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Contractive homomorphisms of
measure algebras and Fourier algebras

by

Ross STOKKE (Winnipeg)

Abstract. We show that the dual version of our factorization [J. Funct. Anal. 261
(2011)] of contractive homomorphisms ¢ : L'(F) — M(G) between group/measure alge-
bras fails to hold in the dual, Fourier/Fourier—Stieltjes algebra, setting. We characterize
the contractive w*-w* continuous homomorphisms between measure algebras and (re-
duced) Fourier-Stieltjes algebras. We consider the problem of describing all contractive
homomorphisms ¢ : L*(F) — L*(G).

1. Introduction. Let F' and G be locally compact groups. The convo-
lution “homomorphism problem” in abstract harmonic analysis asks for a
description of all bounded homomorphisms between group and measure alge-
bras, L'(F) and M(G) (and related convolution algebras); the dual version
of the homomorphism problem asks for a description of all homomorphisms
between Fourier and Fourier—Stieltjes algebras, A(F') and B(G). For some
details regarding the history of the problem, the reader is referred to [3],
[16], [8], [10], [11], [I7] and the references therein. In general, both versions
of the problem remain open.

Let LUC(F) denote the C*-algebra of left uniformly continuous func-
tions on F' and give the dual Banach space LUC(F)* its left Arens product.
Then LUC(F)* contains M(F), and therefore L!(F), as a Banach subal-
gebra through the embedding

Or: M(F) = LUC(F)',  (Or(n). /) =/ dp.

For any map 6 : Y C F — G and a function f on G, jo(f) is defined on
F by putting jof = foOonY and jyf =0 off Y. When 0 : ' — G is a
continuous homomorphism, jy maps Cyp(G), the continuous functions on F
that vanish at infinity, into LUC(F'). The dual map j; : LUC(F)* — M(G)
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is a weak® continuous contractive Banach algebra homomorphism mapping
the point mass 0, to p(y). The restriction of j; to both M(F) and L'(F) is
also denoted jj.

For a € ﬁl, i.e. for @ a continuous character on F, let M, : Co(F) —
Co(F) : f — fa and let A, = M}; then A, is an isometric algebra auto-
morphism of M(F) and, by restriction, of L'(F). Let T denote the circle
group and let H be a locally compact group. Then 0y denotes the pro-
jection homomorphism mapping T x H onto H, and a is the projection
character mapping T x H onto T. If K is a compact normal subgroup of H
with normalized Haar measure mx—often viewed as an element of M (H)—
define Sk : Co(H) — Co(H/K) by Sk f(zK) = \, f(xzk)dmg (k). Then
Syt M(H/K) — M(H) is an isometric algebra isomorphism that embeds
LY(H/K) into L*(H) and satisfies S% (0zk) = 6, * my. We refer the reader
to [17] for additional information regarding these “basic” homomorphisms
and any additional notation that we have not defined here.

In [I7], the author showed that there are contractive homomorphisms
¢ : LY(F) — M(G) which fail to have the Cohen factorization which holds
in the abelian case, and which was shown by Pham [15] to extend in a way
that characterizes the contractive homomorphisms ¢ : A(F) — B(G). The
following alternative factorization was established:

THEOREM 1.1. Let ¢ : LY(F) — M(G) be a mapping. The following
statements are equivalent:

(i) ¢ is a contractive homomorphism;

(ii) there is a closed subgroup H of G, a compact normal subgroup {2y
of T x H and a continuous homomorphism 0 : F' — T x H/{2y such
that ¢ = j;, © jg,. © Aay © S5, 0y That is, ¢ factors as

LM(F) . M(G)

(1.1) jgi jj:},
S0 Aoy Tog
M(T x H/2) 2 M(T x H) —> M(T x H) —> M(H)

