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Weighted norm inequalities for maximal singular integrals
with nondoubling measures

by

GUOEN HU (Zhengzhou) and DACHUN YANG (Beijing)

Abstract. Let p be a nonnegative Radon measure on R? which satisfies u(B(z, 7))
< Cr™ for any z € R? and r > 0 and some positive constants C and n € (0,d]. In
this paper, some weighted norm inequalities with A%(u) weights of Muckenhoupt type
are obtained for maximal singular integral operators with such a measure p, via cer-
tain weighted estimates with A% (u) weights of Muckenhoupt type involving the John—
Stromberg maximal operator and the John—-Stromberg sharp maximal operator, where
0,p € [1,00).

1. Introduction. During the last several years, considerable atten-
tion has been paid to the study of function spaces with nondoubling mea-
sures and boundedness of singular integrals in these spaces; see [10]-[12],
[16]-[19], [1]-[3], [6]. Let u be a nonnegative Radon measure on R? which
only satisfies the following growth condition: there exist positive constants
Co and n € (0,d] such that for all x € R? and r > 0,

(1.1) w(B(z,r)) < Cor™,

where B(z,7) is the open ball centered at some point 2 € R? and having
radius 7. The measure g in (1.1) is not assumed to satisfy the doubling con-
dition which is a key assumption in the analysis on spaces of homogeneous
type. We recall that p is said to satisfy the doubling condition if there ex-
ists some positive constant C' such that u(B(x,2r)) < Cu(B(z,r)) for all
z € R? and » > 0. Some important nondoubling measures satisfying (1.1)
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and the motivation for developing the analysis related to such measures can
be found in [20]. We only point out that the analysis with nondoubling mea-
sures plays an essential role in solving the long-standing Painlevé problem
by Tolsa in [19].

Let K be a p-locally integrable function on RY x R?\ {z = y} such that
for any = # vy,

(1.2) K (z,y)] < Clz—y[™",
and for any z,y,y € R? with |z — y| > 2|y — /|,

ly—y'I°

(1.3) K (2,y) — K(z,y/)| + |K(y, z) — K(y, )] Scmv

where § € (0,1] and C' > 0 are constants. Then the Calderén—Zygmund
operator T is formally defined by setting, for any bounded function f with
compact support and x ¢ supp(f du),

(1.4) Tf(z) =\ K(=y)f(y)duy).

R4
This integral may not be convergent for many functions. Thus we consider
the truncated operator T. for € > 0, which is defined by setting, for any
bounded function f with compact support and = € R¢,

(1.5) Tof(e)= | K(z,9)f(y)dup(y).

lz—ylze
For p € (1,0), we say that T is bounded on LP(u) if T is bounded on LP(u)
with bound independent of € > 0. Also, we say that T is bounded from L'()
to LY (u) if T: is bounded from L'(u) to LY°°(u) with bound independent
of ¢ > 0. Here and in what follows, for p € (0, 00), L”*° (1) denotes the usual
weak-LP(u) space defined by

LP°(u) = {f : f is p-measurable such that
11y = 500 Wiz € BT |F(@)] > A) < o0).

The maximal operator associated with the operator T is defined by setting,
for any bounded function f with compact support and z € R,

(L6) T (x) = sup |1 £ ().

In his remarkable work [16], Tolsa established the Calderén-Zygmund de-
composition associated with the measure as in (1.1), and proved that if K
satisfies (1.2) and (1.3), and 7" is bounded on L?(1), then T is also bounded
from L'(p) to L1°°(u) and bounded on LP(u) for any p € (1,2]. There are
many other works concerning the boundedness of the operators T and T*
in function spaces with measures satisfying (1.1), e.g. [11], [17] and [1]-[3].
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The main purpose of this paper is to establish weighted norm inequal-
ities with weights of Muckenhoupt type for the above Calderén—Zygmund
operator T and the corresponding maximal operator 7. When the measure
p as in (1.1) satisfies the additional assumption that for any cube Q,

(1.7) 1(0Q) = 0,

that is, the faces (or edges) of any cube have p-measure zero, Orobitg and
Pérez [13] proved that if K satisfies (1.2) and (1.3), and if T is bounded
on L?(p), then T is bounded on LP(u) for p € (1,00) and u € Ap(u),
where A, (1) consists of the weight functions of Muckenhoupt type associated
with p; see Definition 1.1 below. In this paper, we will prove that, without
the assumption (1.7), if K satisfies (1.2) and (1.3), and if 7" is bounded on
L*(p), then both T and T* are bounded from LP(u) to LP*°(u) for any
p €[1,00) and u € Ag(u) with g € [1,00). To state the main result, we first
recall some definitions and notation.

By a cube Q C R% we mean a closed cube whose sides are parallel to
the axes and which is centered at some point of supp p, and we denote its
side length by 1(Q). A p-measurable function u is said to be a weight if it
is nonnegative and p-locally integrable. The Ap(u) weights of Muckenhoupt
type in the setting of nondoubling measures were first introduced by Orobitg
and Pérez [13] for o = 1 and by Komori [6] for p € [1,00).

DEFINITION 1.1. Let g € [1,00), p € (1,00) and p' = p/(p—1). A weight
u is said to be an AZ(u) weight if there exists a positive constant C' such
that for any cube @,

(e § 7)) (s

Also, a weight u is said to be an Af(u) weight if there exists a positive
constant C' such that for any cube Q,

1 .
o) CSgu(I) du(z) < C inf u(y).

