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Embedding theorems for Lipschitz and Lorentz spaces on
lower Ahlfors regular sets

by

BARTLOMIEJ DYDA (Wroctaw)

Abstract. We prove norm inequalities between Lorentz and Besov—Lipschitz spaces
of fractional smoothness.

1. Main results. In what follows we let (F, p) be a metric space with a
positive o-finite Borel measure . By B(z,r) we denote the open ball centred
at x with radius r. We always assume that there exist d > 0 and C; > 0
such that

(1) w(B(z,r) > Cir?  forall0<r<1landzé€F,

i.e., the lower Ahlfors d-regularity of F'. In particular, F' may be a d-set in
R™ and p the d-dimensional Hausdorff measure, or F' may be an h-set with
h(r) > r?for 0 <r <1 and p an h-measure [10, 1T, 5] 6] [18].

We denote LP = LP(F, ). We obtain the following inequality of Sobolev
type.

THEOREM 1. If 0 < p < 0o and 0 < « < d/p, then there exists a
constant ¢ = ¢(d, Cy,p, ) such that

(2) Nl prasa-an

§C<|IUILP+< ) W“(dm(d”)lm)

p(z,
p(z,y)<1
for allu € LP.

Under certain additional assumptions we can get rid of the LP norm on
the right hand side.
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COROLLARY 2. Let FF C R"™ and F = aF := {ax : © € F} for some
a > 1. Let u be the d-dimensional Hausdorff measure and assume that it is
o-finite on F. Let 0 < p < 00 and 0 < « < d/p. There exists a constant
¢ =c(d,Cy,p,a) such that

u(z) — u(y)|P 1/p
(3) [ull pasa-or) < c(ﬁ | lulz) = ul)” | ) ,u(dx))

) |z — y|dtor
for all uw € LP.

The result applies e.g. if F' is a half-space in R™ (or more generally, an
open cone) and d = n.

Inequality for p =2, a < 1, and a d-set F' C R™ was stated in [7,
(2.3)] and applied in [7] to estimate the heat kernel of jump type processes
(see also [4]). Such applications are our primary motivation to study such
inequalities. They are also of interest in the study of function spaces on d-sets
[17]. Furthermore, inequalities of this type have a close connection to Nash
inequalities and heat kernel estimates (see [15, [8 23] ).

Note that our proofs are different and more elementary than those in
[7, 17]. Interestingly, in our inequalities we allow for all p > 0, rather than
p>1, a € (0,d/p) may be larger than 1, and we only assume lower Ahlfors
d-regularity. Moreover, our methods yield an extension to Besov—Lipschitz
spaces, given below.

We recall the definition of Lorentz spaces Ly, [17, 2]. We define the
decreasing rearrangement u* of u in the usual way,

u*(t) = inf{s : p({z : |u(z)| > s}) < t}.
For 0 < p,q < oo we define

T 1/p, * dt e 1/p, *
s gl = (0770 @1 § ) 0 s Ly = sup(e 1),
0

We say that u € Ly, 4 if [Ju; Ly 4] < 0.
For 0 < p < o0,0 < q < ooand a >0 we define the Besov—Lipschitz
type space Lipy(a, p,q, ) = {u € L? : |lu; Lipy(cv, p, g, F')|| < oo}, where
(4) [[u; Lipg(a, p, g, F) || = [lullze + [/(by)7Z0llea,
and the sequence (b,)52 is defined by

1/p
© b= 2e(2 ] ) P )
pz,y)<2™¥
If p,g > 1, then is a genuine norm.
The main result of this note is the following embedding theorem, which
extends Proposition 6 in [I7, p. 216].
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THEOREM 3. Let F', p, p and d be as in Theorem[I]. Let 0 < p < oo,
p<q<ooand0 < a < d/p. Then there exists a constant ¢ = ¢(d,C1,p, q, )
such that for all u € Lipy(a, p,q, F),

(6) [w; Lp= gl < cllu; Lipg (v, p, ¢, F) |,
where p* = pd/(d — ap).

We may regard Theorem [3] as a subcritical case of a limiting embedding
(see [22, Remark 11.5] for definitions and a further discussion).

