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Abstract. Let T1,...,7T, be bounded linear operators on a complex Hilbert space H.
Then there are compact operators Ki, ..., K, € B(H) such that the closure of the joint
numerical range of the n-tuple (71 — K1, ..., T, — K») equals the joint essential numerical
range of (T1,...,T,). This generalizes the corresponding result for n = 1.

We also show that if S € B(H) and n € N then there exists a compact operator
K € B(H) such that ||(S — K)"|| = ||S™||e- This generalizes results of C. L. Olsen.

1. Introduction. Let T be a bounded linear operator acting on a com-
plex Hilbert space H. The properties of T' can be frequently improved by
adding to it a compact perturbation. For example:

e [S] there exists a compact operator K1 € B(H) such that
o(T + K1) = ow(T),

where ow (T) = ({o(T' + L) : L € B(H) compact} denotes the Weyl
spectrum of T

e [CSSW] there exists a compact operator Ko such that W (T + Kj) =
We(T), where W denotes the numerical range and W, the essential
numerical range;

e [OP] if p is a polynomial and p(7T) is compact, then there exists a
compact operator K3 such that p(T + K3) = 0.

The present paper studies variations of the second and third result men-
tioned above.

In the next section we generalize the second result to n-tuples of opera-
tors.
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In Section 3 we study the following problem of C. L. Olsen which is still
open: if S € B(H) and p a polynomial, does there exist a compact operator
L such that [[p(S + L)|| = [[p()]]e?

A positive answer is known only for some special polynomials. In [O] it
was proved for p(z) = z, 22, 23. In [CLSW] a positive answer was given for
all linear polynomials.

We improve the result of [O] and give a positive answer for all powers
p(z) = 2".

2. Joint numerical range and compact perturbations. Let T =
(Ty,...,T,) be an n-tuple of operators on a complex Hilbert space H. The
joint numerical range W (T') is defined by

W(T) ={((Thz,z),...,(Thx,x)) : x € H,||z|| = 1}.

It is well known that the numerical range W (T') is convex for n = 1 but not
convex in general for n > 2.

Apart from the (spatial) numerical range W(T) it is also possible to
define an algebraic numerical range. Let A be a Banach algebra with unit e,
let a = (ai,...,a,) € A™. The joint algebraic numerical range V (a, A) is
defined by

Via, A) ={(f(ar), ..., flan)) : f € A% |[f] = 1= f(e)}.

It is well known that V' (a,.A) is always a compact convex subset of C"; see
[BD1, p. 24].

For n-tuples of Hilbert space operators the spatial and algebraic nu-
merical ranges are closely connected. Denote by B(H) the algebra of all
bounded linear operators on a Hilbert space H. By conv M we denote the
closed convex hull of a set M.

THEOREM 1. Let T = (Ty,...,T,,) € B(H)". Then
V(T,B(H)) = conv W(T).

Proof. The statement is well known for n = 1 (see [BD1, p. 83]). For
n > 2 it is more or less folklore. For the sake of convenience we briefly
indicate the proof.

Clearly, W(T) c V(T,B(H)). Since V(T, B(H)) is closed and convex,
we have conv W(T') C V(T, B(H)).

Let z = (21,...,2,) € C* \ conv W(T'). Then there are ai,...,a, € C
such that
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Reiajzj> sup ReZaJ Al,...,An)EW(T)}
= sup{R <Z: ajTj:U,:p> cx € H, ||z|| = 1}
= sup{Re,u W e W(ZO{J )}
= sup{Re,u RS V(Zaﬂ},B(H))}

- sup{ReZa;f :fe BUH), If| =1=f(1)}
= Sup{ReZaJ (AlyeeiyAn) EV(T,B(H))}.
Hence (21,...,2,) ¢ V(T,B( )) and V(T,B(H)) =conv W(T). =

Let H be an infinite-dimensional Hilbert space. The joint essential nu-
merical range We(T) of an n-tuple T' = (T1,...,T,,) € B(H)" is the set of all

(A1y...,An) € C" such that there exists an orthonormal sequence (zy) C H
ith
k—o0

The essential numerical range for n = 1 was introduced and studied in
[FSW]. The joint essential numerical range was studied e.g. in [T'C], [B], [LP].

