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Universal Jamison spaces and
Jamison sequences for ()-semigroups

by

VINCENT DEVINCK (Lille)

Abstract. An increasing sequence (ng)r>o of positive integers is said to be a Jamison
sequence if for every separable complex Banach space X and every T' € B(X) which is
partially power-bounded with respect to (n)k>o0, the set o,(T) NT is at most countable.
We prove that for every separable infinite-dimensional complex Banach space X which
admits an unconditional Schauder decomposition, and for any sequence (ny)r>0 which is
not a Jamison sequence, there exists T' € B(X) which is partially power-bounded with
respect to (nx)r>0 and has the set 0,(7") N T uncountable. We also investigate the notion
of Jamison sequences for Cp-semigroups and we give an arithmetic characterization of
such sequences.

1. Introduction. Let X be a separable infinite-dimensional complex
Banach space and T' € B(X) a bounded linear operator on X. In the whole
paper, T = {\ € C; |\| = 1} stands for the unit circle of the complex plane
and op,(T) = {X € C; Ker(T' — \) # {0}} is the point spectrum of T'. The
set op(T) N'T will be called the unimodular point spectrum of T'.

It is now well-known that the behaviour of the sequence (||7"||)n>0 of
the norms of the iterates of T is closely related to the size of the unimodular
point spectrum o, (7") N T: Jamison [I0] proved that if T" is power-bounded,
that is, sup,>¢|[|7"]] < oo, then the unimodular point spectrum of T is at
most countable. The influence of (partial) power-boundedness on the size of
op(T)NT has been studied by Ransford [14], Ransford and Roginskaya [15],
Badea and Grivaux [I} 2] and more recently by Grivaux and Eisner [5].

If (ng)k>0 is an increasing sequence of positive integers, we say that the
operator T' € B(X) is partially power-bounded with respect to (ng)k>o if
supg>o |77*|| < co. We say that (ng)r>o is a Jamison sequence if for every
separable complex Banach space X and every bounded linear operator T
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on X which is partially power-bounded with respect to (ng)g>0, the set
op(T) N'T is at most countable.

The notion of Jamison sequence has been intensively studied by the pre-
viously mentioned authors, and C. Badea and S. Grivaux found an arith-
metic characterization of Jamison sequences in [2]. Under the assumption
that ng = 1, one can define a distance d(,,) on T by setting

V(A u) € T?, Ay (A5 1) = ili}()) [T —

The characterization of [2] is as follows.

THEOREM 1.1 ([2, Theorem 2.1]). Let (ng)r>0 be an increasing sequence
of positive integers such that ng = 1. The following assertions are equivalent:

(1) (ng)k>o0 is a Jamison sequence;
(2) there exists € > 0 such that any two distinct points of T are e-
separated for the distance dy,,:

VA p) €T A#p = sup|A\™ — u™| > e
k>0

The hard part of the proof of Theorem is the following: when condi-
tion (2) is not satisfied, C. Badea and S. Grivaux had to construct a separable
Banach space X and a bounded linear operator 1" on X which is partially
power-bounded with respect to (ny)g>0, but o,(7) N T is uncountable. In
this paper, we are interested in this problem of construction. We can state
the problem as follows.

QUESTION 1.2. If (ng)g>0 is not a Jamison sequence, on which separa-
ble complex Banach spaces X can we construct a partially power-bounded
operator T" with respect to (ny)r>0 with uncountable unimodular point spec-
trum?

A separable complex Banach space for which the answer to the above
question is affirmative will be called a universal Jamison space (Defini-
tion[2.1)). Eisner and Grivaux [5] proved that a separable infinite-dimensional
complex Hilbert space is a universal Jamison space. Recall that if T' is a
bounded linear operator on a separable complex Banach space X, one says
that T has a perfectly spanning set of eigenvectors associated to unimodular
eigenvalues (see [3]) if there exists a continuous probability measure o on T
such that for any Borel subset B of T with o(B) =1,

span [Ker(T'— \); A € B] = X.
Grivaux [9, Theorem 4.1] proved that T has a perfectly spanning set of

eigenvectors associated to unimodular eigenvalues if and only if for any
countable subset D of T,

span [Ker(T'— \); A€ T\ D] = X.
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THEOREM 1.3 ([5, Theorem 2.1]). Let (ng)r>0 be an increasing sequence
of positive integers (with ng = 1) such that for any ¢ > 0 there exists
A€ T\ {1} such that

sup |A"F — 1] <e.

k>0
Let § be any positive real number. There exists a bounded linear operator T
on the complex Hilbert space l2(N) such that T has a perfectly spanning set
of eigenvectors associated to unimodular eigenvalues and

sup | 77| < 1+ 6.
k>0

In particular the unimodular point spectrum of T is uncountable.

In Section 2 of this paper, we generalize Theorem [I.3] by providing a large
class of separable complex Banach spaces (the class of Banach spaces which
admit unconditional Schauder decompositions) which are universal Jamison
spaces (Theorem . We also give several concrete examples of Banach
spaces which are universal Jamison spaces and we prove that, in contrast,
hereditarily indecomposable spaces are never universal Jamison spaces.

In Section 3, we investigate Jamison sequences for Cy-semigroups (Defi-
nition which are the analog of Jamison sequences in the context of oper-
ator semigroups. We give an arithmetic characterization of these sequences
(Theorem by using the characterization of Jamison sequences (Theo-
rem. We also consider universal Jamison spaces for Cy-semigroups (Def-
inition and prove that every separable complex Banach space which ad-
mits an unconditional Schauder decomposition is a universal Jamison space
for Cy-semigroups (Theorem .

At the end of Section 3, we study the Hausdorff dimension of the uni-
modular point spectrum in the context of operator semigroups. We prove
that if (fx)r>0 is an increasing sequence of positive real numbers such that
to = 1 and tg41/ty — oo, then there exists a separable complex Banach
space X and a Cp-semigroup (73)s>0 of bounded linear operators on X
(with infinitesimal generator A) with sup,~g ||7%,]| < oo and such that the
set 0,(A) N 4R has Hausdorff dimension 1 (Theorem [3.15)).

