STUDIA MATHEMATICA 226 (1) (2015)

Some Banach spaces of Dirichlet series
by

MAXIME BAILLEUL and PASCAL LEFEVRE (Lens)

Abstract. The Hardy spaces of Dirichlet series, denoted by H? (p > 1), have been
studied by Hedenmalm et al. (1997) when p = 2 and by Bayart (2002) in the general case.
In this paper we study some LP-generalizations of spaces of Dirichlet series, particularly
two families of Bergman spaces, denoted AP and BP. Each could appear as a “natural”
way to generalize the classical case of the unit disk. We recover classical properties of
spaces of analytic functions: boundedness of point evaluation, embeddings between these
spaces and “Littlewood—Paley” formulas when p = 2. Surprisingly, it appears that the two
spaces have a different behavior relative to the Hardy spaces and that these behaviors are
different from the usual way the Hardy spaces H? (D) embed into Bergman spaces on the
unit disk.

1. Introduction

1.1. Background and notation. In [I4], the authors defined the Hardy
space H? of Dirichlet series with square-summable coefficients. It is a space
of analytic functions on Cy/; := {s € C: f(s) > 1/2} and this domain is
maximal. This space is isometrically isomorphic to the Hardy space H?(T>)
(see [9] for the definition of H2(T), and we refer to [14] for results on H?).

F. Bayart [5] introduced the more general class of Hardy spaces of Dirich-
let series HP (1 < p < 00). We shall recall the definitions below.

In another direction, McCarthy [21] defined some weighted Hilbert
spaces, for instance, the spaces of Dirichlet series whose coefficients satisfy
> |an|?(log(n))® < co. We shall recover these spaces (and their properties)
as a special case of our spaces AL, with p = 2 and a suitable measure p.

[21] is the starting point of much recent research on spaces of Dirichlet
series: for instance in [23], [24] and [25], some local properties of these spaces
are studied, and in [2], [3], [4], [5], [6], [18], [27] and [28] some results about
composition operators on these spaces are obtained.
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The study of Dirichlet series may appear more complicated than the
study of power series. For instance, there is a first important difference: all
the notions of radius of convergence coincide for Taylor series, while Dirichlet
series have several abscissas of convergence. The two most standard ones
are the abscissa o, of simple convergence and the abscissa o, of absolute
convergence (see [26], [31]).

Let f be a Dirichlet series of the form

(1) fs) = aun.
n=1

We shall need another two abscissas:
ou(f) = inf{a : the series (1) is uniformly convergent for R(s) > a},

the abscissa of uniform convergence of f, and
op(f) = inf{a : the function f has

an analytic, bounded extension for R(s) > a},
the abscissa of boundedness of f. Actually, these two abscissas coincide: for
all Dirichlet series f, one has o, (f) = ou(f) (see [7]). This result due to Bohr
is really important for the study of H*, the algebra of bounded Dirichlet

series on the right half-plane Cy (see [20]), which also turns out to be the
space of multipliers of H2. We shall denote by || - ||c the norm on this space:

[flloc := sup [f(s)].
R(s)>0

Let us now recall Bohr’s point of view on Dirichlet series: Let n > 2 be
an integer; it can be (uniquely) written as a product of prime numbers,
n=pt... pz’“ where a; > 1, and where p; = 2, po = 3. If s is a complex
number and z = (p; °,p5°,...), then by (1),

o o0
F8) = an(pr)™ . ()™ =D anaft .2t
n=1 n=1

So we can consider a Dirichlet series as a Fourier series on the infinite-
dimensional polytorus T°°. We shall denote this Fourier series by D(f):

D(f)(z1,22,...) = Z anzyt .ozt

n>1
«@ [e%
n:pll“'pkk

This correspondence is not just formal. For instance, let P be the set of
prime numbers. Bohr proved the following result.

THEOREM ([7]). Let f be a Dirichlet series of the form (1). Then

> lapl < 1 fllee.

peP
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The infinite-dimensional polytorus T can be identified with the group
of complex-valued characters x on the positive integers, which satisfy the
following properties:

{Ix(n)l =1 Vn > 1,
x(nm) = x(n)x(m) Vn,m > 1.

To obtain this identification for x = (x1, x2,...) € T, it suffices to define x
on the prime numbers by x(p;) = x; and use multiplicativity.

We shall denote by m the normalized Haar measure on T.

Now, let us recall how one can define the Hardy spaces of Dirichlet se-
ries HP. We fix p > 1. The space HP(T) is the closure of the set of analytic
polynomials with respect to the norm of LP(T*,m). Let f be a Dirich-
let polynomial; from Bohr’s point of view, D(f) is an analytic polynomial
on T*°. By definition || f||3» := || D(f)| ge(re)- The space HP is defined to
be the completion of the Dirichlet polynomials with respect to this norm.
Consequently, HP and HP(T*) are isometrically isomorphic. We already
mentioned the case p = oo, nevertheless, it is easy to adapt the previous
description to the case p = co. When p = 2, H? is just the space of Dirichlet
series of the form (1) which satisfy

o
Z lan|? < oo.
n=1

Let D be the space of functions which admit a representation by a conver-
gent Dirichet series on some half-plane. When a function f belongs to D and
o > 0, we define f, € D to be the translate of f by o, i.e. f5(s) := f(o + s).
We then define a map from D to D by T,(f) = fo-

For § € R, Cy is the half-plane {s € C: R(s) > 6}.

We shall denote by P the space of Dirichlet polynomials, that is, the
vector space spanned by the functions e,(z) = n™*, where n > 1. Finally,
for p > 1, we write p for its conjugate exponent: 1/p+ 1/p’ = 1.

1.2. Organization of the paper. In the present paper, we introduce
two classes of Bergman spaces of Dirichlet series. We give some properties
of these spaces, and estimate the growth of point evaluation of functions
belonging to these spaces. Finally, we compare them to the Hardy spaces of
Dirichlet series: here some curious phenomena appear.

DerFINITION 1. Let p > 1, P be a Dirichlet polynomial and p be a

probability measure on (0, 00) such that 0 belongs to the support supp(u)
of u. We define

o0

1Pl = (§ 1Po 1 dialr))
0

1/p
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The space Al is the completion of P with respect to this norm. When
u(o) = 2¢729 do, we denote this space simply by AP. More generally, fix
« > —1 and consider the probability measure u, defined by

2a+1

dpe(0) = ——
Halo) = T 1)
The space AL will be denoted simply A5,

0% exp(—20) do.

DEFINITION 2. On the infinite-dimensional polydisk D*°, we consider
the measure A = A® A ® --- where X is the normalized Lebesgue measure
on the unit disk . For p > 1, the space BP(D>) is the closure of the set
of analytic polynomials with respect to the norm of LP(D>, A). Let f be
a Dirichlet polynomial, and set || f|[g» := [|[D(f)||gr(ne). The space BP is
defined to be the closure of P with respect to this norm.

In Section 2, we prove that point evaluation is bounded on the spaces Aj,
for any s € Cy /5. More precisely, let d; be the operator of point evaluation at
s € Cy/3, which is a priori defined for Dirichlet polynomials (or convergent
Dirichlet series). We prove that the operator extends to a bounded operator
which we still denote by d,, and we show that there exists a constant ¢, such
that for every s € Cy s,

R(s) 2/p
iy < o gy 1)

It turns out that the classical ideas to prove the boundedness of point eval-
uation do not apply here and we have to find some new ideas. In particular,
these ideas also apply to the classical (one variable) Bergman (or Dirichlet)
spaces (although they do not give the best constants in that case). We also
show that the identity from H? to AP is not bounded when p > 2 (but is
compact when p = 2): this is probably the most surprising result of the
paper because it completely differs from the classical result that the classi-
cal Hardy space of the unit disk, H?(ID), embeds into the Bergman space
A* = B* (of the unit disk). Finally, we obtain a Littlewood-Paley formula
for the Hilbert spaces .Ai.

In Section 3, we prove that the point evaluation at any s € Cy/, is
bounded on BP and

165 iy = C(2R(s))*/P.

By a hypercontractivity result, we find that the injection from H? to B?
is bounded. This phenomenon is similar to what happens in the classical
framework of Hardy/Bergman spaces in one variable. Nevertheless, con-
cerning compactness, we have the following curiosity: the injection from
HP to BP is not compact. We also obtain a Littlewood—Paley formula
for B.
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2. The Bergman spaces A,

2.1. Hilbert spaces of Dirichlet series with weighted ¢?> norm.
First, we recall some facts from [21I]. We have changed the definition in order
to include the constant functions in these spaces, which seems to us more
natural.

