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Spectral radius of weighted composition operators
in LP-spaces

by

KRZYSZTOF ZAJKOWSKI (Bialystok)

Abstract. We prove that for the spectral radius of a weighted composition operator
aTy, acting in the space LP(X, B, u), the following variational principle holds:

Inr(aT,) = max Sln|a| dv,
ueMcly’eX

where X is a Hausdorff compact space, o : X — X is a continuous mapping preserving a
Borel measure p with supppu = X, M(;C is the set of all a-invariant ergodic probability
measures on X, and a : X — R is a continuous and B..-measurable function, where
Boo =, @ "(B). This considerably extends the range of validity of the above formula,
which was previously known in the case when « is a homeomorphism.

1. Introduction. The spectral radius is an important characteristic of
bounded operators. For many classes of operators it is an object of inde-
pendent interest. It turns out that for weighted composition operators the
logarithm of the spectral radius (the spectral exponent) convexly depends
on the logarithms of their weights.

First we briefly recall some known results. Let X be a Hausdorff compact
space with Borel measure p and a : X — X be a continuous mapping
preserving 4 (i.e. poa™' = p). The operator T, f = foa is a linear isometry
in LP(X, ), 1 < p < oo. Let a be a continuous function on X. Under the
assumptions that « is a homeomorphism and supp u = X, for the spectral
radius r(aT},) of the weighted composition operator

(aTo)u(x) = a(z)u(a(z))

the following formula holds:

1.1 Inr(al,) = In |a| dv,
(L1) nr(aTy) Vglﬁie}(nW v
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where M0147e is the set of all a-invariant ergodic probability measures on X.
The above formula was originally pointed out by Antonevich and proved in
a number of concrete situations for example in |2} 3]. In the general form
(for every homeomorphism «) the formula was independently established by
Kitover [10] and Lebedev [14].

If o is not invertible, then in C'(X) we have the same formula, while the
case of LP(X, u) is more complicated. If o is a Markov shift then Stepin and

Latushkin [12] T3] have obtained the formula

Inr(al,) = sup { S In |a| dv — 1( S pdv — ha(,u)>},
veMi ~ x Pty
where h,, is the metric entropy and p is a certain function defined in terms
of the map «.
In the general case of an arbitrary continuous and noninvertible map «
Antonevich, Bakhtin and Lebedev constructed a functional 7, called T-
entropy, on the set M} of a-invariant probability measures such that

(1.2) Inr(aT,) = max { S In |a| dv — L(V)}
veM} X p
For an a-invariant probability measure v the T-entropy is defined as follows:
Tn (V) )
« = f ——= n = inf n ,D ’
Ta(V) inf — Tn (V) inf 7 (v, D)
Egn
(v, D) = sup Z v(g)In m(Earg)
meM?! geD V(g)

Here D denotes a continuous partition of unity on X and E,n is the condi-
tional expectation operator with respect to the o-algebra generated by a™.
The above result was announced in [6, [5] and its proof can be found in [7].
Notice the functional 7, is nonnegative, convex and lower semicontinuous
on M}.

For positive a € C(X) let ¢ =Ina. Then the functional A(¢) =Inr(e¥T,,)
is continuous and convex on C'(X) (see [7]). The formula means that A
is the Legendre—Fenchel transform of the function 7,/p, i.e. \* = 7,/p and
its effective domain D(\*) is contained in M_}.

In this paper we prove that formula holds in a more general set-
ting, namely when the weight a is continuous and By,-measurable, where
Boo = hepa "(B) and B is the o-field of Borel subsets of X. For any
homeomorphism « the o-fields By, and B coincide and any continuous a is
also B,.-measurable.