Although W(T) is not convex in general for n > 2, it was shown in
[LP] that W.(T') is always convex. In fact, W,(T') is equal to the alge-
braic numerical range of the corresponding classes in the Calkin algebra
B(H)/K(H), where K(H) denotes the ideal of all compact operators on H.
Denote by 7 : B(H) — B(H)/K(H) the canonical projection. As usual, we
write 7(T) = (7(T1), ..., 7(Ty)).

We summarize the basic properties of the joint essential numerical range
We(T) in the following theorem:

THEOREM 2. Let H be an infinite-dimensional Hilbert space and let T =
(Ty,...,T,) € B(H)". Then W(T) is a compact convex subset of C" and
W(T)= [ WT+K)= () wowW(+K)

KeK(H)" KeK(H)"
=V(x(T), B(H)/K(H)).
Proof. The first two equalities were proved in [LP]. They also imply the
compactness and convexity of We(T).
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If fe(B(H)/K(H))" and ||f||=1= f(I+K(H)) then for € B(H)*
and [[for| = 1= (fom)(I). Moreover, fom annihilates compact operators.
So

V(n(T),B(H)/K(H)) c V(I'+ K,B(H))

for all K € KC(H)"™. Hence

V(x(T),B(H)/KH))c ()| V(T+K,B(H))
KekK(H)"

= [ wwW(T+K)=W(T).
KekK(H)r

Conversely, let A = (A1,...,A\,) € We(T), i.e., there exists an orthonor-
mal sequence (zj) C H such that \; = limy_o(Tjxg, zx) for all j =
1,...,n. Let LIM be any Banach limit. Define f € B(H)* by f(S) =
LIMj 00 (S, xk) (S € B(H)). Then f annihilates all compact operators
and so it induces a functional f € (B(H)/K(H))*. Clearly, ||f|| = 1 =
fI+ K(H)) and f(x(T)) = \. Hence A € V(n(T), B(H)/K(H)). =

The main result of this section is that for each n-tuple (71,...,T),)
of Hilbert space operators there exists an n-tuple of compact operators
(Ki,..., Ky) such that W.(Th,...,T,,) = W(T1 — Ki,...,T,, — K;,)~. This
improves the results of [LP] mentioned in Theorem 2.

For n = 1 the existence of the optimal compact perturbation was proved
in [CSSW]. We use the operator-theoretical method of [CLSW] (however,
this method is only sketched there in a not very clear way, the paper [CLSW]
uses mainly another method based on the notion of M-ideals).

REMARK 3. In fact, the joint essential numerical range W, (1") was stud-
ied in [LP] only for n-tuples of selfadjoint operators. However, every operator
S € B(H) can be written as S = ReS + iIm S, where Re S = (S + 5*)
and Im S = (S — S*) are selfadjoint operators.

Any n-tuple T'= (T1,...,T,) € B(H)" can be identified with the (2n)-
tuple

(ReTy,ImTh,...,ReT,,ImT,)

of selfadjoint operators and the joint essential numerical range W, (7") C C"
can be identified with W,(ReT},ImTy,...,ReT,,ImT},) C R?". So all the
statements concerning W, (T') can be reduced to the corresponding state-
ments for tuples of selfadjoint operators.

An important property of selfadjoint operators is that their numerical
range is real. The next proposition characterizes the numerical range of
tuples of selfadjoint operators.

