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Wavelet transform for functions with values in UMD spaces
by

CORNELIA KAISER (Paderborn) and Lutz WEIS (Karlsruhe)

Abstract. We extend the classical theory of the continuous and discrete wavelet
transform to functions with values in UMD spaces. As a by-product we obtain equivalent
norms on Bochner spaces in terms of g-functions.

1. Introduction. In this paper we study the continuous and discrete
wavelet transform for functions with values in Banach spaces that have a
certain geometrical property (the UMD property). A Banach space X is
called a UMD space if the Hilbert transform extends to a bounded operator
on L,(R, X) for some (all) p € (1, 00). Most of the reflexive Banach spaces of
distributions commonly used in the theory of partial differential equations
are UMD spaces (cf. [2, pp. 141-147]).

What we basically will show is that the classical scalar-valued results
carry over to the UMD setting. In this sense our results can be considered
as an extension and continuation of the work of Figiel. In his paper [13]
he proved that certain orthonormal wavelet bases {11} are unconditional
in L,(RY, X), where p € (1,00) and X is a UMD space. In particular,
the reconstruction formula f = Zj,k<x7¢j,k>1/’j,k holds, with unconditional
convergence of the series involved. We show in this paper that the quoted
result can be extended to redundant discrete wavelet transforms (wavelet
frames). Moreover, we obtain boundedness results for certain localization
operators connected with the discrete wavelet transform, where the symbols
are operator-valued. For this we use an operator-valued version of the 7'(1)
theorem from [24].

Our main focus, however, will be on the continuous wavelet transform,
for which we will prove a norm estimate and a reconstruction formula
corresponding to the classical scalar-valued Littlewood—Paley theory (see
e.g. [16]). To do this we replace the square functions appearing in the es-
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timates with the generalized square functions introduced in [26]. In partic-
ular this leads to equivalent norms on Bochner spaces extending Hardy—
Littlewood g-functions. The main tool is a recent generalization of the
Mikhlin Fourier multiplier theorem to operator-valued multipliers ([37]). As
a consequence we obtain results on the boundedness of localization operators
for the continuous wavelet transform.

2. Definitions, notations, and main tools. Throughout this paper
X, Y, and Z are complex Banach spaces. By £(X,Y) we denote the space
of bounded linear operators from X to Y and X’ = £(X,C) is the dual
space of X. The Schwartz class S(R™, X) is the space of X-valued rapidly
decreasing smooth functions on RY.

N = {1,2,...} is the set of natural numbers and Ny = {0} UN. If r is
a positive real number, then [r] = max{n € Ny : n < r}. We denote by R,
the multiplicative group R, endowed with its invariant measure

T
We will need the following notions from Banach space theory.

DEFINITION 2.1.

(a) A Banach space X has type p € [1,2] if there is a constant 7 < oo
such that for all n € N and all vectors x1,...,x, € X,

Hm 2 <zw> "

where 74, (t) = signsin(2¥7t) are the Rademacher functions on [0, 1].
(b) A Banach space X has cotype q € [2, 00] if there is a constant k < co
such that for all n € N and all vectors x1,...,x, € X,

(Z k]| ) < KHE Tkl‘k:‘ 12 (0].) for ¢ < oo,
k=1 k=1
n
< fi =
s el < oo fora=oc

The smallest such « is denoted by Cy(X).

REMARK 2.2. Every Banach space has type 1 and the notion becomes
more restrictive as p increases to 2. Similarly, every Banach space has cotype
oo and the notion becomes more restrictive as q decreases to 2. By a result
of Kwapieni, a Banach space with both type and cotype 2 is isomorphic to
a Hilbert space (see e.g. [10, Corollary 12.20]). Each closed subspace of a
Banach space X has the same type and cotype as X. A Banach space has
type p > 1if and only if it is B-convex ([32], [10, Chapter 13]). Every Banach
space with type p > 1 has finite cotype (see e.g. [10, Chapters 11 and 13]).
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DEFINITION 2.3. A Banach space X has Fourier type r € [1,2] if the
Fourier transform F defined by

(FHW) = fu) = 2m) N2 | 7™ fw)dv, feSR,X),
RN
extends to a bounded linear operator from L,(R,X) to L, (R, X), where
1/r+1/r =1.

REMARK 2.4. The notion of Fourier type was introduced by Peetre [31].
Each Banach space has Fourier type 1 and the notion becomes more restric-
tive as r increases to 2. A Banach space has Fourier type 2 if and only if it is
isomorphic to a Hilbert space [27]. The dual space and each closed subspace
of a Banach space X has the same Fourier type as X. Bourgain [4, 5] has
shown that each B-convex Banach space has some nontrivial Fourier type
r > 1.

DEFINITION 2.5. A Banach space X is a UMD space if the Hilbert trans-

form
IO 4 fesm x),
U—v

(Hf)(u) = PV-|

extends to a bounded linear operator on L,(R, X) for some (and thus for
each) p € (1,00).

REMARK 2.6. There are several equivalent definitions of UMD spaces
(see [2, pp. 141-142] and the references given there). It is clear from the
definition that each Hilbert space is a UMD space. The dual space and each
closed subspace of a UMD space is a UMD space. A UMD space X always
has a uniformly convex renorming [1] and therefore is super-reflexive [12].
In particular, ¢; is not finitely representable in X. Hence X is B-convex
[10, Theorem 13.6]. This implies in particular that every UMD-space has
type p > 1, cotype ¢ < oo, and some nontrivial Fourier type r > 1 (cf.
Remarks 2.2 and 2.4).

REMARK 2.7. Let (£2,X,u) be a o-finite measure space, s € [1,00]
and X a Banach space. If X has type p € [1,2] and cotype ¢ € [2, 0],
then Ls(f2,p,X) has type min{p, s,2} and cotype max{q,s,2} [10, Theo-
rem 11.12]. If X has Fourier type r € [1, 00|, then Ls({2, u, X) has Fourier
type min{r, s, s’} [17]. If X is a UMD space and s € (1,00), then Lg(£2, u, X)
is a UMD space [2, p. 145].

