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Types of tightness in spaces with unconditional basis
by

ANTONIS MANOUSSAKIS (Crete) and ANNA PELCZAR-BARWACZ (Krakow)

Abstract. We present a reflexive Banach space with an unconditional basis which
is quasi-minimal and tight by range, i.e. of type (4) in Ferenczi-Rosendal’s list related
to Gowers’ classification program of Banach spaces, but in contrast to the recently con-
structed space of type (4), our space is also tight with constants, thus essentially extending
the list of known examples in Gowers’ program. The space is defined on the basis of a
boundedly modified mixed Tsirelson space with the use of a special coding function.

1. Introduction. The “loose” classification program for Banach spaces
was started by W. T. Gowers in the celebrated paper [G4]. The goal is to
identify classes of Banach spaces which are

e hereditary, i.e. if a space belongs to a given class, then any of its closed
infinite-dimensional subspaces belongs to the same class,

e inevitable, i.e. any Banach space contains an infinite-dimensional sub-
space in one of those classes,

e defined in terms of the richness of the family of bounded operators
on/in the space.

The program was inspired by Gowers’ famous dichotomy |G3| exhibiting the
first two classes: spaces with an unconditional basis and hereditary indecom-
posable spaces. Recall that a space is called hereditarily indecomposable (HI)
if none of its closed infinite-dimensional subspaces is a direct sum of further
two closed infinite-dimensional subspaces.

Research now concentrates on identifying classes in terms of the family of
isomorphisms defined in a space. The richness of this family can be described
using various “minimality” conditions, whereas the lack of certain types of
isomorphic embeddings of subspaces of a given space is described by different
types of “tightness” of the space under consideration.
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Recall that a Banach space is minimal if it embeds isomorphically into
any of its closed infinite-dimensional subspaces. Relaxing this notion one
obtains quasi-minimality: any two infinite-dimensional subspaces of a given
space contain further two isomorphic infinite-dimensional subspaces. Relax-
ing the notions of minimality or adding additional requirements on the choice
of isomorphic subspaces in the case of quasi-minimality leads to different
types of minimality, contrasted in [G4, [FR1] with different types of tight-
ness, categorized in [FRI].

Recall that a subspace Y of a Banach space X with a basis (e,) is tight
in X if there is a sequence of successive subsets Iy < Is < --- of N such
that the support of any isomorphic copy of Y in X intersects all but finitely
many I,’s. The space X is called tight if any of its subspaces is tight in X.
Adding requirements on the subsets I,, with respect to a given Y one obtains
more specific notions, in particular tightness by support where the subsets
I,, witnessing tightness of a subspace Y spanned by a block sequence (zy,)
are chosen to be the supports of x,,. W. T. Gowers in |G4] shows that ev-
ery Banach space contains either a quasi-minimal subspace or a subspace
which is tight by support. The counterpart for minimality is tightness—
by [FR1] every Banach space contains a subspace which is either tight or
minimal.

A natural relaxing of the notion of tightness by support, called tightness
by range, ensuring that one can choose the subsets I, to be the ranges of
x, (recall that the range of a vector is the smallest interval containing the
support of this vector), has also its dichotomy counterpart in a stronger form
of quasi-minimality, called sequential minimality [FR1]. A Banach space X is
sequentially minimal if it is block saturated with block sequences (x,) with
the following property: any subspace of X contains a sequence equivalent to
a subsequence of (z,,).

Finally, on the side of minimality type properties, one can relax the
notion of minimality requiring that the space X considered is only finitely
represented in any of its infinite-dimensional subspaces. Such local minimality
is contrasted in a dichotomy in [FRI1| with tightness with constants giving
strict control on the embedding constants—for any K € N the subspace Y
does not embed with constant K into [e; : ¢ € Ik].

Obvious observations relate some of the properties listed above to the
HI/unconditional dichotomy—in particular clearly any HI space is quasi-
minimal and any basis which is tight by support is unconditional. V. Ferenczi
and C. Rosendal [FR1] presented a list of classes within Gowers’ classification
program, and according to this list they examined in [FR2] the spaces already
known. The list of examples of the main classes was completed by the recent
works of V. Ferenczi and Th. Schlumprecht [FS| and of S. A. Argyros and
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the present authors [AMP]. We now recall the list of classes developed in
[FR1] as stated in [FS], indicating also some already known examples.

THEOREM 1.1 (Ferenczi-Rosendal classification). Any infinite-dimen-
sional Banach space contains a subspace with a basis from one of the fol-
lowing classes:

(1) HI, tight by range (Gowers space of |G2| with asymptotically uncon-
ditional basis, by [FR2]),

(2) HI, tight, sequentially minimal (a version of Gowers—Maurey space,
by [ES]),

(3) tight by support (Gowers space of |GI] with an unconditional basis,
by [FR2]),

(4) with an unconditional basis, tight by range, quasi-minimal (an uncon-
ditional version of Gowers HI space of |[G2| with an asymptotically
unconditional basis, by [AMP]),

(5) with an unconditional basis, tight, sequentially minimal (Tsirelson
space, by [FR2]),

(6) with an unconditional basis, minimal (¢,, co, the dual to Tsirelson
space, by |[CJT|; Schlumprecht space, by [AS]).

The full Ferenczi-Rosendal list [FRI1, Theorem 8.4] splits each of the
above classes with respect to the dichotomy: local minimality versus tightness
with constants. A further splitting of some of the above classes involves the
asymptotic structure of the space, i.e. the dichotomy: strong £,-asymptoticity
versus uniform inhomogeneity of [T].

The aim of the present paper is to examine the class (4) with respect
to its local structure. We briefly sketch the proof of local minimality of the
space X4y constructed in [AMP] and concentrate on the construction of an
example at the other extreme of the class (4). Namely we prove the following.

THEOREM 1.2. There exists a reflexive space Xep with an unconditional
basis which is quasi-minimal, tight by range and tight with constants.