PROPOSITION 4. Let S = (S1,...,S,) be an n-tuple of selfadjoint op-
erators on a Hilbert space H. Let z = (z1,...,21) € R™. Then:
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(i) z € V(S,B(H)) if and only if

‘Z oz + /\‘ < HZ a;Sj + /\H
j=1 j=1

forall ay,...,anp, X € R.
(il) z € We(S) if and only if

n n
‘Z Q;zi + /\‘ < HZ aij + )\H
e
j=1 j=1

for all aq,...,an, A €R.

Proof. Let z € V(S,B(H)). Then there exists f € B(H)* such that
|fll=1=f(I)and f(S;) =2; (j =1,...,n). Let a1,...,an, A € R. Then

‘Zajz]- —1—)\’ = ‘f(Zaij +)\I>‘ < HZaij —i—)\H.
j=1 j=1 j=1

Conversely, let [ D7) ajz; + Al < [| 220 a;8; + Al for all oy, a, A
€ R. Let A be the real subspace of B(H) generated by S1,...,S,I. Let f:
A — R be the real functional defined by f(3°7_; a;S;+A) = Y70 ajzj+A.
Then ||f|| <1and f(I)=1.S0 |[f|| =1and f(S;) =% (j=1,...,n).

By the Hahn-Banach theorem there exists a functional f : B(H) — R
extending f such that ||f|| = || f|| = 1. Let g € B(H)* be the complex func-
tional defined by g(V) = f(V) —if(iV) (V € B(H)). Then ||g|| = ||f] = 1
and f = Reg (see [BD2, p. 3]). We have |g(I)| < 1 and Reg(I) = f(I) = 1,
so g(I) = 1. Thus g(Si,...,5,) € V(S, B(H)).

Moreover, V' (S, B(H)) C [[;_, V(S;, B(H)) C R™. So

(21, ,20) = (F(S1), .., F(Sn)) = (Reg(Sh), ..., Reg(Shn))
=(9(51),---,9(Sn)) € V(S, B(H)).
Part (ii) can be proved similarly using W,(S) = V(7 (S), B(H)/K(H)). =

LEMMA 5. Let H be a Hilbert space and let S € B(H), z € H, ||z|| =1,
t > 5||S||. Then

2
1(S + t)z|| — t — Re (Sz,z)| < 2”5”

Proof. We have
1S + )z = (IS + D)2||*)"/? = (¢* + 2t Re (S, ) + || S ||*) /2
=t(1+4 s)'/2,
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where s = 2Re (Sz,x)/t + ||Sz|?/t?. Then
281, IIS|® _ LS| _ 1
< < < —.
ST TR S TE 53

It is easy to verify that for s < 1/2 we have

S 82 S
1+- -2 <1 V2 <14 2,
—|-2 4_(+s) < +2

So

1(S + t)z|| —t —Re (Sz,z)| = [t(1 + 5)'/? — t — Re (Sz, z)]
< ‘t(1+s)1/2—t—t23 + %S—Re(S:B,:n)

S:E||2

< 1/2 4 S I
<t|(1+s) 1 5|t o
<@+HSH2<IISH2 e 1y _281”
~ 4 2t — ot \4-5%2 2/~ ¢t

For S € B(H) denote by ||S||e the essential norm of S, [|S|. =
inf{||S + L|| : L € K(H)}. For a subspace M C H denote by Py the
orthogonal projection onto M.

PROPOSITION 6. Let H be a separable infinite-dimensional Hilbert space,
and let (e1,ea,...) be an orthonormal basis in H. Let S € B(H). Then

IS = Jim || Py 5Py .

where Hy, = \/?:1 ej (keN).
Proof. For each k € N, the operator S — PHIi_ SPH:_ is of finite rank, so
Sl < [Py SPy. .

Clearly,
HPHf-PHf-H 2 ”PH;SPHQLH Z

so the limit limy_, HPH]i_ SPHIi_ || exists and is greater than or equal to ||.S]|c.