DErINITION 2.8. Let X be a Banach space.

(a) A function a € Loo(RY,X) is an atom if a has its support in a
cube @ CRY, (. a(t)dt =0, and [jal|r.. < |Q|™'. The Hardy space
Hy(RY, X) is the space of all f € L (RY, X) which can be written as
[ =72, ckay for some sequence (ay) of atoms and some sequence
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(ck) € £1. The norm || f|| g7, e~ x) is the infimum of |[(cx)l|e, over all
such representations.

The space of all X-valued functions with bounded mean oscillation
is denoted by BMO(RY, X). More precisely, BMO(RY, X) contains
all locally integrable functions f : RV — X for which the seminorm

| fllBMmo@®y, x) = sup Q™! S 1£(t) = follx dt
Q

is finite. Here the supremum is taken over all cubes @ in RN and
fo:=1Q|™* SQ f(t) dt denotes the mean value of f on the cube Q.

REMARK 2.9. If X’ has the Radon-Nikodym property (in particular, if
X is reflexive), then (see [6])

(H; (RN, X")) = BMO(RY, X).

In this case, the Schwartz class S(RY, X) is weak* dense in BMO(RY, X).

DEFINITION 2.10. Let X,Y be Banach spaces, ¢ € (1,00), and M :
RN\ {0} — £(X,Y) be a bounded measurable function. For f € S(RV, X)
consider

(1)
(a)

Tf:=F M()f()] € L(®RY,Y).

M is a Fourier multiplier from Ly(RY, X) to L,(R™,Y) provided
there is a constant Cj so that

1T £l L,y vy < Coll fll, @y, x)
for each f € S(RY, X). The unique extension of 7' to an operator in
L(LyRYN X), Ly(RYN,Y)) is denoted by Thy.
M is a Fourier multiplier from Hi(RY, X) to H;(RYM,Y) provided
there is a constant C so that

1Tl e v vy < Cullf e, vy x)

for each f € S(RY, X) with (g f(¢)dt = 0. The unique extension
of T to a bounded linear operator from Hy(RY, X) to Hy(RM,Y) is
denoted by T}y.
M is a Fourier multiplier from BMO(RY, X) to BMO(RY,Y) pro-
vided there is an operator Ty; € L(BMO(RY, X), BMO(RY™,Y)) sat-
isfying

Tf=Tyf foral feSRY,X),

Ty is weak™ to-weak™ continuous.

If X,Y are reflexive, then T); is uniquely determined by T, since
S(RY, X) is weak* dense in the space BMO(RY, X).

Now we recall the notion of R-boundedness.
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DEFINITION 2.11. Let X,Y be Banach spaces. A set of operators 7 C
L(X,Y) is called R-bounded if there is a constant C' < oo such that for all
meN,allTy,...,T,, € 7 and all z1,...,x, € X we have

) Hﬁrmk;

where 74, (t) = signsin(2¥nt) are the Rademacher functions on [0, 1]. The
infimum over all C such that (2) holds is called the R-bound of 7.

DI B
La([0,1],Y) kzl ok L2([0,1],X)

If X and Y are Hilbert spaces, then R-boundedness reduces to bound-
edness. Therefore the following Mikhlin type Fourier multiplier theorem can
be seen as a generalization of a corresponding result in the Hilbert space
case by Schwartz [3].

THEOREM 2.12 ([22, 18]). Let X andY be UMD spaces with Fourier type
re(1,2], NeN, and | = [N/r|+ 1. Let M be an L(X,Y)-valued function
on RN, If for each multi-index o € {0, 1}V with |a| < I the distributional
derivatives DM are represented by measurable functions and the set

{lgl (D M) () : € e RV \ {0}}

is R-bounded, then M is a Fourier multiplier from E(RN, X) to E(RN,Y),
where E € {L,, H;,BMO : p € (1,00)}.

REMARK 2.13. Suppose the conditions of Theorem 2.12 are satisfied.
Then [M(-)] : RV\ {0} — L£(Y’, X") also satisfies the conditions of Theorem
2.12 (cf. e.g. [38, Theorem 2.2.14]).

Square function estimates are a well-known tool in harmonic analysis.
For instance the Littlewood-Paley characterization of L,(R") is a charac-
terization of that space in terms of certain square functions (cf. [16]). For
our generalization of the classical Littlewood—Paley theorem to X-valued
L,-spaces we need the generalized square functions that were introduced
in [26]. For convenience we include here the definitions and main results we
will use in this paper. For a more general theory, the proofs and further
references we refer to [26] (see also [32, 34]).

For the rest of this section let (gx) be a sequence of independent standard
Gaussian random variables on a probability space (I, G, P).

DErINITION 2.14. If H is a Hilbert space, X is a Banach space and
u: H — X is a linear operator, we define

lully(r,x) := sup (EHZ gruler) H2> 1/2,
k

where the sup is taken over all finite orthonormal systems (e) in H. More-
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over, we define v(H, X) as the completion of the finite rank operators in
L(H, X) with respect to || - [z, x) (1)

By definition, (y(H, X), [|-[|y(m,x)) is @ Banach space. It is even a Banach
ideal ([26, Prop. 4.3]; see also [15, 32, 34]).

REMARK 2.15. If X does not contain ¢y and H is separable, then

ol 2. ) = (E](ngu )"

independently of the chosen orthonormal basis {ex} of H (cf. [26, 28]). In
particular, v(H, X) is isometrically embedded into Lo(I", P, X'). This means
that the properties UMD, Fourier type, type and cotype lift from X to
~v(H, X), since they lift to La(I, P, X) (cf. Remark 2.7).

Now let H = Lo(£2, ), where (§2, X, 1) is a o-finite measure space with
countably generated o-algebra Y. Then H is separable (cf. [8, p. 110]). If
f: 2 — X is a y-measurable function that is weakly in H (i.e., 2’0o f € H
for each ' € X’), then we can define a bounded linear operator uy : H — X
by the formula

(2!, ush) = ({2, f@))h(w) du(w), o' € X', heH.
97
For a proof that uy is indeed bounded from H to X see [26]. We write
fev(2,p, X) if up € y(H, X), and set
[l x) = lugllymx)-
If {2 = Z with the counting measure, i.e. H = {5, then we use the notation
V(Z, X).