As in the classical setting, we set A% (1) = Upzi AZ(p). For o = 1, we denote
AZ(p), A(p) and AS. () simply by Ap(u), A1(p) and A (), respectively.

/ p-1
Su )P du(m)) <C.
Q

Our main result is the following weighted weak type estimate for the
operator T*.

THEOREM 1.1. Let ¢ € [1,00) be fized. Let K satisfy (1.2) and (1.3),
and T be the Calderéon—Zygmund operator formally defined as in (1.4). If T
is bounded on L*(u1), then for any p € [1,00) and u € A%(u), the mazimal
operator T* defined by (1.6) is bounded from LP(u) to LP*°(u), that is, there
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exists a positive constant C' such that for any A > 0 and bounded function
f with compact support,

u({z € RT:T*f(z) > A}) < CX7P | |f(2)Pu(x) dp(x),
Rd
where, for a weight w and a p-measurable set E, w(E) = {,w(z) du(z).

By Corollary 2.5(i) in [13], if p satisfies the assumption (1.7), then for
any p € (1,00) and u € A,(p), u € Ap_(p) for some o > 0. Thus, Theo-
rem 1.1 along with the Marcinkiewicz interpolation theorem shows that for
any p € (1,00) and u € A,(p), T* (and therefore T') is bounded on LP(u).
This recovers the weighted estimate (11) in [13].

To establish their weighted estimate for the operator 1" when p satis-
fies (1.7), Orobitg and Pérez in [13] used a distributional inequality involving
the singular integral operator and the central Hardy—Littlewood maximal
operator, and the fact that for u € A,(u), p € (1,00) and any bounded
function f with compact support, T*f € LP(u). Checking the argument
used in [13], we see that this a priori estimate can be replaced by the state-
ment that for v € A,(u), p € (1,00) and any bounded function f with
compact support,

(1.8) T*f € LP°(u).

On the other hand, as pointed out by Orobitg and Pérez [13], without the
assumption (1.7), the reverse Holder inequality, the fact that u € Aj(u)
implies u € Lllot"(,u) with some o € (0,00), and some other important
properties enjoyed by the A, weights in the setting of Euclidean spaces, may
not be true; therefore, without (1.7), the a priori estimate (1.8) cannot be
verified directly. To avoid (1.7), in the proof of Theorem 1.1, we will establish
a distributional inequality linking the John—Stromberg maximal operator
and the John—Strémberg sharp maximal operator (see Theorem 2.1 below),
which, together with a fairly weak a priori estimate (see (3.10) below), leads
to the desired conclusion of Theorem 1.1.

We should point out that Theorem 2 of [9] indicates that for any nonneg-
ative Radon measure p, there exists an orthonormal system in R? so that
(1.7) holds. However, it is not clear how the A, (u) weights and singular inte-
grals related to p as in (1.1) depend on different orthonormal systems in R?.

Also, it is obvious that if 1 < g < g2 < oo, then A§'(u) C A2*(u).
However, it is still unclear if this inclusion is proper.

Finally, we make some conventions. Throughout the paper, C' denotes
a positive constant that is independent of the main parameters involved,
but whose value may vary from line to line. Constants with subscript, such
as (1, do not change in different occurrences. Let « and 3 be positive con-
stants such that 8 > o". For a cube @, we say that Q is («, 3)-doubling if
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p(a@) < Bu(Q), where a@ denote the cube concentric with @@ and having
side length al(Q). It was pointed out by Tolsa [17] that there exists a large
constant 3 = (3,4 > 0 such that for any = € supp u and R > 0, there exists
some (a, B4,4)-doubling cube centered at « with [(Q)) > R, and for p-almost
all z € RY, there exists a sequence {Qy }ren of (@, Ba,q4)-doubling cubes cen-
tered at = with [(Qf) — 0 as k — oo. In what follows, for a fixed p € [1, 00),
by a doubling cube Q, we always mean that Q is a (20, B2,,4)-doubling cube.

Moreover, for a cube @, @ denotes the smallest doubling cube of the form
(20)*Q with k € NU {0}.

2. John—Stromberg maximal operators. The purpose of this sec-
tion is to introduce the John—-Stromberg maximal operator and the John—
Stromberg sharp maximal operator related to the measure in (1.1), and
then establish certain weighted norm inequalities with A%, (u)-weights relat-
ing these two operators, where p € [1,00). This weighted estimate plays an
important role in the proof of Theorem 1.1 and is of independent interest.

For a cube @ with u(Q) # 0, and a real-valued locally integrable func-
tion f, m¢(Q), the median value of f on the cube @, is defined to be any
number such that

p{y € Q: fly) >mp(Q)}) < 5u(Q),
n{y € Q: fly) <ms(Q)}) < 5u(Q).