As mentioned above, the example of [AMP] is an unconditional version
of the Gowers HI space with an asymptotically unconditional basis [G1],
using the standard framework of a space constructed on the basis of a mixed
Tsirelson space, defined by a norming set closed under certain operations.
The standard operations include taking averages of certain block sequences
(like (Ay, 8,)-operations or (S, 0, )-operations), projections on subsets of N
or intervals in N, change of signs etc. Taking averages could be restricted to
a special family of block sequences, picked usually by means of a so-called
“coding function”; this method, introduced by B. Maurey and H. Rosenthal,
and exploited by W. T. Gowers and B. Maurey, led to the construction of
the first HI space [GM].
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In the case of the space X{y), in [AMP] its norming set is closed un-
der change of signs, certain (A, il /m;)-operations, projections on intervals,
and—in order to ensure tightness by range—a special “Gowers operation”
used in [G1], a scaled projection on S; sets. This structure also allows the
usual reasoning that yields the presence of finite-dimensional copies of £, in
every subspace of X{y) (cf. [M]), thus also ensures local minimality.

The typical way to provide tightness with constants of a space is to base
its construction on the Schreier families instead of (A,,). The strong asymp-
totic structure of the space, by [FR1], provides the desired type of tightness.
However, using the Schreier families in the definition of the norming set neu-
tralizes the effect of the “Gowers operation” used in the example of [AMP].
Therefore in order to construct the space X, with the desired properties
one needs other tools which would “spoil” the sequential minimality of regu-
lar modified mixed Tsirelson spaces defined by the Schreier families, proved
in [KMP].

We present here a variant of a standard construction on the basis of
boundedly modified mixed Tsirelson spaces [ADKM]. The norming set of
the Banach space X, to be constructed is closed under change of signs,
projection on intervals, and (Snj, 1/mj)-operations on certain sequences,
partly defined by a carefully chosen coding function. As mentioned earlier,
tightness with constants is ensured by a strong asymptotic structure of the
space, quasi-minimality follows from the regularity of the operations applied,
whereas tightness by range follows from the use of the coding function. The
key point in the choice of the coding function is its “complexity level—high
enough to spoil sequential minimality and ensure tightness by range, but still
low enough to preserve the quasi-minimality of the space. Our construction
exhibits many possibilities—within the framework of spaces built on the basis
of mixed Tsirelson spaces—of designing the properties of a space by means
only of the coding function involved in the definition of the norming set.

We now describe the contents of the paper. We recall the standard no-
tation in the second section. The third section is devoted to the definition
and basic properties of our space X, while in the fourth section we prove
the quasi-minimality and tightness properties of X;;. In the last section we
sketch the proof of the local minimality of the space X4y of [AMP].

2. Preliminaries. We recall the basic definitions and standard notation.

By a tree we shall mean a non-empty partially ordered set (7, <) for
which the set {y € T : y < x} is linearly ordered and finite for each x € T.
If 7/ C T then we say that (77, <) is a subtree of (T, <). The tree T is called
finite if the set T is finite. The root is the smallest element of the tree (if it
exists). A branch in T is a maximal linearly ordered set in 7. The immediate
successors of x € T, denoted by succ(z), are all the nodes y € T such that
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x < y but there is no z € T with x < z < y. If X is a linear space, then a
tree in X is a tree whose nodes are vectors in X.

Let X be a Banach space with a basis (e;). The support of a vector
x =) . xi€; is the set suppx = {i € N : z; # 0}; the range of z, denoted by
range z, is the minimal interval containing suppz. Given any x = ), ae;
and finite £ C N put Ex = ), a;e;. We write 2 < y for vectors z,y € X
if maxsuppz < minsuppy. A block sequence is any sequence (x;) C X
satisfying 1 < z9 < ---. A closed subspace spanned by an infinite block
sequence (p)nen is called a block subspace and is denoted by [z, : n € N].

We shall consider two hierarchies of families of finite subsets of N: the
families (A )nen, defined as A, = {F C N: #F < n} for each n € N, and
the Schreier families (Sp)nen, introduced in [AA], defined by induction:

So = {{k} : k e N} U {0},
Sn+1:{F1U--'UFk:k§F1<"'<Fk, Fl,...,FkESn}, n € N.

We can also define modified Schreier families (SM),en by replacing in the
definition above the condition “F} < --- < F}” by “Fi,..., F} are pairwise
disjoint”. The following observation proves that these families coincide.

LEMMA 2.1 (JADKM, Lemma 1.2]). For any n € N we have S,, = SM.

Fix a family M of finite subsets of N. We say that a sequence (E1, ..., Ey)
of subsets of N is

(1) M-admissible if Ey < --- < Ey, and (min E;)¥_; € M,
(2) M-allowable if (E;)¥_, are pairwise disjoint and (min E;)*_; € M.

Let X be a Banach space with a basis. We say that a sequence 1, ..., z,
is M-admissible (resp. allowable) if (supp ;) is M-admissible (resp.
allowable).

The (M, 0)-operation, with 0 < 6 < 1, is the operation associating with a
sequence (z1,...,z)) with (minsupp z;)¥_; € M the vector 0(x1 +- -+ ).

Fix sequences (0,), C (0,1), (k,) / +oo and (M,,) with either M,, =
Ay, for all n or M,, = Sk, for all n. The mized Tsirelson space T'[(My, 0p)n]
is defined to be the completion of cyo(N) endowed with the norm whose norm-
ing set K is the smallest subset of coo(N) containing (£ey,),, where (e, )n
is the canonical basis of c¢go(N), and closed under all (M, 6,,,)-operations
on block sequences. If one allows also (M, 0, )-operations on sequences of
vectors with pairwise disjoint supports for some n € N, one gets (boundedly)
modified mized Tsirelson spaces (cf. [ADM]).

The first famous member of the family of spaces T[(Ag,,0n)n] is the
Schlumprecht space [S], the first space known to be arbitrarily distortable
(see also [M] for a study of this class of spaces). The spaces T'[(Sk,, , On)n] were
introduced in [AD|. Allowing some (M, 0,,)-operations on special block se-
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quences, defined by means of a suitably chosen coding function, led to the
Gowers—Maurey construction of the first known HI space [GM]. Adding in
the definition of the norming set other operations of a different kind allowed
building spaces enjoying extreme properties, like the HI asymptotically un-
conditional space of Gowers |G2| or a quasi-minimal and tight-by-range space
with an unconditional basis [AMP].