2. Universal Jamison spaces. In this section, we investigate the no-
tion of universal Jamison space which is the kind of Banach space mentioned
in Question [1.2

DEFINITION 2.1. Let X be a separable infinite-dimensional complex Ba-
nach space. We say that X is a universal Jamison space if for any increasing
sequence (ny)x>o of positive integers which is not a Jamison sequence, there
exists T € B(X) which is partially power-bounded with respect to (ng)r>0
and has uncountable unimodular point spectrum.
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EXAMPLE 2.2. According to Theorem l5(N) is a universal Jamison
space. More generally, if we replace 2 by p € [1,00[ in the proof of Theo-
rem we easily see that ¢,(N) is also a universal Jamison space.

Our aim is to generalize Theorem to a broader class of Banach
spaces X, namely to the class of separable complex Banach spaces which
admit an unconditional Schauder decomposition.

2.1. Unconditional Schauder decompositions. Let us now briefly
recall a few known facts about unconditional Schauder decompositions.

DEFINITION 2.3. Let X be a separable infinite-dimensional complex
space. We say that X admits an unconditional Schauder decomposition if
there exists a sequence (X;)¢>1 of closed subspaces of X (different from
{0}) such that any vector = of X can be written in a unique way as an
unconditionally convergent series ), z¢, where x, € X, for all .

There are many examples of such spaces. For instance, it is clear that
if X has an unconditional Schauder basis, then X admits an unconditional
Schauder decomposition. Recall that the space C([0, 1]) of continuous func-
tions on [0, 1] is universal in the sense that it contains an isometric copy of
any separable Banach space. We denote by ¢o(N) the space of all complex
sequences which converge to zero.

EXAMPLE 2.4. A separable complex Banach space X admits an uncon-
ditional Schauder decomposition whenever it contains a complemented copy
of a Banach space which admits an unconditional Schauder decomposition.
In particular, if X contains a copy of ¢o(N) then it admits an uncondi-
tional Schauder decomposition. For instance, C([0,1]) admits an uncondi-
tional Schauder decomposition.

Proof. In the first case, the fact that X admits an unconditional Schau-
der decomposition follows directly from Definition If X contains a copy
of ¢o(N), then a result of Sobczyk says that this copy is complemented in X.
The last assertion comes from the fact that C([0, 1]) is a universal space and
so contains a copy of ¢y(N). =

REMARK 2.5. If (X/)¢> is an unconditional Schauder decomposition of
X and (I)k>1 is any partition of N into finite or infinite subsets, let Y
denote the closed linear span of the spaces X, where ¢ € Ij,. Then (Y3)r>1
is also an unconditional Schauder decomposition of X . Hence, we will always
suppose that if (Xy),>1 is an unconditional Schauder decomposition of X
then all the subspaces X, are infinite-dimensional.

This assumption will allow us to define a weighted backward shift on a
space which admits an unconditional Schauder decomposition. To do this,
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recall the notion of biorthogonal system. We denote by ¢; ; the Kronecker
symbol.

DEFINITION 2.6 (|11, Definition 1.f.1]). Let Z be a separable infinite-
dimensional complex Banach space. For any positive integer 4, let z; and 2
be elements of Z and Z* respectively. The sequence ((2;)i>1, (2])i>1) is called
a biorthogonal system in Z if (2, z;) = d; ; for any positive integers 1, j.

The following result will be fundamental.

THEOREM 2.7 ([I1, Theorem 1.f.4]). Let Z be a separable infinite-dimen-
stonal complex Banach space. Then there exists a biorthogonal sequence
((zi)iz1, (2])iz1) in Z (where z; € Z and =z € Z*) such that:

(1) sup;>y 2] |27 ]| < oo;
(2) the linear span of the vectors z;, i > 1, is a dense subspace of Z;
(3) if z € Z and (z},z) = 0 for any positive integer i, then z = 0.

For more information on biorthogonal systems, we refer the reader to [11].

2.2. The result. We are now ready to prove our result about Jamison
universal spaces. The proof is very close to that of [5, Theorem 2.1].

THEOREM 2.8. Let X be a separable complex Banach space which admits
an unconditional Schauder decomposition. Then X is a universal Jamison
space.

Proof. Let us fix an increasing sequence (ny)x>o of positive integers (with
no = 1) which is not a Jamison sequence. Our task is to construct a bounded
linear operator T' on X which is partially power-bounded with respect to
(ng)k>0 and op(T') N'T is uncountable.

By definition, there exists a sequence (X/)y>1 of infinite-dimensional
closed subspaces of X such that any vector x of X can be written in a
unique way as an unconditionally convergent series ), 2y, where y € X,
for all ¢. In particular, X = @521 Xy. According to Theorem there
exists a biorthogonal sequence ((;¢)i>1, (2] ,)i>1) in Xy such that

(2.1) |ziell =1 foranyi>1 and M, :=sup |lz;,[ < oco.
i>1

Definition of T. As in the proof of [5, Theorem 2.1], we define T" as the
sum of a diagonal operator and a weighted backward shift. The construction
depends on two sequences to be chosen in the proof: a sequence (\y)p>1 of
distinct unimodular complex numbers and a sequence (wy)n>1 of positive
weights.