REMARK 2.16. If X is a Banach space not containing cy, then the set
{up : f € v(£2,4,X)} is a dense subset of v(H,X). Therefore one may
consider the operator space v(H, X) as the completion of the function space
v(£2, u, X) (cf. [26, Remark 4.7]).

REMARK 2.17. If X has type > 1, then y(H, X”) is a closed subspace of
v(H, X)', the dual of v(H, X') with respect to trace duality ([26, Section 5]).
Ifhe H, 2’ € X', and y € v(H, X), then
(3) (h®a',y)y = (@', y(h))x

REMARK 2.18. If X is some Lg-space with 1 < ¢ < oo, then || - ||, (2,u,x)
is equivalent to the classical square function norm:

sy ~ | (1@ du) "]
0

Ly

(*) In the literature, the spaces v(H, X) are also denoted by £(H, X).



Wavelet transform 107

3. An estimate for random series. The main condition in the mul-
tiplier theorem 2.12 is the R-boundedness of the multiplier function and its
derivatives. To check this in our setting we need an estimate of the following
type. If z;, € X and my € Lo(£2, p), we would like to have

n
HZT’C(')mk@xk‘ SmaXHmkHQHZTk ‘
k=1

where the constant in the estimate has to be mdependent of the choice of n,

xj, and my, but may depend on the Banach space X. If X is some L -space

with ¢ € [1,00), this estimate is a simple consequence of Remark 2.18,

Khinchin’s (respectively Kahane’s) inequality, and the contraction principle

(see [25]). To prove the desired estimate in a more general setting we will use

part (b) of the following lemma, which should be of some interest in itself.
In this section X is always a complex Banach space.

L2([071]77(‘Q7N7X)) L2( 0 1] X)

LEMMA 3.1. For k € N let oy, be positve real numbers and gy, (not nec-
essarily independent) Gaussian random variables on some probability space
(I, G, P) with mean 0 and variance U,%.

(a) There is a constant ¢ > 0 such that for all n € N and all vectors

X ,...7wn€;<

Srem

(b) If X has finite cotype, then there is a constant C < oo such that for
all n € N and all vectors x1,...,z, € X,

(S, )" = O Sr0n

REMARK 3.2. For independent Gaussian random variables g, Lem-
ma 3.1 follows from well-known results on Gaussian and Rademacher sums
(see e.g. Proposition 12.11 and Theorem 12.27 in [10], cf. also [34]), because

in this case
Tk gk k Lo(0.1], gkxk

(cf. [10, Lemma 11.2]). If the g are not mdependent, we cannot use the
known results directly, but the proofs can be adapted to this more general
setting.

cmin oy,
k<n

1/2
L2([0 1], X)) ’

La((0,1],X)

Proof of Lemma 3.1. If g is a Gaussian random variable with mean 0
and variance o2 for some o > 0, then the rth moment of g is

(@) (§lo)raP@) " = om,.
r

where m, is the rth moment of a standard Gaussian random variable.
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(a) Using Kahane’s contraction principle and (4), we obtain

[ rermg

L ([0,1],X)

< )| dP(w)ay|
ma|(m104) Hzrk J lon(elaP )z

La((0.1].X)°
By Minkowski’s and Hélder’s 1nequahtles
ETEN) SULCEY I
< (IS n0mtmll,, , ar)”
- ({3 nomemll, )

In the last step we used the fact that, for any choice of ¢, = +1,

et
k=1

(cf. [10, Lemma 11.2]).

(b) Fix x1,...,2, € X. Define u € L(¢%,L2(]0,1], X)) by u(ex) =
ri()zy for k =1,...,n. Here e denotes the standard unit vector in £, the
n-dimensional space R™ with sup-norm. Observe that by Kahane’s contrac-
tion principle

(5) Jull = Hzrk {

Using our assumption that X has cotype ¢ € [2,00) and Pietsch’s domi-
nation theorem ([10, Theorem 2.12]) one can show that there are nonnegative

g with 377 Ay = 1 such that

La([0,1],X) - sz1 Tk(’)gkyk)

L»([0,1],X)

La(0,1],X)

() 20,1, ||u||(2 Meleal )" for all b= () € €2,

where r is some real number > ¢ (cf. the proof of Theorem 12.27 in [10]).
Therefore, with our notation above,

(IS womern? g 090)

I' k=1

L>([0,1],X)

= (o)) oy 4P@)

r
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<C HU||<S(Z el gk (w ) (w))l/z.

I k=1
By Hélder’s inequality and (4),

(1 M) ap)” < (3 flavterr ape))
k=1 r

I k=1
" 1/r
= (Z )\ka};> m, < M, max oy.
— k<n

Together with (5) this completes the proof. =

REMARK 3.3. The proof of Lemma 3.1 shows that we can choose ¢ = my
and C = Cy(X)m,., provided X has cotype ¢ and 2 < ¢ < r < oc.

COROLLARY 3.4. Let (gj) be a sequence of independent standard Gaus-
sian variables on some probability space. If X has finite cotype, then there is
a constant C' < oo such that for allm,n € N, all vectors x1,...,x, € X and
all complex numbers a;, (j=1,...,m, k=1,...,n), we have the estimate

E 03 ] )

<CmaX(Z|aJk| )1/2HZ ‘

Proof. Suppose first that the a;, are real. Since (g;) are independent
standard Gaussian variables, g = Z;n:1 gjaji is a Gaussian variable with
mean 0 and variance o7 = Py la;k|? for each k (cf. [10, p. 238]). (Note
that (gr) do not have to be independent any more.) Now we can apply
Lemma 3.1(b).

