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Some theorems of Korovkin type
by

ToMOKO HACHIRO (Sendai) and TAKATERU OKAYASU (Yamagata)

Abstract. We take another approach to the well known theorem of Korovkin, in
the following situation: X, Y are compact Hausdorff spaces, M is a unital subspace of
the Banach space C(X) (respectively, Cr(X)) of all complex-valued (resp., real-valued)
continuous functions on X, S C M a complex (resp., real) function space on X, {¢n}
a sequence of unital linear contractions from M into C(Y) (resp., Cr(Y)), and ¢oo a
linear isometry from M into C(Y) (resp., Cr(Y)). We show, under the assumption that
Iy C IIp, where ITy is the Choquet boundary for N = Spam(U1<n<OO Ny), Np =

on(M) (n=1,2,...,00), and II7 the Choquet boundary for T' = ¢oo(S), that {¢n(f)}
converges pointwise to ¢oo(f) for any f € M provided {¢n(f)} converges pointwise to
doo(f) for any f € S; that {¢n(f)} converges uniformly on any compact subset of ITy
t0 ¢oo(f) for any f € M provided {¢n(f)} converges uniformly to ¢oo(f) for any f € S;
and that, in the case where S is a function algebra, {¢n} norm converges to ¢oo on M
provided {¢n(f)} norm converges to ¢oc on S. The proofs are in the spirit of the original
one for the theorem of Korovkin.

1. Introduction. The theorem of Korovkin asserts that if {¢,} is a
sequence of positive linear maps from C([0,1]) (resp., Cr([0,1])), the Ba-
nach space of complex-valued (resp., real-valued) continuous functions on
the closed interval [0, 1], into itself and the sequences {¢,(¢¥)} of functions
converge uniformly to «* on [0,1] (k = 0,1,2), where

Lz)=1, ta)=uz)==z, A =()?=22 xec[0,1],

then, for any f € C([0,1]) (resp., Cr([0,1])), the sequence {¢,(f)} of func-
tions converges uniformly to f. This fact is well illustrated by the behavior
of the Bernstein polynomials

Bu(f)(z) = g%f(%) (Z):dcu _anh 0<a<,

defined for a continuous function f on the interval [0, 1]. Indeed, it is well
known that the sequence {B,(f)} converges uniformly to f on [0, 1], not
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merely for f = % (k= 0,1,2) (in fact, B,(1) = 1, B,(¢) = ¢), but also for
any f € C([0,1]) (resp., Cr([0,1]).

The phenomenon described by this theorem is a prototype of ones where
a sequence {¢,} of maps and a map ¢ of some specified kind exhibit the
property: If the sequence {¢,,(f)} converges to ¢ (f) in some sense for any
f belonging to some restricted class S, then {¢,(f)} converges to ¢oo(f) in
that sense for all f in a class M properly larger than S.

Korovkin’s theorem aroused great interest and stimulated extensive in-
vestigation of such phenomena. We refer, e.g., to the large volume [1] by
Altomare and Campiti.

The standing assumptions in the present paper are: X, Y are compact
Hausdorff spaces, M is a subspace of the Banach space C(X) (resp., Cr(X))
of all complex-valued (resp., real-valued) continuous functions on X, S € M
a complex (resp., real) function space on X, {¢,} a sequence of unital linear
contractions from M into C(Y) (resp., Cr(Y)), and ¢ a linear isometry
from M into C(Y) (resp., Cr(Y)); finally, the Choquet boundary ITy for

N = Span( U Nn>, where N, = ¢,(M) (n=1,2,...,00),
1<n<oco

is contained in the Choquet boundary II7 for T' = ¢ (.5). The question we
ask in this paper is: Does the sequence {¢,(f)} converge to ¢oo(f) for any
f € M provided {¢,(f)} converges to ¢oo(f) for any f € S? Here, we take
up three kinds of convergence, namely, the pointwise, uniform, and norm
convergences.