Suppose on the contrary that limg_, o HPHkL SPy. | > [|S|le. Then there
exists € > 0 such that HPHIQLSPHICLH > ||S||e +¢ for all k € N. Find z;, € Hj,
|zk|| = 1 such that ||Saz| > HPHICLS.TkH > ||S]|e +&. Clearly, x; — 0 weakly.
Let L € B(H) be a compact operator. Then || Lzy|| — 0 and ||S + L| >
supgen [[(S + L)xgl| > [|S]le +¢&. So ||S]le = infrexcimy IS + LIl = [|IS]e + ¢,
a contradiction. =

COROLLARY 7. Let H be a separable infinite-dimensional Hilbert space,
S € B(H), t,t' > 5||S|*>. Then:

@) IS+t =[S+ —t+#| < 4]|S|]*/min{t, #'};

(i) [+ tlle = 1S +#lle — ¢+ ¢'| < 4[|S]|?/min{t, '},
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Proof. Let x € H, ||z|| = 1. By Lemma 5,

2(|S|I12
’H(S t)l'” t—Re <Sl‘,a¢>‘ < ’tSH’
+ — 2|15)1?
[1(S +t)a|| —t' — Re (Sz, z)| < ’t’H
So 2
+ - +t / 415l
< —0- 0
(S + t)z|| — |(S+ )zl —t+¢| < min{t, ']

Let (zr) C H be a sequence of unit vectors such that ||(S + t)zk| —
||S +t||. Without loss of generality we may assume that limg_, . ||(S+t") ]|
exists. Then

1S+l = 1S+l =+ 1" < lim ([(S+ gl = IS+ )axll -t +1)
—00
4| S|
~ min{¢, '}’
By symmetry, we get (i).

By Proposition 6, we have ||.S + || = limg_,o0 HPHICL(S + t)PHkL I, where
Hy = \/g?:1 ej and (eq,ez,...) is an orthonormal basis in H. This together
with (i) gives

IS+ tlhe = IS +¢]le —t+¢|

k—o0 k k k k
APy SPyI? 492
<

< .
=l min{¢, ¢}  ~ min{¢, ¢}
LEMMA 8. LetT = (T1,...,T,) be an n-tuple of operators on a separable

infinite-dimensional Hilbert space H. Then there exist mutually orthogonal
finite-dimensional subspaces Fy, C H such that H = @zozl Fy, and P,T;P; =0
forallr,s € N, |[r —s| > 2 and j = 1,...,n (i.e., the operators Ty, ..., T,
are simultaneously block 3-diagonal).

Proof. Let (e, ea,...) be an orthonormal basis in H. Let F; = \/{e1}.
Let Gy = V{Fl,TjFl,T;Fl (1 <3< n),eQ} and Fy = G9 © Fi. Then
dim Fy < oo, T;F1 C I @ F; and T;‘Fl CFHeelforal j=1,...,n.

We continue this construction for k¥ € N inductively. If £ > 3 and the
subspaces F1, ..., Fr_1 have already been constructed, then set

Ge=\V{F1 - Foot, TjFeo1, Tf Fooy (j=1,...,n), ex}

and Fj, = GLo(F1®---®Fj_1). Then dim Fj, < o0, TjFj_1 C (F1®---®Fy)
and T;‘Fk,l C(Fi®---@F) forallj=1,...,n.
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If we continue this construction for all £ € N we get the required decom-
position (note that @p-, Fr, = H since e, € [ & --- & F}, for each k). »

The following result was proved in [CLSW, Lemma 6]. We formulate it
in a more explicit form.

LEMMA 9. Let S € B(H) be block 3-diagonal, i.e., there are finite-
dimensional subspaces F; such that H = @;’il F; and Pp, SPr, = 0 when-

ever [r — s| > 2. Denote by Q the orthogonal projection onto €2y 1 Fj.
Let I,d € N, k = 1+ 2d and let V € B(H) satisfy V = QrV Q. Then
1S+ V| < max{[|S], |Qu(S +V)Qull} + [|S]/Vd.