If the aj are complex numbers, we treat the real and imaginary parts
separately. m

Lo([0,1],X)

REMARK 3.5. It is also possible to obtain a reverse inequality, without
any assumptions on the geometry of the Banach space X. Namely, let (g;) be
a sequence of independent standard Gaussian variables on some probability
space. Then there is a constant ¢ > 0 such that for all m,n € N, all vectors
x1,...,%, € X and all complex numbers aj, (j=1,...,m, k=1,...,n),

CIIHH(Z |k )UzHérk(‘ﬁk‘ L2([0,1],X)
< (3 0 S )"
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If the aj;, are real numbers, this is just a simple consequence of Lemma 3.1(a)
by the same argument as in the proof of Corollary 3.4. In the complex case
we observe that (with the notation from the proof above) 271/2¢,m; <
§$r19k(W)|dP(w) < 20;pmi. Now a slight modification of the argument in
the proof of Lemma 3.1 gives the desired result. For further details see [20,
Sect. 3.7].

Now we come back to the estimate we stated at the beginning of this
section. It now follows easily from what we did so far.

COROLLARY 3.6. Let X be a Banach space of cotype q € [2,00) and
(2, X, 1) a o-finite measure space with countably generated o-algebra X.
Then there is a constant C' < oo such that for all n € N, all my,...,my €
Lo(2, ) and all x1,...,x, € X,

1. n
<§) HZ Tk(t)mk(')kaj(n,u,X) dt) "

k=1
r.n 2 1/2
= Ol (|32 ey ) ™
0 k=1
Proof. Choose an orthonormal basis {e;}32, in Lo(f2,p) and m € N
such that
aj = S my(w)e;j(w)dp(w) =0 for all j > m and all k.
Q
Then ||my||3 = > la;k|?, and by Corollary 3.4,

{

n

S retymi (| dt>1/2

| o
=1 Y(2,1,X)

8

= (B[S 0 X 0§ meres )"
k=1 j

: X
0 =1 0

2 1/2
Lz([O,l],X)>

= (EHZH: 7 () i gjajkxkz)
k=1 j=1

csup(S ) S
< sup( ik ) H Tk xk) . =
P — La([0,1],X)
J=1 k=1

REMARK 3.7. It is clear from Remark 3.5 and the argument in the proof
above that we also have a reverse inequality, involving the minimum over
the Lo-norms of the my, instead of the maximum. Again we do not need any
assumptions on the geometry of the Banach space for this reverse estimate.
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4. The continuous wavelet transform. Let X be a UMD space with
Fourier type r € (1,2], N € Nand [ := [N/r]+ 1. We will need the following
two assumptions on the wavelet 1) € Lo(RM):

(C1) For all o € {0, 1} with |a| < I, the distributional derivatives Dt
are represented by measurable functions and

T ~ dt\ M/
Catw) 1= o (D P9P G ) <o
=1%p

. o 2@ 1/2
©) )=t (1 B00F ) >0

For t € R\ {0} we write ¢/, for the function defined by 1;(s) = |t|~ M (t~1s),
s € RV,

DEFINITION 4.1. The continuous wavelet transform Wy, f of a function
f € S(RY, X) with respect to the wavelet ¢ is given by

s—u
t

W h)(t,5) = (= F)(5) = | t%(

)f(u)du, t>0,scRY.
RN

It is the goal of this section to prove that one can characterize the func-
tion spaces L,(RY, X) (1 < p < 00), H1(RY, X), and BMO(RY, X) in terms
of the continuous wavelet transform. In the following theorem FE(RY, X)
stands for one of these spaces.

THEOREM 4.2. Let X be a UMD space with Fourier type r € (1,2],
p€ (l,00), NeN, andl:=[N/r] + 1.

(a) Ify € Lo(RYN) satisfies (C1), then Wy, defines a bounded linear oper-
ator from E(RN | X) to E(RY,y(R., X)), where E € {L,, H;, BMO}.
(b) If ¢ € Lay(RY) satisfies (C1) and (C2), then
(6) HWTZJfHE(RN,y(]R*,X)) ~ ”fHE(RN,X)
for all f € E(RN, X) with E € {L,, Hi,BMO}.

Proof. (a) The main idea of the proof is to define the operator-valued
multiplier

My : RN\ {0} — L(X,Y),
My(&)z = [t — r(E)a] = [t — P(t€)a],

and to apply the multiplier theorem 2.12. Here Y is the completion of
7(Ry, X), which can be identified with v(L2(Ry), X) (cf. Remark 2.16).

(7)
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First we make the following two observations:

(1) The map J : La(Ry) — L(X,Y) given by (Jh)x = [t — h(t)z] is an

isometric embedding since
| Th]| = P, I(Th)z|ly = P, 1hC)zlly = (1P|

This implies in particular that, for each ¢ € RN \ {0}, My(¢) =
J[0(- €)] is a bounded linear operator from X to Y. So My is well-
defined.

(2) If m : RN\ {0} — C is measurable with m(- &) € Lo(R,) for all
¢ € RV \ {0}, then & — m(- £) is measurable as a function from

N\ {0} to La(R,). This follows from Pettis’ theorem, since La(R)

is separable and & — m(- ) is weakly measurable.

By our assumption (C1) and observation (2), the distributional deriva-
tives of order o with || < [ of the function & — 121\( €), given by & — [t —
t‘a|(DO‘zZ)(t§)], are measurable functions from RY \ {0} to La(R,). Using
observation (1) we deduce that, for |a| < [, the distributional derivatives
DMy, have the form (D*My)(&)x = [t — t|0‘|(D°‘$)(tf)x] and are measur-
able functions from R \ {0} to £(X,Y).

Fix a € Ny with |a| <. Then the set {|¢|l*l(DMy)(€) : € € RV \ {0}}
is R-bounded for |a| < I. Indeed, for all m € N, all & € RY \ {0} and all
e X, k=1,...,m,

|3 ruleute Doty 6o
k=1

L»([0,1],Y)

1/2
< cxmp( V6Pl Pis0r ) [ e

L ([0,1],X)

< exCalw) [ e
k=1

by Corollary 3.6 and (C1). Now Theorem 2.12 implies that My is a Fourier
multiplier from E(RY, X) to E(RY,Y), where E € {L,, H;,BMO}. Since
for f € S(RY, X) we have

(W f)(-,8) = (. % f)(s) = (2m) N2(F My f1)(s),
this completes the proof of part (a) of the theorem.

