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On monotonic functions from the unit interval into
a Banach space with
uncountable sets of points of discontinuity

by

ARTUR MICHALAK (Poznan)

Abstract. We say that a function f from [0, 1] to a Banach space X is increasing with
respect to E C X ™ if %o f is increasing for every z* € E. We show that if f : [0,1] — X is
an increasing function with respect to a norming subset E of X* with uncountably many
points of discontinuity and @ is a countable dense subset of [0, 1], then (1) lin{f([0,1])}
contains an order isomorphic copy of D(0,1), (2) lin{f(Q)} contains an isomorphic copy
of C([0,1]), (3) lin{f([0,1])}/lin{f(Q)} contains an isomorphic copy of co(I") for some

uncountable set I", (4) if I is an isomorphic embedding of lin{f([0,1])} into a Banach

space Z, then no separable complemented subspace of Z contains I(lin{ f(Q)}).

Throughout the paper, X will be a real or complex Banach space and
X* its topological dual. We say that a function f : [0,1] — X is increasing
with respect to a subset E of X* if * o f is increasing (= nondecreasing)
for every z* € E. Throughout, we will assume that E is a norming subset
of X* (i.e. there exist constants C' > ¢ > 0 such that c||z| < sup{|z*(z)] :
x* € E} < CJjz|| for every x € X). Every increasing function from the unit
interval into a Banach lattice F' is increasing with respect to the positive
part of the unit ball of F*. Consequently, the definition covers all natural
examples of increasing functions. On the other hand, we can consider an
increasing function with respect to E as an increasing function taking values

in C(E" ). We study the properties of monotonic functions f : [0,1] — X
with uncountable sets of points of discontinuity.

Real monotonic functions on [0, 1] have countable sets of points of discon-
tinuity. However, not all monotonic functions from [0, 1] into Banach lattices
have this property (see [7], [3]). A Banach lattice F' is said to have prop-
erty (A) if every increasing function from [0, 1] into F' has only countably
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many points of discontinuity. The study of properties of Banach lattices with
property () was initiated by B. Lavri¢ in [7]. He showed that a o-Dedekind
complete Banach lattice has property (A) if and only if it does not contain
any lattice copy of [*°. L. Drewnowski [3] observed that the space D(0, 1)
of all scalar left continuous functions on (0,1] with right limits on [0, 1),
equipped with the supremum norm, contains no isomorphic copy of [*° and
the function f : [0,1] — D(0,1) given by f(a) = X[0,q] is discontinuous at
every point. This shows that the space [*° does not play a crucial role in the
theory of monotonic functions on [0, 1] taking values in Banach lattices with
uncountable sets of points of discontinuity, and simultaneously directs our
attention to the space D(0,1). We show that property (\) and the fact that
a Banach lattice does not contain any order copy of D(0,1) are equivalent
(see Theorem 4(c)).

Preliminaries. We denote by C(K) the Banach space of all scalar con-
tinuous functions on a compact Hausdorff space K endowed with the supre-
mum norm. For a given set I' the Banach space of all functions z : I' — C
such that the set {y € I" : |x(vy)| > €} is finite for every € > 0 equipped with
the supremum norm will be denoted by ¢o(I"). Moreover, the unit ball of a
Banach space X will be denoted by Bx and the weak* topology of X™* by w*.
For other notations and terminology the reader is referred to [12] and [5].

The Helly space H consists of all nondecreasing functions z : [0, 1] —
[0, 1] and is equipped with the pointwise convergence topology. It is compact,
Hausdorff, separable and first countable (see [6, p. 164]). For a € [0, 1] we
denote by 7, : H — [0, 1] the function given by 7,(z) = xz(«). As observed
by Drewnowski, these natural projections lead to an increasing function.

ExXAMPLE. Let H be a closed subset of the Helly space. The function
f:10,1] — C(H) given by
fla) =mq

is increasing.

A fundamental role in our considerations is played by the next theorem.
It shows that every increasing function in our sense generates a closed subset
of the Helly space, and the properties of the function are determined by
the set. More general results on relationships between increasing functions
taking values in general order metric spaces and the topology of Helly-like
spaces can be found in [4].

