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Maximal singular integrals on product homogeneous groups
by

YoNG DING (Beijing) and SHUICHI SATO (Kanazawa)

Abstract. We prove LP boundedness for p € (1,00) of maximal singular integral
operators with rough kernels on product homogeneous groups under a sharp integrability
condition of the kernels.

1. Introduction. Let R%, d > 2, be the d-dimensional Euclidean space.
We assume that R? is also equipped with a homogeneous group structure,
where multiplication is given by a polynomial mapping; the underlying man-
ifold is R itself. We also write R? = H. Thus, H is associated with a dilation
group {A;}+~0 of automorphisms of the group structure such that

Atx:(ta1x1,~--7tadxd)7 w:(x17...,1’d>€H,

where real numbers aq, . .., aq satisfy 0 < a; < --- < ayq (see [10], [21], [18], [6]
and [I1, Section 2 of Chapter 1]). So, we have, for each t > 0,

Ay(zy) = (Awx)(Ay), =,y € H.

Consequently, H is endowed with both the Euclidean structure and a
homogeneous nilpotent Lie group structure. The group law of H is given by
a polynomial mapping which conforms to the Campbell-Hausdorff formula
in a corresponding Lie algebra via an exponential map and the action of the
automorphism family {A;}. We note that the identity is the origin 0 and
x~! = —x; furthermore, Lebesgue measure is bi-invariant Haar measure.

Let us recall a norm function r(z) associated with {A;}. The function
r(x), which is non-negative and vanishes only at the origin, satisfies the
condition r(Asx) = tr(x) for t > 0 and x € R? We assume that r(z) is
even, continuous on R? and smooth in R?\ {0}, and also that the unit
sphere Xy = {z € R? : r(2) = 1} defined by the norm function coincides
with the unit sphere S9! = {x € R? : |z| = 1}, where |z| denotes the
Euclidean norm. Let v = a1 + - - - + a4 (the homogeneous dimension of H).
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We shall use the formula

| f(z)da = Ogo | f(A0) 1 dSe(0)dt,  dSq=wdog,
R4 0 Xy

where w is a strictly positive C*° function on X; and doy is the Lebesgue
surface measure on Xy (see [I8, 6] and also [3| 10, 1T), 14, 19, 20, 21] for
more details and related results).

We consider a function {2 which is locally integrable in R? \ {0} and
homogeneous of degree 0 with respect to the dilation group {A;}, that is,
Q(Az) = 2(x) for © # 0, t > 0. We assume the cancellation property

(1.1) | 2(0)dsq(0) = 0.
Xa
Convolution on H is defined by
Frg(x) =\ fWaly 'x)dy.
H
Let

(1.2) Tf(x) =pv.f=*K(x)

pv. | f(y)K(y'x)dy

H
for appropriate functions f, where K(z) = 2(2)r(z)™7, 2’ = A, ()12 for
x # 0. We also define the mazimal singular integral operator

(1.3) T.f(x)=sw| | flay™)K () dy|

e>0 r(y)>e

Then the following results are known.

THEOREM A ([21]). If 2 € Llog L(Xy;) with (1.1) and Tf is as in (1.2),
then T' is bounded on LP(H) for all p € (1,00).

THEOREM B ([18]). Let Tif be defined as in (1.3|) with 2 € Llog L(Xy)
satisfying (1.1). Let p € (1,00). Then the operator Ty is bounded on LP(H).

We refer to [4, 12| [13], 14}, [15] [16] for relevant results.

Part of a theory of Duoandikoetxea and Rubio de Francia [8] for sin-
gular integrals on the Euclidean spaces has been generalized to the case of
homogeneous groups in [I§]. The arguments of [I8] replace Fourier trans-
form estimates by a variant of Tao’s L? estimates via convolution (see [21]).
As a result, [I8] contains Theorem B and some weighted estimates, and also
another proof of Theorem A.

Also, it has been shown in [6] that the theory of [I8] extends to the
case of product homogeneous groups to treat multiple singular integrals.
Let R® = R™ x R™ be a product homogeneous group with R™ = Hjy,
R™ = Hy, where n = ni + ng and Hy, Hs are homogeneous groups with
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dilations Agl), A§2) and norm functions ri,ra, respectively. We consider a
function (2 in L'(X,, x X,,) which satisfies

(1.4) S 2(u,v)dSyp,(u) =0 for all v e X,,,
Sy
(1.5) S 2(u,v)dSp,(v) =0 for all u e X,,.
Sy
Define
K(u,v) = ri(u) Mre(v) 202/ ,0), o = AY o =A® e

r1(u) r2(v)
where ; and 9 are the homogeneous dimensions of H; and Hs, respectively.
We consider the multiple singular integral

(1.6) Tf(zx,y) =p.v.f*xK(x,y) =p.v. S flzu™, yv ™)K (u,v) du dv.
H1><H2

The following result is proved in [6].