Let us first define the operator D : X — X associated to the sequence

()‘n)n21 by Setting
D(ZZE() = Z)\gl‘g

>1 >1
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for any vector z = >~ x¢ of X. Since the decomposition X = P, X¢
is unconditional, D defines a bounded linear operator on X which is par-
tially power-bounded with respect to (ng)g>o. Let us then define a weighted
backward shift on X by using the biorthogonal systems ((z;,¢)i>1, (2] )i>1)-
Since
X = Xmam(U Xp>,
p#L

we first observe that we can extend the functionals x* qoto X by setting
z;, = 0 onspan({J,,, Xp). If we denote by C' > 0 the unconditional constant
of the decomposition X = @D;>1 X then ||z, || < CM, for any i and ¢. Since
(x M,ng) =1 and ||z; | = 1, we have CM, > 1 for any /.
Let ((w;i¢)i>1)e>1 be a double sequence of positive real numbers to be
defined later. Let finally j : N\ {1} — N satisfy the following two conditions:

(i) for any n > 2, j(n) < n;
(ii) for any k > 1, the set {n > 2; j(n) = k} is infinite.

Our weighted backward shift will be defined as
(2.2) Bx := Z Z<$;e,l’>aix,1$i7@71 (x e X)

>2 i>1
where
(2.3) Oéi71 = wz‘71’/\2 - )‘j(2)| for all ¢ Z 1,
M1 — As
(2.4) Q= wz-g‘ t GR) forall¢ > 1 and ¢ > 2,

P VPN

where w; , > 0. We now choose the coefficients o; ¢ in such a way that (2.2)
defines a bounded linear operator on X. For any positive integers ¢ and ¢,
let us define

Wy
2.5 )= ———
( ) wz,f 2ZCM[+1 )

where wy is an arbitrary positive number. Under this condition, the series
No=3 > aiealwieal ol
£>2 i>1

is convergent. Indeed, conditions (2.1)) and (2.5) and definitions ([2.3) and
24) yield

[e.e]
* ‘)‘f—‘rl /+1 ‘
N = Zzam 27 e1 |l < wilAa — Ajoy| + Z o Ajet1) .

0>1i>1 J(f)|

For arbitrary weights wy, > 0, we can take A, sufficiently close to A for
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any positive integer £ so that the series

> [Aev1 = Ajesn)l
wy
= |Ae = Aol

is convergent. More precisely, we first choose A3 close to Aj(3) (recall that
J(3) € {1,2} by definition of j) such that

[A2 — A1)

|)‘3 - ](3 | < 23’LU2
and A3 ¢ {A1, A2}. Then at step ¢ we choose Ay € T such that

[Ae—1 = Nje—)]
2bwy_y

Ao = Ao | <

and A\ & {\1,...,A\¢—1}. Under these conditions the series N is convergent,
so that B is a nuclear operator. It follows that 7' = D + B is a bounded
linear operator on X.

Unimodular eigenvectors of T. Consider the closed subspace
X, := spanfzy g £ > 1]

of X. Since Bx11 = 0 and Bz, = oy ¢—1710—1 for any positive integer ¢,
Xl is T-invariant. Hence one can consider the operator 17 : Xl — Xl
induced by T'. Since the decomposition X = @,~, X/ is unconditional, the
sequence (x1 ¢)¢>1 is an unconditional basis of X;. Let us now describe the
unimodular eigenvectors of T1: if z = ) o cpz14 € Xl, then the algebraic
equation Thx = Az is satisfied if and only if

A=Ae—1) - (A= A1)

cr = c1 for every £ > 2.
Qle—1---Q11

It follows that for any positive integer n, the eigenspace Ker(77 — \,) is
1-dimensional and spanned by

- A—1) An — A1
ul” —ﬂc11+z (” ):cl,e-
ayp—1---Q11

We now need the following.

Fact 2.9 ([5, Lemma 2.4]). By choosing wi , and X\, suitably, it is pos-
sible to ensure that for any integer n > 2,

i = ™) < 270,
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In order to prove this, let us write

u&") _ ugj(n))
_ i(n) (()\n “Aee1) o (A — A1) B Ny = Ae=1) - Ny — )\1)>ﬂ?1e
=2 o10-1---011 Qre-1...-0171 ’
+ i ()\n_)\é—l)---()\n _/\1)$1é —. agn) _|_bgn)‘
=j(m)+1 ayp—1---Q11

Since the quantities aj ¢—; ... a1 for £ < j(n) do not depend on A, we can
ensure that Hagn)H < 2=+ by taking |\, — Aj(n)| sufficiently small.

Let us now estimate bgn). We can assume that [\, — A\;| < 1 for any

positive integers p and ¢. By ([2.3]) and (2.4), we have
~ A= A1) =N

ERIEY

a1 e—1-.-011

(=j(n)+1
n An = A
< 3 1 , ‘ j(n) |
= fy 4 WLe=1 WL Av = N

We now choose the coefficients A\, and w;, as follows. At stage n of the
construction we take wi ,—1 so large with respect to wi1,..., w1 ,—2 that
(Wi p—1W1 -2 ... wl,l)_l is very small (this means that we take w,_1 very
large, by ) Next we take A, extremely close to Aj;(;,) so that the quan-
tities

1 ‘)\n - )\j(n)
Ar = Aj)

te{jln)+1,...,n—1
o (¢ € i) )

are very small. We can thus ensure that Hbgn) | is less than 2~(®*1) and the
result is proved.

Fact [2.9] is useful when applying the following theorem.

THEOREM 2.10 ([9, Theorem 4.2]). Let Y be a separable infinite-dimen-
sional complexr Banach space and let S be a bounded linear operator on Y .
Suppose that there exists a sequence (u;);>1 in 'Y with the following proper-
ties:

(i) for eachi > 1, u; is an eigenvector of S associated to an eigenvalue
wi with |p;| =1 and the complex numbers u; are all distinct;
(ii) spanfu;; i > 1] is dense in Y';
(iii) for any i > 1 and any € > 0, there exists an n # i such that
lun, — us|| < e.
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Then S has a perfectly spanning set of eigenvectors associated to unimodular
eigenvalues. In particular, o,(S) N'T is uncountable.