Let w = (wy)n>1 be a sequence of positive numbers. The space A2 s
defined by

L= {feD:f(s)= iann_s, I£] = (i \anwan)m <o},
n=1 n=1

Of course, if w = 1, then A?U is just the classical Hardy space H2. In
order to obtain good properties for these spaces, we need to impose some
conditions on the weights. This is motivated by the ideas and results of [17].

DEFINITION ([2I]). Let p be a probability measure on (0, 00) such that
0 € supp(u). For n > 1 we define
o0
Wy, 1= S =% du(o).
0
In this case, we say that the space .Ai := A2 is a (hilbertian) Bergman-like
space and that w is a Bergman weight.

ExaMPLE. When p = §p, the Dirac mass at 0, we have w,, = 1 and we
get the Hardy space H2. In the opposite situation, when p({0}) = 0, it is
easy to see that the sequence w converges to 0.

In the case p = po, where a > —1, we have w, = (log(n) +1)~17¢ for
n > 1 and the associated space is A%. For o = 0, we recover the space A2
and we notice that the limit (degenerate) case a = —1 corresponds to H2.

McCarthy [21] proved that these spaces are spaces of analytic functions
on Cy /. This is a consequence of the following lemma:

LEMMA ([21]). Let w be a Bergman weight. Then w is non-increasing
and it decreases more slowly than any negative power of n, that is,

Ve>0,d¢>0,Vn>1, w,>cn °.

In addition, C,; is a maximal domain. Indeed, let ¢ be the Riemann
zeta function ([31]). Then for every € > 0 and every Bergman weight w,

e 1
n=1

But this Dirichlet series has a pole at 1/2 —e.
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2.2. Point evaluation on Aj,. First we can easily compute the norm
of point evaluation in the case of the Hilbert spaces Ai. In this case point
evaluation is bounded on C, /9, it is optimal (in the sense that point evalu-
ation cannot be defined on C, with a < 1/2) and the reproducing kernel at
s € (Cl/2 is

o0 n—w—s
KH(S, w) = Z
w’rL
n=1
and
© n-2c 1/2
H(SSH(AfJ* < <Z o ) for every s = o + it € Cyp.
n=1

In the general case, the next theorem provides us with a majorization
which gives the right order of growth when the abscissa is close to the critical
value 1/2. Actually we are going to distinguish the behaviour according to
the valuation of the function (i.e. the least v such that a, = 0 for every
n < v), so we shall need some estimates depending on whether the constant
coefficient vanishes or not. It could be interesting to work with (truncated)
functions with higher valuation; however, in the present paper, we shall only
concentrate on the cases v = 0 and v = 1, because these are the only cases
needed here.

DEFINITION 3. Let H% be the subspace of H? of functions whose valua-
tion is at least 1, i.e. the space of Dirichlet series whose constant coefficient
ay is zero (remember that a; is actually the value at infinity, and this ex-
plains our notation).

Let A, o be the subspace of A, of functions whose constant coefficient
vanishes. In the particular case of the measure p,, we write Ah o. Finally,
when o = 0, we simply use the natural notation A%.

On the spaces HP (resp. HA), we define Ap(s) (resp. A, (s)) as the
norm of the evaluation at s € Cy/5. We recall that A,(s) = C(2R(s))1/P

by [5].

THEOREM 1. Let p > 1 and p be a probability measure on (0,00) such
that 0 € supp(u). Then the point evaluation at any s € Cyjy is bounded on
PNAL (resp. on PNAL ). Hence it extends to a bounded operator on Al
(resp. on A, o) whose norm satisfies

@) 10l uny- < inf 145 (R(s) = °)”LP’([O%(s)—l/z—n],du)_
T ne(0R(s)-1/2) 1([0,R(s) — 1/2 — n])

@) Ml < g 2ree® = Dl o movjamhan
el T ne(0R(s)-1/2) 1([0,R(s) —1/2 —n))
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Proof. We prove only (i) since the proof of (ii) is the same. Fix 1 in
(0,R(s) —1/2). We can assume that s = o € (1/2, 00) thanks to the vertical
translation invariance of the norm on A},. Let P be a Dirichlet polynomial.
We have

P(o) = P:(0c —¢) foranyee€ (0,0—1/2).
We know that point evaluation is bounded on HP:
|P(o)| < Ap(o —¢)||Pellr  for any € € (0,0 —1/2).
By integration on (0,0 — 1/2 —n) we obtain

oc—1/2—n

p((0,0 =1/2=m)|P)| < | Ao —e)l|P]luw dpale).
0

Then, by Holder’s inequality,
1((0,0 = 1/2 = ) [P©@)] < 1Pl 4z - 450 = @)l (001 2]
Since n € (0,R(s) — 1/2) is arbitrary, the result follows. m
COROLLARY 1. Letp>1 and o > —1.

(i) The point evaluation at any s € Cy1/2 is bounded on AL and there
exists a positive constant cp o such that for every s € Cy 5 we have

R(s) (2+a)/p
v < Cpal =—=———— .
H(SSH(AQ) — Cp7 (2%(8) _ 1)

(ii) The point evaluation at any s € Cy /9 is bounded on AL and there

exists a positive constant C;xa such that for every s € Cy /5 we have

C/
P,
195l 4z, o0y = (2R(s) — 1)@+a)/p’

Proof. We shall use the fact that ((z) < —*5 for every x > 1. Moreover,
A < B means that there exists for some constant ¢ depending on p and «
only such that A < ¢B.

Fix s =0 € (1/2,00) and 1 € (0,0 —1/2). In our framework, there exists
some constant C, depending on « only, such that, for every A > 0,

10 ([0, A]) > Cp min(1, A>T,

Let us prove (i). We first consider the case p = 1. We choose n =

(0 —1/2)/2. Since
20 +1

sup |C(20 —20)| = (0 +1/2) < S
c€[0,(c—1/2)/2] o —

the conclusion follows from the preceding theorem.
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Now assume that p > 1 and p # 2 (we already know the exact norm of
the evaluation in the case p = 2). We have

o—1/2—n oc—1/2—n a

_9g\P/p < P'/p € —2¢
§) C(20 —2e)P P dpuy(e) < (20) (S) (20— 26— l)p,/pe de.

We split our discussion into two cases, according to whether p > 2 or
2>p>1.

First assume that p > 2. We have p’/p < 1, hence the last integral
converges for n = 0 and is majorized by

oc—1/2 o 1 )
S © de = 1 S € i
° (20 =26 = 1) (20 — 1)P/p 0 (1 —2¢/(20 —1))¢'/p
1
(20 —1)a+! » | )
- a(] )P/ hof— .
20+1(20 — 1)P'/p St (1-1) dt with t o

0
Finally, we obtain

oc—1/2—n
/ 1, Bla+1,1—=p'/p)
_ 9=\ /P < p'/p

where B is the classical Beta function ([I1]). Moreover, with the choice n = 0
in Theorem [T, we get

Bl aore < (Blat L1=p/p ) (20)"/7
TNAR)" ~ \ (20 — 1)p/p—a-1 min(1, (o — 1/2)a+1)’
This estimate is good when ¢ is bounded (and more precisely when o is close

to 1/2). We have to consider the asymptotic behavior. So, assume o > 1;
the above integral

o—1/2
| c20 — 251/ dpae)
0
is then majorized by
o—1 o—1/2
| suplC@) P/ djae) + | (20 — 20777 dpua(c).

0 x22 o—1

The first integral is bounded uniformly in ¢ and the second is majorized by
o—1/2 1
e~ 2 de < goz+p’/p6720§

0

£*(20)P'/P

2 (20 —2e—1)p'/p

1
up//p

du < 1.

This proves that the norm of the evaluation is uniformly bounded when
o > 1. Collecting everything proves (i) when p > 2.
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Now for 1 < p < 2, we have p'/p > 1 and we cannot choose n = 0
because the integral is not convergent. But in fact, it suffices to choose the
middle point n = (¢ — 1/2)/2. We conclude in the same way.

Let us prove (ii). Obviously [|ds[[( 4z _y* < [|0sl(4z)=» hence the conclu-
sion follows from (i) when the real part of s is bounded by 1.