If u(Q) = 0, we set ms(Q) = 0 for any real-valued p-locally integrable
function f. If f is complex-valued, the median value of f is defined by

mf(Q) = Mpe(5)(Q) + My (1) (Q), where i2=—1.
Let p € [1,00) and s € (O,ﬂggld/ll). For any fixed cube @ and p-locally
integrable function f, define m& so(f) by

(21)  mfo(f) =mf{t>0:pu{y € Q:[f(y)]>1}) <sp(50Q)}

when x(Q) # 0, and mg «o(f) = 0 when p(Q) = 0. The John-Strémberg
mazximal operator M(i ’g is defined by setting, for all z € R?,
,d
(2.2) Mg f(x) = sup mg ..o(f)-
Q>x, Q doubling

For any two cubes Q1 C @2, set

4

Q1.Q
0 _ —? N((zé’)le)
LUV (CATN

where Nél 0, 18 the least positive integer & such that 1((20)%Q1) > 1(Q2).
The John—Stromberg sharp maximal operator M&f is defined by setting, for
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all z € RY,

~ ms(Q) —me(R
(2.3) M&’ff(a:) = sup mg S.Q(f —my(Q))+ sup s )g i )|
SUD 7105 stain 5
Q,R doubling )

The operators Mé”s and Mé’ g in the setting of Euclidean spaces were first
introduced by John [5] and then rediscovered by Strémberg [15] and
Lerner [7, 8]. It is easy to verify that for any cube @ > x and € > 0,

@24 sy eQ:1f(y) —ms(@Q)I > MFEf(x) +}) < su(30Q).
Our main result in this section is the following theorem.
THEOREM 2.1. Let ¢ € [1,00), 1 € (O,ﬂ;@ld/él), p € (0,00) and u €

A% (p). Then there exist a constant Cy € (0,1), depending on s1 and wu, and
a positive constant C such that for any so € (0,C151),

(i) if uw(RY) = oo, f € LPO>®(u) with py € [1,00), and for any R > 0,
sup Nu({z e RY: |f(z)| > A\}) < o0,

0<A<R
then
sup NPu({z e R? : Mé’if(a:) > A}
A>0

< Csup Nu({z € R : MPE f(z) > A});
A>0

(ii) if p(RY) < oo and f € LPO®(u) with po € [1,00), then
sup NPu({z € R?: Mé’glf(m) > A})
A>0
< C'sup Nu({z e R¢: Mé’if(w) > A}
A>0
+ Cu(RY) (s16(RY) P/ f1 g 00 -

To prove Theorem 2.1, we first give some preliminary results about Ap(u).
Let ¢ € [1,00) be fixed. For € (1,00), define the maximal operator M,
by setting, for all z € R?,

(25) Myf(x) = i #nQ)

VIf @)l du(y).

A result of Komori [6] states that for any 7 > o, p € [1,00) and u € A2(u),
M,, is bounded from LP(u) to LP*(u). Let M9 be the doubling maximal
operator defined by setting, for all z € ]Rd

(2.6) M&f(x) = sup 5 y)| du(y)
@3>z, Q doubling Q



Mazimal singular integrals 107

Notice that for any doubling cube @,

1 .
Q) éz [F (W)l dp(y) < 2o 200) g\f(y)\ dp(y) < C inf My, f(x)

Therefore, we have the following conclusion.

LEMMA 2.1. Let o € [1,00) and let M, and M®? be the mazimal op-
erators defined by (2.5) and (2.6), respectively. For any p € [1,00) and
u € Af(w), both M, with n € (0,00) and M are bounded from LP(u) to
LP(u).

As an easy consequence of Lemma 2.1, we obtain the following result.

LEMMA 2.2. Let o,p € [1,00), u € A%(u) and n € (p,00). Then there
exist constants Co, C3 > 1 such that

(i) for any cube Q and p-measurable set E C Q,
P
) o1 (MDY
uw(@) 1(nQ)
(ii) for any doubling cube @ and p-measurable set E C Q,
P
), o1 (MDY
u(@Q) Q)
(iii) for any doubling cube Q and p-measurable set E C Q,

u(E) B
u(Q) =1 <1_M(Q)> |

Proof. Obviously, (ii) follows from (i), and (iii) is an easy consequence
of (ii) with E replaced by @ \ E. So it suffices to prove (i), whose proof is
similar to that of the classical case; see [14]. In fact, it is easy to see that for
any cube @ and any pu-measurable set £ C @,

Jnf Myxe(r) = p(E)/nnQ).

On the other hand, Lemma 2.1 states that for any p € [1,00), u € Ap(u)
and 7 > p, there exists a constant Cy > 1 such that for any A > 0,

u(fe € RY: Myf(z) > A}) < A7 | |f(@)Pule) dyu(a).
Rd
Thus, both estimates imply that for any A € (0, u(E)/u(nQ)),
u(Q) < u({x € R : Myxg(r) > \}) < CodPu(E),
and so, for any A < pu(E)/u(nQ),
(E)
(@)

e

> Cy P,

e
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The conclusion (i) follows by letting A — u(E)/u(nQ), which completes the
proof of Lemma 2.2. u

LEMMA 2.3. Let p,p € [1,00) and s € (O,ﬂz_gld/él). Then for all p-locally
integrable functions f and A > 0,

(i) {z € RY: [f(2)| > A} € {z € RY: MY () > A\JUO with u(6) = 0;
(i) for u € Ap(p),
u({z € R?: M&’jf(x) >\ < CsPu({z e RY: | f(z)| > A}),

where C' is a positive constant depending on d and o, but not on s
and the weight .