Applying Theoremwith Y :=X1,S:=T and u; := ugz), we deduce
that T} has a perfectly spanning set of eigenvectors associated to unimodular
eigenvalues (the only condition we really need to check is (iii), and it is true
by Fact . Hence the unimodular point spectrum of 77 is uncountable.
Since 0,(11) N'T C 0,(T) N T, the unimodular point spectrum of T is also
uncountable. For this part of the proof, we also refer the reader to the proof
of |5, Proposition 2.5].

Estimate of the norms | T™||. As in the hard part of the proof of [5,
Theorem 2.1], we now need to prove that if the coefficients w,, and \,, are
suitably chosen, then |7 — D™ | < 1 for all positive integers k. For all
positive integers k, ¢,1,n, we put

t,(;’en) = (2] g, T T 0).

1’7n)

It is then clear that tl(c,f =0 when k > ¢ or £ — k > n. Moreover t,(;;}?) = AL

The lemma below gives the expression of t,(f’gn) for1</{—Fk<n.

LEMMA 2.11. For any positive integers k,£,i,n > 1 with 1 <{—k < n,

tl(;”zn) = QG 1QG -2 .- QG kg Z )\ik - )\%Z.
Jettje=n—(£—k)

Proof. For any fixed positive integer i, define the operator B; on the
space X; := §pan [x;¢; ¢ > 1] by setting B;x; ¢ := Bxjy = ojg12;0—1 if
¢ >2 and B;z;1 = 0. Then B; is a weighted backward shift as in the proof
of [5, Theorem 2.1]. Moreover, since the decomposition X = &,~; Xy is
unconditional, (z;¢)¢>1 is an unconditional Schauder basis of X; and any

vector z of X; can be written in a unique way as z = 2621@;5,@%7@. It
follows that

Bix =Y (@} )0t 1T5,0-1.
>2

Then [5, Lemma 2.6] gives the desired expression of tg’gn). n

We now want to estimate |77 — D"»||. In every subspace X, of X, we
consider the linear subspace

X, := span [z ¢; 1 > 1].
Since X, contains all the vectors xi¢ (1 > 1), it is a dense subspace of X,. It

follows that X := D=1 X, is dense in X. To prove our result it suffices to
establish that ||(T" — D™)z| < ||z| for any = € X. Indeed, & = D1 e
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where
ig
Ty = Z(flfie, y)xie € Xo
i=1

for some positive integer iy. Then, for any n > 2,

oo g oo g V4
T'x =) Y (@hpn)T wie=y Y (wipa) > (2l Tz
(=1 i=1 =1 i=1 k:max(l,f—n)
oo 1y ¢
SDIP MGV D VY
(=1 i=1 k=max(1,{—n)
and
o) ig co iy '
D"y = Z Y Z(xh,x}xi’g = Z Z(m&, x>t§}n)xi7g.
=1 i=1 =1 i=1
We deduce that
oo iy /—1 (im)
(" =2 2 Wen) Y T
(=2 i=1 k=max(1,{—n)
and according to ([2.1)),
oo 1y /-1 (im)
I = DWal < ol SN et >0 1)
(=2 i=1 k:max(l {—n)

<C||x||ZM£<Z Z ).

=1 k=max(1,0—n)
We know from Lemma 2.11] that

in n (n) ._ ' ‘
t’(af ) — QG p—10G -2 - . . a@ksl(ﬁ’g, where Spp 1= Z NE LN
Jet+ije=n—(l—k)

By (2.4) and (12.5]), this yields

(im) _ Wy 1We—3 . .. Wk A=Al R0
RO 2RO M C My ... C M1 Ak — Xl 5

As CM, > 1 for any positive integer p, this implies in particular that

)‘ we1we—z . wy, A= Nl S(n)‘
T 2RICM, A= A R

e
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and so
(26) I — D)l
o] -1
e =Nl |
<leldS 3 werewe s
£=2 k=max(1,{—nyp) k 5 (k)

It remains to estimate the quantity

(2 7) § |>\Z — )\j(€)| | (np)|
. We—1 .o Wk 7 Sy |,
k=max(1,—ny) |)\k B )\](k)’ ;

which is essentially the difficult part of the proof of [5, Theorem 2.1]. It is
in this part of the proof that we use the fact that (ng)x>1 is not a Jamison
sequence: according to Theorem this assumption means that for every
e > 0 and every A € T, there exists X' € T\ {A\} such that |\ — \'| <
d(nk)(/\,)\’ ) < e. In their proof, T. Eisner and S. Grivaux prove that if
we take \¢ sufficiently close to A;,) (for the distance dy,,), hence for the
Euclidean norm | - |), then the sum

—1 2
2 2 [Ae — >‘j(€)’ (np) |2
Z Wp_q.. W~ "/\k — )\j(k)‘z ) ’31@; |

k=max(1,0—np)

can be made arbitrarily small. By rewriting that proof, one can see that
if we take Ay close to Aj(y), the sum is less than 2!~¢. By density, we
deduce from that ||T™ — D™|| < 1 for any positive integer p, which
concludes the proof. =

Example 2.4] allows us to give new examples of universal Jamison spaces.

2.3. Examples. Recall that the James space J is the set of all complex
sequences r = (&, )n>1 belonging to c¢o(N) such that
2 2
|zl 7 == sup{|ap, — @p,|" 4 -+ + |2p,_y, — T, [T} < 00,
where the supremum is taken over all k-tuples (p1, . .., pr) of positive integers

such that p; < -+ < pg. We refer the reader to [7] for more information on
the James space. In particular, it is not difficult to see that the subspace

Jo={x € J; xop, =0 forall k > 1}
of J is linearly isomorphic to ¢2(N) and complemented in 7. Then Ex-
ample gives us the following result.
ExXAMPLE 2.12. The James space J is a universal Jamison space.

Other examples of universal Jamison spaces are given by spaces which
contain a copy of ¢(N). For instance, C([0, 1]) is a universal Jamison space.
On the other hand, it is not difficult to exhibit a class of Banach spaces
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which are not universal Jamison spaces, namely the class of hereditarily
indecomposable Banach spaces.