3. Definition of the space X.,. The space we shall define is constructed
on the basis of the boundedly modified mixed Tsirelson space T [(Sp,, 1/m;);]
with the use of an additional coding function. First we describe the basic
ingredients of the construction.

We fix two sequences (m;); and (n;); of natural numbers defined re-
cursively as follows. We set m; = 2 and m;11 = m? and n; = 4 and
njy1 = 15s;n; where s; = logg(m§?+1), j>1

Let X be a Banach space with a basis (e;) satisfying

1
(3.1) — ZHszH < ||z|| for any z € X, j € N, (E;) Sp,,-admissible.
maj i g

We now recall standard facts on vectors of a special type in such a space.

DEFINITION 3.1 (Special convex combination). Fix ¢ >0 and n € N.

We call a vector y = Y, a;e; an (n, €)-basic special convex combination
(basic scc) if F' € S, and the scalars (a;) C [0,1] satisfy > ;. pa; = 1 and
Yicq @i <€ forany G € S,-1.

We call a vector = . a;x; an (n, €)-special convexr combination (scc)
of (x;) if the vector y = >, p Gi€minsuppa, 18 an (n, €)-basic sce.

We call a scc = ), a;x; of a normalized block sequence (z;) a semi-
normalized scc if ||z| > 1/2.

It is well known (see [ATo, Prop. 2.3|) that for every n € N, ¢ > 0 and
every L C N there exists an (n,¢)-basic scc = ), - ane, such that F'is a
maximal Sy-subset of L. The next lemma provides seminormalized scc’s in
every block subspace.

LEMMA 3.2 (JADM) Lemma 4.5]). For every n € N and € > 0 there is
l(n,e) € N such that for any block sequence (z;) there is F' € Sy, ) such
that there is an (n,e)-scc x supported on (x;)ier with ||z|| > 1/2.

Recall that for any n € N and € > 0 the constant [(n,e) > n depends
only on the sequences (n;) and (m;).

Given any n € N let p(n) be the constant I(ngs, my,2) obtained from the
above lemma, where s € N is minimal with

(3.2) n? < mas.
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We fix a partition of N into two infinite sets L1, Lo. Let
G={(E1,...,E,): Ey <--- < E, intervals of N, n € N}

and take a 1-1 coding function o : G — 2Ly such that for any sequence
(E1,...,Ey) € G, n>2, we have

(3.3) Ne(Ey,...B) = p(max Ey,) + max E,.
Let W be the smallest subset of ¢gp(N) such that

(@) (£en)n € W, where (ey,), is the canonical basis of coo(N),

(B) for any f € W and g € cpo(N) with |f| = |g| also g € W,

(v) W is closed under the (Sn2j,m2_jl)—operations on any allowable se-
quences,

(6) W is closed under the (Sp,;. mQ_lerl)—operations on (2j + 1)-depen-
dent sequences.

In order to complete the definition we need to define dependent sequences.

DEFINITION 3.3 (Dependent sequence). A block sequence (f;)ier C
coo(N) is said to be (25 + 1)-dependent if it is S, ,-admissible, each f;
is of the form f; = mz_ji ZkeKi fik, and for some sequences (E,)rca € G,
with the index set A C N represented as a union |J{Ay : k € K, i € F} of
intervals, the following hold:

(1) w(fi) =my, j1 € Ly and myj, > ngji1,

(2) 2jiq1 =0(Ej:j€ Ay, ke K, | <i)for any i < max F,

(3) supp fir C UjeAk E; for any k € K;,i € F,

(4) Amin K, is a singleton for each i€ F', and (E;)yea, is Sp(max E
admissible for any k € K;, k > min K;, ¢ € F.

maxAk71 )-

Any functional of the form mgjl_H > icr fi, where (fi)icr is a dependent
sequence, is called a special functional.

Notice that as (E;), € G, by (3) each family (f; x)kek, is S, -admissible.
Let Xy be the completion of cop(N) with the norm ||-|| for which W is a
norming set, i.e. |-|| =sup{|f(-)|: f € W}.

REMARK 3.4. (a) The canonical basis (e, ), of Xy is 1-sign unconditional
by (B).

(b) Note that in the definition of dependent sequences the admissibility
of the functional chosen in the (i + 1)th step depends not on the supports
or ranges of the previously chosen functionals, but on the choice of some
intervals containing the ranges of the previously chosen functionals.

(c) By (3) of the definition of special functionals we can choose f;; = 0.
Also by (3) any restriction of a special functional to a subset of N is also a
special functional. This property also easily implies that the set W is closed
under projections on subsets of N, and (e,),, is a 1-unconditional basis.
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(d) The space X, satisfies by (7).

(e) Reflexivity of A,y can be proved by repeating the argument of [AD].

(f) The norming set W of X, is contained in the norming set of the
modified mixed Tsirelson space T [(Sn;, 1/m;);] (cf. [ADM]).

As in the previous cases of norming sets defined to be closed under certain
operations, every functional f € W admits a tree-analysis, which in the
present case is described as follows.

DEFINITION 3.5 (Tree-analysis of a functional). Let f € W. A family
(fa)aeT, where T is a rooted finite tree, is a tree-analysis of f if:

(1) f = fo where 0 denotes the root of T.
(2) If o is a maximal element of 7 then f, = *e} for some n € N. If
« € T is not maximal, then one of the next two conditions holds.

(3) fa= mi] ZBGSHCC(Q) fs with (f3)sesuce(a) Sn;-allowable, for j € 2N.
(4) fo = mi] ZBGSHCC(Q) fs with (fg)gesucc(a) Sn,;-admissible, for j €
2N+ 1.
In cases (3) and (4) we define the weight w(f,) of f, to be mj_l.
For any 0 # o € T we set tag(a) =[5, w(fs) and define ord(e) to be
the length of the branch linking « and the root 0.