The idea, however, of getting the results in this paper rests on the original
proof of Korovkin’s theorem.

2. Choquet boundaries and linear isometries. Suppose that M is
a subspace of the Banach space C(X) (resp., Cr(X)) and I" a subset of X.
We say that I' is a boundary for M if there exists 2’ € I" such that

[f @) =[If] = sup | f(z)|
zeX

for any f € M.
For x € X, the evaluation Tps(x) at x is defined by

r(@)(f) = f(x) for any f € M.
Tar(x) is in the closed unit ball By« of the dual space M* of M. It is known
that

Oy ={z € X : 7y(2) € ext B+ } = 75, (ext Bay+)
is in fact a boundary for M, where ext B/ means the set of all extreme

points of Bj«. Following Novinger [10], we call ITy; the Choquet boundary
for M. If M is unital, then this notion coincides with the set of H-extremal
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points due to Bauer [3], [4], and was called the Choquet boundary by Bishop
and de Leeuw [6] (see Notes and references to Section 2.6 of [1] for more
historical aspects).

Furthermore, we have the following lemma that generalizes the so-called
Arens—Kelley theorem [2]:

LEMMA 2.1. Let M be a subspace of C(X) (resp., Cr(X)). Then
ext By« = Ty (Ipy) = {Am(z) : A €T, z € Iy}
where T is the torus in the complex plane C (resp.,
ext By« = g (L pr) U —7ar(Iay)).
The following proof is valid for both the real and complex cases.

Proof. We suppose that the closed convex hull of the set TTp(X) =
{Ap(x) : A €T, x € X} is properly contained in Bjps«. Then there exists
an f € M such that

sup Re(Aar(2)(f)) < sup Re(p(f)),
AET, zeX PEB )+

which yields the strict inequality sup,c,, |f(z)] < ||f]|, a contradiction. So
the closed convex hull of T7/(X) coincides with the ball Bj«. It follows by
the Milman theorem that the set ext By« is contained in Ty (X). Hence
we conclude that ext Bys= = Tras(Ip). =

For a subspace M of C(X) (resp., Cr(X)), we denote by I'ys the closure
ﬁ M of I M-

We say that a subspace M of C(X) (resp., Cr(X)) is a complex (resp.,
real) function space on X if M is unital, that is, the constant function 1 is
in M, and separates points of X, that is, given any pair of distinct points
x,2’ € X there is an f € M such that f(z) # f(«’). Any function space M
has a smallest closed boundary Xy, which in fact is Iy, called the Shilov
boundary for M.

Essential to our considerations is a characterization of Choquet bound-
aries for function spaces, given in Theorem 2.2.6 of Browder [7] (see also
Theorem 4.2.11 in [13]):

LEMMA 2.2. Let M be a function space (either complex or real) on X
and ' € X. Then a’ € II; if and only if, for any «, 5 € (0,00) with o < 3
and any open neighborhood U of ', there exists a function f € M such that

Ref <0, Ref(z)<—-8 forzeU Ref(a)>—a.

We say that a subspace M of C(X) is self-conjugate if f € M whenever
f € M. It is obvious that if M is a subspace of C(X), then

M+M={fi+f2: fi,fo € M}

is self-conjugate. We prove
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LEMMA 2.3. If a subspace M of C(X) is unital, then
Mz pp = 1
Proof. First we consider the case where M is a function space. Suppose

that ' € IIj;, 5. Then, for any o, € (0,00) with o < 8 and any open
neighborhood U of 2/, there exists a function f € M + M such that

Ref <0, Ref(z)<—8 forzeU® Ref(z')>—a.

So, we have functions f1, fo € M such that f = f; + fo. Put g = f1 + fo.
Then g € M. We have Reg = Re f, and so g satisfies

Reg <0, Reg(z)<-p forxelU® Reg(x)>—a.