Proof. By the Lebesgue differential theorem, we know that for u-almost
all z € RY,

[f(z)] < M4 f(x),
and so
{z e R?: |f(x)] > A}
= {z € R": Xyyera: | p>ap (@) = 1}
C{z e R : MO (Xyera. | py))>n) (&) > 58204} U6,

where p(@) = 0. On the other hand, if Mg’d(X{yeRd:‘f(y)|>)\})(l') > 502p,ds
then there exists a doubling cube @ containing x such that u(Q) > 0 and

n{y € Q: 1F (W) > A}) > sPagan(@Q) = sp(30Q).
Notice that for any ¢ > mas;Q(f),

n{y € Q: |f(y) > 1}) < sp(50Q)-
Thus mg .o (f) > A, and so M§ f(x) > X, which yields (i).
We now turn to (ii). For any fixed A, > 0 and 2 € RY, set

7d7
M&S "f(z) = sup mg,s;Q<f)
QR>3z,1(Q)<r, Q doubling

and
By ={z e RT: MJP f(z) > A}

For any x € E, ), there exists a doubling cube @, such that z € Q.,
(Qz) <r, and

n{y € Qu: f(y)] > A}) = spu(30Q.).
t

It now follows from Lemma 2.2(ii) that

u({y € Qo [fW)| > A}) = CsPu(50Qx).
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By the Besicovitch covering lemma, we obtain a family {Q-}- C {Qz}zek,
of cubes such that

E, )\ C U2QQT, ZXQT < Cq,
T T

where Cy is a positive integer depending only on d. Therefore,

u(Bra) < CsPY u({y € Qr : |f(y)| > A})

< CsPu({y e R : | f(y)| > A}),

which together with a certain basic property of measures proves (ii). This
completes the proof of Lemma 2.3. =

LEMMA 2.4. Let g € [1,00), s € (O,ngld/él) and @Q be a doubling cube
with u(Q) # 0. For any constant ¢ € C and p-locally integrable function f,
|m875;Q(f) - |C| ’ g mé:g;Q(f - C)'

Proof. Tt suffices to prove that
mg,s;Q(f) + m(Q],s;Q(f - C) 2 |C‘, m(ig;Q(f) S mg,s;Q<f - C) + ’C|
To verify the first inequality, we observe that if ¢1,t2 > 0 satisfy
n{y € Q : 1f(y) —cl > t1}) < sp(30Q),
p{y € Q: 1f(y)] > t2}) < su(50Q),
then t1 + to > |c|. Otherwise,
p{y e Q:[f( <t p{y € Q: |f(y) —c| > t1})
<sp(30Q) < 31(Q),
which contradicts the fact that
p{y € Q:|f(y)l < t2}) > u(Q) — su(30Q) = 31(Q).
Therefore,
m(Q],s;Q(f) + mg7s;Q(f - C) Z ‘C|
On the other hand, for any € > 0, we can take ¢ty > 0 such that {g <
mg ..o(f —¢) +¢, and that
n{y € Q:|f(y) —c| > to}) < su(30Q).
This in turn implies that
p{y € Q: [f(W)] > to +e]}) < sp(50Q).
Thus,
mg .o(f) <to+ el <mg .o(f — )+ el +¢,
which implies the desired estimate by letting ¢ — 0, and hence completes
the proof of Lemma 2.4. =
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LEMMA 2.5. Let g,p € [1,00), s € (O,ﬁ;;d/4) and Q be a doubling cube.
Then for any p-locally integrable real-valued function f,

mp(Q)] < mg o (f)-

Proof. Without loss of generality, we may assume that p(Q) > 0. If f is
real-valued and m¢(Q) > 0, we have

{ye@:[f)l=Imp(Q)}
={yeQ:fly) 2mp@)}U{yeQ: fly) < —msp(Q)};
and if ms(Q) <0,
{yeQ:[fy)| = Img(Q)[}
={yeQ:fly) =2 —mp@)}U{yc@: fly) <mp(Q)}.
Therefore, by the definition of m¢(Q),
2.7)  p{yeQ:1fW)] = Im(Q)})
> min{u({y € Q: f(y) = ms(Q)}). n{y € Q: fy) < mp(Q)})}
> $u(Q).
This implies that for any ¢ > 0 satisfying
p{y € Q: f(y)l > t}) < su(30Q),
we have t > |m#(Q)|. Otherwise, we obtain
p{y € Q:1f(y) = Imp(Q)}) < s1(20Q) < 5P20,a1(Q) < 31(Q),

which contradicts (2.7). Our desired result now follows directly by taking
the infimum over ¢, which completes the proof of Lemma 2.5. u

LEMMA 2.6. Let ¢ € [1,00), s1 € (0,,6’2_91’d/4) and u € AZ(u) for some
p € [1,00). Then there ezists a constant Cy € (1,00) such that for any
S9 € (0,04_151), v > 0 and real-valued function f € LPO%°(u) with some

po € [1,00),
u({z € R?: MEY f(x) > (1+9)\, MFE f(2) < 027A})
< Gru({z € R : M§Y f(z) > A}),
provided that

(1) u(RY) = oo and A >0, or
(ii) p(RY) < oo and A > Ay = (slu(Rd))*l/pO||f||Lp0,oo(M),

where 61,0 € (0,1) are constants depending only on d, o and (.
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Proof. Let Ay = 0 if u(R?) = oo and Af = (SLU(Rd))_l/pO||f||Lp0,oo(M) if
1(R?) < oco. For each fixed A > Ay, set

2\ ={z e R: M2 f(z) > A},

0,s1
By ={z e RY: M§Y f(x) > (1+7)A, MJE f(z) < 0297}
Notice that if A > A, then
plly € BT [f()] > A}) <~ <5y (),
and so )
| dp(y) < si1.