REMARK 1.2. 1. Suppose that ¢ : M(F) — M(G) has the factorization
with jj : M(F) — M(T x H/{2); this is the unique so-w* continuous
extension of ¢ on L'(F) to M(F) (see [§] or [I7]), where so denotes the strict
topology on M (F) taken with respect to the ideal L'(F). Then we can take
H equal to the support subgroup of {¢(d;) : x € F}; 20 = 2, = {(p(k), k) :
k € K} where ¢(d.,) = pmg with K a compact normal subgroup of H
and p € K such that ker p is normal in H and K/ker p lies in the centre of
H/ker p; and 0(z) = ¢~ (p(6,)) where ¢ : TxH/$2, = Iryp = {adzxpmi :
(o, z) € Tx H} is the natural topological isomorphism (see [17, Theorems 5.7
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and 5.11 and Corollary 4.3]). In this case we will say that the factorization
(1.1) is in canonical form.

2. If we define O ¢ : TxH — G by 0p.c(a, h) = h, then the factorization
() may be written as ¢ = ng,G 0 Aay 0 S5, ©jg [17, Remark 5.12].

In Section 2, we will characterize precisely when the dual version of
the factorization can be used to describe a contractive homomor-
phism ¢ : A(F) — B(G). In (unfortunate) perfect duality with the Cohen
factorization—which was shown in [I7] to fail for group algebras—we will
show that the dual version of the factorization often cannot be used
to describe all contractive homomorphisms in the Fourier algebra setting.

Even when F' and G are abelian, there is no known characterization
of all homomorphisms ¢ : M(F) — M(G). When F is amenable, descrip-
tions of all so-w* continuous (respectively w*-w* continuous) completely
bounded homomorphisms ¢ : B(F) — B(G) were obtained in [12]: ¢ = j,
for some piecewise affine continuous (open) map a : Y C G — F, where
Y lies in the open coset ring of G. For further definitions and details, the
reader is referred to [I0]-[12]. Recently, Hung Le Pham proved that every
contractive homomorphism ¢ : A(F) — B(G) has a Cohen factorization
o =1 0505, oly:

(1.2) A(F) &5 A(F) 2% B(G1) <5 B(G) &5 B(G)

where [,u(s) = u(rs); 8 : G; — F is a continuous homomorphism, or antiho-
momorphism, defined on an open subgroup G; of G; and s : B(G1) — B(G)
is given by s(u)(h) = u(h) if h € G1, and s(u)(h) = 0 otherwise [15, Theo-
rem 5.1].

In Section 3, we will apply Pham’s theorem and a modification of the
quoted theorem from [I2] to obtain a description of the so-w* and w*-w*
continuous contractive homomorphisms ¢ : B, (F) — B(G). Here, B,(F') is
the reduced Fourier—Stieltjes algebra of F', which we identify with the dual
of C¥(F), the C*-subalgebra of the bounded operators on L?(F') generated
by the convolution operators A\(f)é = f* &, f € LY(F), € € L?(F); see [6]
and [1] for details. By replacing L'(F) by M (F) in Theorem one ob-
tains a characterization of the so-w™* continuous contractive homomorphisms
¢ : M(F)— M(G) [I7, Corollary 6.1]. In Section 3, we will also character-
ize the w*-w* continuous contractive homomorphisms ¢ : M(F) — M(G):
such maps have the factorization with 6 a continuous proper homomor-
phism. In special cases, the contractive homomorphisms ¢ : L'(F) — LY(G)
have been described [8], [13], [I7] but in general the problem remains open.
In Section 4, we discuss this problem.

