) (Te(@) 4 f (rw) dv < C | f(x) dv = | f(ra)Ti(x) dv
X

(Tex I e

g

~—

for all f > 0. This inequality implies, for all £ > 0,
w(z) < Cw(ra) (T (z)V7  ae. .

Raising to the power ¢/, multiplying by x4 (7:z), where A is any measurable
set, and integrating on X, we have

| xa(mz)w? (@) dv = | w”dv < Clw? dv = | xalx)w? (x)dv
X T_tA A X

for all ¢ > 0. This condition implies that if T f(z) = f(rz) and dv = w? dv
then the semigroup {T" : ¢ > 0} is Cesaro bounded in L!(dD). By Theo-
rem[6.2] there exists a finite measure p preserved by the flow and equivalent
to 7, and hence to v. That is a contradiction.

3) Let p > 1 and assume that there exists a finite measure p equivalent
to v and preserved by the flow I'. As in the case p = 1 but with the maximal
operator Mif f(x) = sup.~ge ™! §; | ()| dt, there exists w € L () \ L (1)
such that ./\/l:jw < Aw a.e., which means that for a.e. z the functions ¢ +—

w(rx) belong to A] with a uniform constant. Let v = w!™P. Then it is well
known (see Remarks that

(6.3) for a.e. x the functions ¢ — v(1x)
’ belong to A; with a uniform constant.

Let u = dp/dv be the Radon-Nikodym derivative. Let

gt(x)—<utt(x)v(x))>1/p

(rex)v(mpx
and let S, = {T" : t € R} be the group defined as T f(z) = gi(x) f(rez). It
follows from that the semigroup S, = {T" : ¢t > 0} is Cesaro bounded
in LP(v) (this can be seen by applying Remark .
Now assume that the semigroup S, is uniformly bounded in LP(dv). It
is clear that then there exists a constant C' > 0 such that

| D agpran < 0§ dv = § | F )L g

(rex)v(Tez) X X u(Ter)

for all f > 0. As in the case p = 1, this implies that w € L*>(dv), a
contradiction.

4) Let p > 1 and assume that there is no finite measure u equiva-
lent to v and preserved by the flow I'. As in case 2), using M f () =

SUp,sg € Sgg |T" f(2)| dt, we have a function w € L7 (v) such that Myw <
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Aw a.e., which means that for a.e. z the functions ¢ — (Jy(2))Y 7 w(rz)
belong to A] with a uniform constant. Then

for a.e. z the functions ¢ — ((Jy(x))"9 w(rz))' P

6.4
(64) belong to A; with a uniform constant.
Let
( ) 1%? 1, 1
— _ Wz A St—i7
gt(a?) = (w(nx)) (Jt(:L‘))P p'q

and let S, = {T" : t € R}, where T" f(x) = gi(z) f(rsz). As before, it follows
from that the semigroup S, = {T" : ¢t > 0} is Cesaro bounded in LP(v).

Now we see that that the semigroup S, is not uniformly bounded in
LP(dv). Proceeding as in case 2), we obtain, for all t > 0, w(rz)(J; () <
Cw(z) a.e. x and, for any measurable set A,

S xa(r_)w? (z) dv < C S xa(z)w? (z) dv
X X

for all ¢ > 0. This implies that if T f(x) = f(7_;z) and do = w? dv then the
semigroup {T" : t > 0} is Cesaro bounded in L*(d7). By Theorem there
exists a finite measure p equivalent to v (and hence to v) and preserved by
the flow. That is a contradiction. =
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