LEMMA 3.6 (JADM| Lemma 4.6]). Let j € N and let f € W be a norming
functional with a tree-analysis (fa)acT- Let

F = {a eT: H w(fg) > l/mj2 and w(fg) > 1/mj_1 for all B < a}.
B=<a
Then for any subset G of F of incomparable nodes the set {f, : o € G} is

S%nj—allowable and for any oo € F we have ord(a) < my.

Proof. For every o € G by the assumptions we get

ord(«)
% < H w(fg) < <m1> = ord(a) < 2log,,, (m;).

J B=<«a

Since ng < nj_1 for all 3 < a, it follows that for every s < 2log,, (m;)
the nodes of G at the sth level of the tree are at most Sy, ,-allowable. It
follows that all nodes of G are at most S, 10gm(mj)n].il-allowauble7 thus also

&1, -allowable. =
5%

LEMMA 3.7 (JADM]). For any (nj,mj_Q)—scc T =) icp @it € X with
llzil]| < C for every i € F and any Sy, 1-allowable family (fp)pea C W of
norming functionals we have

> frlx) <3C.

peEA
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DEFINITION 3.8. Fix C' > 0. A block sequence (zy) is called a C-rapidly
increasing sequence (C-RIS) if ||zg|| < C for each k and there exists a strictly
increasing sequence (ji) C N such that

(1) maxsuppxg < my, ., /mj, for any k,
(2) |f(zk)| < Cw(f) for every f € W with w(f) > mj_k]L and any k.
By repeating the proof of [ADM, Prop. 4.12] we obtain the following

LEMMA 3.9. For any (n;, m;2)—scc x =Y arxy of a C-RIS (xy,) defined
by a sequence (ji) with j + 2 < j1 and any norming functional f € W with

weight w(f) = mz! we have

14C/(msmy) if s < j,
|f(z)| < { 8C/m; if s=7j,
SC/m? if 8> 7.

In particular ||z|| < 8C/m; and for any Sp,,-allowable family (fo)aca C W
with 2s < j we have

(3.4) Y falmjz) < 14C.
acA

Notice that by the above lemma a sequence of scaled vectors (mj, z),
where each zj, is an (njk,mj_kz)—scc of some C-RIS, satisfying (1) of Def.
is also a 14C-RIS. As by Lemmas [3.2] and [3.7] any block subspace of X,
contains a 2-RIS of seminormalized scc’s, by Lemma [3.9] any block subspace
contains also for any j € N a scaled (ng;1, mgjil)—scc of a 28-RIS.

By repeating the proof of [ADM| Lemma 4.10] with the use of the above
estimate we obtain the following.

LEMMA 3.10. Letj > 5, U = M2j+1 Zk apTL be a scaled (n2j+1,m2_j2+1)—
scc of a 28-RIS (xy) defined by a sequence (jx) with j + 2 < j1. Then
any norming functional f with a tree-analysis (fo)acT such that w(fy) >
1/magjq1 for any o € T satisfies

fu) < 1/my;.

4. Properties of the space X,;. In this section we study the minimality
properties of A;;. We deal first with tightness with constants, as it follows
immediately from [FRI].

DEFINITION 4.1 (JFR1]). A Banach space X with a basis (e,) is called
tight with constants if for any infinite-dimensional subspace Y of X there
is a sequence of successive intervals Iy < Iy < --- such for any K € N the
subspace Y does not embed with constant K into [e; : ¢ & Ix].

Recall that a Banach space with a basis is ¢1-strongly asymptotic if any
Sp-allowable sequence (1, ..., x,) of normalized vectors is C-equivalent to
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the u.v.b. of £}, for any n € N and some universal C' > 1. By () in the
definition of its norming set and Remark the space X, is £1-strongly
asymptotic. Since X, is also reflexive, by [FR1l, Prop. 4.2] we obtain the
following.

THEOREM 4.2. The space X s tight with constants.

We now pass to the proof of quasi-minimality; adapting it suitably we
shall also deduce tightness by range. Recall that a Banach space is quasi-
minimal if any two of its infinite-dimensional subspaces have further two
infinite-dimensional subspaces which are isomorphic.

THEOREM 4.3. The space X is quasi-minimal.

Proof. Given two block subspaces Y, Z of X we pick a block RIS (uy)
and (vy,) satisfying:

(A) up=maj,+1 Z biy; is a scaled (ng2j,+1, mgji+1)—scc of a 28-RIS (yi),
Up, :mgjnJrlZ'EZIn biz; is a scaled (ngj, +1, mgjiﬂ)—scc of a 28-RIS (z;),
min supp un,lfr?lln supp v, > ma;, +1 for all n € N,

;mgji <1007,

(B) yi =maj, > biryirisascaled (ngj,, mz_jf)—scc of a 2-RIS (y; k) kek,
keK;

zi = maj, ». bz is ascaled (ngji,mgjf)—scc of a 2-RIS (% k)kek;
keK;

2ji > 2 +3, yF = L !

* X * .
i > Yiks 21 = > 2y, for each i € I,
" keK; " keK;

n € N,

(C) yik is an (ngji,k,m;jik)—scc with |ly; k|| > 1/2 supported on some
block sequence equivalent to a block sequence in Y,

Zi) 1s an (ngji‘k,m;jfk)-scc with ||z k|| > 1/2 supported on some
block sequence equivalent to a block sequence in Z,

yirWin) = 1 = 27 (2i0), rangey;, = rangey;; = rangez, =
range z; , for each k € K;, 1 € I, n € N,

(D) (v})ier,, (#)icr, are (2jn + 1)-dependent sequences, defined by the
collection of intervals (range y; i )kek, icr,, » € N (in the notation of
Def. for each k € K;, i € I,, we take as the collection (Ej);ea,
just one interval, range y; i).