To avoid trivial cases, all algebra homomorphisms are assumed to be
nonzero.
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2. The dual form of the factorization . Observe that when {2,
is normal in T x G, one can replace H by G in the factorization and
drop the term j; . Using the Fourier and Fourier—Stieltjes transforms, one
can also check that when F' and G are abelian, the precise dual form of the
factorization

e S A, -
LMNF) 25 M(T x G/20) —22 M(T x G) 2% M(T x @) 2% M(@)
is given by

Jo s l-1,e0) Jig

(2.1) A(F) = B(Gp) =» B(Z x G) ——= B(Z x G) — B(G)

where Gg is an open subgroup of Z x G, 0 : Gy — F is a continuous
homomorphism, and t¢ : G — Z x G : = — (0,z). It was natural to
ask if every contractive homomorphism ¢ : L'(F) — M(G) has a Cohen
factorization [13], [17], and it is similarly natural to ask if every contractive
homomorphism ¢ : A(F) — B(G) has the factorization where 6 is
either a homomorphism or an anti-homomorphism. In this section we shall
characterize exactly when this is the case.

LEMMA 2.1. Let Gy be a subset of G, r€ G,ue F, 0;: Gy — F.

(i) Go ={(n,r"t) :n € Z, t € G1} is a subgroup of Z x G if and only
if G1 is a subgroup of G and rGir~! = G.
(ii) Suppose that Gg is a subgroup of Z x G and define

0:Go— F:(n,r™t) »u"01(t) [(n,r"t) = uby(tyu"""].

Then 6 is an [anti-]homomorphism if and only if 61 is an [anti-]
homomorphism and for each t € Gy,

01 (r 1 er ™) = uTor (et [0 (rF T = 0y (Hu .

Proof. (i) Suppose that G is a subgroup of Z x G. As (0,t) € Gy if
and only if ¢ € Gp, we see that GG; is a subgroup of G. For t € Gy,
(0,rtr=1) = (1,rt)(=1,771) € Go, so rGir—t C Gy. Similarly, 7 —'G1r C G1,
so rGir~! = Gy. Conversely, suppose that G is a subgroup of G and
rGir~' = Gy. For (m,r™s) and (n,r"t) in Go, we have (m,r™s)™! =
(—m,r~™(r™ms~r™™)) € Gp and (m, r™s)(n, 7™t) = (m+n, r™T(r"sr")t)
€ Gg. Hence, Gy is a subgroup of Z x G.

(ii) Suppose that Gy is a subgroup of Z x G and that 6(n,r"t) =
uf1(t)u""! is an anti-homomorphism of Gg into F. For s,t € G1,

01(st) = u10(0, st)u = u10((0, 5)(0,))u
= u10(0,t)uu™10(0, s)u = 01 ()01 (s).
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Note in particular that 6;(eg) = er. Hence,
01(rtr=1) = w1000, rtrHu = w0((1, rt) (= 1,7 ))u
= ut9(=1,r"H0(1, rt)u = v ub (eq)uluby (H)uu = uby (t)u™L.

Similarly, 61 (r—r) = u=10((—1,771¢)(1,7))u = w101 (t)u. Conversely, sup-

pose that 6 is an anti-homomorphism and 6y (r*'trF1) = u*16; (t)uT" for

each t € G1. Then for (m,r™s) and (n,r"t) in Gy,

O((m,r™s)(n,r™t)) = 0(m +n,r™ " (r "sr™)t)) = uby ((r "sr") )y
= ufy (t)u" 01 (s)uu ™" = why (H)u T uby (s)um ™
=0(n,r"t)0(m,r™s).

Thus, € is an anti-homomorphism. One similarly proves the homomorphism

case. m

THEOREM 2.2. Let ¢ : A(F) — B(G) be a contractive homomorphism.
The following statements are equivalent:

(i) there is an open subgroup Gy of Z x G and a continuous [anti-[ho-
momorphism 0 : Go — F such that ¢ = j,; 0l(_1e.) © 80 jo—see
@1);

(ii) ¢ has a Cohen factorization ¢ = l. o s o jg, o l,—see —for
some open subgroup G1 of G, a continuous [anti-[homomorphism
0, : Gy — F, somer € G and u € F such that rGir—' = Gy and
01 (rT1rT) = w Ty (H)u®! [0y (rFrTh) = w16, (t)u ™).