(b) Observe first, that if 1) € Lo(RY) satisfies (C1) and (C2), then ¢
defined by

L>([0,1],X)

-1

p© = ([WeaP ) 7o, cer”
0
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also satisfies (C1) and (C2). Indeed, using our assumptions on 1) we see
immediately that ¢ € Lo(RY) and ¢ satisfies (C2). To show that ¢ satisfies
(C1), we look at h defined by h(€) = [0 (t)|?dt/t, € € RN \ {0}. By
our assumptions on v, it follows that h and its distributional derivatives of
order < [ are bounded. Moreover, 1/h is bounded and therefore has bounded
distributional derivatives of order < [. Using Leibniz’ formula and the fact
that h is positively homogeneous of degree 0 (i.e. h(t§) = h(&) for all t > 0
and all ¢ € RV \ {0}), we obtain

w9169 = 3 (§)e? (074 )@ 0D

BLa
Hence ¢ satisfies (C2).
For £ € RV \ {0} and y € Y = y(La(R,), X) we define
(8) Ny (&)y = y(&(- £)).
Then N, (&) € L(Y, X), since
INe(©)yllx <Yl ezo@a0llPC Lo, < Collylly-

Now let M, : RV \ {0} — £(X/, (LQ(R*) ")) be defined as in (7). From
Remark 2. 17 we know that ( 2(Ry), X’) is a closed subspace of Y’. More-
over, by (3), we obtain for 2/ € X’ and £ € RV \ {0} the duality relation

(Mo (&), y)y = (@(- ', y)y = (@, y(B(- ) x = (2, Np(§)y) x-
Therefore, N,(§) = My(§)" and N, satisfies the conditions of Theorem
2.12, since M., does (cf. Remark 2.13). Thus N, is a Fourier multiplier from
ERY)Y) to E(RY, X), where E € {L,, H;,BMO}. But

o0

(0!, Nal€)My(©))x = (&' uagy (B O)x = | BN Blte)a) &
0
= [ u)d0e) T (@' a) = (o' ).
0

So Ny, (&)My (&) =1dx for all £ € RV \ {0}. =
REMARK 4.3 (Classical square funct1ons) (a) If X = L,(£2, ) for some

q € (1,00) and a o-finite measure space ({2, X, 1), then the norm equivalence
in Theorem 4.2 reads (cf. Remark 2.18)
de\ /2
H( Wy f)(t, )P t> ~fllz, @~ x)-
Lp(RN X)

(b) Let P(z) = cn(1 + |#]2)~(T1/2, where ¢, > 0 is such that P(¢) =
e~ l¢l. Then P;(x) = t~"P(x/t) is the Poisson kernel. Let t(z) := dtPt( x)|¢=1.

Then ) satisfies conditions (C1) and (C2). Indeed, w(ﬁ) = EPt(f)\tzl =



114 C. Kaiser and L. Weis

%ﬁ(tﬁ)h:l = —|¢le"él. A direct calculation of the derivatives completes
the argument.
In the same way one can show that p(z) = %Gﬂ(x)h:l satisfies (C1)

and (C2). Here G ;; denotes the Gaussian kernel with G(z) = e lel*/2,
With these choices of ¢ and v we obtain vector-valued analogues of the
g-function of Littlewood—Paley ([33], see also [36]).

REMARK 4.4 (Reconstruction formula). Suppose 1, ¢ € Lo(R) satisfy
(C1) and {, @(t&)v(tE) 4 — 1 for almost all £ € RV \ {0}. Let us denote by
M, the Fourier multiplier operator associated with the multiplier function
N, defined in (8). Then the proof of part (b) of Theorem 4.2 implies that

M., is a bounded linear operator from E(R™,Y) to E(RY, X) and that
f=MWyf

for all f € E(RY, X). If f € S(RY, X), this reconstruction formula can be

written as
o0

F=(m) Y [onunr L
0
Indeed, for g € S(RY, X"), Fubini’s theorem yields
[ {o(s). Fxds = | | @e13) @ (@6, Fle))x de
RN RN O
= | § @0, 80890 Fle)) x de
0 RN
T N dt
= | T tals), )N (oos i x P(s))x s
0 RN
R
= lim S )N 1k Wy ok s @ S.
= I, R§N<g< ) m N fGoe e O

(Observe that ||¢; * ¥y * fllo., <t Hell2ll¥ll2]lf]l1-) Now it is not hard to
show that for each f € S(RY, X)n BE(RY, X),

R
f=@n)" lim §opegsf

R—x €

dt

t )

where the limit is taken in E(RY, X) for E € {L,, H;,BMO : p € (1,00)}.
If we assume in addition that ¢, € Li(RY), then the identity holds for all
f e L,RY, X).

REMARK 4.5 (Characterization of homogeneous Sobolev spaces). Let X
be a UMD space and p € (1,00). Then, as noted above, Theorem 4.2(b)
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implies that the space LP(RN , X) can be characterized in terms of the con-
tinuous wavelet transform. This is also true for the homogeneous Sobolev
spaces

H RN, X) = {f € SR, X)/P(RY, X) : 11y v x) < 003,
1l gy @n x) = IF 7 D)l v )

where s is some real number and P(R”, X) are the polynomials on RY with
coefficients in X.
Indeed, assume that the wavelet ¢ € Lo(RY) is chosen such that for all

a € {0,131V with |a| < I, the distributional derivatives D%} are represented
by measurable functions,

v - dt\ '/?
sup (S 1172 (D) 6) t) <o,

I€=1\ ¢

and
T o ez A
inf =% (t — > 0.
e (Lo )
If we denote by Hj the Hilbert space L ((0,00),t~2571dt), then

(9) HW1/ff”Lp(RN,'y(H5,X)) ~ ||f”H;(RN,X)~

This can be shown in the same way as Theorem 4.2: as multiplier functions
take

My : RY\ {0} — LX, 7 (Hs, X)), Myo(€)z = [t — [t€] 70 (t€)a]
and

N«p,s : RN \ {0} - ‘C(’Y(HSaX)aX)? N@,S(g)y = y(| ' f‘_SQB( ‘5))7
where ¢ € Ly(RY) is defined by