Proof. Let x € H, ||z|| = 1. Then

||PF1+1'T + PF1+237H2 + HPFH—S‘,L. + PFl+4xH2 +ot ”PFH—Qd—Ix + PFl+2d$H2
< [lz)* = 1.

So there exists jo, [ +1 < jo < 1 +2d—1 < k — 1, such that HPFij +
PF.7'0+1'7;H2 < d-1.

Write = u + v + w, where u € @;OZ_IIFJ, v = PFij + PFme and
w € @5, 1o Fj- We have (S + V) = Su+ Sv+ (S + V)w, where ||Sv]| <
S| - floll < 1S1/vd, Su € @}, Fj and (S + V)w = Qu(S + V)Quw €
P, F;. Thus Su L (S+ V)w and

Jo+1-J
[Su+ (S + V)wl[| < max{[|S], |Q:(S + V)Qull}-
Hence [[(S + V)a| < max{[|S], |Q:(S + V)@Qull} + [|S]/Vd. =

Let T1,...,T,, € B(H) be selfadjoint operators. We show that there exist
compact selfadjoint operators K1, ..., K, € B(H) such that

w (St 2], = [Ser
j=1 J=1

for all aq,...,an, A € R. Consequently, W (T4,...,T,) = W(T1 — Kq,...
oy —Kp)™.

We show (1) first under the technical assumptions that the space H is
separable and Intg W (T1,...,T;,) # (), where Intg denotes the interior in
the sense of R™. However, these assumptions are not necessary.

Let T = (Th,...,T,) € B(H)". For a = (au,...,q,) write ||af; =
> j—1 eyl and o' =377, o;T;.

THEOREM 10. Let H be a separable infinite-dimensional Hilbert space,

letT = (Th,...,T,) € B(H)" be an n-tuple of selfadjoint operators such that
Intg We(T') # (0. Then there exist compact selfadjoint operators K, ..., Ky,
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in B(H) such that

oo = [0
=1 < =t

forall aq,...,an, A € R.

Proof. Without loss of generality we may assume that |[|7}]|
(j=1,...,n)and (0,...,0) € Intg W(T). Let £ > 0 be such that (u1, ..., )
e We(Th, ..., Ty) for all pi,...,pun €R, || <e (j=1,...,n).

By Lemma 8, there exist finite-dimensional subspaces F1, F5,... such
that H = @;.0:1 F; and the operators 11,...,T; are simultaneously block
3-diagonal with respect to this decomposition. Denote by Qi the orthogonal
projection onto the space @;’ikﬂ ;.

For m=0,1,...we construct inductively n-tuples 5™ = (S%m), ey Sy(Lm))
€ B(H)" of selfadjoint operators and an increasing sequence (k) of non-
negative integers such that

(2) QS ; "Qky =2 "Qu, TiQr, (G=1,...,m),
(3) Hza] -5y 42| < HZ%T + 2|~ 3ot
j=1
for all ar,...,an, A €R, 370 |aj] =1, and
m+1 m ”TH
(4) ISt = s < S =1,

For m = 0 set formally ky = 0 and S](O) =1T; (j =1,...,n). Clearly,
(2) is satisfied.

Let an,...,0p, A €R, 370 |aj| = 1. For p € R write signp = 1if > 0
and signp = —1 if g < 0. We have

[S a5z — )42 =
j=1

and

n
[ a7+
=1 ‘

v

max{\u\ TS We<zn:oijj + A)}

j=1

Y

max{‘Zajl/j + A‘ (2T 78 'S We(Tl,...,Tn)}
j=1

Y

ca;isi n)\
‘Z sy sign A '_5+|A|.
sign a;
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Thus
n
(5) A < HZaJ-TjHH i
j=1 ‘
for all aq,...,an, A € R, ||aljs = 1. In particular, (3) is satisfied for m = 0.