We mention that the Hardy inequality of [12 9] 3] is similar to , except
that it estimates the weighted LP norm (and not LP") by &£.

We note that the definition of Lipy(a, p, g, F') is very similar to the defi-
nition of the space Ag;g‘ of Grigor’yan [I3]. By the definition

(7) [|w; Lipg (v, p, g, F)|| < c||u;/1zj8‘||,

and these two norms are equivalent for bounded d-sets F'. Correspondingly,
holds with the norm Lipy(a,p,q, F) replaced by the norm of Ag:g in
Theorem (3| See [13], 14] for a further discussion.

We now recall the definition of Lip(«, p, ¢, F') of Jonsson and Wallin [17].
Assume that F' C R™ and p is the Euclidean distance. Let « > 0 and k € Z
satisfy k < o < k + 1. Let {f(j)}|j|<k. be a family of functions defined p-a.e.
on F, where j = (j1,...,jn) is a multiindex and |j| = ji; 4 - -+ jn. We define
P;j and R; by requiring that

FUtD (y
Pj(.ﬂ?,y): Z l!()(l'—y)l, xijF,
lF+<k
and that ) (z) = Pj(z,y) + Rj(z,y). The collection {f(j)}|j|gk belongs to

the Lipschitz space Lip(a, p, g, F) if and only if fU) € L? for |j| < k, and for
v=0,1,2,... and |j| <k,

1/p .
® (27§ IRy p(de) ply)) T <270 g,
lz—y|<2—¥
for some sequence (a,) € ¢2. The norm of {f(j)}‘j‘gk in Lip(a, p,q, F) is
(9) D DN + inf [[(@) s,
lil<k

where the infimum is taken over all possible sequences (a,). We see that the
definition of Lip(«,p,q, F) uses (a substitute of) Taylor expansion of kth
order, while Lipy(a, p, q, F) uses only increments of the function (0-order
Taylor expansion). This motivates the notation Lip.

For a function f we put f(© = f and fU) = 0 if [j| > 0. Clearly,

1F; Lipg(a, p, ¢, F)|| = I{f9}; Lip(a, p, g, F)l|-
In particular, we have Lip(«, p, q, F') = Lipg(«, p, q, F) for a < 1.
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It seems that Lipy(a, p, ¢, F') is more appropriate to study jump processes
on metric spaces (see [16], 20], 21]). For a d-set F' the space Lipy(ady, /4,2,2, F')
is the domain of the Dirichlet form of a symmetric a-stable process on F
[21], where o € (0,2) and d,, is the so-called walk dimension of F' [20]. Also,
Lipy(dy /2,2, 00, F) is the domain of the Dirichlet form of the Brownian mo-
tion e.g. on the Sierpinski gasket F' C R", (see [16]). Our results shed light
on domains of non-local Dirichlet forms defined on more general sets.

Notation ¢ = c(a,b, ..., z) means that the constant 0 < ¢ < oo depends
only on a,b,...,z All functions are assumed to be Borel measurable and
complex-valued. In fact our results remain valid for Banach-space-valued

functions u (see (13), (14).

2. Proof of Theorem In the following lemma we adopt the conven-
tion that § = 0.

LEMMA 4. For every e > 0,

oo o al—i—a
10 an < ag+3-4° n
( ) nZ::l " 0 nz::l (anfl +an + Cln+1)‘E

ifa, >0, n=0,1,... and a, = 0 for large n.
Proof. Let

A—{n€{1,2 g an_l(an 1+an+1)} B=1{1,2,...}\ 4,

and let N be such that B C {1,...,N}. For n € A we have a,—1+an+an+1
< 4a,, hence

(11) dan <47y

neA neA
On the other hand, we have

1+e
aTL

(an—l +ap + an—&-l)‘E '

1 2 & 1
%:B(lnﬁ %:Ban 1+ apg1) < 3a0+3nz:an+3azv+1,
thus
(12) fZan ao—i-g Z an+1aN+1.
3 3

neB neAn<N
Since N +1 € A, we obtain from ,
Z an < ap+2 Z Qs
neB neAnN<N+1
and this together with completes the proof. m
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REMARK 1. We note that does not hold for all sequences a,, > 0.
Indeed, for a,, = exp(b™), the right hand side of is finite if b is large
enough, while the left hand side is infinite. One can prove that holds,
with some constant ¢ = ¢(¢) instead of 3 - 4% in , for all sequences a,, =
o(q™), where ¢ > 0; however, the proof is more complicated and will be
omitted.