It suffices to consider the behavior when o > 1 and the result will follow
from the (asymptotic) behavior of A :

1
< .
Arool8) = Gy
Indeed, for every f € PNHE C HL,, we have, for any s € Cy,
1=
fls) = Jim o= | (s +it) f(it) dt,

where ((2) = »_,5,n " *. Hence

~ 1
[F] < NCollree I fllzr < —— 1 fllper-

Now, the rest of the proof follows the lines of the proof of (i), so we leave
the details to the reader. m

REMARKS. (i) Let us clarify why the estimate of the norm is optimal
in many cases: The behavior of ||ds|[( 4z)+ around the critical line o = 1/2
cannot be a power of R(s)/(2R(s) — 1) better than (2 + «)/p. Indeed, let
o > 1/2; we would like to consider the function 43/ P Let us mention that
we can define the function (? (where ¢ > 0) through the Euler product:

o112

pEP

Actually we first work with F being a partial sum of (¢,)?/? and we obtain
oo

Pl S 100l - | 1B 5™ exp(~2) de
0

F@)F < 15,1 .-

because F' is a Dirichlet polynomial. Now if we assume that p > 1, we know
(see [1]) that (ey)n>1 is a Schauder basis for H?. Hence there exists ¢, > 0
such that

2 o
F@IP S eploll g § 1G22 Ee® exp(—22) e
0

But
2
12 1B, = [1GotellZe = C(20 +22)
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and we get (since F' was an arbitrary partial sum of gﬁ/ P)
—20

2 < p n—
620l ~J”50”(Az>*2§2 (1+ In(n)>+1

When a < 0, we get [((20)]? < ||5UH1(DA;,)*(20 —1)%, hence

1
(20 —1)2ta ~ S 66 H( L)
which proves our claim, in a strong way: the majorization in (i) of Corollaryl
is actually also (up to a constant) a minorization.
When a > 0, we have
! 0o
(20 — 1)2*2|log(20 — 1)| ™~ S H(Ap
which proves that we cannot get a better exponent than (2+ «)/p in Corol-
lary [1fi).
(ii) Let o > 1/2 and p = po. We already know that the reproducing
kernel at o is defined by

Vwe Cyjp, Ky, (o,w) = Z(l +log(n))*Tltn=o7w,
n=1

Then

Ko (0,0) < |00l (az)« [ Kpa (0, @)l a2

and by the property of the reproducing kernel,

Koo (0,0)M < 113, az-
The converse inequality is already known. Hence

I'(2+a) 1/2
_ 1/2 _
o7y = o) = (s +0(0)

when o goes to 1/2 (see [25] for the second equality), and so our result is

sharp when p = 2.
(iii) With the same notation, we have

Ko (0,0)? < (1061l ar)- 1Ko (05 )2 [Laz, = 1061l cary [ Ko (05 @)1 %2 5
and again by the property of the reproducing kernel, we obtain
Ko (0,0) < |60l ay)-

We conclude as in (ii) and so the result is also sharp for p = 1.

(iv) In (i), we have used the fact that (e,),>1 is a Schauder basis for
H? when p > 1. This result is also true for A} when p > 1: just use the
result on HP, then make an integration and use the density of the Dirichlet
polynomials. This remark is also true for the spaces BP.
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Let us mention here that we are able to give a more precise majorization
in the particular case of an even integer p: the constants are equal to 1. This
follows immediately from a general method explained in the appendix at
the end of the paper:

PROPOSITION 1. Let p be an even integer, and u be as in Theorem [T}

(i) For every s € Cy /o we have

18sllagy < 1611 -

In particular,
(ii) For every s € Cy /o we have
1

/ /p
18| arys < ((C—C)(2R(s))) 7 ~ (2R(s) — 1)2/p

As soon as a Bergman-like space is defined, a Dirichlet-like space is
naturally associated:

when RN(s) — 1/2.

DEFINITION 4. Let p > 1 and p be a probability measure on (0,00). We
define the Dirichlet space D}, as the space of Dirichlet series f such that

111y = 1 (o) + 117 < oo
Here f(oco) stands for limg(s) o0 f(8) = a1, where f has an expansion (1).

THEOREM 2. Let p > 1 and pu be a probability measure on (0,00). For
any s € Cy /3, we have

£ < 2 wmax(L, (3l gy )
R(s)

Proof. Without loss of generality we may assume that s = o € (1/2, 00).
Now

1(0) = feo)l = | § F@at < {17/ 0]t

< | 10l 4z .y~ dt x Hf/||Aﬁ,oo

(e

since the constant coefficient of f” vanishes, i.e. f’ € . So we get
o0
£ < 1F ) + § 16ell g,y dt < 1F g, .
g
oo / / /

< (1 + (S [10¢ll a2 )" dt>p )1 ’

(e

x (IFP +11£ 15y )"
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thanks to Hélder’s inequality. Now it suffices to remark that

(1+ (g 1640 g ) /)1“’ < 2" max (1, g 161l gyt

R(s)
COROLLARY 2. Let o > —1 and p > 1. There exists ¢, o > 0 such that
Jor every s € Cy 5, we have

H(S H < CZLCY/(Q%(S) - 1)(2+a)/p71 Zf «Q 7£ p— 2;
s||pp

D Cp,a l0g(2R(s) — 1) if o =p—2.
Proof. This follows from Theorem [2] and Corollary [1| =

Let us make a digression. The proofs of Theorems [1] and [2| are based on
the fact that we work with Bergman spaces with axial weights. Replacing
axial weights on the half-plane by radial weights on the unit disk, the same
idea can be adapted to classical Bergman and Dirichlet spaces on the unit
disk D. Let us describe here how we can easily estimate the norm of the
evaluation on weighted spaces of analytic functions over the unit disc.

Let o : (0,1) — (0,00) be a continuous function such that o € L1(0,1).
We extend it on D by o(z) = o(|z|). For p > 1, we consider the weighted
Bergman space

AP = HD)N LP(D, o(|z]) d\(2))

where H(DD) is the set of analytic functions on D and A is the normalized
Lebesgue measure on ID. This space is equipped with the norm

Il = ([ PoE )"
D

We also consider the Dirichlet space D% (D) of analytic functions on D whose
derivative belongs to A%. This space is equipped with the norm

1£pz = (IFQ)F + 117"[%) ™.

We know that the point evaluation at z € D is bounded on the (classical)
Hardy spaces HP = HP(D) (see [10]) and we have exactly

1
||5z”(HP)* = W‘
THEOREM 3. Letp > 1 and z € D. The point evaluation at z is bounded
on AY and we have
, [l = (1= (2172 ™2 ot (o 1) )
0=l azys < inf g
ne(0,1-2]) ([z] +m,1])
where S(I) =\, o(r)dr.
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ExXAMPLE. When o =1 (the classical Bergman space AP), we recover

1

021l ary S EPEBED for any z € .

THEOREM 4. Letp>1 and z € D. We have
||

18- ppy < 27 max(1, g 18/l ag)- ).

2.3. A}, as a space of Dirichlet series. The results of the preceding
section allow us to define, for each s € Cyy, the value of f € Al at s
as ds(f). Of course, this coincides with the natural definition when f is a
Dirichlet polynomial or when f € D N Al,. Now we want more: we wish to
check that we are actually working on spaces of Dirichlet series.

We first need the following tool.

LEMMA 1. Let € >0 and p be a probability measure on (0,00). Then
T.:PNA, = AL [ fe
is bounded. It extends to a bounded operator (still denoted T.) from A}L
to A2,
In the proof, we shall use the following sequence.

DEFINITION 5. Let p be a probability measure on (0,00) with 0 €
supp(u). For every integer n > 1 we define

Wy, = S n~ 7 du(o).
0
Proof of Lemma [1. We shall introduce three bounded operators. First
we define Sy : PHAL — H! by

o o
5’1(5 anen> = E A WnCr,.
n=1 n=1

It is bounded because for any Dirichlet polynomial we have

H E AW Cn ‘ E anwnzl

(2)

-

oo N
S ‘ S Z Tty d#(J))dm(Z) by definition of w,,

0 n=1

e
<1 \Zann Tt (=) dpu(o) = Hfjanen o
0 T~ n=1 —t n

By density, this operator extends to a bounded operator (still denoted S1).
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Now we define Sy : H' — H? by

[e's) 00 —e
IS (Z ) anmn
2 anepn | = E —©€n.
n=1 n=1 VWn

It is bounded because T./5 : H' — H? is bounded (see [5]) and because
there exists C' > 0 such that w, > Cn~¢.
The third operator Sz : H? — AZ is defined by

S3 (ni;l anen> = g %en'

It is bounded because w,, < w,, for all n > 1.
Hence S5 055 0 57 is bounded and clearly coincides with 7. =

THEOREM 5. The space A, is a space of Dirichlet series: every f € Al
belongs to D and ou(f) < 1/2.