The construction is straightforward: using Lemma[3.2] we first construct two
infinite 2-RIS (gx)ken C Y and (2x)gen C Z of scc’s with norm at least 1/2
with a common sequence (ji)r. Allowing a small perturbation we can also
assume that range g = range Z;. Then we define (y;) and (z;) as 28-RIS’s
of scaled scc’s of (gx)r and () respectively, with the same coefficients
with respect to (yir)kex, C (Uk)r and (2 x)ker; C (2x)k. We repeat the
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procedure, building sequences of scaled scc’s (uy ), and (vy), on (y;); and
(z;)i respectively.

Note that by the definition of the coding function , using that
max F; max k; = maxsuppy; we get, for each i € I,,,n € N,

(E)  n2j,,, > p(maxsuppy;) + maxsuppy; > p(maxsupp y;) + 3n2;,+1-

We claim that the sequences (u,) and (v,) are equivalent. Take any
non-negative scalars (a,) with ||>°, apuy| =1, let u = > anu, and take
a norming functional f with a tree-analysis (fq)ae7 such that f(u) = 1.
Since the norming set W is invariant under changing signs of coefficients by
condition (/) in the definition of the norming set W, we can assume that all
coefficients of the vectors (uy,), (v,) and the functional f are non-negative.

By modifying the tree-analysis of f we shall construct a tree-analysis of
some norming functional g such that g(3, anzn) > 1/6. We shall first make
some reductions, erasing nodes of T with some controllable error. After the
reductions we define suitable replacements of certain nodes f,, @ € T, in
order to define g.

First we introduce some notation. For any collection £ of nodes of T
we shall write supp & = (J g supp fo. We shall prove several reductions,
enabling us to restrict the tree-analysis of f to the nodes convenient for the
replacement procedure.

FirsT REDUCTION. For any n € N let
P, ={a €T : supp fo Nrangeu, # 0 and
a € T is minimal with w(fy) < m;jlrL+1}.
With error 2m27]1n we can assume that (fo|range un )aep, 15 S%mjnﬂ—allowable
and supp f|rangew, C supp Pn and for any o € Py, we have ord(a) < maj, 11.
Proof. Notice first that by Lemma we have

(F = Flowpppa)(tn) < ——,

2jn

hence with error mgjl we can assume that supp f|range u, C Supp Ppn. Now let

Pni = {a € Py H w(fg) < m2_331+1}-
B=a

For every o € Py, 1 choose B, < o such that

H w(fy) > m;ﬁl“ and H w(fy) < mgjiﬂ.

Y=Ba Y=Ba
It follows that

1 _ maj,
(4.1) — < H w(fy) < w(fs,)™ H w(fy) < —5~

ms.; ms
2]n+1 ’Y</Bot 'Yjﬁa 2jn+1
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Note that if o, 1 € Py,,1 the nodes B4, Ba, are either incomparable or equal.
Set
RTL == {Ba Q€ anl}.

By Lemma we see that
(4.2) {fs: B € Ru} is Sp,,, ,,—1-allowable.
Consequently, using (4.1)), (4.2) and Lemmafor the scc ), b;y;, we obtain

flsuppPas <m2jn+1 Z biyi) < maj, 41 Z ( H w(fw))fﬁ(Z biyi>

i€l BERn Y=Pa i€ln,
< Z 15(3 bivi) < .
mQJ"“ icl, m23”

Now Lemma [3.6|applied to the famlly {fa:ac€ 77”\77”71} finishes the proof
of the first reduction.

SECOND REDUCTION. For any n € N, with error mgj}l we can assume
-1
that w(fo) = My, 11 for any o € P,

Proof. Set Ppa = {a € Pp : w(fa) < m2—j11+1}' For any o € Py 2 pick
iq € In with mg-l > w(fa) > m2—]1 - Hw(fa) < m; for any ¢ € I, let
loq = max I if w(fa) > my;. ! for all i € I,,, put iq = 0.

Split flsuppPno (Un) in the following way:

FlouppPoa(n) <majur D b > faly)

i€l,  a€Pp2iia>i

+ maj, +1 Z b; Z tag(fa)fa(yi)

1€ln,  a€Pp,2:1—2<i0 <0

+maj,1 Y bi > fa(yi)

i€l a€Pp,2:ia<i—2

Fix i € I,, and compute, using condition (1) of Def. [3.§| for the last estimate:

Yo falz) s Y ) D> fHw)

aEPpiia>1 a€EPniia>t y€Esuce(a)

> 1‘ S h)

— M2
a€Ppiia>i ~y€Esucc(w)

< > > fw)

a€Pniia>1i M2jita ~yesucc(a)

< 28 max supp y; <

M2j; 11 maj;
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For the second part notice that for each o € P,, there are at most three

i’s in I, with i, € {i — 2,7 — 1,i}. Denote the set of all such i’s by J,. As

by the first reduction (fal|rangeun )acp, i S1 na; H—admissible, using that wu,
5 n

. ) .
is a scaled (ngj,+1, My, 41)-scc we obtain

Mg, +1 Z b; Z tag(fa)falyi) < Hm2jn+1 Z biyi

1€ln,  a€Pp,2:1—2<ia <t 1€Tn

6-28

mag,+1

For the third part notice that if i, < i — 3, then w(f,) > mQ_jLQ. Fix
again ¢ € I,,, and estimate, by the definition of Py, o,

Z fa(yi) < Mg, 42 Z | Eyill,

a€Pp 2: 10 <i—2 EcH;

where H; = {supp f, Nsuppy; : v € succ(a), i —2 > i,}. Notice that each
Hi i Spyj,, 14nyy, ,-allowable, thus also Sp,; _,-allowable, hence by (B-4),
> pen, |1 Eyill < 14-28 for each i € I,. Putting together the above estimates
we obtain

flsupp Pz (Un) < Mg, 41 Z bi—

i€ln

14 - 28

mM2j,+2

28 6-28
_|_

maj;  M2j,+1

+ maj,+1 Z b;

i€l,

<

maj,
as y .b; = 1. Thus erasing the set P, > we finish the proof of the second
reduction.
THIRD REDUCTION. For anyn € N with error m;ﬁl we can assume that
for any o € Py, the special functional fo|rangeu, is defined by the sequence
(range y; k)kek, icl,, in particular

1
fa|rangoun - o Z f7,a
20t Supp fasupp yi 20
with & = ZkeK [ and supp [} C rangey; j; for each k € K;, i € In.