Rd
HIRY) ema. ion)

Moreover, as pointed out in Section 1, for pu-almost all z € R?, there exists
a sequence {Ij}x of doubling cubes with [(I;) — oo as k — oco. Therefore,
by the basic property of p, we may assume that for any A > Ay and any
z € R?,

1
lim Y S dnly) < s,
I>z,1(I)—o0, I doubling N(I) {y€l : |f(y)|>\}

which implies that

2.8 i 0 N
( ) I>z, l(I)_’gOI}I doubling mo’le(f) <

On the other hand, for each fixed x € FE), there is a doubling cube @
containing z such that m3,51;Q(f) > (14/2)\. The inequality (2.8) tells us
that among these doubling cubes, there exists one doubling cube, denoted
by (., which has almost maximal side length, in the sense that if some
doubling cube I contains z and has side length no less than 20l(Q), then
mg o .r(f) < (1+7/2)A; see also [17, p. 128].

Let R, be the cube centered at = with side length 30l(Q;), and set
Sy = ém An application of Lemma 2.4 gives

M 1.0, (F) = MG 5.5, (F)]
< MG 51,0, (F) = Imyp(Qa)l |
+mp(Qa) —myp(Se)| +|mg g, (f) — [my(Sa)] |
< mg,sl;Qx(f —my(Qx))
+ [mp(Qz) — my(Sa)| +mg g, (f —mp(Sz))

Fy) <388 o M f(x) < CsbayA,

9ﬁ
< 362 M Qz,5z770,52

inf
Q2,5 YEQu 0,81

where Cj5 is a positive constant depending only on d, ¢ and p such that
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35(%95 s, < Cs; see Lemma 2.1 in [17]. If we choose 63 > 0 small enough, it

follows that mg . (f) > A, and so S; C £2y.
By the Besicovitch covering lemma, we see that there exist np subfami-
lies Dy, = {S]]I“}j, k=1,...,ng, of cubes {S;},cE, such that

(i) Ex c U U] ¥, and for each j and k, m¢ Sk(f) >\

(ii) for each subfamily Dy (1 < k < np), the cubes in Dy, are pairwise
disjoint;
(iii) each cube S Jk is doubling and centered at some point xf € E).

We can obtain at least one family, which without loss of generality is
supposed to be D1, such that

(2.9) u(US?) znélu(USf).
J Ik
If we can prove that there exists a positive constant Cg such that for each
5]1 € Dy,
(2.10) ,u(S]1 NE)) < 0681_182,&(5]1),
then it follows from Lemma 2.2 that

w(S;NEy) < (1—Cy'(1— Cgsy 's2)P)u(S)).

Let C4 =1+Cgand C7; =1 — C3_1(1 - C631_182)7’. Recall that {S}}j are
pairwise disjoint. Thus, for ss € (0, 04_181),

w(BanJ$)) <Y ush) = cru(|Js)).
J J J
This via (2.9) in turn implies that

u(E)) <u<<UUSk> \USl) +u(E,\ﬂUSl)

gﬁqujuﬁyugwcw@ﬁﬂ
(- Co)u <(ULJJS]€)\LJJS;)
<C7U<UUS’“) 1-@)(1—) (UUSk)

k=1 j k=1 j

g(l—lggb)wnm,

which gives us the desired conclusion with ; =1 — (1 — C7)/np.
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We now prove (2.10). For each fixed y € S} N Ey, we claim that if Q
is a doubling cube containing y and satisfying mg s1:0(f) > (1 4+7)A, then

Q) < l(S;)/B. Otherwise, Qx} C S} - ?ﬁ@, and so

mg . o(f) —m? ()< 362 _ MZE f(y)

0.51:30Q Q.30
< 30 55 ME% 1 (4)
< 08927>H

where Cg > 1 is such that 3(5(92 e < Cs; see Lemma 2.1 in [17]. Set 03 =
1/(2C5 + 2C3g). It then follows that

me(f) > (1+7/2)A,

0,51;30Q

which contradicts the fact that ijl_ C ?ﬁ@, l(?)f()\@) > 2gl(Qz}) and ijl_ is
the chosen maximal doubling cube.

For each fixed y € S} N E), we see that there exists a doubling cube
I such that y € I and mg /() > (1+7)A. Our claim then tells us that

I(I) <1(S}) and I C 35}. Thus,
m(g),sl;I(fngjl) > (1+7)A
On the other hand, by Lemma 2.5, we have

|y (351) ’<m7 ,F(f)§(1+7/2))\.

This via Lemma 2.4 gives

and then
;N Exc {y € R MEL ((f —my(38]))xss) (v) > 7A/2}

Invoking Lemma 2.3(ii) and the inequality (2.4) and noticing that f2 < 1/4
by our choice, we find that for some o > 0,

,u(S]1 NE)) < Csl_lu({y € %5’; : ‘f(y) - mf(gsjl)| > 7A/2})
< Csi'u({y € 38} : [£() — mp(3SH)| > 2MEE f(a)) + o})
< COsy'sap(208]) < Csytsap(S)),

where C is a positive constant. This finishes the proof of Lemma 2.6. =
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LEMMA 2.7. Let p € [1,00) and s € (O,ﬁggld/él). Then for any p-locally
integrable function f and z € RY,

MEE(If1) (@) < SMEE(f)(x).