Moreover, when (i) holds, every Cohen factorization satisfies the conditions
of (i), and we necessarily have Gy = {(n,r"t) : n € Z, t € G1} and
0:Go— F:(n,r™t)— u"01(t) [ub(t)u=""1.

Proof. Suppose that ¢ has the factorization ¢ = j,; 0 l(_1..) 050 jo
described in statement (i). By [15, Theorem 5.1], ¢ also has a Cohen factor-
ization ¢ = [, 0507y, ol,, for some open subgroup G; of G, a continuous [anti-
Jhomomorphism 6; : G; — F and some r € G, u € F. Statement (ii) will
follow from Lemma [2.1]if we can show that Go = {(n,r"t) :n € Z, t € G1}
and O(n,r"t) = u="01(t) [(n,r"t) = ubi(t)u"""']. Forv € A(F)and z € G,
the two factorizations of ¢ give

(2.2) o(v)(z) = { v(ubi(rz)) ifxer Gy

0 ifx e G\T_1G1
) v(0(=1,z)) if (=1,z) € Go
1o if (—1,2) € Zx G\ Go.

As A(F) vanishes at no point of F', we obtain 7~ 1G1={z€G : (-1,2) €Gy}.
Hence, (—1,771)€Go so (=1,77 1) =(n,r") € Gy (n € Z). For any n € Z,
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we obtain
{n} x "Gy = (n+ 1,7 ({=1} x r71Gy)
=(n+1,7"™ . (Gon({-1} x @)
= (n+ 1,7 ™G N (n+1,r"™({-1} x G) = Gon ({n} x G)
Go=JGon({n} x G) ={(n,r"t) :n € Z, t € Gy}
neL

as needed.

As A(F) separates points of F, gives 0(—1,7~ 1) =ub;(t) (t€GY).
Hence, 6(—1,77!) = u because 6; is an [anti-Jhomomorphism, and 6(n, ™)
= u~" because 6 is an [anti-]homomorphism. In the case that € is an anti-
homomorphism,

O(n,r"t) = 0((n + 1,7 ) (=1,771)) = (1,7 1t)(n + 1,7 )
= ufy (t)u" "1
as claimed. When 6 is a homomorphism, one similarly obtains 0(n,r"t) =
u "0 (t)

Conversely, suppose that ¢ has Cohen factorization ¢ = [, 050 jg, o,
with 7, v, and 6 : G; — F as in (ii). By Lemma Go = {(n,r"t) :
n € Z,t € G1} is an open subgroup of Z x G and 0 : Gg — F : (n,r"t) —
w01 (t) [uby(t)u=""1] is an—obviously continuous— [anti-lhomomorphism.
The calculations giving (2.2) show that ¢ = j,; 0 l(_1c,) 050 jy. m

COROLLARY 2.3. If G contains a nonnormal open subgroup, then for any
locally compact group F, there is a contractive homomorphism ¢ : A(F) —

B(G) that fails to have a factorization of the form (2.1)).

Proof. Let G1 be be a nonnormal open subgroup of GG, and choose r € G
such that »Gir~' # Gi. Let ; : G; — F be any homomorphism (for
example, the trivial one) and let ¢ = I, o s 0 jg,. By Theorem p does
not have a factorization of the form (2.1)). m

ProOPOSITION 2.4. Fori = 1,2, let G; be an open subgroup of G, 0; :
G; = F a homomorphism or an anti-homomorphism, r; € G, u; € F.
(i) ¢ =1y, 0807, 0ly, : A(F) = B(G) (i = 1,2) if and only if 61 is
an [anti-lhomomorphism and
(2.3) G1 = Gz, 7“2’/“1_1 S Gl, 91(7“27“1_1) = u;lul,
91 = 92 [01 (t) = ul_luQGQ(t)uz_lul].
(i) If (2.3) holds and l,, o sojg, ol,, satisfies the conditions of Theorem
2.2(0)