Proof. Recall that by the definition of a dependent sequence, for any
3 € succ(Py) we have w(fs) = my, for some s € N. Fix i € I, and let
Pr,i = {B € succ(Py) : w(fs) < m;ﬁ},
Qn,i = {B € succ(Py) : w(fs) > m;ﬁ_Q}
Notice that by the first and second reductions the family (f)gep, ; is Ss I
allowable, thus also Sp,; —1-allowable. Moreover y; is a scaled (n2j,, My ]f) -scc.
Therefore we can repeat the reasoning from the second reduction to obtain

f|supp73n,i (yl) < ngji—l'
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By the first and second reductions the family { f, : v € succ(f), B € Qn;}

is S P +n2jr4—allowable, thus Sy, ji_Q—allowable. Thus by (3.4)),
1 14-28
flsupp @, (i) < e Z w(fg) Z fy(yi) < —
ZnF1 BEQn,i ~yesuce(8) 2jn+1

as any fg is an immediate descendant of some special functional f,, a € Py,
with w(fa) = mz_ﬁl 41 by the second reduction.

Let Pn3 = U;(5upp P Nsuppy;) and O, 3 = |J,(supp Qs N suppy;).
Then by the above,
bi

f’75n,3UQn,3 (un) < M2jn+1 Z . +14- 28maj, 11 Z m3
i€, il i€l, Zntl

2b;

< )
M2jn+1

Now notice that for any a € P, there is at most one i € I,, with w(fsz) =
m;jli_Q for some 8 € succ(a). Denote the set of such i’s by K. Therefore,

. . -1
by the first reduction, as u, is a scaled (ngj,+1, m2jn+1)—scc,

maj,i1 Y bi > foi) < m2jn+1H > biys

i€ln BEsucc('Pn):w(fg):mz_jli_2 i€Kn

2-28

< )
m2jn,+1

Summing up, with error 57m5fn 41 We can assume that for any n € N and
a € Py, we have w(fg) = mgﬁ for any 8 € succ(a) with supp fzNsuppy; # 0.
In particular, supp fg, 5 € succ(P,,), intersects at most one of supp y;’s.

By (2) in Def. and (D) it follows that fal[1,... maxsuppun]s & € Pn, is
a special functional defined by the intervals (rangey; r)kek;,icr,. In order
to achieve that suitable fl‘?‘k satisfy supp ik C rangey; we shall make one
more correction.

For any € P, let i, = max{i € I, : supp fo Nsuppy; # 0}. Put
F, = {iqa : « € P,}. Notice that, as u, is a scaled (ngjnﬂ,mz_jiﬂ)—scc and
(falrangeun )aeP, 18 Sny;, ,1—1-allowable by the first reduction, we obtain

f(manJrl > bi%) < Hm2jn+1 > bayil| < ——.
i€Fy, i€F, M2jn+1

Therefore, after erasing supp f |Ui€Fn suppy; With error 2m2_ji 41 by (3) of Def.
[3:3] we finish the proof of the third reduction.

FoURrTH REDUCTION. Given n € N let
D, ={£€T:£<a for some o € Py, and f¢ is a special functional}.

For £ € D, let (Ef-)jeAl,leGs,seF be the sequence of intervals that determines

fe (see Def. . With error mgﬁl we can assume that for any i € I, k € K;
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and any § € Dy, with fe(yix) # 0 there are j € A, | € Gy, s € F' such that
range y; r C Ef

Proof. For any § € Dy, let i¢ € I, be minimal with supp f¢Nrange y;, # 0.

First notice that the family (yi,)¢ep, is Sn,;, ,;—1-admissible. Indeed, for
any £ € Dy, we have supp feNrange u, = (J{supp fo : { < @ € Pp}Nrangeuy,
by the first reduction, thus

(4.3) (min supp ff |range Un )feDn C (min supp fa |range un)aepn .
Hence by the first reduction the family (yig)ge’pn\{go}, where f¢, [rangeu, has
the smallest min supp among f¢|range un, § € Dn, i8S 1 mjnﬂ—allowable, which
yields the desired observation.

Therefore, as u,, is a scaled (n2;,+1, mgﬁl 41)-scc, we obtain

2-28
Hm2jn+1 > by,
3

< —.
m2jn+1
n

Thus with the above error we may assume that for all £ € D,, there is some
i > i¢ with fe(y;) # 0. Let now E§ = E]E N (max supp y;, , max supp uy| for

any ¢ € D,, and element Ef of a sequence defining f¢. It follows that for any
¢ € D, we have

(4'4) min supp f&‘range u, < Min U Ef
JEAIEGS, sEF

Notice that for any o € P, there can be at most my;,+1 many & € D, with
minsupp fao|rangeu, = MINSUPP f¢|range u, » as this relation implies that £ < o
and ord(a) < maj, 41 by the first reduction. As minsupp u, > maj, 41, by
for any o € P,, we have

(4.5)

. —=£ . .
{mln U Ej : Inin supp f§|rangeun = minsupp fa|rangeun} € Sl-
JEAIEG,, sEF

Therefore by (4.3)), (4.5)), the first reduction and Lemma we obtain
(4.6) {min U E§ €€ Dn} cs¥

sn2jp+1+1 - S%"an+l+1'
JEA IEGS, s€EF
On the other hand by Def. for any (Ef-)jeAl,leGs,seF with £ € D,,
any union Uje A E§ contains supp f, for some v € succ(succ§) provided
f§|U ¢ # 0. Denote the set of all such I’s by G . We shall prove that with
JEA T

the declared error for any interval EJE.7 for some j € A;,1 € Gy, s € F defining
some § € D, and any i € I, k € K; we have either rangey; N Ef =0 or
range y; . C Eg, which ends the proof of the fourth reduction.
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Take any | € G, s € F attached to some & € D,, and consider v €
succ(succ§) with (J;ey, Ef D supp fy. Since supp f|rangeun, C range P, by
the first reduction, and by the definition of P, for such v we have either
v =< a for some a € P,, or range fy Nrangeu, = (. Therefore by the first
reduction and as the functionals (f),ecsuce(suce(¢)) have successive supports,
for any ¢ € D,, we have
(4.7) {min(U Ef.ﬁrangeun) IlEéS,SEF} €S

5N2in+1H1
JeA

Putting together (4.6) and (4.7)), by Lemma we obtain

(4.8) {min( U F;é ﬂrangeun> :leGy,s€EF, Ec Dn} €S2
JEA

5M2jn+1 +2°

Set

Jp ={min [} U {z € I, : min U E§ € (max supp ¥;—1, max supp ;|
JEA;
for some | € G5, s € F, £ € Dn}.