Proof. Notice that for any cube Q@ C R?, ¢ € C and p-locally integrable
function h,

mp(Q) — ¢ =mp_.(Q).
It follows from Lemmas 2.4 and 2.5 that

m8 o (£ = mi (@) < mE (U]~ Imp(@)) + [ Imp(@)] —myy(Q)]
<8 ol = mp(@) + Iy (@)
< ml o = ms(@) +2me (11~ lmg(@))
<mf o(f —ms(@ >>+2m,,Q<f my(Q).

On the other hand, by Lemma 2.5 again, we see that for any doubling cubes
Q CR,

Im (@) — myy (R)]
< |myp(Q) = [myp (@) + [ Imyg(Q)| = [my(R)| | + [my s (R) — [my(R)]|
< g1y @) (@) + [mp(Q) — mp (R)| + [my g1y () (R)]
< 2mg o(f —mp(Q)) + |mp(Q) = ms(R)| +2mg . p(f —my(R)).

Combining the last two estimates then yields the desired estimate, which
completes the proof of Lemma 2.7.

Proof of Theorem 2.1. By Lemma 2.7, we may assume that f is real-
valued. We first consider the case where u(R?) = co. By Lemma 2.6, we see
that for any v > 0 and A > 0,

u({z € RY: MEL f(z) > (1+7)A})
< Oru({z e RY: MY f() > M) +u({z € R : MFE f(z) > 0277}),

0,s1

and consequently,
(147 Pu({z € RY: MY f(2) > (14+7)A})
<011+ 7)PNu({z € RT: MEY f(z) > A})

+ (1 +7)PM\Pu({z € RT: MJE f(z) > GayA}).
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Taking the supremum in the last inequality shows that for any R > 0,
sup  MNu({z € RY: Mg’if(at) > A})
0<A<(1+7)R ’

d
<61 (1+~)P sup Nu({z eRe: Mgg f(x) > A})
0<A<R

1+ p d. prot
+ sup Nu({x € R : My, f(x) > A}).
027 ) x>0 ’

Notice that by Lemma 2.3,

sup Nu({z e R?: MOQ’Sdlf(a:) > A}

0<A<R ’
<C sup Nulfe € RY:[f(2)] > A}),
0<A<R
where C' is a positive constant. Our hypotheses guarantee that in this case,
sup Nu({z e R¢: Mé”sdlf(:n) > A} < oo.
0<A<R ’

Choosing v small enough such that (1 + v)P0; < 1, we see that when
p(R?) = oo,

sup Nu({z e R¢: M&’if(x) > A}
0<A<R
< C sup Nu({recR?: M§’£2f(x) > A}),
0<A<R ’
where C' is a positive constant.
On the other hand, if u(R%) < oo, another application of Lemma 2.6
indicates that for any R > Ay and v € (0,1),

sup  Nu({z € R : MY f(z) > \})

0<A<(1+7)R '

< sup Nu({z e RY: Mé”sdlf(a:) > A})
(1+7)Ap<A<(A+7)R ’

+  sup  Nu({z eR%: Mg’if(x) > A}
0<A<(1+7)Af ’

<L+ sup Nu({z e RT: MFL f(z) > (1+7)A})
Ar<A<R

+ (1+7)PMu(R?)

<(1+7)P0;, sup Nu({reR%: Mé”if(x) > A})
A<A<R '

1 p
+ < i 7) sup NPu({z € R? : Mé”if(a:) > AP+ (1+ 'y)p)\?u(Rd).
027 ) x>0 ’
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Since p(RY) < oo implies u(R?) < oo, we infer that when u(RY) < oo,

sup Nu({z e R¢: M5’81f(:n) > A}
0<A<R

<C sup Nu({z e RT: MEE f(z) > A}) + CMu(RY),
0<A<R

where C' is a positive constant. Taking R — oo then leads to the desired
conclusion (ii), which completes the proof of Theorem 2.1. =

3. Proof of Theorem 1.1. By Lemma 2.1, it is obvious that Theo-
rem 1.1 is an easy corollary of the following result.

THEOREM 3.1. Under the hypotheses of Theorem 1.1, for any o,p €
[1,00) and u € AJ(u), there exists a positive constant C such that for any
bounded function f with compact support,

sup NPu({z € RY: T* f(z) > \}) < C'sup NPu({z € R¢ : My, f(z) > A}).
A>0 A>0 8

To prove Theorem 3.1, we begin with an inequality relating the sharp

maximal operator Méﬁ’f and a variant of the sharp maximal operator of

Tolsa [17]. Let 7 € (0,00). Define the sharp maximal operator M2* by
setting, for all z € R?,

o8 £ (g su 1 0)|" x v
MO (z) = xeg(u( ] J1e) =@ >)
Ly i@t

4
T€EQCR 6
Q,R doubling Q’R

For r = 1 and ¢ = 1, this operator is the sharp maximal operator introduced
by Tolsa in [17]. It is obvious that for any cube @ and r € (0, c0),

~ 1/r

Mol = @) < 5 (s | ) =@ )
2 Q

Therefore, for all z € R,

(3.1) ML f(2) < 57T MEHf ().