00 —1
60 = (Vhe>eoPy) o, cer.
0

REMARK 4.6. In Theorem 4.2, it is necessary that X has the UMD
property. Indeed, the UMD property can be characterized in terms of the
wavelet transform: Let X be an arbitrary Banach space and let ¥ be the
set of all wavelets in Lo(R) satisfying (C1) and (C2) with { = 1. Then the
following three assertions are equivalent:

(i) X is a UMD space.
(ii) (6) holds for all ¢ € ¥.
(iii) There exists ¢ € ¥ such that (6) holds for ) and ¢ = F~!(sign - 121\)
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That (i) implies (ii) has been shown in Theorem 4.2. (ii)=-(iii) is clear since
F~1(sign- 12;) € ¥ if ¢ € . It remains to show that (iii) implies (i). For this
we prove that the Hilbert transform H extends to a bounded linear operator
on Ly(R, X). Let f € S(R, X). Then

WyHf = F~(—imsign(-)M () f(-)) = —inWyf.
Now we use (6) for ¢ and ).

Our approach to the vector-valued wavelet transform can be used to
generalize the localization operators from [9, 21, 39] to localization operators
with operator-valued symbols on vector-valued L, spaces.

Let F : R, xRN — £(X, Z) be strongly measurable and bounded and let
0,7 € La(RY) be wavelets satisfying (C1). We would like to give meaning
to the localization formula

(10) LF,QDﬂlJf = M@[F(7)(W¢f)(v)]7 I e LP(RN7X)7

and show that it defines a bounded operator from L,(RY, X) to L,(RY, 7).

Here the name “localization operator” is motivated by the important exam-

ple F(-,) = xg(-,-)Idx, where G is a measurable subset of R, x R and

X =Z.1f G =R, x RY and ¢ is chosen as in the proof of Theorem 4.2(b),

then (10) corresponds to the reconstruction formula from Remark 4.4.
Now assume that

(11) sup R({F(t,s) :t € R,}) < 0.
seRN

But by [26, Sect. 5] we have for all g € 7v(R,, X) the estimate
IEC8)9() ly@.y) < BEE(Es) ¢ € Ri})l|glly ., x)-
Hence (Ff)(t,s) = F(t,s)[f(t,s)] defines a bounded operator
F: LyRY, A(Rs, X)) = Ly(RY, 7(Ry, 2)).
Since Lg . = My o0 Fo Wy, we have shown

PROPOSITION 4.7. Let X and Z be UMD spaces, p € (1,00) and let
0, € Lo(RN) be wavelets satisfying (C1). If F : R, x RN — L(X,Z) is
strongly measurable and satisfies (11), then the operator L, is bounded
from Ly(RY, X) to L,(RY, Z).

REMARK 4.8. Note that (11) is satisfied if F'(-,-) = m(-,-)Idx, where
m: R, x RY — C is a bounded measurable function.

5. The semidiscrete wavelet transform. Let X be a UMD space
with Fourier type r € (1,2], N € N and [ := [N/r]+ 1. We now assume that
Y € Ly(RN) and a > 1 with:
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(S1) for all @ € {0, 1} with |a| <, the distributional derivatives D%y
are represented by measurable functions and

C(/x(w) ‘= Sup Za2j|a|’(Da,{Z)(aJ‘£)|2)l/2 < oo,

1<lél<a jez

S2) c¢y(¢) := inf ( (a’€) )
(82) co(w):= inf Zw o)

REMARK 5.1. It is not hard to see that (S1) implies (C1), and (S2)
implies (C2). Indeed, suppose (S1) holds. Let w € RY with |w| = 1 and
write £ = tw. Integrating over 1 < ¢t < a with respect to the measure %

t
yields

( 2lal i e (it N2 B o 2

| > a¥l(Dg) (altw))| + < Ca(¥) loga.

1jez
But
[ @)@t § =37 | a0 )
1jez t JELZ aI
@S\l dt , dt
>3 1 (5) 0 hear § = oo .
JELZ aI 0

Therefore (C1) holds. For (S2) we proceed in a similar way (see also [7]).

DEFINITION 5.2. Let a > 0. The semidiscrete wavelet transform We y f
of a function f € S(RY, X) with respect to the wavelet 1) is given by

(Waﬂ/)f)(j7 8) = (W¢f)(a],5), ] € Za ERS RN

THEOREM 5.3. Let X be a UMD space with Fourier typer € (1,2],n € N
and l :=[N/r] + 1.

(a) Ify € Lo(RY) and a>1 with (S1), then W,y defines a bounded linear
operator from E(RY, X) to E(RN, y(Z, X)), where E € { L,,, H;, BMO}.
(b) If v € Lay(RN) and a > 1 satisfy (S1) and (S2), then
(12) [Wa,p fllE®y ~z,x)) ~ 1 f 2@ X)
for all f € E(RN, X) with E € {L,, H;,BMO}.

The proof of this theorem is very similar to the one in the continuous
case and will be omitted here.

REMARK 5.4 (Classical square functlons) (a) If X = Ly(£2, ) for some
q € (1,00) and a o-finite measure space ( X, 1), then the norm equivalence
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in Theorem 5.3 reads (cf. Remark 2.18)

[ a2 £2) 7,y ~ Wl 0

keZ

(b) We can also formulate an analogue of Remark 4.5 for the semidiscrete
wavelet transform. This gives a vector-valued version of the fact that for
p € (1,00) and s € R the homogeneous Triebel-Lizorkin spaces F;72(RN ) are

isomorphic to the homogeneous Sobolev spaces H;(RN ) (cf. [35, pp. 168 {f.],
[16]).

REMARK 5.5 (Reconstruction formula). Suppose that ¢, € Lo(RY)
and a > 1 satisfy (S1) with

> Baie)p(ale) =1

JEZL
for almost all ¢ € RV \ {0}. As in Remark 4.4 we can show that
f=MaoWauf

for all f € ERN,X). If f € S(RY, X) N E(RY, X), this reconstruction
formula can be written as
(13) F=@n)Y g * a * .