, then so does 1, 0 50 jg, 0ly,.
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Proof. For v e A(F) and x € G,

v(ubi(rix)) if z € r71Gy
p(v)(z) = { . 1

0 ifreG\r, "G;
As in the proof of Theorem the separation properties of A(F') give
r{ Gy = ry 'Go. Hence, ror; " € Gy, Go = ra(ry 'Go) = ra(r; 'G1) = Gy,
and w10 (r1z) = ugba(rex) (x € r;lGi). For t € GG, one obtains

91 (t) = ’LLI1UQ(92 (’I“QTflt) = uf1u292(7‘2r;1)02 (t)

when 65 is a homomorphism, and 6;(t) = u1_11L2(92(t)02(7‘27”1_1) when 65 is
an anti-homomorphism. As 6;(eq) = 02(eq) = er, the forward implication
of (i) follows. Conversely, supposing that condition is satisfied, it suf-
fices to show that w16 (r1z) = ugba(rex) for z € rflGl = r;ng. Assuming
that 61 is an anti-homomorphism—the homomorphism case is similar—for
T € T1_1G1,

(i=1,2).

ul_luQHQ(rgx) = (uflugﬁg(mx)uz_lul)uflug = 01 (roz) (01 (7“27"1_1))*1

= 91((7“27“1_1)717“233) = 01(r1x).

This proves (i). Statement (ii) follows immediately from Theorem al-
though it can also be verified directly. =

For a subset T of A(F), let h(T) ={x € F : u(z) =0 for all u € T} be
the hull of 7 and let s(7) = F \ h(T). Observe that if ¢ =1, 0 s0jg, 0l :
A(F) — B(G), then h(ker p) = uf;(G1) and s(Imy) = r~'Gy. Hence, if
¢ is any contractive homomorphism, then F, := h(ker o) 'h(ker¢) is a
closed subgroup of F and G, := s(Im¢) 's(Imy) is an open subgroup
of G. Assuming that ¢ has the Cohen factorization described above, ¢, =

lyosojg ol : B(F)— B(G) is called the canonical extension of ¢ in [12].
COROLLARY 2.5. Let ¢ : A(F) — B(G) be a contractive homomorphism.

(i) If s(Im) has nonempty intersection with the commutant, G,, of
G, and h(ker ) is contained in Fé,, then ¢ has a factorization of
the form .

(ii) If s(Imy) is a subgroup of G (for example, when G is connected or
when @y(1F) is positive definite) and F,, is contained in the centre
of F' (for example when F' is abelian), then ¢ has a factorization of
the form .

Proof. Assume that ¢ has Cohen factorization ¢ = l,0s07g, ol,, where 0; :

G1 — F,s0 s(Imp) = r7'G1, G, = Gy and h(ker ) = ub1(G1) C 01(Gy)'.
Choose 1o € rG; N G and let ug = ub; (rr;l). Observe that because u
and ug belong to 01 (G1)’, we have uy 'uby (t)u= us = 0;(t), so regardless of
whether 6 is a homomorphism or anti-homomorphism, ¢ = [,,0507g, 0l,, by
Proposition[2.4] It is obvious that this factorization satisfies the conditions of
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Theorem [2.2[(ii). The validity of most of statement (ii) should be clear. Note
that if op(1F) = 1,-1¢, is positive definite, then s(Im¢) = r~'G; = Gy by
[11, Theorem 2.1]. m

3. Weak*-continuous homomorphisms. In this section we will char-
acterize the w*-w* continuous contractive homomorphisms on (reduced)
Fourier—Stieltjes algebras and on measure algebras. The so-topologies on
B,(F) and M (F) refer to the strict topologies on these algebras taken with
respect to the ideals A(F) and L!(F), respectively.