This shows that x' € ITj;. Thus we get the inclusion Iyr o C - The
opposite inclusion is obvious.

Next we prove the general case. We introduce an equivalence relation
~jr on X by

r~yx & f(z)=f(2') forany fe M
& (f1+ f2)(@) = (f1 + f2)(a") for any f1, f> € M.
We denote by X/~ the quotient space of X by ~ s, which is a compact
Hausdorff space, and by ~ the canonical map from X onto { [~ M- Further-
more, we define, for any f € M+ M, a continuous function f on X = X/~
by

~

f(@) = f(z) forxeX.

Then M becomes a function space on X. Since (M + M) = M+ M, we
have

Mz p =T sane =\ T = s m
A complex function space M on X is called a function algebra on X if M

is uniformly closed, and, at the same time, is an algebra. A function algebra
version of Lemma 2.2 is the following:

LEMMA 2.4. Let M be a function algebra on X and ' € X. Then
x' € Iy if and only if, for any o, B € (0,1) with o < 8 and any open
neighborhood U of o', there exists a function f € M such that

fI<1 on X, |f@)l<a forzeUs, |f@@) >4

We refer to Theorem 2.3.4 of Browder [7] (and Theorem 4.3.4 of [13], cf.
[5] and [6]).
LEMMA 2.5. Let M be a complex (resp., real) function space on X, ¢ a

linear isometry from M into C(Y) (resp. Cr(Y')), and N the image of M
under ¢. Then there is a unique continuous map n from I'y onto Xy; such
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that
o(f)y) = d()(y)f(n(y)) foryeI'n and f € M.

Furthermore,

oW (y)| =1 (resp. ¢(1)(y) =1 or —1) fory € I'n,
and m carries I onto Ilyy.

Proof. Let y € IIy. Since ¢ is a linear isometry, ¢*(7n(y)) is in ext By«
and must be of the form Arys(z), A € T, x € IT). So, ¢(f)(y) = Af(x) for
any f € M. In particular, ¢(1)(y) = A. Hence, ¢(f)(y) = ¢(1)(y)f(y) for
any f e M.

We consider the set P of all (z,y) € X x Y such that

() = ¢()(y)f(x) for any f e M.

What we have shown means that IIy is contained in the set
{y €Y :(x,y) € P for some x € II}.

Since P is compact, it follows that Iy is contained in the set of all y € Y
such that (z,y) € P for some x in X);.

Since M separates points of X, the restriction 7y-|p to P of the projection
my of X XY on Y is one-to-one, and its image contains I'ny. So we can define
the map n from I'y into X by

n=mxo(my|p) ",
where 7 is the projection of X x Y onto X, and P’ the set of all (z,y) € P

with y € I'y. It is continuous because both 7y and (7y|p/)~! are continuous.
It is clear that

o(f)y) =o()(y)f(n(y)) forany f€ M andy € I'n.

Since, as above, II;, X are contained in the sets of x € X such that
(z,y) € P for some y € Iy, I'y, respectively, we have n(I'y) = Iy and
n(Iy) = IIp;. It also is clear that |¢(1)(y)| = 1 for any y € 'y, and that
the map 7 is uniquely determined. =

3. Pointwise approximations. We say that a linear map ¢ from a
subspace M of C(X) (resp., Cr(X)) into C(Y) (resp., Cr(Y)) is a contrac-
tion if ||¢|| < 1; that a linear map ¢ from a unital subspace M of C(X)
(resp., Cr(X)) into C(Y) (resp., Cr(Y)) is unital if ¢(1) = 1; and that
a linear map ¢ from a unital self-conjugate subspace M of C(X) (resp.,
Cr(X)) into C(Y) (resp., Cr(Y")) is positive if ¢(f) > 0 whenever f > 0.

LEMMA 3.1 ([11]). Any unital linear contraction from a unital subspace
of C(X) (resp., Cr(X)) into C(Y) (resp., Cr(Y')) is necessarily positive.