Proof of Theorem @ Let u € Lipy(a,p,q, F). Our goal is to prove @
with ¢ independent of u. Note that

(13) H |u’§Lp*,qH = ||U§Lp*,qH
and
(14) || [ul; Lipg(ev, p, ¢, F)|| < |lu; Lipg (e, p, g, F)],

hence it suffices to prove @ for u > 0.
Furthermore, since for any ¢ > 0 we have

lu A t; Lipg (v, p, ¢, F)|| < ||u; Lipg (e, p, q, F)]|,

by the bounded convergence theorem we may also assume that u is bounded.
Finally, we may and will assume that [ju||z» = 1.
Let

E, ={z € F:u(z) e [2",2")},
tn = W(En), n€LZ.

The idea of the proof is to estimate the norms in @ by means of p, only,
and then use special inequalities for sequences, including and the Hardy
inequality. While estimates for the LP and L~ , norms of u by means of s,
are straightforward, this is not the case for the ¢? norm of (b,). This is the
place where the somewhat unusual terms fi,, /(f4n—1 4 fin + pin+1) arise, which
result from considering x and y not in neighbouring sets F, (see and
(16)). We estimate the terms by using Lemma[d] The assumption |jul|z» = 1
implies that pn—1 + pin + finr1 < 2_(”_1)1”, thus pn—1 + pin + pint1 < Cp/2
for n > ng = no(C1,p).

We claim that for any n > ng there exists v € {0,1,2,...} (depending
on n, u, ...) such that

(15) 2nu}/p(,un—1 + Hn + Nn—l—l)ia/d

<2 (0] | ju@) — u)l? pldy) p(dn)
En B(z,2-V)

with constant ¢ = ¢(d, C1, p, @) independent of n. Here we adopt the conven-
tion that 0% = 0 for a < 0, hence the claim is obvious if pi,—1+ pin + pin+1 = 0.
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We now prove the claim in the case when p,—1 + ptn + ptin+1 > 0. We have
(16)  buw = | |u(@) —u)P u(dy) p(dz)
En B(z,27v)

| | u(z) — u(y)|? p(dy) p(da)
En B(z,27Y)\(Epn—1UERUE+1)

20" Py (B2, 27") \ (Bn1 U By U Bny))
20 =DP Y (C1277% — (1 + fin + fns1))-

We take v € {0,1,2,...} such that

v

>
>

2(“71—1 + pn + Nn+1) < 01271/(1 < 2d+1(,uln—l + pp + ,U/n—i-l)‘

Then

C
by, > —L on=Dpy o-vd

) jtil

hence
2 (270, )17 > o{d, Cy,p, @) (-1 + in + fins1) /1217,

and the claim is proven.
We will first prove @ in the case when g < oco. Observe that 2" <
wr(t) < 2nTLAf Y, <t < > k>n Mk Hence

i e dt

A7) Ly gl = § 7w @)
0

Zanﬂk

< 24 Z S 14/ =19nq 4
nez Zk>n Uk

=SS ()

ne”L k>n k>n
29p* a/p”*
< S (S )
q neZ k>n

We use the following variant of the Hardy inequality ([I7, Lemma 3, p. 121],
[19]), valid for s,q > 0:

o9 R 00
Z (Z ,uk’) 2na < C(?’L(], st) Z :U’fL2nq7
n=ng k>n n=no

and the estimate ),y < 27", which follows from ||ul|r» = 1. We deduce
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from that

(o)
(18) s Ly g7 < ¢ S 27mwa/r*gna 4 ¢ S yafegna

n<ng n=ngo

o
<clullf, +¢ > plP2m,

n=ng

where ¢ = ¢(d, C1,p, q, ).