LEMMA 3.1. Let ¢ : A(F) — B(G) be a homomorphism. Then there is
an open subset Y of G and a continuous mapping o 1 Y — F such that
© = jo- If Y is also closed, then jo : By(F) — B(G) is the unique extension
of ¢ to B,(F) that is so-w* continuous on bounded subsets of B, (F).

REMARK 3.2. 1. When A(F') has a bounded approximate identity, i.e.
when F'is amenable, this can be seen to follow from [12, Theorem 5.6]—or [5]
Theorem 4.2]—and the proof of [I2] Corollary 5.8]. In this case, the extension
is so-w* continuous on B,(F) = B(F). The fact that every contractive
homomorphism ¢ : A(F) — B(G) extends to B(F') is [15, Corollary 5.6].

2. We believe that Y is always closed, but were unfortunately not able
to show this.

3. If u € B,(G) is positive definite, then the proof of [I, Proposition
2.22] gives a bounded net (u;) of positive definite functions in A(F') that
converges uniformly to u on compact subsets of F. Hence, u; — u so by
[14, Theorem 3.2]. By considering the Jordan decomposition of an arbitrary
u € B(F), one obtains a bounded net (u;) in A(F') such that u; — u so.
The uniqueness part of the above lemma follows, and this also shows that
A(F) is so-dense in B, (F).

Proof of Lemma 3.1. As noted by Pham [I5], because B(G) is semi-
simple, ¢ is automatically continuous by [4, Theorem 2.3.3]. The existence
of Y and « is a consequence of the fact that the Gelfand spectrum of A(F')
is F'; see for example the first paragraph of the proof of [I1, Theorem 3.7].
Assume now that Y is also closed. Let u € B,.(F) and let (u;) be a bounded
net in A(F') such that u; — u so. By passing to a subnet if necessary, we
may assume that (jou;) has a w*-limit, v, in B(G). Take f € Cyo(G) with
compact support K. Regularity of A(F) and the inequality |- ||pr) > [ [l
give uniform convergence of (u;) to u on the compact set a(Y N K). Hence,

B |Gawi = jatt, Flreeepr| <\ ljati = jaul ()] f(2)] de — 0.
YNK

As (jqu;) is bounded in L(G), jau; — jou weak® in L(G). Also, jau; — v
weak™ in L*°(G), so by continuity of both j,u and v, jou = v € B(G). Thus,
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Ja maps B, (F') into B(G) and once again j, is necessarily bounded. It follows
from this, the density of Cpo(G) in C*(G) and the calculation (3.1]) that j,
is so-w* continuous on bounded subsets of B,.(F'). m

THEOREM 3.3. Let ¢ : B.(F) — B(G) be a mapping. The following
statements are equivalent:

(i) ¢ is a contractive homomorphism that is so-w* continuous on bound-
ed subsets of B,(F) (w*-w* continuous on B,(F));
(ii) ¢ has a Cohen factorization

(3.2) B.(F) ™ B.(F) %% B(G)) < B(G) = B(G)

for some continuous (open) homomorphism or anti-homomorphism,
0, mapping an open subgroup G1 of G into F.

Proof. Assuming statement (i), |4(r) is a contractive homomorphism,
and therefore has a factorization where 6 = 6; : G; — F' is a continu-
ous homomorphism or anti-homomorphism; equivalently, ¢|4(r) = jo Where
Y =r71Giand a : Y — Fis given by a(y) = uf(ry) [15, Theorem 5.1]. Note
that w* C so, so in both cases ¢ = j, by Lemmal[3.1] Suppose that ¢ = j, is
w*-w* continuous. Suppose first that 8 is a homomorphism. One can check
that the proofs of Proposition 4.3 and Lemma 2.3 of [12] remain valid when
B(F) is replaced by B,(F). (Indeed, in the proof of [I12 Lemma 4.2] one
can replace the universal representation w with the left regular representa-
tion, A\. To modify the proof of [I2] Proposition 4.3], note that in §5 of [2],
the authors actually proved that if the restriction map @, : B,.(G) — B(G1)
is w*-w* continuous, then G is an open subgroup of G—this is stronger
than [2, Theorem 5.1]. To see this, note that just as Lemma 5.2 of [2] holds,
if @, is w*-w* continuous, then the map ¥, : C*(G1) — C}(M(G)), as de-
fined on page 2292 of [2], maps C*(G}) into C(G). By [2, Theorem 5.4], this
implies that G is open.) Thus, € is an open mapping in this case. Finally,
suppose that € is an anti-homomorphism. Then 6 : G; — F : z — O(x)~tis
a homomorphism, and ¢ factors as