Proof. The result is obvious when p > 2 since then A, C Az. When
1 < p <2, since A, C .Allu we only have to prove the conclusion for p = 1.
But this follows from the preceding lemma: Indeed, fix f € .A}L, a > 1/2
and € = o —1/2 > 0. The function T.(f) belongs to A2 so that for every
z € Cy/p we can write

L)) = Y aln
n>1
On the other hand, f is the limit of a sequence (Pj)ren of Dirichlet
polynomials in the space .AL. The continuity of T, implies that T.(f) is the

limit of (Px(c + ®))ren in the norm of Ai. Invoking the continuity of the
point evaluation both at z + ¢ and at z, we get

f(z+¢e) =lim Py(c + 2) = im TL(P)(2) = T(f)(2) = > a{n 7.
n>1
In particular, for every s € C,, we have (with z = s —¢ € Cy5)
f(s) = (afn)n.
n>1

Actually the coefficients do not depend on & (by uniqueness of the Dirich-
let expansion). Since o > 1/2 is arbitrary, we get the conclusion. m

In view of the results of this section, we get the conclusion of Lemma [T}

It seems clear that HP? C Al for any p > 1 and any p. Indeed, the
following theorem makes this fact precise and shows that the way we may
compute the norm remains valid for general functions of AL.

THEOREM 6. Let p > 1 and p a probability measure whose support con-
tains 0.
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(i) HP C Al and 1z < | fllaew for every f € HP.
(ii) For every f € HP, we have ||f|| 4 = So 1 follsgm dp)'/?.
(iii) For every f € AL, we have 1l az, = Timeo+ [| fell az-

Proof. For every Dirichlet polynomial f, we have || f|| 4z < || f|[#», since
p is a probability measure and || f|l3» = sup.~ || fe||#». Now (in the spirit of
the proof of Theorem a density argument, combined with the boundedness
of point evaluation, easily yields the first assertion.

Now, let f € HP and € > 0. There exists a Dirichlet polynomial P such
that [|f — P[j»» <e. By the first assertion ||f — P|| 4z <€ and so

o0

1/p
1l < e+ 1Pl =&+ (§ 125115 diu(o))
0

¢ » 1/p N » 1/p
<et (V1P = Lol din(o)) " + (§ 1So 1B due)) ™
0 0
Now, T, is a contraction on HP for every ¢ > 0 and so
< 1/p
11 < 22+ (T 1ol din(o)
0
In the same way we obtain a lower bound and finally the second assertion.
For the third assertion, we shall use the fact that T, is a contraction
on A, for every ¢ > 0. As in the first assertion, it suffices to check it on
Dirichlet polynomials but in this case this is clear by definition of the norm
for Dirichlet polynomials and the fact that T, is a contraction on HP. Now
let f € AL and €,¢ > 0. There exists a Dirichlet polynomial P such that
If = Pllaz <e. Then

1f = fellag < UIF = Pllag + 1P = Pell g + I1Pe = fell a
<20lf = Pllag + 1P — Pl gp <25 +11P — Pl s

and by the Lebesgue dominated convergence theorem [P — Fef| 42 — 0 as
¢ — 0, and so the result is proved. =

REMARK. It follows from the preceding theorem that the norm of point
evaluation on H? is bounded by its norm on A},. Hence C, /2 1s always the
maximal domain where we can a priori define the Dirichlet series of AL.

2.4. Vertical limits and Littlewood—Paley formula. Let f be a
Dirichlet series absolutely convergent in a half-plane. For any sequences
(tn) C R, we can consider vertical translations of f,

(fr(s)) = (f (s + imn))-



32 M. Bailleul and P. Lefevre

By Montel’s theorem, this sequence is a normal family in the half-plane of
absolute convergence of f and so there exists a subsequence convergent to
some f. We say that f is a vertical limit of f. We shall use the following result.

PROPOSITION ([14]). Let f be a Dirichlet series of the form (1), abso-
lutely convergent in a half-plane. The vertical limit functions of f are exactly
the functions of the form

o
fx = Zanx(n)en where x € T.

In [I4] it is shown that every element f in H? admits vertical limit
functions f, which converge m-almost everywhere on C,. We have the same
result for the Bergman spaces Al,. This is a consequence of the following
theorem.

MEN’SHOV’S THEOREM ([22]). Let (£2,.A,v) be a probability space and
(Pr) be an orthonormal sequence in L2(_Q). Then

Z ]cn\Qlog )< oo = ch n CONVETJES V-G €.
n=1
PROPOSITION 2. Letp>1, p be a probability measure on (0,00) and let
f € Al or DI For almost all x € T*, f, converges on C.

REMARK. It suffices to give the proof in the case of the Bergman-like
spaces: indeed, if f is in D then f' € A}, and so f; converge on C, for
almost every x € T, and the same holds for f.

Proof. First, we prove the result when p = 2. Let f € Ai be of the form

(1) and set ¢, := a,n 7" where ¢ > 0 and ¢t € R. Clearly (x(n)) is an
orthonormal family in L?(T°). We have

log?(n)
2 2
g |cn)? log?(n Z|an| <n2‘7wn .

If wisa Bergman weight, we know that there exists a positive constant
C such that w, > Cn™? for all n > 1, so
log?(n) _ log(n)
n2°w, — Cno
In this case, the right hand side of this inequality is finite and by Men’shov’s
theorem, the proof is finished for p = 2.
Now we want to prove this result when p # 2. By inclusion between these

spaces, it suffices to prove the result for p = 1.
Let f € ./4,11. By Lemma fe € AZ for every € > 0. So

for every e > 0, for almost all x € T, (f:)y converges on C.
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Thus
for every n > 1, for almost all x € T*, (f}/)y converges on C,.
Now we can invert the quantifiers:
for almost all x € T, for all n > 1, (f/,)y converges on C,.

Of course if (f1/,)y converges on Cy for every n > 1, then f, converges
on C4, and so we obtain the result. m

Now, following some ideas from [I7] in the case of the unit disk, we
consider the case of weighted Bergman-like spaces when du(o) = h(o)do
where h > 0, [[h]|p1g+) = 1 and O € supp(h). Let wy, be the associated
Bergman weight defined for n > 1 by

o

wp(n) = S n"27h(o) do.
0
For o > 0, we define
Br(o) = S (0 —uw)h(u) du = S Sh(u) du dt.
0 00

REMARK. Observe that lim, 0 B4 (0)n 2% = 0 for every n > 2.

We can compute the first two derivatives of f:

g

Br(o) =V h(u)du,  Bj(0) = h(o).

0
In order to obtain a Littlewood—Paley formula for AZ, we need the fol-

lowing lemma.

LeEmMMA ([6]). Let n be a Borel probability measure on R, and f of the
form (1). Then

1£1%e = § | IA(it) 2 dn(t) dm(x).
T R
THEOREM 7 (“Littlewood—Paley formula”). Letn be a Borel probability
measure on R. Then

11, = 1£(00)? +4 § | Bu(0)|fi (o +it)* dn(t) do dm(x).
Tee 0 R

Proof. Let f € A2 be of the form (1). The previous lemma applied to
fo where o > 0 gives

S S’f (o + it)|* dn(t) Z\an\Q 29 log?(n) Vo > 0.
T R
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Now we multiply by (;(c) and integrate over R :

V  Bu@)fi (o +it) P dn(t) dm(x) do =Y |an|*log?(n) | 2" B4(0) do.
0 T R n=2 0

Now, it suffices to prove that

wy(n) = 4log?(n) ogonf%ﬁh (o) do.
But by definition, we have 0
wp(n) = ogoh(a)n*% do.
Integration by parts gives O
wp(n) = Hyh(u) du x n—za]:’ + 2log(n) OSOCS’h(U) du x n=%° do
0 00
= [Bh(0) x n_2ﬂ SO + 2log(n) Osoﬂ;l(o*)n_% do.
0

But we know that 3} (c) — 0 as ¢ — 0 (because h € L'(Ry)) and 8 (o) —
lh|l1 as ¢ — co. So we have

wp(n) = 2log(n) S B (o) x 2% do.