Suppose that we have already constructed the n-tuples S, ..., (M) ¢
B(H)™ and numbers ky, . .., ky, € N satisfying (2)—(4). Set r = 2™%6 /¢ and
§ = ¢/2™*+4. By Proposition 6, for all « € R", |||l =1 and A € R, |\| < 7,
we have

|Qk(aT + N Qx| . [T+ Alle
and the functions (a,\) — [|Qr(aT + N)Qkll, (e, A) — [T + A, are
continuous. By the Dini theorem the convergence is uniform on the set
A:={(a,\) eR"xR: Jla|1 =1, |A| <r}.
Let I > ky, satisfy
1Qu(aT + N Qul| = [laT + Afe <4

for all (o, \) € A. Find d € N such that (r+1)/vd < 6 and set kp41 =
l+2d. For j=1,...,n set

gm _ 1

(m+1)
S; =55 = omrt Qknsr T Q-

Clearly, Sj(mﬂ) is selfadjoint, HS](-mH) - Sj(-m)H < ||T;]|/2™ ! and

+1 _ _
ka+1 S](m )Qk'rrz+1 = 2 kam+17—.’7‘ka+l - 2 (m+1)Qk7n+17}ka+l

1
= W ka+1Tijm+1 :

To show (3), let first (o, A\) € A. We have
1Qi((T = ST V) + 1) Q|

. 1
=kmv2>wwn@+WH@M@mMH

< (1=2")QuaT + N)Qi|| + QTlﬂ [QIAQ|

1 1
+ H om+1 (Ql - ka-v—l))‘(Ql - ka+1) + W ka+1 (aT + )‘)ka-u

N,
2m+1 2m+1

<(1=2"")(|aT + Alle + 6) + max{[A[, [aT + Allc + 6}

1 1
< (1= gt ) (0T + M +8) + iz (o + 0] — <)

€ IS
S ||OtT+)\||e+5—

= ”OéT‘f‘)\”e—W'f‘W

S
2m+1

(where we used (5)).
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To estimate ||(T — S™*+D) + \||, we apply Lemma 9. Define S =
(T —S™) +Xand V =2"0"TDQ, " aTQy, ... By (3), we have ||S|| <
|oT + Al <7+ 1. Then

m r+1
l(T = STV + Al = |18 + V]| < max{|| S]], |Qu(S + V)Qill} + 7
€ € €
S maX{HaT—l— )\He — W, HO&T“‘ AH@ - W + 2,m+4} + 1)
€ €
For |A| > r, by Corollary 7, we have
laT + Alle = [la(T = S"V) 4 A
« A « A
= T - T — §m+1)
sign A * sign A ||, sign A ( )+ sign A
e} 8
— T — g(m+1) 2
sign A " . ’sign)\( )+ +7"
€ € 8 €

< om+1 o om+3 + ; = om+2"°
So S(m+1) satisfies (2)—(4).
Suppose that the n-tuples (™ ¢ B (H)™ have been constructed for all
m € N. For j = 1,...,n, the sequence (S§m))m is norm convergent; denote
by K its limit. We have
15l = Tim S < lim (|Qx,, S Qx,, |l < lim 27|17 = 0.
m—0o0 m—0o0 m—0o0

Hence the operator K is compact for all j = 1,...,n. Obviously, K, is
selfadjoint.
For a € R", A € R, ||a|l1 =1 we have

la(T — K) + Al = lim Ja(T = S™) + A < [laT + 7.
The opposite inequality is clear, so |[a(T — K) + A|| = [|[aT + A||. for all

a € R X eR, |a|; = 1. Consequently, ||a(T — K) + A|| = ||aT 4+ A||. for
alla e R", AeR. u

COROLLARY 11. Let H be a separable Hilbert space, let T'= (T, ..., Ty)
€ B(H)™ be an n-tuple of selfadjoint operators. Then there exists an n-tuple
K = (Ky,...,K,) € B(H)" of compact selfadjoint operators such that

[oT" + e = [|e(T — K) + A
for alla e R™, X € R.