Using (4.8)), as uy, is a scaled (ng;,+1, mgji+1)—scc, we obtain

228
Hmm‘nﬂ Z biyi|| < .
ieTn m2jn+1
Thus for any i € I, \ J, and (E )JGAz with | € Gs, s € F, £ € Dy, if
U

€
1t follows that the famlly (E Nrange y;)je A, 15 Spmaxsuppy;_,)-admissible
and consequently by (4.8) and Lemma - 1| for any 7 € I, we have

A E Nrangey; # (), then min U]eA E < maxsupp y;—1. By (4) in Def.

{Inin(Ej Nrangey;) : j€A;, 1€Gy, sEF, €D} ES,

max supp ¥;—1)+n2j,+1°

As y; is a scaled (ngj;, m;jli)—scc, by condition (E) we obtain
2.2
Hiji Z bi kYi k ‘ —

keL;

where L; denotes the set of all £ € K; such that min Ef or maxE? belongs
to the interval (maxsuppy;r—1, maxsuppy;x] (in case k > min K;) or to
(Max supp Yi—1,max K,_, » MAX SUPP Yi min k,] (In case k = min K;) for some

mag;

element E]E of a sequence (Ef) JEALIEG, SEF defining f¢ for some § € D,,. It
follows that

HmQJn-‘rl Z b; P12, Z b; Kk Yik

1€In\Jn keL; zeln

4b; 1

B m2jn+1
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As min Ef-, max Ef € {min Eﬁ, max Eﬁ}u[l, max supp ¥, |U(max supp uy, 00),
after erasing from the support of f the union of the supports of the vectors
(Yie )eeDns (Yi)ies, and (Yik)keL; ie 1, With error ll?ﬂngﬁl+1 < mz_ﬁl we con-
clude that for any interval Ef with j € A;, | € G4, s € F defining some

£ € Dy and any i € I,,, k € K; we have either f¢(y; ) = 0 or rangey; , C Ejg,
which proves the fourth reduction.
The total error we paid for the reductions is ) 5m2_]i <1/2 by (A).

Replacement. Let f denote the restriction of f obtained by the above
reduction. By the above f(3°, anun) > 1/2.

Fix now 7 € I, k € J; and denote by I ;, the collection of all v € T with
7 € succ(succ(a)), for some a € Py, with supp f, C rangey; . By the third
reduction supp I ; O suppy; r Nsupp f. We pick v; , € I with the largest
tag(7ik), erase all other f, with v € I and replace f,, , by z; - Denote
the new functional defined by the modified tree by g.

Notice first that the replacement is correct, i.e. ¢ € W, since the change
does not affect the sequences (Ej); = (rangey;);r defining the special
functionals f,, @ € P,, nor any other sequence in D,, by the fourth reduction.
Indeed, assume v; , = £ for some £ € D,,. Then supp fe Nrange y; x # (), thus
by the fourth reduction range z: = rangey; p C Ef for any element Ef of a
sequence defining f.

Notice also that for v1 # 2 with v1,72 € ;5 7 € succ(fr) and
v2 € succ(fBy) we deduce, by the definition of a special functional and
the third reduction, that 31,2 are incomparable. Therefore (f,)~er,, is
Snajy 1—14ng;,~allowable, and using Lemma @ we obtain

Flyin) = D tag(N)fyWik) < 3tag(vir) = 3tag(vik) 2 (2ik)-
vEL; &

Thus we have 1/2 < (3, anun) < 39(3,, anvy), which ends the proof.

DEFINITION 4.4 (JFRI]). A Banach space with a basis (e;,) is called tight
by range if for any block subspace Y of X spanned by a block sequence (y,),
Y does not embed into [e; : i & |J,, range yy].

It was shown in [FR1] that a Banach space is tight by range iff any two
of its block subspaces with disjoint ranges are incomparable.

THEOREM 4.5. The space X is tight by range.

Proof. Let (z;), be a block sequence. We show that there exists no
bounded operator T such that supp Tz Nrangez, = () and T can be ex-
tended to an isomorphism from [z, : 7 € N] to X; this will prove that X, is
tight by range.
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By standard arguments we may assume that ||T|| < 1, (T'z,); is a block se-
quence and range(z,+71'z,) < range(z,4+1+7Tz41) for every r € N. Passing to
a further subsequence we may assume that either min supp z, < min supp 7z,
for all r, or min supp z, > minsupp 7'z, for all 7. Notice that if ) a,z, is an
(n,e)-scc, then in the first case ), a, Tz, is also an (n,€)-scc, while in the
second ) a,T'z is an (n, €)-scc up to the first element. With this observation
we can adapt here the argument of the proof of quasi-minimality of X;.

For any fixed j € N we construct a special sequence (z});cr and a block
sequence (z;)icr C [z : v € N] such that

/ . _ . PN . -2
(A") (z4)ier is a 28-RIS, z=maj41 ; bix; is a scaled (ngj41, m2j+1)—scc
1
of (z;)icr, ¥ = mz_]lJrl Z% xf is a special functional in W,
1€

(B) xi = myj, kzlj( bi ki is a scaled (ngj,, m;ﬁ’)—scc of a 2-RIS (z; ),
€N

xf = m;ﬁ > wipforany i€ F,

(C') x4 is a normalized (naj, ,, mgjik)—scc supported on (2,)rea,
x;‘k(mzk) = 1, range x; , = rangez;, for any k € K;, i € F,

(D’) the sequence (77);cr is a (2j + 1)-dependent sequence defined by
(ET)TEAk,kEKi,iEF’ where Ay, = A and E,. =range z, for any r € Ay,
k € K;\{min K;}, i € F, and AminKi is a singleton indexing the
interval range ; min i, for each i@ € F,

(E) Ak € Spmaxsuppa, ;) for any k € K; \ {min K;}, i € F.