0
Using again integration by parts, we obtain
[e.e]
wp(n) = 4log?(n) S n"2 B, (0)do. =
0

EXAMPLE. Let o > —1 and f € A2. We have 3;(0) ~ 0®*? when o is
small. Hence

9a+3 o N , ‘
1£1%e =~ (o) + TaT3 TL (S) Hia 2| fro +it)|* dn(t) do dm(x).

In the case of Dirichlet spaces, we obtain the following proposition.

PROPOSITION 3. Let dyy = hdo be a probability measure. Then for f €

Di we have

o
1113z = [ f(o0)* + 4 |V §r(o)1fi(o + i) dn(t) do dm(x).
T 0 R
REMARK. These formulas are really useful to prove some criteria for
compactness of composition operators (see [2]). We can also use them to
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compare A% and H? norms. For example, assume that f € A% . Then for

x > 0, we have

x

1% = 4§ | V1A (o +it)dn(t) dm(x) o° do.
0 Tee R

But we know that
[ 15200 +it) 2 dn() dm(x) = 1 ollZe > 115212
T R
when o < x. Thus we have
X
V3| £l 42
110 > 4l folBa Jo? o andso | fulpe < Y20l
0

Obviously we can do the same with the spaces Ai.

COROLLARY 3. Let & > 0. Then T:(A2) C H? C A2

Vo > 0.

2.5. Comparison of AP and HP. We already saw that H? C AP. The
goal of this section is to prove the following theorem, which looks surprising,

in view of the classical results on the unit disk.

THEOREM 8. Let p > 2. The identity from H? to AP is not bounded but

the identity from H? to A2 is compact.

COROLLARY 4. Let p > 1. The identity from H' to AP is not bounded.

Proof of Corollary |Z| If the identity from H! to AP were bounded then
by using squares of Dirichlet polynomials the identity from H? to AP would

be bounded, contrary to Theorem [5| =

We need the following lemma (we have not found any such formula in

the literature).
LEMMA 2. Forn > 1, we have
[e) 2 n 2
n+k 1 n
S (") = e ()
k=0 k=0

Proof. We give two proofs:
Proof 1. For n =1, we easily check that

20 = .
— )3
—~\ 1 (1—2)
We can now prove the equality by induction just by noting that

n+k\n+k+1 (n+k+1
n n+1 n+1 )
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Now it suffices to compute the second derivative of the equality for the
rank n to obtain the equality for rank n+ 1; the computation is tedious and
we leave it to the reader.

Proof 2. We also give a quick and elementary argument. Fix z € D. We

. _ N
want to estimate S =Y 77 ("1 ") 2"
Since for every w € D, we have

1 -  (n+E\
(1= w)n _Z< k >w g
k=0
we observe that

S:%qu) where G(w) =
mn.

n
(1 _ Zw)n+1 :

Using now the Leibniz formula, we get

(n + k)12F 1 ~
ol Z ( ) Kl nl(l = 2)ntRL T (1 - Z)2n+15

e HIGYREE

which is the derivative of order n at w = z of the function

where

n

n n— w n
U’Hnlz<> - 2) kzﬁ(w+1—z)-

Hence with the help of the Leibniz formula once again, we obtain

~ 1 Tl n n' k n' —k i n 2 k
S n';)(k) A A ICh ) Z(k) 5

k=0

which gives the conclusion. =

After this work was completed, M. De La Salle communicated to us a
third proof which relies on the computation of a residue.

REMARK. By uniqueness, we obtain

min(m,2n+1) N 2 2
e 1 _

S () (Y (1) s
= J n m

DEFINITION 6. Let m > 1 be an integer. We define d,,, to be the following
multiplicative function:
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REMARK. We denote by * the Dirichlet convolution: (axb),=>;,_,, arbi.
Now it is easy to see that d,, is multiplicative because d,,, = 1 % --- x 1
(m times) where 1(n) =1 for every n > 1.

PROPOSITION 4. Let m > 1 be an integer. There exists v, > 0 such that

o0
Z o (n)?n 27 ~ M when o — 1/2.
n=1

Proof. We know that d,, is multiplicative, so
oo
> ()72 = [T (X d(0h)%72).
n=1 peP k>0
Now, we can compute each series in the product because

L= Y 1= Y 1:<m;f11>.

pal__,pam:pk ai1+-+am=k
Qlyeeey Am >0 oy, >0

So, by Lemma [2| we have

i dm(n)Qn_% =
n=1

k=0 ( k ) (p™)
1 (St )

Now we have
L m— 12 2

( > ( k ) z’“) (1-2)"D" = Q(2)
k=0

where Q(0) = 1 and Q’(0) = 0 because the coefficient of z is

<m1—1>2_ ((m11)2> — (m—12—(m—1)2=0.

We find that (Q(p~2)), € ¢! when o > 1/2 and the infinite product
[Lep Q(p~2°) is convergent and has a positive limit when ¢ — 1/2. Fi-
nally, we obtain

[Tep(1 — p=27)(m—1+2m—1 - [Tep(l —p=20)m*

And so when o — 1/2, we obtain

S dn(mn 2 = 20 ([[ Q™)) ~ 2

T N 2- [ |
<P (20 — 1)™

i dm(n)?n=2 = [Tpcp Qp~) Iee Qp-2°)
n=1

An immediate corollary is
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COROLLARY 5. Let m > 1 be an integer. There exists ¢, > 0 such that

m c
1€ (0 4+ )|z ~ m when o — 1/2.

Now we can prove Theorem

Proof of Theorem @ Assume that the injection from H? to AP is bounded.
Then there exists m > 1 such that

2<2(m+1)/m <p.

The identity from H? to A2(™+1)/™ ig then also bounded: there exists C' > 0
such that, for every f € H?,

I fllazemsny/m < C| fll32-

We apply this inequality to the mth power of the reproducing kernels of
H? s+ (™ (0 + s) with o > 1/2. Then

1€ (0 + )| gztm+ny/m < ClC™ (0 + 0)[|32
and thanks to the last corollary we know that

C

Now the left hand side of the above inequality satisfies

m o0 _ _m

o7+ lansorm = 1670+ T = (3 Al )T
By the previous proposition, we know that

idmﬂ(n)znz" ~ (20_7?% when o — 1/2.

n=
So by integration, we obtain

2 1 (n)?n %\ 2k D) Ym
<n§1 log(n) +1 ) - (20_1)%

for some 7, > 0.

Now using the inequality given by the boundedness of the identity, we
obtain, for o close to 1/2,

m?(m+2) o m?2
1< C(20 — 1) 2min ™2 = (95 — 1)%miD)

and this is obviously false.

To finish the proof we have to show that the injection from H? to .42
is compact. It suffices to remark that this injection is a diagonal operator
for the orthonormal canonical basis (e,,),>1 of H?: the eigenvalues, equal to

1/(log(n) + 1), tend to zero. =
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2.6. Inequalities on coefficients. We shall give some inequalities be-
tween the AP norm and some weighted /P norms of the coefficients of the
functions. This follows in spirit the classical estimates on Bergman spaces
(see [12], p. 81] for instance).

THEOREM 9. Let p > 1 and p be a probability measure on (0,00) such
that 0 € supp(p) and (wp)n>1 the associated weight.

(i) f 1<p<2and f=3, - ane, € A, then
lwn/Panllgr < 114z

(i) If p>2and ), 5, wh ~ Yan|V' < oo, then f = Y n>1@nen € Al and
17 < (2w anl”) ™" = ol Panll
n>1
An immediate corollary is

COROLLARY 6. Letp > 1.
() If 1<p<2and f=3 5 anen, € AP, then

—=l<|f]
(1 + In(n)72 |, = WA
(i) If p> 2 and 3, -, W < oo, then f = 3, 5 ane, € AP

and

< |an|”’ v n
| fll.ap < <T; (1+1n(n))p’—1> B H(1+1H(n))1/p

Proof of Theorem[9 Let us detail the case 1 < p < 2.
For every integer n = p{'p3?... > 1 and f € LP(RT x T, du® dm), set

W)= | flo,2)2"n 7 du(o) @ dm(z)
R+ xToo

/

o

where 2(") = 271257 ..

To a Dirichlet polynomial P(s) =3_,~1 ann~ %, we can associate as usual
flo,2) =3, o1 ann 20252 .. In that case 7,(f) = wnan.