THEOREM C. LetT be defined as in with £2 in L(log L)?( 2, X Xhn,)
satisfying and . Let 1 < p < co. The operator T is then bounded
on Lp(Hl X HQ)

We can find in [2] the optimality of the L(log L)? integrability condition
for multiple singular integrals with Euclidean convolution.

Let us recall that the maximal singular integral is defined by

(1.7) T.f(x,y) = sup ’ S flzu™ yo YK (u,v) dudv).
e1>0

>0 T1 (u) >e€1
ro(v)>ea

In this note we shall prove the following.

THEOREM 1. Let T, be defined as in (1.7). Suppose that 2 is in

L(log L)?(X,, x Y,,) and satisfies (1.4), (1.5). Then T, is bounded on
LP(H,y x Hy) for all p € (1,00).

Previous work concerning singular integrals on product of Euclidean
spaces can be found in [I 2 [7, ©]. Theorem 1 is an analogue of a result
of [2] for multiple singular integrals on product homogeneous groups.

Similarly to the proof of Theorem C' in [6], we use extrapolation argu-
ments in proving Theorem 1 by applying the following result.

THEOREM 2. Let 1 < s < 2. Suppose that 2 is in L°(X,, x Xy,) and
satisfies (1.4)), (1.5). Then for 1 < p < co we have

ITfllp < Cpls = )22 £

with a constant C), independent of s and 2.
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Let £2 be as in Theorem 1. Then there exist a sequence {2} of functions
in L'(X,, x ¥,,) and a sequence {c} of non-negative real numbers such that

each (2 satisfies (1.4) and (L5), supjsq | 2k[l141/0 < 1, 3202, ke, < 00 and

o
2= Z Ci .Qk
k=1
Theorem 1 easily follows from this decomposition of {2 and Theorem 2 (see

[17, (15 [16]).

In Section 2 we recall some preliminary results from [6]. We shall prove
Theorem 2 in Section 3 by using results of [, [5l 18]; similar arguments, via
Fourier transform estimates, for singular integrals with Euclidean convolu-
tion can be found in [I 2].

2. Preliminaries. Let p > 2 and let ¢; € C3°(R), j € Z, be such that
supp() C {t ER: p/ <t < p"™2} 4y >0,
(log2) Y w;(t) =1 fort>0;
JEZ
furthermore,
|(d/dt)"(t)] < eplt|™™ form=0,1,2,...,

where ¢, is a constant independent of p; we note that this is possible since
p =2

Suppose that F belongs to L'(H; x Hs) with support in Dy, where
Dy =DM x DY,

DV ={zeH :1<r() <2}, DP={yecHy:1<ry) <2}
1

Let 68 f(x) = s f((A)12), 6P g(y) = t2g((AP)~y). Define 5, =
5£1) ® 5§2) and let

o0 O

ds dt
(2.1) SieF(z,y) = S S Vi (8) Yk (t)6s 1 F'(, y) i
00
Then Zj,kez S; Ko = K, where
K(z,y), (x,y) € Dy,
(22 Kol = { o 0 0 E e
0, otherwise.

For s > 1, let L%(Dy) denote the subspace of L*(H; x Hy) consisting of
functions F' with support in Dgy. Define
Mpf(x,y) = sup [f*S;x(|F])(z,y)]
J,kEZ
for F' € L*(Dy). The following result is Lemma 8 of [6].
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/

LEMMA 1. Let p > 1. Suppose that s € (1,2], p =2%, s = s/(s — 1),
and F € L*(Dy). Then

1M fllp < Cpls = DN F s fllp

with a positive constant C), independent of s and F'.

Also, we need another result of [6].

LEMMA 2 ([6, Proposition 2]). Let 1 < s < 2. Suppose that §2 belongs to
L3 (X, x Xy,) and satisfies (1.4]) and (1.5)). Let

Rf(z,y) = sup | >3 f 85 Ko(z,y)

LmeZ

)

j=C k=m

where Ko is defined by (2.2) and S; ;Ko is as in (2.1) with Ko in place
of F. Let p = 2°. Then for p € (1,00) there exists a positive constant Cp
independent of s € (1,2] and 2 € L* such that

17y < CpA(s, )| fllp,
where A(s, 2) = (s — 1)72||2||s.

3. Proof of Theorem 2. We first note that
Sj,kKO (x7 y)
: dt

1
= () M ray) R0y | (i) | wrlra() -
1/2 1/2

l)w),lx, y = A _,y. From this we easily see that

r2(y)
supp(S;1Ko) C {¢/ <ri(z) <2012} x {pF < raly) < 20°12}

Thus, if ¢, m € Z are determined by the conditions

where 2/ = A
r1(

pf+2 S €< pf+3’ pm+2 S 6 < pm+3

and if f is a compactly supported smooth function, then

(3.1) S flzu™ yo K (u,v) dudv

= Z S flru™t g8,k Ko(u,v) dudv

J2C ri(u)>e
k>m ry(v)>6

= Ae,(gf(xa y) + Be,ﬁf(xvy) + Ce,6f($7y) + De,(sf(x?y)a
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where

AE,Ef(xuy) = Z S f(xuila yvil)Sj,kKO(ua ’U) du dv

j>€+3 Hy xHa
k>m+3

= Z f*SjKo(z,y),

j>0+3
k>m+3

Be,éf(wvy) = Z S f(xu_l,yv_l)Sjyng(u,v) du d?./,
143>5>4 {Tl (u)>e}><H2
k>m+43
Cosflz,y) = Y | flau o) S)Ko(u, v) dudy,
J>04+3  Hyx{ra(v)>d}
m+3>k>m
Dosfmm= S | flau ™ty )8kl 0) duds.