THEOREM 1. Let f :[0,1] — X be an increasing function with respect
to a norming subset E of Bx« such that f(0) = 0 and ||f(1)|| = 1. Let
Hy = {a*of : 2" € E" } be equipped with the pointwise convergence
topology. Then
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(1) Hy is a closed subset of the Helly space,
(2) if Y is the closed linear hull in C(Hy) of the functions mq for o €
[ 1], then there exists a positive isomorphic embedding I : Y — X such that
f(a) = I(ma) for every a € [0, 1], where the order in X is generated by E,
(3) moreover, the following assertions are equivalent:

(a) the function f has countably many points of discontinuity,
(b) the space Hy is metrizable,
(c) the function f has separable range.

Proof. Let &5 : (E° ,w*) — H be given by @;(z*) = z* o f. Tt is clear
that @ is continuous. Thus Hy is a closed subset of the Helly space. Since

E is norming, the operator S : X — C((E” ,w*)) given by S(z) = | e

is an isomorphism. Let R : C(Hf) — C((E” ,w*)) be the isometry given
by R(h) = ho ®y. Then R(m,)(z*) = 2*(f(a)) = S(f(a))(z*) for every

2* € EY . Hence R(mo) = S(f()) for every a € [0,1]. The operators
R and S are isomorphic embeddings. Moreover, = is a positive element of

X if and only if S(z) is positive in C((E" ,w*)). Therefore the operator
I= S‘l\S(X) o R|y is a positive isomorphic embedding.

(a)=(b). Let A¢ be the set of all points of discontinuity of f. Then
the set of all points of discontinuity of elements of H; is contained in Ay.
Therefore the functions 7, for o € Ay UQ separate points of Hy. Since Hy
is Hausdorff and compact, it is metrizable.

The implication (b)=-(c) is a straightforward consequence of (2) and the
fact that the space C(Hy) is separable.

(c)=(b). Suppose that f(]0,1]) is separable. Let V be its closed linear
hull. Then the function f : [0,1] — V given by f(a) = f(a) for every
a € [0,1] is increasing with respect to the norming weak* compact subset

{2*|V :2* € E” } of V* The set is metrlzable in the weak™ topology of V*

and @ ({z*|V 1 2" € E” }) @(E” ) Consequently, Hy is metrizable.

(b) (a). Let Ds be the set of all points of discontinuity of elements
of Hy. A subset of H is separable and metrizable (not necessarily closed)
if and only if the set of all points of discontinuity of all members of the
set is countable (see [8, Prop. 2]). Thus Dy is countable. If 3 ¢ Dy and
(Br) is an increasing (or decreasing) sequence in [0, 1] converging to 3, then
the sequence (7, ) of functions converges to g pointwise on H¢. Since the
mg, are continuous on H, the convergence is uniform by the Dini theorem.
Then the function g : [0,1] — C(Hy) given by g(«) = 7, is continuous on
[0,1] \ Ds. An appeal to (2) completes the proof.

An important role in our considerations is played by the subset L =
{r € H: z([0,1]) € {0,1}} of H. The space L is homeomorphic to the
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classical two-arrow space with two isolated points added. Consequently, it is
Hausdorff, compact, sequentially compact, hereditarily separable and hered-
itarily Lindelof (see [5, p. 270]). Note also that C'(LL) is order isomorphic to
D(0,1).

Fact 2. If H is a closed nonmetrizable subset of H, then there exists a
separable subset of H with nonmetrizable closure.

Proof. Let Q be a countable dense subset of [0,1]. Let Iy be the set of
all v € [0,1] \ @ such that there exist xg,z1 € H with z¢(a) = x1(«) for
every a € @ and xo(7y) # z1(7). The family of functions 7, for « € QU I}
separates points of H. Since H is nonmetrizable, the set I} is uncountable.
Then there exist 0 < a < b < 1 and an uncountable subset I3 of I such
that for every v € Iy there exist ], 2] € H with z{(a) = 2] (a) for every
a€@and zf(y) <a<b<z{(y). Let ¢ : [0,1] — [0,1] be a continuous
nondecreasing function such that 1([0,a]) = {0} and ¥([b,1]) = {1}. Let
¥ H — [0,1)1%1 be given by

U(x)=1oux.

The set ¥(H)NL is closed, uncountable (consequently, nonmetrizable) and
separable. A standard argument completes the proof.

In what follows we will also need the following well known result (a dual
result for L' is well known; see [2, p. 211]).