Set Q(f) = (Tu(f))n>1. Then @ defines a norm one operator from
LY(RY x T, dy®dm) to L>®(w) and from L?(R* x T, du® dm) to L?(w),
where L7(w) is the Lebesgue space on the positive integers with discrete
measure whose mass at n is 1/w,. Indeed,

(Al < If] and Z'T" = ST (f. b

n>1 n>1
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where by, (0, z) = 20"n =7/, /w, is an orthonormal system in the Hilbert space
L?(R* x T, du ® dm). So the Bessel inequality gives

Tn 2
> L <y

n>1

Now by interpolation (apply the Riesz—Thorin theorem), @ is bounded from
LP(RT x T, dpu @ dm) to L¥' (w):

(= O <y,

n>1 n

Writing this inequality in the particular case of f associated to a Dirichlet
polynomial (as described at the beginning of the proof) yields the result.
The other case is obtained in the same way (it is even easier). =

3. The Bergman spaces BP

3.1. The Bergman spaces of the infinite polydisk. Recall that
A=A®A®--- where X is the normalized Lebesgue measure on the unit
disk D. For p > 1, BP(D*) is the Bergman space of the infinite polydisk. It is
defined as the closure in LP(D>°, A) of the span of the analytic polynomials.

REMARK. Let P be an analytic polynomial defined for z = (21, 22, ...)
€ D™ by P(2) := SN | ap2f ... 20*. Then
N

HP”BQ(JD)OO) _ <Z ‘Gn‘Z )1/2.
(an+1)...(ap+1)

n=1

So clearly H?(T*) C B%(D>). In fact this is also true for any p > 1: it
suffices to apply this property several times in the case of the unit disk.

Recall that the Bergman kernel at z,w € D is defined by
1
(1 —wz)?

DEFINITION 7. Let z € D*® and ¢ € D® N /2. For n > 1, we define

k(w, z) =

K(C2) = [[*(Gz) and K(C.2) = [ *(G 2)-
=1 i=1

Then K is well defined thanks to the condition on ¢ and the fact that (K,,)
converges pointwise to K.

REMARK. We know that
1

(G )1 = k(66 = e
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So K(¢, ) € B?(D*) and

o0

1
2 —
I Moz = L e
PROPOSITION 5. Let P be an analytic polynomial on D> and let { €
D> N ¢2. Then

oo
1
IPOI< ( [] 73 )IPI520)-
Proof. By the reproducing kernel property of the classical Bergman
space used several times, we obtain

PG Gn) = | Pla1, . 2n) Kn(C,2) dA(21) . dA(z).
Dn
The Cauchy—Schwarz inequality gives the result. m
With the help of the previous proposition, we can extend by density the

evaluation defined on the analytic polynomials for z € D> N ?2. For every
f € B%(D>), we denote this extension by f({) and we have

o0
x 1
701 < (Tl ) Mz
Moreover the norm of the evaluation is exactly [[2, ﬁ Actually in [9],

the authors proved (in a more general setting) that f is holomorphic on
D> N ¢2. We shall need the following lemma.

LeEMMA ([9]). Let ¢ € D*®N¢?, N > 1 and a € R, and set
N

Gn(z) =[] =Gz

i=1
Then {GN} is a bounded martingale in L*(T).
REMARK. Each G, belongs to B?(D*°) and we have
1Grllz=) = [|Gnl B2~y < Gnlla2(re) = [GallL2(r>)-

So {G,} is a bounded martingale in L?(D*°). By Doob’s theorem we know
that the product converges pointwise and in norm in B2(D>).

We need to recall some notation and results from [9].

Let U be a uniform algebra on a compact space X and p be a measure
on X. Then HP(yu) is the closure of U in LP(u).

PROPOSITION ([9]). Let U be a uniform algebra on a compact space X,
u be a probability measure on X, and y € X such that the point evaluation
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at y extends continuously to H?(u). Assume that any real power of the re-
producing kernel of this point evaluation, x — K (z,y), belongs to H?(u).
Then for p > 1, we have

FW)IP < K(y,y) | |f ()7 du()

for every function f in HP(u), and the norm of the point evaluation at y is
exactly K(y,y)'/?.

From the last remark and this proposition, we deduce that the point
evaluation at ¢ € D* N ¢? is bounded on BP(D*) and we have

o

FOF < H( \CI )Q\IfIIBp Do)

Moreover f is holomorphic on D N ¢2 thanks to [9].

3.2. Point evaluation on BP. In the following, R will denote the infi-
nite product of the probability measures 2r;dr; on [0, 1].

DEFINITION 8. Let P € P be of the form - | a,n~*. We define on P
the norm

p

N
1P|l ::< { HZanr?l...Tg’“en
0.1 n=1 b

REMARK. The fact that this defines a norm follows from the next propo-
sition.

1/p

, 1)

DEFINITION 9. Let p > 1. We denote by BP the closure of P in the
norm || - ||pr; it is the Bergman space of Dirichlet series.

REMARK. We denote by d(n) the number of divisors of n. For f asin (1),

one has
00 ’an|2 1/2
e = (3 G5)

First we use Bohr’s point of view to specify the link between BP and
BP(D>).

PRrROPOSITION 6. Let p > 1.

(i) |1P|lge = ||D(P)||gr for all P € P.

(i) D : P — BP(D*) extends to an isometric isomorphism from BP
onto BP(D>).

Proof. The first fact is clear. For the second one, recall that BP is the
closure of P and that BP(D>) is the closure of the set of analytic polyno-
mials. m
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THEOREM 10. Let p > 1 and f € BP. The abscissa of uniform conver-
gence of f satisfies ou(f) < 1/2. Moreover, when R(w) > 1/2, we have

[f(w)] < CRRw)>P| fllse and ||6ullsr) = C(2R(w))>/?.
In addition, there exists f € BP such that on(f) =1/2.

Proof. Let f € BP and s € Cy /. We define z; = (p; *,p;°,...) € D> N2,
We know that D(f) € BP(D*°) and so

o0

1
|D(f>(zs>|p§,~1_[1(1—|19is|2)” (oo

But thanks to the last proposition, |[D(f)||grme) = || f|ls» and

D(f)(z) = > anlpy®)™ ... (pp")™

01 Ok
n=py Py

n>1
_ (5} Ap\—S __ —S
= E an(pl’ ... pp*) % = E anpn”®.
n:p?l...p‘:k n21
n>1

Then we have

w<II __m()www—<%@VW%p
So f admits a bounded extension on each smaller half-plane in C;/5. By
Bohr’s theorem we have o, (f) < 1/2.

To prove that the norm of the evaluation is exactly ¢(2R(w))?/?, it suf-
fices to use the corresponding result from [9] on BP(D*°). m

3.3. Comparison of BP and HP. In this section, we study the link
between BP and HP. This question is natural as soon as we keep in mind the
behavior of the injection from HP(D) to B?(D) in the classical framework
of one variable Hardy—Bergman spaces on the unit disk. We recall that
HP C B1if and only if ¢ < 2p and that this injection is compact if and only
if ¢ < 2p (see [19] for recent results on the limit case ¢ = 2p).

First, following ideas of [5], we obtain a hypercontractivity result between
the spaces BP.

Let 1 <p < g < o0. For f € BP(D®), z € D* and k > 1, we define
2= (21, -+, 21, k1, - - - ). Let fz, (2x) = f(2). Then

§ 1 ey dmze) = 115 .
Doee
We consider a sequence of operators Sy : BP(D) — BY(D) for k£ > 1 such
that Si(1) = 1. If P is an analytic polynomial on D>, we define

P'=P, Pl =5(Ps (21)).
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This is not in general a sequence of polynomials but if P depends on
z1,...,2n then so does each term of this sequence. So this sequence is sta-
tionary.

PROPOSITION 7. If T[3, [|Sk|| < oo then (P¥)i>1 converges to some
S(P) € B4(D>). In addition, S extends to a bounded operator from BP(D>)
to B1(D>).

Actually, if we consider a sequence of operators Sy : HP(D) — B%(D),
we obtain the following similar result.

PROPOSITION 8. If [[3, |ISk]l < oo then (P*)i>1 converges to some
S(P)e B1(D*>). In addition, S extends to a bounded operator from HP(T>)
to B1(D*>).