136 T. Hachiro and T. Okayasu

LEMMA 3.2. If ¢ is a unital linear contraction from a unital subspace M
of C(X) (resp., Cr(X)) into C(Y) (resp., Cr(Y')), then ¢ uniquely extends
to a positive linear map ¢ from M + M into C(Y) (resp., Cr(Y)).

Proof. For any f,g € M, we put
O(F +9) = o(f) + ¢l9)-

It is easy to see that qg is well defined and positive. In fact, for any y € Y, by
the Hahn—Banach extension theorem, ¢*7n(y) extends to a linear functional
o on M + M with ||o|| = 1. Since g is unital, o must be positive. So, o is
self-adjoint. Thus, for f,g € M with f+¢g>0andy €Y,

S(F+9)(w) = ()W) +(9)(y) = o(f) +elg) = o(F) +olg) = o(f +9) > 0.
Hence gg(f +g) > 0. It is clear that ¢~5 must be unique. =

THEOREM 3.3. Let M be a subspace of C(X) (resp., Cr(X)), S a func-
tion space on X contained in M, {¢,} a sequence of unital linear contrac-
tions from M into C(Y) (resp., Cr(Y)), oo @ linear isometry from M into
C(Y) (resp., Cr(Y)), and assume that IIy C II7, where

N:Span( U Nn), Ny = (M) (n=1,2,...,00), T =oo(S).

1<n<oo

If {&n(f)} converges pointwise to ¢oo(f) for any f € S, then {¢n(f)} con-
verges pointwise to ¢oo(f) for any f € M.

We only give the proof for M being a subspace of C'(X). The argument
for the other case is even simpler.

Proof. Let ¢ be represented, via Lemma 2.5, by a continuous map 7
from I'p onto XYy as

boo(f)(y) = f(n(y)), vy € I,

for any f € S. Take f € M and e > 0. Put F = f® 1 —-1® f. This is
a continuous function on X x X, and assumes the value 0 on the diagonal
Ax ={(z,z) 1z € X} of X x X. So, there exists an open neighborhood U
of Ax such that |F(z,2')| < e for (z,2') € U.

Let v/ € IIp and ' = n(y’). Then 2/ € IIg. Thus we have an open
neighborhood Vs of x’ such that V,, x V,y C U. By Lemma 2.2 we can find
[y € S such that

Refy >0 onX, Refy>1 onVy, Refy(a)<e.
Put Fy/ = fy/ RT+1T® fy/. Then
ReFy >0 onX xX, ReFy>1 on(VxVy)" DU
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So, [Re F| < ||F|| < ||F||Re Fyy on U¢, and hence, |Re F'| < e+ [|F| Re Fy,
that is,

—(e+ ||F||ReFy) <ReF < e+ ||F||Re Fy
on X x X. Therefore, since $n ® 500 is positive,
(60 ® 6o (e + [FI Re Fy) < (60 © doc)(Re F)

So, we have

Reon() ~Reoulr)
= ’Re(¢n®¢oo)(F)| = |(¢n ®¢oo)(ReF)‘

< (60 ® 6oc)(e + || Re Fyy) = & + | F[(6n ® poo)(Re Fy)
=&+ [[Fl[Re(dn ® ¢oo)(Fy) = € + [ Fl[(Re(dn(fyr) + doo(fyr)))
< e+ [[FI(I¢n(fy) = doo(fy )| + 2Re doo(fiy)),

which implies that, for any sufficiently large integer n,

[(Re dn(f))(Y) — (Redoo () (%)
< e+ [IF[(1on(fy)(y) — doo(fy) (¥ + 2Re fy(2))
< e+ ||Fl(e +2¢) = (1 + 3| F|))e.

Hence, {Re ¢,,(f)} converges pointwise to Re ¢oo(f) on IIp. By replacing f
by —if, we may see that {Im ¢, (f)} also converges pointwise to Im ¢ (f)
on ITp. Therefore, {¢,,(f)} also converges pointwise to ¢oo(f) on IIp.