DEFINITION 2.13. An infinite-dimensional Banach space X is said to be
decomposable if there exist infinite-dimensional closed subspaces Y and Z
of X such that X =Y @ Z. We say that X is hereditarily indecomposable if
no infinite-dimensional closed subspace of X is decomposable.

The famous Gowers dichotomy highlights the fact that the notion of
unconditional Schauder decomposition is in a sense opposite to the notion of
hereditarily indecomposable space. More precisely, Gowers [§] proves that if
X is an arbitrary Banach space then it either contains an unconditional basic
sequence, or contains a hereditarily indecomposable subspace. In fact, any
hereditarily indecomposable complex Banach space X fails to be a universal
Jamison space. Indeed, each bounded linear operator 1" on X is of the form
M + S where A € C and S € B(X) is a strictly singular operator, that is,
S fails to be an isomorphism when restricted to any infinite-dimensional
closed subspace of X. In particular, the unimodular point spectrum of 7T is
at most countable (see [12] for more details). We have thus proved:

PropoOSITION 2.14. If X is a hereditarily indecomposable Banach space,
then X is not a universal Jamison space.

3. Jamison sequences for Cj-semigroups. In this section, we study
Jamison sequences in the context of strongly continuous semigroups acting
on separable complex Banach spaces. Starting from the work of C. Badea
and S. Grivaux [I], 2], we give a characterization of Jamison sequences for
Co-semigroups (Definition below).

We begin by recalling some definitions and facts about Cy-semigroups.
Let X be a complex Banach space. A family (7})¢>0 of bounded linear op-
erators on X is called a Cy-semigroup if

o Ty = Idy;
o for any s,t > 0, Ts4y =TT
o for any x € X, lim;_,o+ || Tz — z|| = 0.

The infinitesimal generator of the Cp-semigroup (7;)i>o is the map A :
D(A) — X defined by

Toa —
D(A) := {;1: € X; lim S exists},
t—0+ t
Tox —
Az = lim e
t—0+

We recall that o,(T3) \ {0} = exp(to,(A)) for any ¢ > 0 (see for instance

(z € D(A)).
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[6, Chapter 4]) and
op(Th) N'T = exp(o,(A) NiR).

We now introduce the notion of a semigroup partially bounded with
respect to a sequence of positive real numbers.

DEFINITION 3.1. Let X be a separable complex Banach space. Let (tx)r>0
be an increasing sequence of positive real numbers and (7;):>0 a semigroup
of bounded linear operators on X. We say that (1;):>0 is partially bounded
with respect to (ty)g>0 if supg>g || Ty, || < oo.

If (t5)k>0 is bounded, then any Cp-semigroup is bounded with respect to
(tk)k>0. So we will restrict ourselves to increasing sequences (fx)r>0 which
tend to infinity. Moreover, it is clear that we can assume that tg = 1.

DEFINITION 3.2. Let (tx)r>0 be an increasing sequence of positive real
numbers which tends to infinity. We say that (tx)r>0 is a Jamison sequence
for Cy-semigroups if for every separable complex Banach space X and for
every Co-semigroup (73)¢>0 on X (with infinitesimal generator A) which is
partially bounded with respect to (fx)r>0, the set o,(A) N iR is at most
countable.

Our aim in this section is to give a characterization of Jamison sequences
for Cy-semigroups. For this, we will need the characterization of Jamison
sequences obtained in [2, Theorem 2.1]. For § € R, define

10| := dist(0,Z) = inf{|0 — n|; n € Z}.
Recall that there exist constants C1,Cy > 0 such that
Col|0]] < |e*™ — 1] < Cy|0]|  for any real 6.
We are going to prove the following result.

THEOREM 3.3. Let (tx)r>0 be an increasing sequence of positive real
numbers such that tg = 1 and tp, — co. The following assertions are equiva-
lent:

(1) (t)k>0 is a Jamison sequence for Cy-semigroups;
(2) there exists € > 0 such that for any 6 €]0,1/2],
sup ||tx0] > €.
£>0
In order to be able to use the characterization of Jamison sequences of [2,
Theorem 2.1], we first only consider sequences of positive integers which are
Jamison sequences for Cy-semigroups. We show that an integer sequence is

a Jamison sequence if and only if it is a Jamison sequence for Cy-semigroups
(Theorem [3.4). From this, we will deduce Theorem
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3.1. Integer Jamison sequences. Let (nj)r>p be an increasing se-
quence of positive integers such that ng = 1. As in the proof of |2, Theorem
2.8], we associate to it a distance d(,,) on the unit circle T by setting

d(nk)O\a p) = sup |\ — p"*|  for any A\, pu € T.
E>0

We now prove

THEOREM 3.4. Let (ng)k>0 be an increasing sequence of positive integers
such that ng = 1. The following assertions are equivalent:

(1) (nk)k>0 is a Jamison sequence for Co-semigroups;
(2) (nk)k>0 is a Jamison sequence;
(3) there exists € > 0 such that for any distinct A, € T,

Ay (A5 1) > €.

Proof. (2)=(3). See [2, Theorem 2.1].

(3)=(1). Let X be a separable complex Banach space and (7})i>0 a
Co-semigroup on X such that M := supy>g ||Tn,]| < co. We denote by A
the infinitesimal generator of (T});>0. Let in and i€ be two eigenvalues of A
(n,€ € R) and let x,, and ¢ be eigenvectors such that ||z, | = [Jz¢|| = 1 and
Axy = igxy for ¢ € {n,£}. We know that for any k and for ¢ € {n,{}, we
have T, v4 = ik z4. By the triangle inequality,

(3.1) |7 — S| — |y — e | < ([T (2 — @)l < M|z — |-
Setting g = €' for 6 € R, we deduce from (3.1]) that

SUPg>0 |>\ng — 1
M+1

Assume that 7, € [2¢m,2(¢ + 1)n[ for some integer ¢ and n # £. Then
Ap—g € T\ {1} and supy>q [A," ¢ — 1] = €. It follows that

oy — el =

€
g - el 2 35
Since X is separable, we see that o,(A) N[2ifn,2i(¢+ 1)x| is at most count-
able. Hence so is 0),(A)NiR, which proves that (¢)r>0 is a Jamison sequence
for Cy-semigroups.