We only give the proof of the second proposition.
Proof. It suffices to show that

k
1P gaqos) < (LTI 1Pl

i=1
One has
IPE G ey = | [Sk(PE (21))|7 dA(2)

Do

= | VISK(PE (20))19 dA(2) dA(21)
Dee D

= | lISe(PE (DN By AACzk)
ID)OO

< 1SKl1® § 15 o ery dACGK)

]D)OO
= st § (F1PE o dmia)) " da().
Do T

Since q/p > 1, we get, by the integral triangular inequality,
\\P/a a/p
1P ey < ISKI7(§( S 1PE Gl dm(20))™ dm(a) )™
T D>

By induction, we obtain the result. m

We shall give some applications of these propositions, but we first need
other preliminaries, in the classical setting of the unit disk. In the following,
for ¢ > 1, the space B%(D) (resp. H?(DD)) is the classical Bergman space
(resp. the classical Hardy space).
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LEMMA 3. The sequence (niw)mo defines a multiplier from B'(D) to
HY(D) with norm exactly 1: for every f(z) = 3,51 anz™ € B'(D), we have

< | fllB1(m)-
H'(D)

Proof. Let 7 < 1 and f € B'(D) of the form f(z) = Y o2 jan2™
Then if we denote by M the multiplier operator B*(D) > f — M f(z) =
D on>1 %Hanz", we have

27 27

% \ [Mf@re?)do = — |
0 0

3
Il
o

IN

pdpdo.

1 oo
; S S ’Zanpnrneine

00 n=0

Letting r — 1, we obtain the result. =
2
LEMMA 4. Let v <2/3. Then (r"35225), -
to H?(D) with norm 1.

Proof. We adapt a proof from [§]. Let f € H'(D), with norm 1, be of
the form

is a multiplier from H' (D)

[e.o]

f(z) = Z anz".

n=0
We consider a factorization f = gh where g and h are in H*(D) and |g|*> =
|h|? = 1. Denote by (b,) and (c,) the Fourier coefficients of g and h. Then

n
ap = Z brcp—r.
k=0

We also know that

oo oo

Sl = kel =1
n=0 n=0

We want to show that
[e’e) 2
2
3 arn <
2v/n+1

n=0
We can assume that the coefficients b,, and ¢, are all non-negative (at worst,
the modulus of a,, becomes larger but we are looking for a sufficient condition
for the inequality so this is not a problem).
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So the last inequality is equivalent to

iibc rd nt?2 <1
kCn—k ny e X
n=0 k=0 2 n+1

for all non-negative sequences (d,,) with £2 norm 1. This is equivalent to

n+k+2
E bpcnr" R,
kn:ok’n n+k2 ntktl
We will get this inequality as soon as we show that

[e.9]

2

= 2\/n+k+ Gt

But for any non-negative integer j, we only have j + 1 ways to write j as
the sum of two non-negative integers. So it suffices to prove that

— 2 (1+2)° 5
St oy
§=0
By the definition of (d,,), this will follow from
(f+2)2
7"2](3—2) <1 foranyj>0.

This latter inequality is clearly true for j = 0 for any r, so we just have to
compute

_ ( 2 >1/j
rg = inf | —— .
i21\j+2
We can easily check that x — W is increasing on [1, co[ so we obtain
ro = 2/3. | ]

The following is obvious and is just a rewriting of the norms

LEMMA 5. The sequence (v/n + 1),>0 defines a multiplier from H?(D)
to B*(D) with norm exactly 1.

Now we can state a contractive type result on classical Bergman spaces
Here P, denotes the blow-up operator P.(f)(z) = f(rz).

THEOREM 11. If r < 2/3, then P, : BY(D) — B%*(D) is bounded with
norm 1. Conversely, if P. : BY(D) — B%(D) is bounded with norm 1 then
r<1/v2.

Proof. If r < 2/3, it suffices to apply the previous three lemmas.
Conversely, assume that P, : B1(D) — B?(D) is bounded with norm 1
Let a € R. We have
2,.2

2 a-r 2
11+ arzlgepy =1+ 5 11+ az| g1 (p)
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So we have
aZr? a2 ) 2 a2 )
1+ —< (14 — =14+ — .
+2_<+8—|—0(a)> +4+o(a)
And thus 72 < 1/2. =

Now we have another consequence of the preceding results, which will
be used in the next section, and is similar to Lemma

PROPOSITION 9. Let ¢ > 0. Then T. : B! — B? is bounded.

Proof. We consider the following sequence of operators (we keep the
notation of the preceding theorem):

Sk BY(D) = B*(D),  f > B<(f),

where P, is the classical Poisson kernel. Indeed, if we apply Proposition [7]
to this sequence of operators and to a Dirichlet series f of the form (1), we
obtain

S = D an )M ()™
n:pfl...p:kzl
= Z ann 7 =T(f)(s).
n:pfl...p:kZI

We know from the preceding theorem that || P:[| g1 (p)—p2m) < 1 for r quite

small and we obtain our result for T, because p, © — 0 as k — oo, and so
the infinite product of the norm is finite. m

NOTATION. Let p > 1. We denote by H5 (resp. Bp)) the following sub-
space of HP (resp. BP):

e >

HE =span(e; : k € P (resp. BY = span(ey, : k € P

).
THEOREM 12. Let p > 1.

(i) The identity from HP to B* is bounded with norm 1, but
(ii) the identity from HP to BP is not compact. Actually, it is not a
strictly singular operator.

Proof. (i) Recall [12] that the identity from HP(D) to B?"(D) is bounded
with norm 1 so it suffices to use Proposition [8 to get the boundedness of
our operator.

(ii) In [5], it is shown that H5 = H2 and in the same way we find
that Bf = B2. But clearly H2 = B2 so HP and BP have isomorphic infinite-
dimensional closed subspaces and so the identity from HP to BP is not strictly
singular. m
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REMARKS. (i) When p =1, (i) has already been proved by Helson [16].
(ii) We can check easily that for every n # m we have

2 1/p
e, = epulln > lepu o = (25)
and hence we obtain another proof of non-compactness in Theorem (ii).
(iii) We mention that it is immediate (without invoking Theorem [12[(ii))
that the identity from HP to B? is not compact: indeed, if it were, by
restriction to the variable z; = 27, the identity from HP(D) to B?"(D)
would be compact, which is not the case.

Actually, we can prove that %2 C B* by a simple computation on the
coefficients of the Dirichlet series. Let f be a Dirichlet series of the form (1).
We want to show that || f||gs < | f]l52. We have

£ 1gs = 11211z
But f2(s) = Y.00 , byn =% with b, = de aqayq for all n > 1. So

> |Z n @ddn d‘2
123 = 3 =
n=1 d(n)

Now we apply the Cauchy—Schwarz inequality using the fact that the sum
contains exactly d(n) terms to get

[ee]
17208 <D0 " laal lagal

n=1 d|n

Exchanging the sums yields

oo
125 < D laal® Y lansal.
d=1

dln
But if n is a multiple of d, then n/d is in N, and
S fansal? = 13-
dln
Finally, we get | /][4 < /14
3.4. Generalized vertical limit functions

DEFINITION 10. Let x € D* and f be of the form (1). We denote by f,
the Dirichlet series

fx = Z anX(n)en-
n=1

In this part, we apply the same trick as in [I3] and [5] to obtain another
expression of the norm in BP, useful for the study of composition operators.
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Let p1(z) = %J_rz be the Cayley transform which maps I onto C,. We
will say that a function f is in HY(C4) if f o ¢ € HP(D) (the classical
Hardy space on the unit disk). In this case we have

™

[ 1f o il an = §17Gtr axi)

2w
- R

where

o dt
(1 4+¢2)

DEFINITION 11. Let t € R. We define the Kronecker flow T; on D> by

dXi(t)

Ti(z1,22,...) = (pfitzl,p;itzg7 S

LEMMA 6. Let x € D>, f € BP and t € R. Set g, (it) := D(f)(Tix).
Then for any finite Borel measure w on R, one has

V §lox (i) dw(t) dA(x) = w(R)|| I,
D> R
Proof. The Kronecker flow (7}) is just a rotation on D>, so
V lgx(@)l?dA(x) = | [DU)T0) P dA(x)
DES DES
= | DO AAC) = D)5
DOO

We conclude the proof using Fubini’s theorem. =

PROPOSITION 10. Let x € D™ and f € BP. Then g, € HY(Cy) and gy
is an extension of f, onto C.