Now we denote by ~ the canonical map from Y onto Y/~y. Then it
is obvious that {¢n(f)"} converges pointwise to ¢oo(f)" on Iy = {7 :
y € I}

By the Bishop—de Leeuw theorem ([6, Section V], see also [12, Section 4],
for any y € Y there exists a positive measure p on the o-ring of subsets of
Bpg. generated by ext B, and the Baire subsets of B, that represents
and satisfies M(BN*) = 1. Since ext Bg. =TIl C ’]I‘ﬁT, we conclude, by
the Lebesgue dominated convergence theorem, that for any f € M,

Su(N) ) = (N @) = 75@) (6a(N)) = | 6u(f)" dp

B«

— | Goo() di =5 (@) (¢oo(£)") = TN (1) (Poo(f)) = doo(f)(¥)

Bgs

as n — o0o. Thus the proof is complete. =
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4. Uniform approximations. Next we state the following

THEOREM 4.1. Let M, S, {én}, ooy Np (n=1,2,...,00), Noo, N, T be
as in Theorem 3.3. If {on(f )} converges umformly to ¢oo(f) for any f € S,
then {pn(f)} converges to ¢oo(f) uniformly on any compact subset of Il
for any f € M. In particular, if in addition Iy is compact, then it follows
that {én(f)} converges uniformly to ¢oo(f) for any f € M.

Just as for Theorem 3.3, we only give the proof of the complex case.

_ Proof. Let again ¢ be represented by a continuous map n of I'r onto
Ilg as
Po()y) = f(n(y)), ye€llr,

for any f € S. Take f € M, K C IIy compact, 4’ € K, and £ > 0. Put
F=f®1-1® f and 2’ = n(y’). Then, as in the proof of Theorem 3.3, we
have an open neighborhood V,s of 2/ and a function f,, € S such that

Refy, >0 onX, Refy>1 onVy, Refy(a)<e.
It follows that
[Re ¢ (f) — Re doo ()] < &+ [[Fl[(I¢n(fy) = Poo(fyr)] + 2Re doo(fy))-

Since K is compact and the family of open neighborhoods

Wy ={y €Y :Redoo(fy)(y) < e}

of y' € K covers K, we can find a finite number of points y3,...,y, in K
such that K C U1<k<p Wy . So, for any y € K, we can find a k with y € Wy
and have

|(Re dn(f))(y) — (Re oo () (y)]
< e+ [1F[(1on(fy ) () = Poo(fyy ) ()] 4+ 2Re doo (fy ) (1))

< e+ [Fll(lon(fy) = Poo(fy )l + 2€)

= [1#1 max [6n(fyy,) = Poo (S ) + (1 + 2] F[|)e.

Applying the above to —if = g in place of f, we find functions gy, ..., gy
€ S such that for any y € K,

[(Im ¢n (£))(y) — (Im goo () (y)]
< [(Re dn(9))(y) = (Re ¢oo(9))(y)]

< 1P 38 6a(930) — el + (14 21F e
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Therefore we have, for any sufficiently large integer n,

< [FCmax (|gn(fy) = doo(fy )l + max [[én(gyy) — doolgyy)ll)

1<k<p 1<I<q
+2(1+2||F|)e
< 2IF| +2(1 +2(1F]]))e = 2(1 + 3| F|))e.

This shows that, for any f € M, {¢,(f)} converges uniformly on K to
®oo(f). Thus the theorem is proved. m

5. Approximations in norm. In this section, we will state a theorem
of Korovkin type on the convergence in norm, parallel to Theorems 3.3 and
4.1, under the assumption, however, that S is a function algebra:

THEOREM 5.1. Let M, S, {¢n}, ooy Np (n =1,2,...,0), Noo, N, T
be as in Theorem 3.3, with the additional assumption that S is a function

algebra. If
[6n = doclls = sup  [¢n(f) = doo(f)l

fes Ifl<t

converges to 0 as n — oo, then

||¢n_¢oo||M = sup ’qbn(f)_gboo(f”

feM, |IflI<1
converges to 0 as n — 00.