B.(F) X B,(F) < B.(F) %% B(G1) < B(G) 5 B(G)

where i(z) = u(z™!), a w*-w* homeomorphism of B,(F). As ¢ is w*-w*
continuous on B,(F'), sois ¢ol,~1 07 =1, 0so jz. By the previous case, 0 is
an open map, and therefore 6 is also an open map.

Conversely, suppose that ¢ has the factorization and consider the
case when @ is an open anti-homomorphism. By [12], Proposition 3.4], [,.0s03;
is w*-w* continuous on B(F') and therefore on B,.(F'). Hence, ¢ = I, 0 s o
Jgo <ol is w*-w* continuous on B,(F). m
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Throughout the remainder of this section, we consider an arbitrary con-
tractive homomorphism ¢ : LY(F) — M(G) and its so-w* continuous ex-
tension ¢ = ¢y, : M(F) — M(G) (also denoted ¢).

THEOREM 3.4. Let ¢ : M(F) — M(G) be a mapping. Then ¢ is a
w*-w* continuous contractive homomorphism if and only if there is a closed
subgroup H of G, a compact normal subgroup 29 of T x H and a continuous
proper homomorphism 0 : F' — T x H/$2 such that ¢ = j; o Joy © Aag ©
Sty ©Jg:

M(F) M(G)

jgl ) jj:‘
A J H

St fot 0
M(T x H/$20) 2 M(T x H) —> M(T x H) — M(H)

Proof. As the projection map 6y : T x H — H is proper, the back-
wards implication follows from Propositions 5.1 and 5.3 in [I7]. Conversely,
suppose that ¢ : M (F) — M(G) is w*-w* continuous. Then ¢ is so-w* con-
tinuous, so by [17, Corollary 6.1 and Theorem 5.11], ¢ has the factorization
illustrated above with 29 = 2, = {(p(k),k) : k € K} for some compact
normal subgroup K of H, p € K', and 6 a continuous homomorphism. Let
v« : Co(G) = Cy(F) be the predual map of ¢. Then the diagram below
commutes:

Px
Co(G) Co(F) ——— E(F)
| Joy Mo, Sa, Jis

Co(H) HCO(T X H) HCO(T X H) HC@(T X H/.Qp)
To see this, it suffices to note that the dual maps of both the top line of the
diagram and jg o S, © Mo, © jg, © j, are w*-w* continuous extensions of
¢ to E(F)*, and are therefore equal. Supposing (towards a contradiction)
that 0 is not proper, we can choose a compact subset L of T x H/{2, such
that =1(L) is not a compact subset of F.

For v € Co(G), put fy = (Sn, © May © jo,; © j.)(7). Then for (a,z)2, €
T x H/$2,—writing Ag = M, o jo,,—we have
F((,2)82p) = Sa, o Au(y|a)((a, 2)82p) = (ma,, law) Ar (V| 5)) M-co(rx )

= a(mg,, A (la (V1)) M-co(Tx )
= oA (ma,), la (V1)) s-co (1)
= af{pm, lz:(V| 1)) m-co(m)