2. Legendre—Fenchel transform. The definition of the Legendre—
Fenchel transform and its properties can be found for instance in [9]. Let
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f be a functional on a real locally convex Hausdorff space L with values
in R = [~o0,4+0c]. The set {¢ € L : f(¢) < +oo} is called the effective
domain of the functional f. Let L* be the dual space to L. The functional
f*: L* — R defined on the dual space by
fH(w) = sup{(u, o) = f(@)} = sup {(w ) = flo)}, pel,
peL v€D(f)
is called the Legendre—Fenchel transform of f (or the convex conjugate of f).
The Legendre—Fenchel transform of f* is the functional on the initial space
given by the similar formula:
(@) = sup {(, ) = f* (W)}, €L
peL*

Notice that f* is convex and lower semicontinuous with respect to the weak-*
topology on the dual space. Moreover, if f : L — (—o0, +00] is not identically
equal to +00 and is convex and lower semicontinuous then f** = f, i.e. the
Legendre—Fenchel transform is involutory.

It will be important for us to compare the Legendre—Fenchel transform
on the initial space L to itself defined on some subspace W C L. Elements of
W* can be considered as equivalence classes of the following relation in L*:

(2.1) p~v & Yoew (1,9) = (V).

For [u] € (L*/~) ~ W™* and ¢ € W the value of [u] at ¢ is given by
([u], @) = (. 0)  for any p € [u].

Let f: flw. The Legendre—Fenchel transform of fis

FA(u)) = sup {{u, ) — F()} = sup {{n, ) — f(p)}  for any p € [u].
peW peW

The connection between f* and f* is given below.

THEOREM 2.1. Let L be a locally conver Hausdorff space and f : L —
(—00, +00] be a conver and lower semicontinuous functional not identically

equal to +oo. Let W be a linear subspace of L and set flw = ]? Suppose
that the effective domain D(f*) is weak-x compact. Then

Fo([1)) = min f*(u) ~ for [u) € W*.
KE[1]
Proof. Because L* =y, jew~[1] and f = f**, for ¢ € L we get

f(p) = sup {{p, o) — f*(1)} = sup sup {{u,p) — f* ()}

peLx []eW™ pelu]

If o € W then f(p) = f(gp) and (u, ) = ([u], ), so the above equality can
be rewritten as

(22) f() = sup sup{([u],0) — f(w)} = sup {(u], )~ inf f*(u)}.
[]eW™ pely] [u]eW™ HEp]



304 K. Zajkowski

To prove that f*([u]) = min,e,) f*(1) we must show that inf,,c),; f* (1)
is attained on [u] and that this infimum is convex and lower semicontinuous
on W*.

Let p,v € L*. For any e there exist p/ € [u] and v/ € [v] such that
fw') <infycp) f*(v) + e and f*(v') <infcpy f*(1) + € By convexity of
f*(u) one gets
Einf f7(u) + (1= 1) inf f7(0) + e 2 07 () + (1= 0 ()

S vely]
> F(tl + (1— 1))
% pora-ondiw a-gw T O

Now we prove that inf,c[,; f*(p) is lower semicontinuous on W*, that
is, the set D, = {[u] € W* : inf e, f* (1) < ¢} is closed in the quotient
topology for all ¢ € R. Because f* is lower semicontinuous in the weak-x
topology, for every ¢ € R the set D, = {u € L* : f*(n) < ¢} is weak-x
compact as a closed subset of the compact effective domain D(f*). Notice
that if p € D, then [p] € D.. On the other hand if [u] € D, then

inf f*(u) = min f*(u)

LE(p] RER]IND(f*)
since [pu] N D(f*) is weak-* compact and f* is lower semicontinuous. Hence
there exists ' € [p] such that min,cp, f*(p) = f*(1') < ¢, ie ' € De. In
this way ]_N)c is the image of the set D. under the canonical projection. By
the definition of the quotient topology, D, is compact and hence closed, so
min,ep, f* () is lower semicontinuous on W*. Since the Legendre-Fenchel
transform is an involution, we obtain

inf f*(u) = min f*(p) = f*([u]). =
we(p] REu]