Moreover, we have the following several technical lemmas.

LEMMA 3.1. Let o € [1,00), s € (O,ﬁ;;d/4) and r € (0,00). For any
cube @ and p-locally integrable function f,

ceC

1/r
S —c du(y)> :

mg . o(f —mp(Q)) < 357/ inf( )
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Proof. For any cube @ and p-locally integrable function f, set
o _
mg,S;Q(f) - ;gé mg,S;Q(f - o).
Then, to prove Lemma, 3.1, it suffices to prove that

(3.2) mg . o(f —mp(Q)) < 3mg% ,(f).
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The estimate (3.2) is trivial if ;(Q) = 0; so we need only consider the
case where (Q) > 0. For any fixed ¢ > 0, we choose cg = a + ib such that

n({y € Q: 1f(y) — cql > m&ho(f) +e}) < su(20Q).
Thus,

(33)  n(ly€Q:Ref(y) —al > mio(f) +e}) <su(3e
(B4 p{y € Q:Imf(y) —b| > mEEo(f) +e}) < sp(30Q).
If Remy(Q) > a+m" o(f) +e, then by (3.3),
n{y € @:Re f(y) <Remy(Q)})
> u({y € Q :Re f(y) <a+mfio(f)+e})
> (1= 5820.)1(Q) > 31(Q),
which contradics the definition of Rem(Q). Therefore,
Rems(Q) < a+mgko(f) +e.
We can also deduce from (3.3) that
Rems(Q) > a—m§ko(f) — e,
and from (3.4) that
b—mdh o (f) —e <Tmmy(Q) < b+mg,(f) +e.
Combining these estimates yields

mp(Q) — cql < 2m8 o (f) + 2,
which leads to

{yeQ:1fy) —msp@Q)] > 3m&k ,(f) + 3¢}

C{yeQ:|f(y) —cql >mE o (f) +e}.

We then obtain

1y € Q= If(y) —my(Q) > 3mfLo(f) +3¢}) < su(30Q),
and so
mg o(f = my(Q)) < 3mE% o (f) + 3e.

The inequality (3.2) then follows by letting ¢ — 0, which completes the

proof of Lemma 3.1. =
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LEMMA 3.2. Let p € [1,00) and r € (0,1). Under the assumptions of
Theorem 1.1, there exists a positive constant C' such that for all bounded
functions f with compact support and x € R?,

(3.5) MEH(T* f)(x) < CMs,f(2).

Proof. For each cube @) and each bounded function f with compact
support, set
hQ = mQ(T*(fX]Rd\%Q));
here and in what follows, for any p-locally integrable function h,
1

mq(h) = M(Q)gh(Z) dp(z).

It follows from Lemmas 2.4 and 3.1 that for any cube @ and s € (0, ﬁ;;d/él),

V1T £y) = mr- p Q)" dp(y) < VIT*F(y) — hol” duly) + |hg — bl 1(Q)
Q Q
+me (T f) = mp p(Q)" (@) + mg o (T f) = hal (@)

0,s;Q

< V7" f(y) = hol" du(y) + |hq — hal 1m(Q)

Q

t+ (mg (T F = mr (@) (@) + (mg (T f = hg)) 1n(Q)
< V7" f(y) = hol" du(y) + |hq — hal (@)

Q

C@3"s™ 57t L@ T — hgl" du(y),
+O@B3Ts™! + )N(Q)CS;' f(y) = hgl" du(y)

where C' is a positive constant, and for any two doubling cubes Q C R,

|mps(Q) — mp-y(R)|

+mg o (T ) = mr=(Q)] + [m§ ..o (T ) — mz=;(R)]
< mg,s;Q(T*f - hQ) + ‘hQ - hR’ + mas;R(T*f - hR)
+ mg,s;Q(T*f - mT*f(Q)) + mg,s;R<T*f - mT*f<R))

1/r
4—1/7“< 1 T* —hol"d ) ho —h
< 4s M@QQ)CS?I fy)—hol"du(y) |+ |hg — hil

1/r
bt (e L) - e )
R
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Thus, the proof of (3.5) can be reduced to proving that for any cube @,

71 T — hol"d v Cinf M
. * T < (Cin 9
(3 6) <,U(§QQ) §2| f(y) Q‘ :u(y)> ceQ 80 f( )

and for any two cubes Q C R with R a doubling cube,
(3.7) lhg — hil < C5%,, inf My, f (@)

where C' is a positive constant.