(1)=(3). Assume that (3) is not satisfied. We know from [2, Theo-
rem 2.8| that there exists an uncountable subset K of T such that the metric
space (K, d(y,)) is separable; we want to prove that (ny)>o is not a Jamison
sequence for Cp-semigroups. To do this, we construct a separable Banach
space X and a Cp-semigroup (S)¢>0 on X (with infinitesimal generator A)
which is bounded with respect to (ng)g>0, but o,(A4) N iR is uncountable.
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Let

TP N
X:{f:[O,oo[—>Rmeasurable; Ifll == (S 0 dt> <oo}
0

and let (S¢)i>0 be the translation semigroup on X defined by
Sif@) = fla+t) (feX, ta>0)
We set X, :={f € X; ||f]|« < oo} where

11 i= max (7], sup 40+ sup HH S, ~ D).

It is rather easy to check that S; is a bounded linear operator on X,. In a
first step, we prove that the semigroup (S;)¢>0 is bounded with respect to
(ng)k>0. Then we construct a separable subspace of X, on which (S;)i>0
is strongly continuous and such that o,(A) N iR is uncountable, where A
denotes the infinitesimal generator of (S¢)i>0.

Boundedness of (St)i>0 with respect to (ng)r>o0. Let f € X, and k € Z.
Then ||Sy, f||+ is the maximum of

S, fIl and  sup 470D sup HH N, _I)Snka-
J=0 ko,....k; >0

On the one hand,
1S I = 11F + (Snye = DI < NFI 4 11(Snyy = DSl
1
S M A4 71 S = DI < 5111l

on the other hand, for any j € Z, and any (j + 1)-tuple (ko,...,k;) of
nonnegative integers,

om] H(S D] <140 H<s 1) - 1|

J
4470+ H [1(Sn, — I)fH.
=0
This proves that
1S fll« < 4llFlls + [Lf 11 = 5171l

and 80 supy>g [|Sn, [+ < 5.
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Eigenvectors of A. For any n € [0,2n[, we put e,(z) = e (z € R). It
is clear that e, is an eigenvector of A associated to the eigenvalue 7 and
that e, € X,. Indeed, ||e,| = /7/2 and for any nonnegative integer j and
any (j + 1)-tuple (ko, ..., k;) of nonnegative integers, we have

H ﬁ(Snke - I)e”H = (ﬁ |y — 1,)@ < 927+l /7 /2,
=0 £=0

which proves that ||e,|« = \/7/2.

Making X, separable. At this stage of the proof, we use our assump-
tion: there exists an uncountable subset K of T such that the metric space
(K, d(n,)) is separable. We define

I :={n €[0,2n]; e € K}.
The subspace of X, we are going to consider is
XK .= span”'”*[en; n € Ik],

equipped with the norm ||-||,. Since o,,(A)NiR contains I, it is uncountable.
Furthermore, the semigroup (.S;);>0 is still bounded with respect to (ng)r>0
and it is easy to prove that it is also strongly continuous, by using a density
argument. The only thing we really need to prove is that XX is separable.
This is a consequence of the following lemma.

LEMMA 3.5. The eigenvector field E : Ix — X, defined by E(n) = e, is
continuous on Iy .

Proof. Let n, u € I'x. We need to estimate the quantity
lleg — ecll«

J J
= max(Hen—egH, sup 4~U+) gup H H(e”’"’%—l)en—H(eiénké—l)egH).
Jj=0 ko,....,k; >0

For any nonnegative integer j and any (ko,...,k;) € (Z1)’*1, we have

J J J
| TTemse = 1yey = T = Dee| < lley — el [T e — 1)
=0

=0 =0

+ el [T 1) - [T - )
=0
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and so

J J
|TTeem™s — 1)ey — T ~ 1)ee] < 2% ey — ecl
=0

=0
+ \/7T/2’H(em”ke — 1) e - 1)‘.
=0 =0
We need to estimate the quantity
J J
d;i(e™, e®) == sup ’H(em"ke —1)— H(eign’% - 1)’
ko, ki >017 5 =0
According to the identity
J J J
H(einnkl —1)— H(eiﬁn@ -1) = (einnko _ eiétko H wm«z _
=0 =0 (=1
J j
lﬁnko _ (H ’”]nkg _ H Zgnké _ )
=1 =1

we get the estimate
d;(e™, e) < de(nk)(ei”, ) +2d;_1(e™, ).
Then it follows from an easy induction argument that
d;i(e™,e®) < (j+ 1)2jd(nk)(ei’7, )

for any j. The above estimates show that
len el
= maX(Hen—esHasgp (27U ey —ec|++/7/2(+1)27 0D d . (7, €9))).

J>0

Then there exists a constant C' > 0 such that for any n, u € Ik,
llen — eells < Cllen — eell + diny (€™, €)).
We now fix € > 0. There exists A, > 0 such that

R Gl S

<€
2 2 —

€ €

and so

Ae et — 6i§t,2 1/2 _
H@n—eg”* SC(( S ]_—|—t2dt> +d(nk)(e7‘n7el )+€>
0

It follows that the eigenvector field E : 1+ e, is continuous on Ix. =

As a consequence, XX is separable, which proves (1)=(3). u
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With the help of Theorem [3.4] we will be able to prove our result on the
characterization of Jamison sequences for Cy-semigroups (Theorem [3.3)).