Proof. We prove the statement by induction on n. Let T' = (11, ...,T,) €
B(H)™ be an n-tuple of selfadjoint operators.
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If Intg We(T') # 0, then the statement follows from Theorem 10. Suppose
on the contrary that Intg W, (T) = 0.

Since W, (T') is a convex set, there are numbers 51, ..., 3, €R, (51,...,0n)
# (0,...,0), such that 7%, Bjv; = 0 for all (v1,...,v,) € We(T). So
WB(Z?:1 BiT;) = {0}. Thus | Z?:l BiTjlle = 0 and L := Z?:l BTy is a
compact operator. Without loss of generality we may assume that 5, # 0.
Thus Ty, = 6, (L = 33771 B;T5).

From the induction assumption, there exist selfadjoint operators
Ki,...,K,_1 € K(H) such that

n—1 n—1
St = o o
j=1 j=1 c

for all ay,...,an_1,A € R. Set K, = 3, (L — 27;11 BjK;). Then K, is a
compact selfadjoint operator.
Let ai,...,an, A € R. Then

n n—1 n—1
ol = Kj) =Y a(Ty — Kj) — anfB, " Y Bi(T5 — K).
j=1 j=1

j=1

By the induction assumption,

n n—1 n—1
I3 sy = &)+ 2| = D esTs = anr D 8T+ |
j=1 j=1 j=1

S
j=1 ¢

The assumption of separability is not essential and can be omitted.

THEOREM 12. Let H be an infinite-dimensional Hilbert space, and let
T = (Ty,...,T,) € B(H)"™ be an n-tuple of selfadjoint operators. Then
there exists an n-tuple K = (Ky,...,K,) € B(H)" of compact selfadjoint
operators such that
[oT + Alle = [|e(T — K) + A
for alla € R", A € R.

Proof. There exists a decomposition H = @, ; H () such that all the
subspaces H®) are separable and reducing for the operators T11,...,7T,.
Write Tj(y) = Py TjPyo).

For all & € R", A € R and ¢ > 0 there are only finitely many v € J such
that |[aT®™ + \|| > [|aT + Al +&. So there are only countably many v € .J
such that |aT™) + || > ||oT + A||e. Hence there exists a countable subset
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Jo C J such that |[aT® + \|| < ||oT + || for all v ¢ Jy and all ratio-
nal aq,...,an,, A. Let Hy = ®V€Jo HW)_ Then Hy is a separable subspace
reducing for Ti,...,T, and ||Pusw,(aT + A)Puen,|| < |[aT + A|e for all
a € R", A e R. So we can use Corollary 11 for the operators P, T} Pr,. =

COROLLARY 13. Let T = (Th,...,T;,) € B(H) be an n-tuple of selfad-
joint operators. Then there exists an n-tuple K = (Ky,...,K,) € B(H) of
compact selfadjoint operators such that W.(T) = W(T — K). In particular,
W(T — K) is convex.

Proof. Let K = (Ky,...,K,) € B(H)" be an n-tuple of compact selfad-
joint operators such that ||a(7 — K)+ \|| = [|aT + Al for all @« € R", A € R.
By Proposition 4,

W(T)=V(I' —K,B(H)) =coovW(T — K) D W(T — K) > W,(T).
SoWe(T)=W({T - K)=coowW(T — K). u

By Remark 3, the same statement is true for an arbitrary n-tuple of
operators.

COROLLARY 14. Let T = (Ty,...,T,) € B(H)™. Then there ezists an
n-tuple K = (K1, ...,Ky,) € B(H) of compact operators such that W(T) =
W(T - K).

We do not know whether Theorem 12 remains true for nonselfadjoint
operators.

PROBLEM 15. Let T' € B(H)". Does there exist K € IC(H)"™ such that

[T + Alle = [|e(T" = K) + Al
forall « € C™*, A € C?
Using the method of Theorem 10, it is possible to obtain a positive

answer if Int W, (T') # (). However, there are technical problems if W, (T) is
a set of a lower dimension.