Fact 3. Let (e,) be a sequence in a Banach space X such that

(1) e, = eapn + €any1 for every n,
(2) there exist constants 0 < ¢ < C such that for any scalars agn, ...,
Qon+1_1,
n4+1_

¢ max ]aklgH Z akekHSC max |ag|.
2n<fk<2ntl h—on 2n<fk<2ntl

Then X has a subspace isomorphic to C([0, 1]).
We present the proof for the convenience of the reader.

Proof. Let A be the Haar measure on A; = {—1,1}". For every n € N
and 0 < k < 2™ —1 let

Agnip = { () € (=111 s jy =g for 1=1,...,m

where Z G 4 1) = k}
=1

The sets Agn,..., Agni1_; are pairwise disjoint, clopen in {—1,1}" and
AgnUAg, 11 =A, for every n € N. It is clear that x 4, belongs to C'({—1, 1})
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and for every agn,...,a9n+1_1 € C,
ontl_q
E arX A = max ag|.
H e X 2"§k<2”+171’ |

Let T, : C({-1,1}") — X and S,, : C({-1,1}Y) — C({-1,1}") be the
linear operators given by

27L+1 1 27L+1 1
= D ey VS S((D= ) xAkAAk) SfdA.
k=2n Ak k=2n

It is clear that ¢S, (/)| < [Ta(A) < ClIS ()] and cllSu£(f) — Sul D]l <
1Tk — TulF) < ClSusall) — Sul£)] for all n.k € N. Sinee f =
lim,, S,,(f) for every f € C({—1,1}Y), the operator T : C({-1,1}Y) — X
given by T'(f) = lim,, T,,(f) is an isomorphism. An appeal to the Milyutin
theorem completes the proof.

Main results. For v € [0,1] and s € {0,1} we denote by y? the follow-
ing element of H:
0 ifa<n,

yi(a) =9 s ifa=r,

1 ifa>~.
For a closed subset I" of [0,1] we put Lp = {yY : v € I, s € {0,1}}. Then
L = Lig,1]- It is easy to see that the map m : L. — [0, 1] given by m(y]) = v
is continuous. Consequently, L.y is a compact subset of I for every closed

subset I" of [0,1]. For any 71 < ... < v, in I" and ¢1,...,9n, gn+1 € C we
have

n
gn+1 + Zgﬂw oL
. r
n n+l

H (Z g’)ﬂ“ + Z<Z ) yy = Tyica) + G (1= ,)

=2 j=t

’C(]Lp)

n+1

:max{‘Zgj’ :izl,...,n—i—l}.

Moreover, the function g, +1+ Y., giT, is nonnegative on L if and only
if mm{zi:j gi:j=1,...,n+1} > 0. Applying the fact that on L,

{ Ty, iy <y,

Ty, Ty = .

Y12 7_‘_’)/2 lf ’Yl Z 727

and the Stone—Weierstrass theorem, we find that the closed linear hull of
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{my iy € I'tU{1} in C(Lr) coincides with C'(Lp). Therefore, if p : I} — I
is an increasing function, then the operator M, : Ly — Lp, given by
M (my) = T4(+) has a continuous extension. If additionally ¢ is surjective,
then selecting exactly one element () in ¢~ !(v) we see that the subspace
lin{myy) : v € I'o} of C(Lp,) is order isometric to C(IL, ). The fundamental
properties of monotonic functions f : [0,1] — X are gathered in the theorem
below. Part (b) of the theorem is closely related to H. Corson’s result that
the quotient space D(0,1)/C([0, 1]) is isomorphic to ¢o([0, 1]) (see [1]).

THEOREM 4. If there exists an increasing function f : [0,1] — X with
respect to a norming subset E of X* with uncountably many points of dis-
continuity, then

(a) the closed linear hull of f(Q) contains a subspace isomorphic to
C([0,1]) for every countable dense subset Q of [0,1],

(b) for every countable dense subset Q) of [0,1] the quotient space
X/lin f(Q) has a subspace isomorphic to co(I") where I' is an uncountable
set,

(c) there exists a positive isomorphic embedding of C(L) into the closed

linear hull of f(]0,1]).