Proof. Let ¢ be represented, via Lemma 2.5, by a continuous map 7
from I7 onto Xg as

boo(f)(y) = f(n(y)), wvelr,

for any f € S. Take f € M and ¢ > 0 sufficiently small. Put FF = f® 1 —
1® f. This is a continuous function on X x X and assumes the value 0 on
the diagonal Ax = {(z,z) : © € X} of X x X. So, there exists an open
neighborhood U of Ay such that |F(z,2')| < ¢ for (z,2') € U.

Let 3y € I and 2/ = n(y’). Then 2/ € ITg. We have an open neighbor-
hood Vs of 2’ such that V,» x Vy C U. By Lemma 2.4 we can find g, € S
such that

lgy| <1 on X, |gy(z)<e forzeVy, |gy(a)]>1-c.
Put fy =1— e ?g, with § = arg g,/(z'). Then
2>Refy >0 onX, Refy>1—-c onVy, Refy(a)<e
Put next Fyy = f,y ® 1+ 1® f,. Then
ReFy>0 on X xX, ReFy>1-¢ onU".
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So,
[Re F| < ||F| < HFH ReF on U¢,
and hence,
[ReF| <e + HFH R eFy,,
that is,
< H H ReF )SRnge—l—lHi_HeRer/

on X x X. So, since qgn ® ggoo is positive,
-~ - F -~ -
(60 © ) (24 1L ReFy ) < (50 @ o) (o F)

< (an ®$oo) <5 + l’i_[Rer/>.

Hence, we have

|Re¢n(f) - Re¢oo(f)| = |Re(¢n ® ¢oo)(F)| = |(€gn ®€goo)(ReF)|
S (¢~5n & ¢~Soo) (E + 1’i—Hg Rer/> = —|— H H (an & QZ)OO)(Rer/)

L PR L

(Re(¢n(fy )+ ¢00(fy )

<€+ (‘an(fy ¢Oo<fy/)‘+2Re¢00(fy/))’

which implies that, for any sufficiently large integer n,

[(Re ¢ () (1) — (Re ¢ (£)) ()]
IIFH

< et L (60050 0) — b)) + 2R fy )
<e ”F” L (lon — sl +22) < S AL
_a JES_HfH)e’

since in fact ||F|| < 2| f].
Replacing f by —i¢f in the above, we have, for any sufficiently large
integer n,

(1 + 8 flDe

1—¢

|(Tm ¢ () (') = (Im oo () ()] <
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and so,
[0 — boollrr = sup 60 (F)(Y) = bos(f) ()]
feM |IflI<l,y'€lly
9e 18¢
<2- = .
- l1—¢ 1-—¢

Therefore, we conclude that ||¢n, — doollar — 0 as n — oo, and the proof is
complete. m

6. Applications. Let M be a complex (resp., real) function space on
X. Then it may be seen from Lemma 2.2 that, if for any 2’ € X, there is an
f € M such that

Re f(z') =0 < Re f(z) for any z € X distinct from 2/,

then the Choquet boundary ITy; for M coincides with X.
So, from Theorems 3.3 and 4.1, we have the following

COROLLARY 6.1. Let S be a complex (resp., real) function space on X,
{pn} a sequence of unital linear contractions from C(X) (resp., Cr(X)) into
C(Y) (resp., Cr(Y)), and ¢ a linear isometry from C(X) (resp., Cr(X))
into C(Y') (resp., Cr(Y)). Assume that for anyy' € Y, there is a g € ¢oo(S)
such that

Reg(y') =0 < Reg(y) for anyy €Y distinct from v .