3.2. Relationship with real Jamison sequences for Cj-semi-
groups. Let (fx)r>0 be an increasing sequence of positive real numbers
such that tg = 1 and ¢ — oo. For any k, let ng be the integer part of ¢5. In
particular, ng = 1. To begin with, we have the following easy fact.

Fact 3.6. If (Ti)i>0 is a Co-semigroup on a Banach space X such that
supy>g || Tn, || < 00, then supysq || T3, || < oo.

Proof. Since the family {Ts; s € [0, 1]} is bounded, setting e, = t —ny €
[0, 1] we have

1Tl = 1T Tl < T T2 < (s T 1T
0<s<1

and the conclusion follows from the assumption. =

The characterization of Jamison sequences for Cy-semigroups is a conse-
quence of the following two lemmas.

LEMMA 3.7.

(1) If (te)r>0 is a Jamison sequence for Cy-semigroups, then so is
(k) k>0-

(2) If (1, (ng + 1)k>0) is a Jamison sequence for Co-semigroups, then so
is (tk)k>0-

Proof. Assume that (tx)r>0 is a Jamison sequence for Cy-semigroups.
Let (T})t>0 be a Cp-semigroup (with infinitesimal generator A) on a sep-
arable complex Banach space X such that supysq|Ty,| < co. According
to Fact supysg |73, || < oo and it follows from the assumption that
op(A) NiR is at most countable. Then (ng)x>o is a Jamison sequence for
Co-semigroups and (1) is proved.

We prove (2) with the same method: assume that (1, (ng + 1)g>0) is a
Jamison sequence for Cp-semigroups and let (7})¢>0 be a Cp-semigroup (with
infinitesimal generator A) on a separable complex Banach space X such that
Supy>o |73, || < co. By the definition of ny, we have e = ng +1 —t; € ]0,1]
and the same proof as that of Factshows that supy>g || T, +1|| < oc. Since
(1, (ng+1)k>0) is a Jamison sequence for Cp-semigroups, the set o, (A)NiR is
at most countable and so (t)x>0 is a Jamison sequence for Cp-semigroups. m

In the second lemma, we establish a relationship between the integer
sequences (ng)g>o0 and (1, (ng + 1)g>0) from the point of view of Jamison
sequences.

LEMMA 3.8. The sequence (ng)i>o is a Jamison sequence if and only if
(1, (nk + 1)k20) 18.
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Proof. Assume that (ny)r>0 is a Jamison sequence. By [2, Theorem 2.1],
there exists € > 0 such that supy~q |\ — 1| > ¢ for any A € T\ {1}. Let
A€ T\ {1} be such that |\ — 1| < /2. For any k, we get

AL = (AN — 1)+ A =1 > [N — 1] — /2
and so
sup [\ — 1) > /2.
k>0
It follows that
max(|)\ — 1], sup [\ — 1|> >¢e/2
k>0

By [2, Theorem 2.1], (1, (ng + 1)k>0) is a Jamison sequence.

Conversely, if (1, (ny + 1)g>0) is a Jamison sequence then it is straight-
forward to check that an operator which is partially power-bounded
with respect to (ng)r>o is also partially power-bounded with respect to
(1, (nk + 1)g>0). This proves that (ng)r>o is also a Jamison sequence. =

The above lemmas and Theorem allow us to prove the following
result.

THEOREM 3.9. Let (tx)r>0 be an increasing sequence of positive real
numbers such that tg = 1 and ty, — co. For any k, let ny be the integer part
of ti.. The following assertions are equivalent:

(1) (tk)k>0 ts a Jamison sequence for Cy-semigroups;
(2) (nk)k>0 s a Jamison sequence;
(3) there exists € > 0 such that supg>q |[A\"* — 1| > € for any XA € T\ {1}.

Proof. (2)=(3). See [2, Theorem 2.1].

(1)=(2). Apply Lemma [3.7| and Theorem
(2)=(1). If (ng)r>0 is a Jamison sequence then so is (1, (ng +1)g>0) by

Lemmau According to Theorem|3 - , (nk+1)k>0) is a Jamison sequence
for Cy-semigroups. Now Lemma shows that (tx)r>0 is a Jamison sequence
for Cp-semigroups. m

Theorem [3.3]is a consequence of Theorem and the next proposition.

PROPOSITION 3.10. Let (t;)k>0 be an increasing sequence of positive real
numbers such that tg = 1 and ty, — oco. For any k, let ny be the integer part
of ti.. The following assertions are equivalent:

(i) there exists € > 0 such that supg>q [\ — 1| > € for any A € T\ {1},

(ii) there exists €' > 0 such that supysg |[tx0]| > €' for any 6 €10,1/2].

Proof. Setting \g = %™ for 6 € ]0,1/2], we know that Ca||0|| < |Xg — 1
< (1]|0]] where C; and Cy are positive constants which do not depend on 6.

By using these inequalities, it is easy to check that (i) and (ii) are equivalent.
We leave the details to the reader. m
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3.3. Universal Jamison spaces for Cp-semigroups. We can prove
an analog of Theorem [2.8]in the context of Cp-semigroups. To begin with,
we define the notion of universal Jamison space for Cy-semigroups.

DEFINITION 3.11. Let X be a separable infinite-dimensional complex
Banach space. We say that X is a universal Jamison space for Cy-semigroups
if the following property holds true: for any increasing sequence (t)g>o of
positive real numbers which is not a Jamison sequence for Cy-semigroups,
there exists a Cp-semigroup (T3)¢>0 on X (with infinitesimal generator A)
which is bounded with respect to (tx)r>0 and such that o,(A) N iR is un-
countable.

The analog of Theorem [2.8] in the context of Cp-semigroups is the fol-
lowing.

THEOREM 3.12. Let X be a separable complexr Banach space which ad-
mits an unconditional Schauder decomposition. Then X is a universal Jami-
son space for Cy-semigroups.