Proof. We can assume that f(0) =0, ||f(1)|| =1 and E C Bx-. Let Hy
be the closed nonmetrizable subset of H associated with f as in Theorem 1.
Let @ be a countable dense subset of [0,1]. Let Iy be the set of all v €
[0,1] \ @ such that there exist zo,z1 € Hy with zg(a) = z1(«v) for every
a € @ and xo(y) # x1(7). The family {7, : « € Q U I'1} separates points
of Hy. Since Hy is nonmetrizable, the set I} is uncountable. Thus there
exist 0 < a < b <1 and an uncountable subset Iy of I such that for every
v € I there exist z],z] € H with z(a) = z](a) for every a € @ and
zd(7) < a < b<z](y). For every v € I'; there exists §, > 0 such that

w3y +6,) = lim of(0)+ lim af(a) ~af(y - 6,) < C.

where C = (b—a)/2 in the proof of (a) and (b), and C = (b—a)?/8 in
the proof of (c). It is clear that there exists an uncountable subset I'5 of I
and 0 > 0 such that ¢, > ¢ for every v € I's. Since [0, 1] can be covered by
finitely many intervals of length §, there exist 0 < c<d <1 withd—c<§
such that the set I'y = I'3N (¢, d) is uncountable. At this point we divide the
proof into three parts.

(a) Let P = {k/2" : n € N, k = 0,...,2"}. Since Iy is uncountable,
there exists a strictly increasing function o : P — @ N (¢, d) such that the
interval (o(s),o(t)) contains uncountably many elements of Iy for every
s,t € P with s < t. Let

€antk = TMo((k+1)/2n) — To(k/2n)
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and let w(n, k) be a member of I'yN (o (k/2"),0((k +1)/2™)) for every n € N
and k=0,...,2" — 1. Then for gan,...,gon+1_1 € Cand j =0,...,2" — 1,

n+1_

H Z gkekH = ‘ Z 92r k(Mo ((k+1)/20) — Wg(k/gn))(xg(”’j))‘

> (b— a)|92"+g|

w(n.j) k+1 w(n.j) k
- s bl (a5 (o (55 ) -2 (o
J

2 (b= a)lgznps| = max |gonil(@g(d) a_ml}i(mw)erB’("’J) (a)
+ lim $0( ’])(a) —z3(c))
a—w(n,j)—
1
= (b—a){ |g2n4j] — 2 o?%én g2 +k] |-
Hence
ontl_g
H Z kek” 2n<1};l<2n+1 |gk’

It is clear that

2n+1
kekH max k|-
H kzn g 2n<k<2ntl ‘g ’

In view of Fact 3 and Theorem 1 the closed linear hull of f(Q) contains a
copy of C([0,1]).

(b) Let U be the closed linear hull of {7 : v € Q} in C(Hy). Denote
by L : C(Hyf) — C(Hy)/U the quotient map. We show that the closed
linear hull of L(7,) for o € I'y is isomorphic to co(Iy). Let y1,...,v, € Iy
and ¢g1,...,9, € C. We can assume that 0 < v; < ... < 7,. Applying the
fact that 2max{|r + s|,|r + t|} > |s — t| for any r,s,t € C, we get, for all
at,...,ap €Q, hy,....,hy eCand j=1,...,n,

g (S = S Y| = s [3 a0 = S 0

> 2Jostat () — 23 (o) + 3 aula () — 3 ()|
i#]
S (0= a)lgs ~max gl (@)~ lim P(r)~ Tim_a'(r) ~ ' (c)))

2 i#£] —y+ T —

b—a 9] 1 g1
i| — =z max|g;| |-
2 9j 2 i#j g

v

v
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Hence
—a
HL(Zm)H > = s Lol

On the other hand, if 3, € Q and §; < v; < Bi41 fori=1,...,n— 1, then
(2 oim )| < ma (E oim = 3 aems )

< Z|gz z(v;i) — z(B8;)) < max |gz|z z(vi) — z(3:))

1<i<n

<
11??<Xn 193l

Thus we show that the vectors L(my) for v € I'y span a copy of ¢o(I}) in
C(Hyf)/U. An appeal to Theorem 1 completes the proof of this part.