Notice that condition (E’) ensures that in (D’) we have a correctly de-
fined dependent sequence. We can ensure conditions (B’), (C) and (E’) by
Lemma and the definition of the function p. Indeed, having chosen x; ;1
for i € F and k € K; \ {min K;} we can choose the next element x; of a
RIS with weight my, , satisfying maxsuppz;x—1 < my,,/m;,,_, and sup-
ported on [z, : r € Ag] for some Ay € Sp(maxsuppz; ;) Py the definition
of p and the condition , as p(maxsupp x; ;1) enables one to choose an
(nas, mif)—scc with weight mos > max supp x?’kfl > MAax Supp T; k1M, ;-

Notice that the construction of x differs from the choice of the vectors
up, in one respect—in the speed of growth of (mgj,). In the previous case we
demanded high speed of growth in condition (E), here we tame the speed
of growth (mgj,) as much as possible, in order to obtain condition (E’) and
in consequence to be able to use (range z;); as the intervals defining special
functionals. Recall that in the previous case we took as intervals defining
special functionals the sets (rangey; 1)ix, so we used vectors at a “higher”
level. Again by () we can assume that all coefficients of f and x are non-
negative.
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Notice that by (A’) we have ||z|| > 2*(z) > 1. In order to estimate ||Tz||
we take f € W with a tree-analysis and repeat the first, second and third
reductions from the proof of the previous theorem for one vector x instead of
a linear combination of (u,). Recall that condition (E) was required only in
the last reduction, which we shall not repeat here. Within the first, second
and third reductions we define as before

P={aeT: supp fo NsuppTx # () and

« is minimal in 7 with w(f,) < mQ_jIH},

inferring after reductions that there is a restriction f of the functional f such
that

(1) f(Tx) < f(Tx) + 4my)
(2) supp f C supp P, where
P={aeT: supp fo NsuppTz # § and
a is minimal in 7" with w(f,) = m;jl-i-l}7
(3) for any a € P the special functional falrange Tz is defined by the
sequence (Ey),c i rek, icp» i particular
1

maojy1

fi

supp foNsupp Tz; #D

with f* = ﬁjl > kek, fi% and supp [ C UjeAk range z; for each
ke KZ\{manZ}, 1€ F.

fa |range Tx =

Therefore, as supp T'z; N range z; = (}, we obtain

]E(Tmz) < Z U}(fla) fi?minKi(T‘ri) < 10

maj; maj,

acP

as Y oep W) [ k, 1 a norming functional obtained from f by replacing

(2
in its tree-analysis each f{* by f i, k,- Finally we have

3 1 4
1Tz < —+)° < —.
My R M2 My

Since j € N is arbitrarily large, the above shows that 1" is not an isomorphism
onto its image. =

REMARK 4.6. Consider a Banach space ) satisfying conditions (a)—(6)
with respect to (Aj,)nen-admissible sets instead of Schreier admissible or
allowable sets. Then by repeating the reasoning above we obtain another
example of a Banach space with an unconditional basis, which is quasi-
minimal and tight by range, as in [AMP]. As in the example of [AMP] the
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space ) is also locally minimal, being saturated with ¢L’s (see the next
section).

5. Local minimality of the space X4y of [AMP]. We first briefly
recall the construction of the norming set Wy of the space X4y constructed
in [AMP]. We fix two sequences (m;); and (n;); of natural numbers and
a partition of N into two infinite sets L1, Lo as in the definition of W in
Section 3. Let Wy be the smallest subset of coo(N) such that:

(1) (£en)n € Wy, where (e,,), is the canonical basis of cyo(N),
2) for any f € Wy and g € coo(N) with |f| = |g| also g € Wy,
3) Wy is closed under projections on intervals of N,
)
)

4) Wyis closed under the (A, , ms, 1)—0perations on any block sequences,
5)

N N S

Wy is closed under the (A, +1,m2_j1+1)—operations on (2j+ 1)-special
sequences,

(6) Wy is closed under the G-operation, defined as follows. For any set
F ={ni <--- <nge} C N which is Schreier (i.e. 2¢ < ny) we set

Spf = XUg:l[n2p—17n2p)f'

The G-operation associates with any f € cgp the vector g = %S rf,
for any F' as above.

In order to complete the definition we define special sequences. A sequence
J1 <0 < frg;y in Wyis a (25 + 1)-special sequence if:

(1) for every i = 1,...,n2j41, w(f;) = ma;, where ji € Ly, j; € Lo for
any ¢ > 1 and nojr1 < moj; < - < mganHI,

(2) maj,,, > (maxsupp f;)maj, for any 1 <i < ngji1,

(3) for 1 < i < ngjyq the sequence (|fi,...,|fi—1|) is uniquely deter-
mined by w(f;).

Note that the norming set K of the mixed Tsirelson space T'[(Ay;, 1/m;);]
is closed under projections on subsets of N and m; = 2. It follows that
W, C K. This observation together with unconditionality of the basis in
X(4) allows repeating in X4y the argument of [M] that £, is finitely disjointly
representable in every infinite-dimensional subspace of T'[(Ay,, 1/m;);]. This
reasoning only uses the estimation of the action of any functional f € K on a
linear combination of some block sequence by the action of another functional
g € K on an analogous combination of the basis (e, ) by means of modifying
the tree-analysis of f into the tree-analysis of g. As Wy C K we can adapt
the reasoning of [M] to (4, obtaining the following theorem, which answers
question (2) of [FR1].

THEOREM 5.1. The space X4y is locally minimal, i.e. Xy is finitely
represented in any of its infinite-dimensional subspaces.
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