JEZ
If we assume in addition that ¢, € L1(RY), then the identity holds for all
L,(RN, X).

REMARK 5.6 (Localization operators). Let X and Y be UMD spaces
and let F': Z x RN — L(X,Y) be a strongly measurable function satisfying
the R-boundedness assumption

Slﬂlgl)v R({F(j,s):J €Z}) < .

In the same way as in (10) we can define the localization operator L, y
and show that it is bounded from L,(RY, X) to L,(RY,Y).

If we take X =Y, F(j,-) = ¢; with ¢; € {—1,1} and ¢,9 are as in
Remark 5.5, then we deduce that the reconstruction formula (13) converges
unconditionally in L,(RY, X).

6. The discrete wavelet transform. Let ¢ > 1, b > 0. For ¢ €
Ly(RY) and j € Z, k € ZV we write

¢§:zéb) (u) = a_Nj/Qz/J(a_ju — bk).
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We will consider the following two conditions on ¢:

(D1) {wﬁb)} is a frame, i.e. for all f € LQ(RN)
AlFIE <Y 30 1w, NP < BISIS.

JEZ keZN
(D2) 1) satisfies the estimates

[ ()], [V ()] < e(1+ fu]) VD=
REMARK 6.1. If ¢ € Lo(RY) satisfies (D1), then for almost all ¢ € R,

A<< ) > li(a?e))? < B.

JEZ
This can be shown in a similar way to [9, pp. 63-66] (see also [7]).
If in addition (D2) holds, then ¥ € Li(RY). Hence ¢ is continuous and
therefore {pn (u) du = ¥(0) = 0.
In analogy to Section 5, where we studied localization operators for the
continuous wavelet transform, we now investigate localization (or filtering)
operators for the discrete wavelet transform. Again the multiplier function is

operator-valued. Our next result can be seen as an extension of a martingale
transform theorem from [19].

THEOREM 6.2. Let X,Y be UMD spaces, p € (1,00), and 7 = {M;
j€Z, k€ ZN} an R-bounded subset of L(X,Y). If 1, € La(RN) satisfy
(D1) and (D2), then the opemtor

a,b
W) Lf=30 3 Ml Nl e X e S®Y),
JEL keZN

extends to a bounded linear operator from E(RN,X) to E(RYN,)Y), where
E € {L,, Hi}. The sum in (14) converges unconditionally in E(RN, X) for
all f € E(RY, X).

As a corollary we obtain a reconstruction formula for the discrete wavelet
transform. For this we will need an additional assumption on the wavelets

Ak
(D3) for all f € S(RY),
1=32 2 Wi e
JEZ kezZN

COROLLARY 6.3. Let X be a UMD space, p € (1,
where E € {Ly, H1}. If 1, o € Lay(RY) satisfy (D1
b)

ZZ ]k”fg

JEZ kezZN

1,00), and f € E(RV, X),
) an ( 2), then the series
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converges unconditionally in E(RN, X). If, in addition, (D3) holds, then

F=30 3w el

JEL keZN
in B(RY, X).

This corollary is a generalization of a theorem by Figiel [13]. See also
[23] for a related result on vector-valued Hardy spaces.

Before we come to the proof of Theorem 6.2, we give some examples of
wavelets ¢, 1 for which the assumptions (D1)—(D3) are satisfied.

EXAMPLE 6.4.

(a) Suppose {wj(.flk’b)} is an orthonormal basis in Ly(RY) and ¢ = 4.
Then (D1) and (D3) hold. For the existence of functions v such that
in addition (D2) is satisfied, see e.g. [9], [29].

(b) Suppose {1/} )} is a tight frame, i.e., A = B in (D1), and ¢ = 9.
Then (D3) holds (cf. [9], [29]).

(c) Suppose ¢ € S(RY) with supptp) C {€ € RV : 1/2 < |¢] < 2} and
1%(&)] > ¢ > 0 for 3/5 < |¢| < 5/3. Then conditions (D1), (D2)
are satisfied with a = 2 (cf. [9], [29]). Moreover, by [16, pp. 54-56],
there is a p € Lo(RY) satisfying (D1) and (D2) such that (D3) holds
for ¢, 1.

For the proof of Theorem 6.2, we need a vector-valued version of the
classical T'(1) theorem. For scalar-valued kernels, such a theorem was proved
by Figiel [14]. Since our kernels will be operator-valued, we use the following
result, which was proved in a much more general version in [24].

To state this theorem we need the following notion. We say that ¢ is
a normalized bump function associated with the unit ball if ¢ € C®(RY)
with supp ¢ C B(0,1) and ||[D%p||s < 1 for all |a| < n, where n is a large
fixed number. Hence the La(RY)-norm of any normalized bump function is
bounded by a constant only depending on N.

THEOREM 6.5 ([24]). Let X,Y be UMD spaces, p € (1,00), and K C
Li(RVXRN  L(X,Y)). For K €K we define Tk : Loo(RY, X)— L1 (RN, Y) by

Ticf = | K(,v)f(v)dv
RN
and assume that there is a constant C < oo such that, for all K € K,
(1) K satisfies the standard R-estimates
R(u —v|NK(u,v) : u,v € RY) < C,
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R(u o[V K(u,0) = {((u,v) :]u—v]>2]v—'17\>0) <C,

v -7l
K K(u
R<|u p|NH (v, |1)L i (% v) Cu—v] > 2u—u| > 0) < C,

(2) T (1) =Ty (1) =0, ice. $pn K(-,v)dv = {pn K(u,-) du =0, and
(3) Tk has the weak R-boundedness property, i.e. for every pair of nor-
malized bump functions @, o associated with the unit ball we have

R({, T™3) : s > 0,r € RY) < C,
where (@, T™*p) € L(X,Y) is defined by

(. TGz =1 | 50<t;S>T[gZ<';S>x} (t)dt, =€X.

RN

Then each Ty defines a bounded operator from E(RN,X) to E(RMN,Y),
where E € {Lp, H1}. The family {Tx : K € K} is uniformly bounded in
L(ERY, X), ERN, V).