(c) Let I be the closure of Iy in [0,1]. Let (0,1) \ I's = U, —; (an, Bn),
where distinct intervals from the sequence ((av,, 8,)) are disjoint. For every
v € I's\ ({8 : n € N}) there exists an increasing sequence of elements of I's
converging to -y and for every v € I'5\({ay, : n € N}) there exists a decreasing
sequence of elements of I'; converging to 7. Let z{ for v € I'\{,, : n € N} be
any cluster points of a sequence (z]") where (7,,) is an increasing sequence
converging to . The point 2] is an element of Hy, lim, ., 2] () < a,
z](y) > b and

IN

27 (d)— lim z/(a)+ lim z{(a)—2](c) < M:C.

a—y+ a—y— 8
Let zJ for v € I's \ {a, : n € N} be any cluster point of a sequence (zJ")
where (7,,) is a decreasing sequence converging to 7. The point zJ is an
element of Hy, zJ(7) < a, lima_.y4 2] (o) > b and

27 (d) — hm+z1( a) + hI’Iyl 2] (o) — 2] (c) < C.

There exists a subset I's of I'5N (¢, d) homeomorphic to the Cantor set and an
increasing continuous bijection b : {0,1}N — Is. Let I' = b({(e,,) € {0,1}V :
£9i—1 = €9; for i € N}). Let (0,1) \ I" = U, —,(0n,7n), where distinct inter-
vals from the sequence ((0,,7,)) are disjoint. The last step of the construc-
tion of I" implies that for every n € N there exists 7,, € I'5N(0n, 1, ) such that
zy™ and z{™ are elements of Hf. Let v1,...,7n € I'and g1, ..., 9n, gna1 € C.
We can assume that v; < ... < ,. Then

‘ gn+1 + Zgz Ty,
n n+1

H(Zgz)w% +Z(Zgﬂ) (T = Tyi 1) + g1 (1 — 7y,

=2 j=1

In+1 + Zgz 'yl

C(Hy) ‘ C(H)

‘C(H)
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n+1
:max{‘g gj‘:izl,...,n—}—l}:‘
j=i

n
gn+1 + Z GiT,
i=1

C(Lr)
Since I" is nowhere dense, there exist 73,,..., 7, such that 7, <v; <73,
forevery i =1,...,n. Then for [ =2,...,n,
‘ Gn+1 + ZQHT% 2 |Gnt1 + ZQNT%(ZF’)
i=1 CHy) i=1
n+1 n n+l
> |(39)mn (o) + D (D0 05) (s = i ) ) grpa (1=, ) (1)
i=1 =2 j=i
n+1 n+1 n+1
> (b—a)‘Zgj‘ —Cmax{‘Zgj‘ DA l,l,n—i—l} —a‘Zgi —(1=0)|gn+1]
j=l j=i i=1

and

>

) Tk1
c(H,) Z |9n+1 + Zglﬂ-%‘ (Zl )

i=1

n
gn+1+ Z GiT,
i=1

n+1
> b‘zgi
=1

n+1

—Cmax{|Y g i # Lo+ 1} = (1= Blgnsal,
=1

and

n
-
In+1 + Z GiT; (Zlkn+1 )
=1

nt1
—Cmax{’lz;gl‘ :z;él,n—i—l}.

n
In+1 + GiT, >
AR D] S

n+1
> (1= 0)lgusal — o> g
=1

If
G, b—a b—a
max{él‘;gi <G+T),4’gn+1’((1—b>+ 4 >}
n+1
gmax{‘Zgl‘:i#l,n—kl}(b—a),
=i
then
n n+1 b—a
‘9n+1+;9ﬂ7i C(Hf)ZmaX{‘;gl‘:i#l,n-l-l} 1
b—a .
> T .
= 4 ‘g"HJr;gﬂ% C(Lr)
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If
n+1

max{4\gn+1\<(1 b+ b%),max{‘;gl‘ it ln+ 1}(b— a)}

n+1 b—a
S <a+ T)
i=1

then
n n+1 n
b—a _ (b—a)? ‘
. > ; > " T
‘gn+1+;gmm C(Hp) ‘;g 8 — 64 g +1+;g i C(Lr)
If

n+1 b—a nt1 .
max{ll‘;gi <a+ T),max{‘lz:;gl‘ i £ 1Ln+ 1}(b—a)}

b—
<dgal(@-0)+5).

then
‘ gn+1 + Z GiT,
i=1

Thus we have shown that the operator I : C(Lp) — C(Hy) given by
I(my) = m, is an isomorphic embedding. Moreover, the embedding is posi-
tive. It is clear that there exists an increasing surjection from I" onto [0, 1].
Consequently, the space C'(ILp) contains a positive and isometric copy of
C(L). An appeal to Theorem 1 completes the proof.