3. Olsen’s problem. The method from the previous section can also
be used to improve the results of C. L. Olsen [O].

THEOREM 16. Let S € B(H), n € N and ||S"||e # 0. Then there exists a
compact operator K € B(H) such that ||(S—K)7|| = ||S7|e for j =1,...,n.

Proof. Without loss of generality we may assume that [|S|| = 1. Fur-
thermore, we may assume that the space H is separable (cf. proof of Theo-
rem 12).

By Lemma 8, there exist finite-dimensional subspaces F1, F5,... such

that H = @j’;l F; and the operators S, S2,...,8™ are block 3-diagonal
with respect to this decomposition. Denote by Qi the orthogonal projection
onto the space @7, I
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Let 0 < & < ||S"[|¢/2. For 1 < j < n we have 2¢ < [[S"|. < 1157]|e -
15777l < ||S7]|e. Let ¢ = 2"~ For m = 0,1,... set s;, = ¢/(c+m). So
so =1, s, \, 0 and

c Sm SméE

Sm—3m+1:(c+m)(c+m+1)_ c = 2n'

We construct inductively operators S, € B(H) and an increasing se-
quence (k,,) of nonnegative integers such that:

(6) kaSkam = (1 - Sm)kaSka7
(7) ||Sm+1 - Sm” < Sm = Sm+1,
(8) 1S9 < [[S]le —esm  (G=1,...,n).

For m = 0 set Sy = 0 and ko = 0. Then clearly (6) and (8) are satisfied.

Let m > 0 and suppose that S, and k,, have already been constructed.
Choose a positive number ¢ < min{(smy, — Sm+1)€, Sme2™ " }.
By Proposition 6, there exists [ > k,, such that

1QUS7Qll < IS7]le +6  (j=1,...,n).
Let ki1 > 1+ 2/6% + 2. Set

Sm+1 =Sm + (Sm - 5m+1)ka+1 Ska+1-
Clearly (6) and (7) are satisfied.
To show (8), fix j € {1,...,n}. Write W = (s — Sm41) Qkymyr S Qhynin
and V = anﬂ — S = (S + W) — S},. So V can be expressed as the sum
of 27 — 1 operators, each being a product of j elements of the pair {S,,, W},

where W appears at least once. Since |[W{| < sp — smq1 and [|Sy[| < 1
by (8), we have ||[V|| < (27 — 1)(Sm — Sm+1)-

By Lemma 9, |57, 4[| < max{||Shll, |QS%,,1Qull} + 8, where [ Sh] <
I1S7||e — €Sm by the induction assumption. Further,

1QS?, 1 Qull < 1QSLQ + IV = (1 = s ) |QS“Qull + | V|
< (1= sm)(157]le +6) + (2 = 1)(sm — Sm+1)

, 2" —1)sm,
< (L= s8]+ 64 7 Dome

< NS Nle + sm (=118 ]l + €) < 157l — e5m.

Hence ||Sf;1+1|| < HSjHe —&s5m +0 < HSjHe — ESm+1-
Suppose that we have constructed operators S,, and integers k,, satis-
fying (6)—(8). Then the sequence (S,,) is norm-convergent. Denote its limit
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by U. For j =1,...,n we have ||U7|| = limp o0 ||Si < [|S7|le. Further,
IS = Ul = Tim_[Qx, (S~ U)Qu.|

im ([|Q,, (S = Sm) Q| + Qi (S = U) Qi [1)

(Sm + [|Sm — U||) = 0.

IN

< lim
m—00
So the operator K := S — U is compact and we have ||(S — K)/|| = [|U]| =
|1S7||e forall j=1,...,n. =

COROLLARY 17. Let S € B(H), n € N. Then there exists a compact
operator K € B(H) such that ||(S — K)™|| = ||S"||e-

Proof. If ||S™||e # 0 then the statement was proved in the previous
theorem. If ||S™||c = 0 then the statement was proved in [OP]. =
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