Since u is bounded, uy, = 0 for all large n. We are going to apply Lemmal[]]
to an = pun2™, where v = q/p*, and € = aq/(yd) > 0. Observe that v(1+¢)
= q/p. Note that

v(1+e
a7ll+a ,Un( ) , gna

<c
(anfl +ap + an+1)€ o (,U/nfl + pn + Mn+1)7€

with ¢ = ¢(d, p, ¢, &). Thus by Lemma 4| and the inequality raised to the
qth power we obtain

Zznw<cz

n=ng n=ng

q/p

ng 4 o(no—1)q v
iy o + pom)yeard 2 T2 g1

(19) <oy 2Oy, Ll el

n=ng
co oo

(20) <e Y Y292 %,,) 1P 4 cful,
n=ng v=0

with ¢ = ¢(d, C1,p, ¢, a). We note that in above v(n) depends also on
n and u, but the dependence vanishes in . The first term in is now
estimated as follows:

EED 9 SEZHCT L
n=ng v=0
_ Z ovqa Z 2udbn,y)Q/P < ZQWI& <2Vd Z bmy)q/p
v=0

n=no n=no
/
<22 (] jue) - u)l u(dy) p(dn))
v=0 pa,y)<27V

S Huv Lip()(a,p, q, F)Hq

Putting , and together we obtain @
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It remains to show @ in the case when ¢ = co. We have

1/p*
|w; Ly ool] < QSup(Z uk) 2",
" Ck>n

Observe that for n < ng,

<Z ,uk) 1/;0*2” < (2—np)1/p*2n < 2”0(1—p/p*)7

k>n
hence
1p*
(22) sup (- ) 2" < eld, Gy, ) Jul o
n<no k>n
Now let Y
S = sup (ZWC) 8 2"
n2no k>n
We have S < oo, because u is bounded. Let N > ng be such that
1/p* 3
(23) (Z Hk) 2N > 1 S.
k>N

If N = ng, then S < ¢(d,Cy,p, a)||ul|» by (22)). Henceforth we assume that
N > ng. By we get
(24) sup 2" 113/ (pin—1 + pin + ping1)” ¢ < ellu; Lipy(a, p, 00, F)|

n>ng

(see ) From 1j and the inequalities (3,5, ux)/P2" < Sforn=N—1
and n = N + 1, we obtain, respectively, B

8\*"
UN—1+ N + [AN41 < Z Pl < <3> Z Hikes

E>N—1 k>N

3\ 7"
MN2<<2> —1) S
k>N+1

Thus ZkzN pr < c(p*)un, hence by 1/p* = —a/d+ 1/p and ;

3 1/p* _
1°= (Z l‘k) 2N < e(pn—1 + pv + ) 92N P
k>N

< c||u; Lipy (e, p, 00, F)||. =
Proof of Theorem[1, By Theorem [3 applied to p = ¢ < co we have
l[ull £, , < cllu; Lipg(er, p, p, )|

pT.p —

<t + (1] WwiﬁgyVW”Mwouﬁ’

p(z,y)<1 Pz,
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and the theorem follows from the embedding L,-, C LP" for p < p* [2]
Proposition 4.2, p. 217|. =

Proof of Corollary . Denote u®(z) = u(az) and

ew) = [§ SO () o),
FF

It is easy to check that ||[ul®| s = a=%*||u||zs and E(ul®) = a=HPE(v).
Hence by applied to u(®") we obtain

el s ca-om < e(a™full Lo + E(u)'/P)
and the corollary follows by letting n — co. »

Note. One can simplify the proof of Corollary [2]to get a stronger result.
Namely, assume instead of that for some C4,d,ry > 0,

(25) w(B(z,r)) > Cr? forall0 <r <rpandz e F.

Then the new measure ji(A) := pu(A)rg® and the new metric j(z,y) :=
p(x,y)/ro satisfy , hence holds. Coming back to i and p we get the
following corollary.

COROLLARY 5. Assume that holds. If 0 < p < 00 and 0 < a < d/p,
then there exists a constant ¢ = c¢(d, C1,p,«) such that

(26)  |ull pras—an

< (il (1§ Mu(dy)u(dw)>l/p)

d+ap
pegy<re PEY)
for allw € LP. In particular, if holds for all ro > 0, then
[u(z) — u(y)P” v
(27) HUHLpd/(d—ap) < C(;; W w(dy) p(dx)
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