> | ’b—a>(b—a)2’
C(Hf)_gnJrl 8 — 64

+ i T .
In+1 ;gz Vi CLr)

As a straightforward consequence of Theorem 4(c) we get

COROLLARY 5. A Banach lattice F' has property (M) if and only if it
does not contain any order copy of D(0,1).

COROLLARY 6. Let f :[0,1] — X be an increasing function with respect
to a norming subset E of X*. Let Q) be a countable dense subset of [0,1]. If f
has uncountably many points of discontinuity and I is an isomorphic embed-
ding of lin f([0,1]) into a Banach space Z, then no separable complemented
subspace of Z contains I(lin f(Q)).

Proof. We can assume that f(0) =0, ||f(1)|| =1 and E C Bx-. Let Hy
be the closed nonmetrizable subset of H associated with f as in Theorem 1.
Let U and V be the closed linear hulls in C(Hy) of {my : v € Q} and
{my : v €]0,1]}, respectively. Let I : V' — Z be an isomorphic embedding.
Suppose that a separable complemented subspace Y of Z contains I(U). Let
W be the closed hull of I(V)+Y in Z. Let P : W — W be a projection
such that P(W) = Y and P(y) = y for every y € Y. Let the operator
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T : V/U — ker P be given by T'(f + U) = I(f) — P(I(f)). The subset
I=YI(V)NP(I(V))) of V is separable. Thus there exists a countable subset
Q1 of [0,1] such that I=1(I(V) N P(I(V))) is contained in the closed linear
hull of the functions 7, for o € Q1 in C(Hy). Let U be the closed linear hull
of {mo : € QUQ1} in C(H). Let Hy be a closed, separable, nonmetrizable
subset of Hy (existing by Fact 2). Since H; is nonmetrizable, as in the
proof of Theorem 4(b) we find an uncountable subset I" of [0,1], ¢ > 0
and 0 < p < ¢ < 1 such that I" C (p,q) and for every v € I" there exist
xg,x] € Hy with zf(a) = z](a) for every « € QU Q1, z](7) —x(7) > ¢
and
#a) - Jim (@) + lm_a(a) - ](p) < /2

Let L : V — V/U be the quotient map. Let J : ¢o(I") — V/U be the
isomorphic embedding from the proof of Theorem 4(b), i.e. J(e,) = L(m,)
for every v € I' where e, is the yth unit vector of ¢y(I"). Since Y is sep-
arable, there exist § > 0 and an uncountable subset I; of I" such that
IT(J(ey))| > 6 for every v € I't. According to a result of H. P. Rosen-
thal (see [11, Thm. 3.4]) there exists an uncountable subset I of I} such
that T'o J : ¢o(I2) — ker P is an isomorphism. Let S : W — W/I(V)
be the quotient map. It is clear that W/I(V') is separable. Applying once
again Rosenthal’s result we find an uncountable subset I3 of I such that
S(T(J(co(I3)))) = 0. Therefore It o T o J : co(I3) — V is an isomor-
phic embedding. Moreover, I~ *(T(L(ny))) € 7y + U for every v € I's. Let
R:C(Hy) — C(H,) be given by R(f) = f|u,. Let V4 and U; be the closed
linear hulls in C(H;) of {7, : @ € [0,1]} and {7, : @ € QUQ1 }, respectively.
Let Ly : Vi — V4 /Uy be the quotient map. According to the proof of The-
orem 5 the closed linear hull of {L(my) : v € I3} is isomorphic to ¢o(I3).

Since R(my) = 7, for every a € [0,1], we have R(V) C V4 and R(U) C U;.
Therefore Ly (R(I™Y(T(L(w,)))) = Li(m,) for every v € I's. Thus we have
shown that Ro I71 o T o J is an isomorphic embedding of cy(I3) into V;.
This contradicts the fact that H;, being separable, satisfies the countable
chain condition and the space C'(H;) contains no copy of co(I3) (see [10,
Thm. 1.4]).

A Banach space X has the separable complementation property if for
every separable subspace X7 of X there exists a separable and complemented
subspace X2 which contains X; (see [9]). As a straightforward consequence
of the result above we get

COROLLARY 8. If a Banach space contains an isomorphic copy of
D(0,1), then it does not have the separable complementation property.
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