To prove (3.6) and (3.7), we employ the argument used in [2]. We first
consider (3.6). For any cube @, write

VIT* f(y) = hol" du(y) < S!T* () = T"(fxw 1) W) du(y)
Q

+ {1 ( (fxma\20)(y) — hol" dp(y)
Q
< V1T (Fx10) W)I" dnu(y)
Q
+ V1T (Fxway20) 9) = hol” du(y).
Q

Recall that T* is bounded from L!(u) to weak L'(u); see [11] or [2]. Tt
follows from the Kolmogorov inequality that

1 1/r C
~7a N ,Z—M< 4 Td — 4 1
< C inf My, f(2),

where C'is a positive constant. On the other hand, the size condition (1.2)
and the regularity condition (1.3) via a standard computation imply that
for any v,z € Q,

(3:8)  [T"(fxga\10) (W) = T"(fXgra\ 1) (2)]

<sup| | K(y,w)f(w)xza 10(w) du(w)

e>0 ly—w|>e

B S K(z,w)f(w)XRd\gQ(w) du(w)’

ly—w|>e

ssup| | K () f(w)xga s0(w) du(w)

0
€= ly—w|>e

— | K0 )X o) duw)]

|z—w|>e
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< | K@y w) - K(z,w)||f(w)| dp(w)
RN\3Q
FCswpe™ | () g s (w) dp(w)
e>0 3
|z—w|<Ce
<O
< C;ggMggf(fﬁ),
where C' is a positive constant. This in turn implies that for a positive
constant C,

1 . . 1/r .
oy el ol dutn | < g 3ty 7o)

which gives the estimate (3.6).
Now we turn to (3.7). Denote Nc%,R + 1 simply by N. Write
g = hel < mQ(T" (fXopq\2q)) T mQ(T™ (FX(20)V@\200))
+ ImQ(T™ (fxra\ (207 @) — MR(T™(fXRa\(20)7 Q)|
+ mR(T*(fX(QQ)NQ\%R))
=L +L+1I3+1,

The size condition (1.2) along with the growth condition (1.1) implies
that for any z,y € @,

C
T*(fXQQQ\gQ)(y) <

(@)

and for any y € R and =z € Q,

| 1f(2)]du(z) < OMy, f(x),
20Q

" C
T*(Xeovaun W) < gy SRIf(z)\ du(z) < CMa, f(x),

n
4o
where C' is a positive constant. Therefore, for a positive constant C,

L+ < Cl}géMgf(@')

For the term Is, observing that for any y € @,
N-1
T*(fX(QQ)NQ\QQQ)(y) <C

LEI

— oy =2
k=1 (20)*+1Q\(20)*Q
N—-1
1((20)"2Q) |
<C — =2 inf M. T
<O 2 aoyrqy a2, Vel )
< Co ;gg My, f(x),
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so we have .
. .
I, <O p ;25 My f (),
where C' is a positive constant.

Finally, as in the inequality (3.8), a familiar argument involving the
condition (1.3) gives, for any y € Q and z € R,

I T*(fXra\ (20N Q) (Y) — T*(fXma\(20)V ) (2)| < C lnf My, f(x),

and so
Iz < CmneléM%gf(x),

where C' is a positive constant. The inequality (3.7) now follows, which
completes the proof of Lemma 3.2. =

Proof of Theorem 3.1. We first prove that if p € [1,00), then for any
bounded function f with compact support,

(3.9) T € Iy,

and for any o,p € [1,00) and u € Ap(u),

(3.10) sup Mu({z e RY: |T*f(z)| > A}) < 0.
0<A<R

The fact (3.9) was proved in [11] and [2]. To prove (3.10), let ¢ > 2 be
large enough such that the support of f is contained in the ball B(0,t). It
is obvious that

sup Mu({z € B(0,2t) : |T* f(z)| > A\}) < RPu(B(0,2t)) < oo
0<A<R

On the other hand, it is easy to see that if z € R?\ B(0,2t), then by the
size condition (1.2),

T f(z) < | [K(2,y)f(y)lduly) < PR ’n [RATRYon
Rd
This via Lemma 2.2(i) and the growth condition (1.1) implies that if A\ <
Coll Iz /2,
u({r € BRI\ B(0,2t) : [T F(x)] > A))
<u({z € R |z]™" > A/(Coll fll 1))

< u(B(0, §(Coll fllr ()" A7)

0, 20Co || FIIAT ) AY™) \ P

gc*u(B(o,l))(M( ¢ Sgéw,l)) ))>
u(B(0,1)) | _,
<O uBop

where Cy is a positive constant.
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Notice that for A > Cy|| f|[£1(,)/2, there exists no point = € R?\ B(0, 2t)
satisfying T f(x) > A. Therefore,
sup NPu({z € R\ B(0,2t) : |T* f(x)] > A\})
A>0
= sup Nu({z € R4\ B(0,2t) : |T*f(x)] > A\})
0<AZCy|If Il L1 () /2

¢, MBO.1)
[1(B(0,1))]7
which proves (3.10).

We can now conclude the proof of Theorem 3.1. If u(R?) = oo, the
desired result follows from Lemma 2.3(i), Theorem 2.1 with s = 3, Q%d/ 5
and po = 1, (3.1) and Lemma 3.2.

If 4(R?) < 00, 0,p € [1,00) and u € AS(u), then for a positive constant C,

uR PR PIT G ey < Cu®D R fIF1
< Cu(Rd)( 1nf Mggf(l‘))p

< Citilg[)\pu({x eR*: My, f(z) > AP,

where in the first inequality, we have invoked the estimate

1T fll 1oy < ClIfll 1)
(see [11] or [2]), and the second inequality follows from the fact that

1 .
M(Rd)RS HOEZORN (8962) JIF @)l dnly) < inf My, f(x).

The desired result again follows from Lemma 2.3(i), Theorem 2.1 with s; =
ngld/5 and pp = 1, (3.1) and Lemma 3.2, which completes the proof of
Theorem 3.1. m
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