3. Spectral radius of weighted composition operators. Calculat-
ing the spectral radius of operators we need to find the norm of their nth
powers. For f in LP(X, u) we have

n—1 n—1
I@Ta)" £l = § T lao ' (Tunl £y dpe = § T (T a0 a7 11 1P de
X =0 X =0

Since supp 4 = X we have
n—1 . 1/p
(3.1) l@Za)" |l = ||Zae (TT lao o) |~
=0

This leads to formula (|1.2)) on the spectral radius of aT, (see [4} []).
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It turns out that the conjugate to T, is the Perron—Frobenius operator
P, (see [11]) defined as follows:

VaeB Spafd/l: S fdu
A a-1(4)

for fin LP(X, ), 1 < p < oo and p o-finite. Let a1 (1) denote the o-algebra
{a~1(A): A € B}. Notice that the a-invariance of y implies
\Pofdu= \ T.P.fdp.
A a~1(A)
Because TPy f = (P, f) o« is an a~!(B)-measurable function and for every
B in a1(B),
\ TaPafdp =\ fdu,
B B

the composition T, P, is the conditional expectation operator E(-|a) with
respect to the o-algebra a~!(B) (see [8]). By properties of E(-|a) and a-
invariance of p we infer that for f € LP(X,u) and g € LY(X, ) (p, q are
conjugate exponents),

32) N (Tuf)gdp=\ E(Taf)gla)dp = \(Taf)(TaPag) du
X X X
S

This proves that P, c01nC1des with T7;. Moreover P, is a left inverse to T,
since

Yaes  \fdp= | Tafdp=\PuTofdu
A a—1(A) A

for all f in LP(X, u).

EXAMPLE 3.1. Let X = R/Z ~ [0,1), a(z) = nx (mod 1) and let u
be the Lebesgue measure on X. Obviously u is a-invariant. In this case the
Perron-Frobenius operator has the form

1n71
= =N Ty,
nZ; 2

where ;(x) = (1/n)x + i/n. Notice that each T, is a left inverse to T}, but
the left inverse which is conjugate to T, has exactly the above form.

The proof of (1.1)) for @ a homeomorphism is based on the identity

n—1
= max H la(a’(x
0 X A
=0

(3.3) l(aa)l = | oo
=0
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(see |1, Th.5.1]). Now we will show that for a noninvertible, under some
assumption on the weight a, the above formula still holds. In other words
we exhibit a more general setting under which the spectral radius of the
weighted composition operator is expressed by .

By the a-invariance of p and properties of P, we can express (3.1 as

n—1 4 1/p n—1 .
tt (o) = o ( ot

‘l/p

l(aTe)") = | o

To obtain we should answer when E(H:‘L;ol laocal|P | ™) = H?gol laoad|P.
By properties of the conditional expectation this holds when the function
[T/~ |aoa?|? is a="(B)-measurable.

Let B denote the Borel o-algebra, By the o-algebra ()02, a~"(B), and
C(X,Bx) the space of all Bo-measurable and continuous functions on X.
If a is Bo-measurable then so is a o of, and hence [[ |a o o’|? is a~™(B)-
measurable for every n. In this way we obtain

THEOREM 3.2. Let o : X — X be a continuous mapping preserving a
measure 1 on X and a € C(X,Bx). Then for the spectral radius of the
weighted composition operator aTy acting in LP(X, B, u) the following vari-
ational principle holds:

Inr(aTy) = max Sln\a!du,

vEMi e

where Mé’e 1s the set of all a-invariant ergodic probability measures on X.

REMARK 3.3. Notice that if a is a homeomorphism of X then By, = B
and C(X, Bsx) = C(X). In this case holds for any continuous weight a.
In this sense the above theorem is a generalization of the result obtained
earlier by Antonevich, Kitover and Lebedev.

REMARK 3.4. For weights a € C(X,Bs) formulae (1.1) and (1.2]) are
both valid, in the sense that the maximum in (1.2} is attained at v for which

Ta(v) = 0. In other words if X denotes the restriction of A to the subspace
C(X, Bxo) then X*([v]) = (1/p) min,¢) 7a(v) = 0 (see Th. and this
summand does not appear in (|L.1).
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