Proof. Let (tx)r>0 be an increasing sequence of positive real numbers
such that tg = 1 and t;, — oo. We assume that (f;)r>0 is not a Jamison
sequence for Cp-semigroups; we need to construct a Cp-semigroup (with
infinitesimal generator A) on X which is bounded with respect to (tx)r>0
and 0,(A) NiR is uncountable. For any k, let ny; be the integer part of t.
Since (tx)r>0 is not a Jamison sequence for Cp-semigroups, Theorem
shows that (ny)g>0 is not a Jamison sequence. We can then consider the
operator T'= D + B constructed in the proof of Theorem it is partially
power-bounded with respect to (ny)r>0, and o,(T) N T is uncountable.

In the proof of Theorem [2.8] we can take A\; with [A;| =1 and |\ — 1|
= 1/3. Then we choose A, on the arc between 1 and A; for any n. We have
o(D) = {A;n>1} and if we take ), sufficiently close to Aj,), we get
| B|| < 1/3, which implies that o(7)) C o(D); /3. Here if K is a compact set
of the complex plane, we set

K. :={z € C; dist(z, K) < e}.

In particular, o(T) C Pyjp := {z € C; Rez > 1/2}. Since the complex
logarithm is an analytic function in this domain, the operator LogT is
well-defined (by the functional calculus) and bounded on X. Then the Cp-
semigroup (73);>0 with infinitesimal generator LogT is such that for any
t >0, T; = etto8T Since e"08% = 2" for any z € P12, we conclude that
T, = T"* for any nonnegative integer k. Furthermore, Fact shows that
(T3)¢>0 is bounded with respect to (t;)k>0 and since

op(T)NT = 0,(T1) N T = exp(o,(Log T') NiR),
the set op(LogT') NiR is uncountable. =
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We finish this paper by proving a result concerning the Hausdorff di-
mension of o,,(A) N iR which fits into the framework of [2].

3.4. Hausdorff dimension of 0,(A) NiR. Ransford and Roginskaya
[15, Theorem 4.1] proved that if a Cp-semigroup (with infinitesimal gen-
erator A) on a separable complex Banach space is bounded with respect
to an increasing sequence of positive real numbers which tends to infinity,
then o0,(A) NiR has Lebesgue measure zero. It is then natural to study the
Hausdorff dimension of this set. The same authors proved that the Haus-
dorff dimension dimy(o,(A) N iR) can be controlled by the growth of the
sequence (t;)r>0 ([15, Theorem 4.1]). The results below are the same as in
[2, Section 3] but in the context of Cy-semigroups. To begin with, we prove
the following theorem.

THEOREM 3.13. Let (ng)r>0 be an increasing sequence of positive inte-
gers such that ng = 1. Let S be any class of subsets of the unit circle T such
that every subset of an element of S is an element of S itself. The following
assertions are equivalent:

(1) for every separable complex Banach space X and every Cy-semigroup
(T¥)t>0 on X which is bounded with respect to (ny)k>0, the set
op(T1) N'T belongs to S;

(2) for every subset K of T not belonging to S, the metric space (K, dy,))
18 non-separable;

(3) for every subset K of T not belonging to S, there exists € > 0 such
that K contains an uncountable e-separated family for d,, ).

Proof. (2)<(3) is clear.

(3)=(1). Let (T})i>0 be a Cp-semigroup on X such that M :=
supyso [|Tn, |l < oo and assume that o,(71) N T ¢ S. According to (3),
there exists € > 0 such that 0,(7;) N T contains an uncountable e-separated
family for the distance d(,,). Let A and p be unimodular eigenvalues of

Ty with associated eigenvectors (of norm 1) ey and e,. As in the proof of
Theorem [3.4], we obtain

d(”k)()"/‘)> €
M+1 — M+1’

which contradicts the separability of X.
(1)=(2). The proof is the same as in Theorem .

Let S stand for the Borel subsets of T with Hausdorff dimension strictly
less than 1. We then get the following corollary.

llex = eull =

COROLLARY 3.14. Let (ng)r>0 be an increasing sequence of positive in-
tegers such that ng = 1. The following assertions are equivalent:
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(1) there exists a separable complex Banach space X and a Cy-semigroup
(T¥)¢>0 on X which is bounded with respect to (ny)k>0 and such that
op(Th) N'T is of Hausdorff dimension equal to 1;

(2) there exists a subset K of T of Hausdorff dimension 1 such that the
metric space (K, d(y,,)) is separable.

When ng1/nx — 0o, C. Badea and S. Grivaux showed that there exists
a subset K of T of Hausdorff dimension 1 such that the space (K,d,,)) is
separable (see [2, Theorem 3.4]). Then we have the following result.

THEOREM 3.15. Let (tx)r>0 be an increasing sequence of positive real
numbers such that to = 1 and tii1/ty — oo. Then there exists a separable
complex Banach space X and a Cy-semigroup (13)i>0 (with infinitesimal
generator A) on X which is bounded with respect to (ti)r>0 and such that
dimp(0p(A) NIR) = 1.

Proof. For any k, let ny be the integer part of ¢. Since ty11/tx — o0,
we have npi1/n — oo as well. But we know from the proof of [2, Theo-
rem 3.4] that there exists a subset K of T of Hausdorff dimension 1 such that
(K, d(n,)) is separable. According to Corollary there exists a separable
complex Banach space X and a Cp-semigroup (73):>0 (with infinitesimal
generator A) on X which is bounded with respect to (ng)r>0 and such that
dimp(0p(Th) N'T) = 1. According to Fact (T3)¢>0 is also bounded with
respect to (tx)r>0. Furthermore, it is well-known that a Lipschitz function
decreases the Hausdorff dimension. If f : ©R — C is the exponential function,
then f is a Lipschitz function and we have o,,(T1)NT = f(o,(A)NiR). Hence

1= dimH(ap(Tl) N T) < dimH(Up(A) N ZR) <1l =
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