Now we can prove Theorem 6.2.
Proof of Theorem 6.2. Let E € {L,,H; :p € (1,00)}.

STEP 1. Let f € E(RY, X). Since E(R",Y) has finite cotype, it does not
contain cp. Therefore the series ZjeZ > kezn M k<7/1]( k af>€0§ak ) converges

unconditionally in E(RY,Y) if and only if it converges weakly uncondition-

ally in E(RY,Y) (see e.g. [11, p. 45]). We will prove that there is a constant

C such that, for all finite subsets I of Z x ZV all f € E(RY,X) and all
€ [BE®RY, V)],

(15) ‘< S MG, pels ,g>

(j,k)eF

EBY.X) ‘ < Clfl ey x)llgllip@y, x)-

STEP 2. For a finite subset F of Z x Z~, we define an operator-valued
kernel K : RV x RV — £(X,Y) by

Z M; ¢J %k (), u,v € RV,
(j,k)eF
Then K € L1(RY x RN, £(X,Y)) by (D2), and
LFf = TKFf: S KF(',U)f('U)d'U, fELOO(]RNaX)?
RN

is well-defined. We show that K = {Kp : F is a finite subset of Z x Z"}
satisfies the conditions of Theorem 6.5.
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STEP 3. To prove condition (1) of Theorem 6.5, we observe that
,b) b
fu— oK) = fu— ol YT 0 (el (0) M
(k)EF
By (D2) and Lemma 6.6 below, we see that
sup{Ju— oY 3" i (el @) v e RYY

(Gk)eF

< sup{|u—v|NZ Z a N

JEZ kezZN
< [(1 4 [a™Fu — bk|)(1 + |a=9v — bE)] "N 15 s w0 € RN} = () < oco.
Hence {|u — v|N Kp(u,v) : u,v € RV} C C; absco() and therefore
R(ju — v|NKp(u,v) : u,v € RY) < 2C R(7).

Next we consider
‘ |N+l KF( ) KF(uva)
v — ]

i @) — 3 @)

= |u — )N Z Qp(ab)( )@J,k M

, lv— 1| Pk
(j,k)eF
But
a,b
sup{|uv|N+1 S e ()]
R ( (a,b)
ab a,b ~
i2n () fj’k ()|:]u—v\>2|v—5|>0
v — ]
a, a,b
< ey sup{fu— w3 [l @) (Vo) )] uw e RY
(j,k)eF
< chup{|u_w|N+1Z Z a*(N+1)j
JEL kezZN

X [(1+ |a ™ u — bk (1 + |a ™ w — bk))] V15 s u,w e RN} =:(CYy
by (D2) and Lemma 6.6 below. So

R(yu o1 Ke( ‘) ,{TF(“’” u—v] > 2 -7 > o) < 2C,R(7).
v —0

In the same way we show

K v ~
R<|u pv+1 Bew ‘ v) = ’F(“’”) D — v > 20u— 1] > 0) < 203R(7).
uUu—u
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STEP 4. Condition (2) of Theorem 6.5 follows easily from the fact that
v (1) dt = §pn @(t) dt = 0. Indeed,

SKF( ) dv = S Z M]k ]k -gog.?k’b)(v)dv

RN RN (j,k)eF
ab a,b
Z ( ) S cp;k)( )dv =0
(J,k)EF RN

and

| Ep(u,ydu= | > Myl w)els? () du

RY RN (jk)EF
a,b ab
- Z MJ/k:90§k ') S TZJ](-J{; )(w) du = 0.
G k)R BN

STEP 5. To prove (3), let ¢, be a pair of normalized bump functions
associated with the unit ball. We obtain, for > 0 and s € RY,

7,5 ~ _ c— S8 ab) ~f*—S a,b
(p, Lp o) =r N<90< . > Z Mj7k<¢j('7k)780< . >><p§,k)>

(j,k)eF

N (ab) ~( —5 -—5 (a,b) .
- «%;F@j’k ’SD( r >><(p( r >’¢j”“ >M]”“
]7

with

— a, ~ = S - — S a,

2 () e (5) )

(j,k)eF
N —3 2\ 1/2 g 2\ 1/2

(Z () (2 ) o))

k)er (j,k)eF

-5 (=5 ~
o (50)| [2(5), = Bttt
r 2
where B is the constant from assumption (D1). Since ||¢||2, ||¢]|2 are bounded
by some constant only depending on NN, there is a constant Cy4 such that

{p, L’ 3) 17 >0, s € RV} C Cyabsco(r). Hence
R((, LE3) - a > 0, b € RY) < 2C4R(7).

STEP 6. Now, by Steps 2 to 5, we can apply Theorem 6.5 and deduce
that the set

{Lp: F is a finite subset of Z x ZV}

is bounded in L(E(RY,X), E(RV,Y)). Step 1 now implies that the sum
in (14) converges unconditionally in E(RY,Y) for all f € E(RY, X). By the
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uniform boundedness principle, L defines an bounded linear operator from
EMRY,X) to ERM,Y). u

The following technical lemma was crucial in the proof of Theorem 6.2.
The proof is standard (cf. e.g. [30], [9]) and is omitted here.

LEMMA 6.6. Let v > 1 and N € N. Then there is a constant C, only
depending on v, a, b, and N, such that for all x,y € RN with x # v,

S a N+ fa Tz — bk[)(1+ |a Ty — bk|)] TNV < Clz — y| V.

JEZ kezZN

REMARK 6.7. In the multi-dimensional case, one is also interested in or-
thonormal wavelet bases generated by shifts and dilates of a finite collection
W of Lo-functions. (A prominent example is the tensor wavelets generated by
tensor products from a one-dimensional wavelet and its corresponding scal-
ing function, see e.g. [9, pp. 313-319].) If we assume that in addition each
1 € ¥ satisfies condition (D2) and that the parameters a, b are the same for
all ¥ € ¥, then our methods can be applied to obtain results corresponding
to Theorem 6.2 and Corollary 6.3 in this setting.
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