L43252>4 7y (u)>e
m+3>k>m ry(v)>6

Let
A*f(x,y) = Sup|A€75f(x,y)], B*f(x,y) = Sup|B6,5f('Iay)|7
€,0>0 €,6>0
Cuf(w,y) = sup [Cesf(z,y)l,  Dif(z,y) = sup |Desf(z,y).
€,0>0 €,0>0

Then, (3.1) implies
(3-2) Tif(z,y) < Acf(2,y) + Bof (2, y) + Cuf(2,y) + Dif (2, ).
Let p = 2. Since A,f < Rf, by Lemma 2 we have

(3-3) [A«fllp < CpA(s, Q)| flp-
Also, since D, f < CMk,(|f|), Lemma 1 implies
(3.4) 1D fllp < CliMreo ([fDlp < CpAls, Q)| flp-

To estimate B, f, we note that

|B6,5f(xay)’
< Z S ‘ Z Sf(a:u_l,yv_l)Sj,kKo(u,v)dv du.

432524 pt<ri(u)<2pt*5 k>m+3 Ha

By changing variables with respect to u, we see that the right hand side is
equal to
2pﬂ+5

S 1 Y Ay o)) S s, 6),

0432520 pt Sy k>m+3



Maximal singular integrals 47

where

Fi(z,y,5,0) = | fx(AN0)™! 5o 1)02(0,0")ra(v) W (ra(v)) dv,

Ui (t) = 81/2 Y (rt) dr/r. Thus, since 0 < ¥;(s) < 1, we have

2p/+5

Bosf@yl<c | [ Y By,

Z Yny k>m+3

)| 8 — Sy, (0).

We write

T dt
KP () = Ko(0,v), SPKP (v) = ka(t)(s?)f(g”(v)?

0
Then
Fi(w,y,5,0) = f(2(AD0) 1) o) SES (),

where %2y denotes convolution on Hj. Consequently,

(3.5)  [Besf(z,y)l
(45
2 ds

<C | V| S £@alo) ) e SPKD )| 2 ds,. )
pt Xng k>m+3

Let
Ré2)g( sup‘Zg*(g) S( 'K )(?J)‘

k>m

for g on Hy. We write f,(y) = f(z,y) when considering f(z,y) as a function
on Hp for fixed x; similarly, we write f,(z) = f(x,y). Define

F(@,y) = By fuly).
Then, using (3.5)), we have

2p2+5
. ds
(3.6) B.f(z,y)| <Csup | | FOa(AD0)™",y) = dS,, (0)
LeZ ot T, S
< C(logp) | MyVFl(x)dS,,(6),

Znq

where
t

MV () = sup 7§ h(a(AD8) )] ds
t>0 0

for h on Hy. The last inequality of (3.6) can be seen as follows. Take a
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positive integer d such that 2¢ < 2p° < 29+, Then

2p£+5 g d 2i+1p£
S
| In(z(APo)™) = < o In(z(alDe) )\f
pt i=0 2ipt
<22M ) = 2(d+ )MV h(z) < C(log p) MV (),

since d ~ log p. ThlS implies what we need.

By M. Christ [5], Me(l) is bounded on LP, p > 1, with a bound indepen-
dent of 6. Thus, using (3.6)) and the Minkowski inequality, we have

(3.7) 1B fllp < Cllogp) | IIF|l dSn, (6).

Ponq

By Lemma 9 of [I8] with p = 2°, we have

s 1/s
IR gllp < Collog p)( | 1200,)1° Sy (@) " llglp

Enz

Thus

/s
1B, < Cyliog ) | 1200.0)[" dSuy(@)) 1ol
Zny

Using this in (3.7) and noting that ||[F?|, = ({||F2|/5 dz)'/?, we have
s 1/s
(38) 1B.fllp < Cyliogp)? § (] 19200,0)" dSis(@))  dSus (9)II£
Sy Ty
< Cp(log p)?[|21Is 1 £ 11,

where the last inequality follows from Hélder’s inequality.
Similarly, we have

(3.9) ICfllp < Cp(log p)?|[21[s]1 £1]-
Combining (3.2)), (3.3)), (3.4), (3.8) and (3.9), we get the conclusion of The-
orem 2.
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