Proof. Thanks to the previous lemma, we already know that g, € LP()\;)
for almost every x € D*. So it suffices to show (we use here a characteriza-
tion of the classical Hardy space)

[o.¢] . n
11—t )
S (1—}-2t> gy (it) dXi(t) =0 for n > 1.
—0oQ

We use the same ideas as in [I3] and [5] but we have to adapt the proof
because here we do not work with Fourier series on T* but with functions
in BP(D*°). We fix n > 1 and define

T (1t

60 = | (155) st axio,
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Clearly G € LP(D*°) because

T /1 —at\" p
IG(x)[P dA(x) = — | 9 (it) dXi(t)| dA(x)
Dio P EAX DSM §>O<1+zt>g X
< | | lgc@)Pdri(t) dA(x) = ID(£)|%
Do —oo

where the last inequality follows from the preceding lemma.

Actually, G € BP(D>). It suffices to show that there exists a sequence
of analytic polynomials which converges to G. Since f € BP(D*°), we have
D(f) € BP(D*) and there exists a sequence (Fj) of analytic polynomials
such that

ID(f) = Pellgre<) — 0.
k—o0

Then we define the analytic polynomial

T (1—it\"
= P(T; ;
Q0= | (f75) A ine)
and we claim that (Qf) converges to G. Indeed,
G P T (Y (i) — Pyt ano)| da
16~ Q) = § || (757 (00060~ Bext) iN0)] 400,
< I —oco

We get, by Fubini’s theorem,

1G = QI ey < § D) = PTG o) AN (1)

—00
but T is just a rotation, so
o
HG QkHBp Do) = S HD( ) PkHBp Do) dA Z(t) = HD(f)_PkH%p(Doo)a
—o0

which goes to zero as k — oo, and this proves our claim.

We claim now that G vanishes almost everywhere. Since G € BP(D>),
it suffices to prove that G is orthogonal to every monomial with positive
index. Let ¢ € N. We have

| Y6t = | (
Doe —00
Actually we have

1—at
1+t

)" | X(a)gx(it) dA(x) dNi(D).
]D)OO

| X(a)gx(it) dA(x) =

Doe
because gy (it) = D f(T;x) € BP(D>). This is clear for f being a polynomial,
and by density this proves the claim.
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The proof that g, is an extension of f, is the same as in the case of H”
(see [5]). =

Now we shall denote the extension by f, instead of g,. As in the case
of HP with p > 1, this extension is almost surely simple.

PrROPOSITION 11. Let x € D*° and f € BP for p > 1. Then for almost
every x (relative to the measure A on D), f, converges on C.

Proof. Let f € B? be of the form ( ). We consider L?(D*°, A) and the
orthonormal sequence @ Vd(n)x(n). For o > 0 and t € R, let

cn = apn 7%/ /d( We observe that an/\/d(n))nzl € 2, and that
(n=%log(n))n>1 € €°°, hence

oo
Z len|? log?(n) < oo
n=1

So Men’shov’s theorem gives that Y ¢, @, (x) converges for almost every y.
Therefore, we get the result when p = 2.

When p # 2, it suffices to prove the result for p = 1. As in the case of
the spaces AP, the result follows from Proposition [9] =

Let f € B?. We know that for almost all x € D>, f, converges on C
and so g, = fy. We obtain, for each probability measure w on R,

Il = | @) dAG) dw(t).
R D>

THEOREM 13. Let f € B? and w be a probability measure on R. Then

71 = 1F )P 4] | § olfc(o + it dA) do du).
R 0 Doe

Proof. For o > 0, we have

® 12029 loe2(n,
S S |f>,<(0—|—it)’2 dw(t) dA(x) = Hf/H?az _ Z |an| d(n; g ( )

Do R n=2

We multiply by ¢ and it suffices to remark that

N 1
S on"%do = .
5 4log®(n)

3.5. Inequalities on coefficients of 5”7 functions. We shall give here
some inequalities between the BP norm and some weighted ¢P norms of the
coefficients of the functions (as in Theorem @
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THEOREM 14. Let p > 1.
() If 1<p<2and f=),5 anen € BP, then

Qn
Hd(n)l/P S £l
(i) If p>2 andzn>1d )' < oo, then f =3, anen, € BP and

anl” )"
!f\sp_<2d =) = ||,

Proof. We do not give the details since the proof follows the same ideas
as the one of Theorem [9
(i) For every integer n = p{'p5?... > 1 and f € LP(D>,dA), set

m(f) = | f(z)2"dA

Doe

where 2(") = 201252 .

With a Dirichlet polynomial P(s) =) -, a,n™°, we associate as usual
f(z) = D(P)(2) = 3,51 anz{*25% ... In that case 7,(f)=an/d(n).

Then we consider Q(f) = (7,(f))n>1. This defines norm one operators
from L'(D*,dA) to L®(w) and from L?(D*,dA) to L?(w), with w(n) =
d(n). An interpolation argument gives the conclusion.

In the same spirit, we prove (ii). m

4. Comparison of A, and BP. It is worth mentioning that A? and B?
are not the same space. Actually, more generally, we have

THEOREM 15. Let i be a probability measure whose support contains 0,
and let « > —1 and p,q > 1.

AL B
2) B1 ¢ AL

In the following, A =~ B means that there exist positive constants ¢, d
depending on p (or ¢) such that cA < B < dA.

Proof. Our proof relies on some estimates of the norms of the e,. We
claim that:

(i) log|len|| 4» =~ —log(log(n)).

(ii) log|len||ss ~ log(1/d(n)).
Indeed, when 1 < p < 2, on the one hand HenHAZ < llen|l4z - On the other
hand, flealLgs < a2 eal 1712 = a2 so that

(log(n +1)) V2 > Jlen 4, = (log(n + 1))~ (V7.
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In the same way, when p > 2, we have
log(n + 1)~@T/2 < le, || 4 < log(n + 1)~(@T1/P,

The same method gives d(n)~"9 < ||e,||g« < d(n)~'/? when ¢ < 2, and
d(n)~Y2 < |len|lps < d(n)~'/7 when ¢ > 2. This proves (ii) and our claim.

Now the theorem follows easily:

Let us prove clause 1. Assume that A5, C B%. Thanks to the closed graph
theorem, the identity from A%, to BY is bounded and there exists C' > 0 such
that ey, [[ss < Cllep, || 47 for every n > 1.

Moreover it is clear that lim, o [[ep, [| 4z = 0.

But the previous claim implies that ||ep, |gs =~ 1 and we get a contradic-
tion.

Let us now prove the second point. Assuming the contrary, we would
have some C' > 0 such that for every n > 1,

lenllaz < Cllenlpa-
A fortiori
log(d(n)) < log(log(n)).

But this contradicts the extremal order of (log(d(n)))>1 (see [31, p. 82] for
example):

i sup 98 (() 10z(10g ()

=1.
el Tog(2) log(n) )

5. Appendix: Around the norm of point evaluation. We wish to
present here a principle of comparing (for different p) the norms of point
evaluation. We shall work in a rather general framework of subspaces of
functions of some LP spaces. When one works on classical spaces of analytic
functions (Hardy—Bergman spaces), this principle is useless, since one can
essentially work with any power of a function. In the context of Dirichlet
series, a major difficulty is that we have no way to consider f* when « is
not an integer (and f € D). The following method can be helpful and gives
very precise results in some particular cases.

In this section, we consider some subspaces X, C LP(2,v) of functions
on {2, where v is a probability measure on {2 and p > 1. We assume that
there exists some algebra P C (1,5, X, which is dense in each X, (think of
the polynomials in many contexts).

We fix some w € {2 and we assume that the point evaluation X, > f
f(w) is bounded with norm Nj,.

Let us mention that most often, thanks to the theory of reproducing
kernels, the value of Ny is known (and easy to get).

We now list several simple observations which we have used in this paper.
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ProposiTIiON 12. With the previous notation:

(i) If 1/p =1/q1 + 1/q2, then N, > Ny Ny,.
(ii) If¢g>p>1, then N, > Nj,.

(iit) Let m be an integer. Then Npm < (Np)Y™ for every p > 1. In

particular, No,, < (Ng)l/m.

Proof. (i) Let f,g € P with || f|[rex = 1 and ||g|/re2= = 1. The product fg

still belongs to P C X, and we have

Np 2 Nyl fgllr = Npll fgllxr = [f(w)] - [g(w)]

Taking now the upper bound relative to f and to g yields the first assertion.

(ii) is trivial.
(iii) By an obvious induction, we have N, > Ny, ... Ny, assoon as 1/p =

1/q¢1+---+1/qy. In particular, since 1/p = 1/(pm)+---+1/(pm) (m times),
we get Np > (Npm)™. m
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