If {dn(f)} converges pointwise to ¢oo(f) for any f € S, then {p,(f)} con-
verges pointwise to ¢oo(f) for any f € C(X) (resp., Cr(X)). The statement

s also true with “converges pointwise” replaced by “converges uniformly”.

Corollary 6.1 gives us some new theorems of Korovkin type. Here we
recall theorems due to Volkov [14] (cf. p. 245 of [1]) and to Morozov [9].
The former asserts that if {¢,} is a sequence of positive linear maps from
Cr(£2), £2 a compact subset of RP, into itself, {¢,,(:°)} converges uniformly
to 12, {¢n(tx)} converges uniformly to ¢z, where

Ox) =1, )=z, forz=(z1,...,7,) €N (k=1,...,p),

and {¢,(D>_h_, 17)} converges uniformly to ¥ _; ¢, then {¢y(f)} converges
uniformly to f for any f € Cg(2); the latter asserts that if {¢,,} is a sequence
of positive linear maps from the Banach space Cg(RP)2, of real-valued con-
tinuous functions on RP of period 27 in each variable z1,...,z, into itself,
{6 (t”)} converges uniformly to ¢, {¢,(cos;)} converges uniformly to cosy
and {¢n(sing)} converges uniformly to sing, where

L(x) =1, cosg(z) = cosxy, sing(z)=sinz, for z = (z1,...,2,) € RP

(k=1,...,p), then {¢,(f)} converges uniformly to f for any f € Cr(RP)a,.
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COROLLARY 6.2. Let {¢,} be a sequence of unital linear contractions
from C(82) (resp., Cr(£2)) into itself, and ¢oo a linear isometry from C(12)
(resp., Cr(2)) into itself which satisfies

P p
Do) =10 doelr) =t (h=1,.p), oY) =D
k=1 k=1
If {00 (10)} converges pointwise to 10, {¢n (1)} converges pointwise to 1y, (k=
1,...,p), and {¢n(3_F_, )} converges pointwise to > F_ i3, then {¢n(f)}
converges pointwise to f for any f € C(£2) (resp., Cr(§2)). The statement
s also true with “converges pointwise” replaced by “converges uniformly”.

COROLLARY 6.3. Let {¢,} be a sequence of unital linear contractions
from the Banach space C(RP)2, (resp., Cr(RP)ar) of complez-valued (resp.,
real-valued) continuous functions on RP of period 2m in each wvariable

Tl,..., Ty into itself, and let poo be a linear isometry from C(RP)ay, (resp.,
Cr(RP)9r) into itself which satisfies

Doo(10) =10, poo(cosy) = cosp,  Boolsing) =sing,  (k=1,...,p).
If {¢n(0)} converges pointwise to i, {¢,(cosy)} converges pointwise to cosy,
and {¢n(sing)} converges pointwise to sing (k =1,...,p), then {¢,(f)} con-
verges pointwise to f for any f € C(RP)a, (resp., Cr(RP)a,). The statement
s also true with “converges pointwise” replaced by “converges uniformly”.

We denote by A(T) the function algebra on T = {z € C : |z| = 1}
consisting of the complex-valued continuous functions on T which extend
to continuous functions on the closed unit disc D = {z € C : |z| < 1} and
are analytic on its interior. It is known that the Choquet boundary IT (T
of A(T) is the torus. So, from Theorem 5.1, we have the following

COROLLARY 6.4. Let {¢,} be a sequence of unital linear contractions
from C(T) into itself, and ¢oo a linear isometry from C(T) into itself. If
”¢n_¢w”A(T) = sup ‘(bn(f) _¢oo(f)’
FEA(T), IflI<1
converges to 0 as n — 00 (S0, ¢ is an algebra-isomorphism), then
HQZ)n _¢oo||C(T) = sSup |¢n(f) _Qboo(f)|
fec(m), lIfl<t
converges to 0 as n — 0.
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