SO S v(zk)p(k) dmg (k),

K
where in the penultimate line we have used [I7, Proposition 5.9].
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Let P denote the collection of all finite products of functions in { f5, f? :
v € Cp(G)}, and let A be the collection of all finite sums of functions
in P. Observe that A is a self-adjoint subalgebra of Co(T x H/f2,), and
it is easy to see that A vanishes at no point of T x H/f2,. Suppose that

(0,2)2 £ (B,4)2y, 50 (@B, 3~ y) & {(p(k), k) : b € K}. T 21y & K, take
v € Co(G) such that v(zk) = p(k) (k € K) and 7|,x = 0; then (x) gives
fy((e,2)82,) = o # 0 = f1((B,y){2). Otherwise, y = ko for some ko € K

such that Sp(ko) # «. Choosing v € Cy(G) such that v(zk) = p(k) (k € K),
we get

£ (B)92,) = B\ v(akok)p(k) dmc (k) = Bp(ko) | v(ak)p(k) dm (k)
K K

= Bp(ko) # o = fr((r,2)12).
By the Stone-Weierstrass Theorem, A is uniformly dense in Cy(T X

H/$2,), so we can find g € A such that |g(z)] > 1 (x € L). Writing g as
g=g1+ -+ gy, with each g; € P, we obtain

L<lg(@)] <lgr(@)|+---+lgn(@)|  (z € L),

SO

n
L= U L; where L;=|g;|"'[1/n,00)N L.
j=1

As§~1(L) = U; 6~'(L;) is not compact, 6~ (L}, ) is not compact for some jo;
put Lo = Ljy, go = gjo- As 071 (Lo) is closed but not compact, and |jg(go(z))|
= |go(8(x))] > 1/n (x € 07Y(Ly)), it follows that jygo ¢ Co(F). Be-
cause gp € P, there are functions ~vi,...,7m, in Co(G) such that gy =
T Ty feen o Jam - Henee, Jogo = Jo Sy, -+ - Jofydofresn -+ - Jo Sy, does not
belong to the ideal Cy(F) in E(F). It follows—in particular—that ¢, (y1) =
(JooSa,oMayode, 04.)(71) = jo(fy) & Co(F'). This contradiction completes
the proof. m

In the above, were it true that {f, : v € Co(G)} = Co(T x H/f2,), the
proof of Theorem would, like the proof of the following proposition, be
quite easy. This, however, is usually not the case. We recall from Example

5.4 of [1I7] that not every w*-w* continuous contractive homomorphism ¢ :
M (F) — M(G) has a Cohen factorization.

PROPOSITION 3.5. Suppose that ¢ : M(F) — M(G) has a Cohen fac-
torization ¢ = j; o A, 0 S} 0 j5 o Aq,

Aa s Sk Ap Jr
Then ¢ is w*-w* continuous if and only if @ : F — H/K is a proper map-
ping.
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Proof. If ¢ is w*-w* continuous, then so is po Ag, so we may assume that
a = 1. The predual map ¢, : Co(G) — Co(F) factors as g, = jgoSgoM,0j,.
As Sk oM, 0 j, maps Cy(G) onto Cy(H/K), jg maps Co(H/K) into Co(F),
and hence 6 is proper. The converse follows from [I7, Propositions 5.1 and
5.3]. =

We now fix some notation that will be used throughout the remainder

of this paper: Let ¢ : M(F) — M(G) have the factorization (1.1)),
¥ :j;H OAOCT OS?Z,J oj;,
in canonical form (see Remark [1.2)). We wish to consider ¢ in relation to the
associated homomorphism
(er = j;H o S.?Zp Oj;‘

As in the proof of [I7, Corollary 5.8], we consider the continuous homomor-
phisms
pr:TxH/Q,— H/K:(a,h)2,—-hK and 0g =pgof:F — H/K.
Although ¢ and ™ are closely related, ¢ has a very simple factorization.

PROPOSITION 3.6. The homomorphism ¢t : M(F) — M(G) is positive
with ©* (0e) = mx and Cohen factorization ¢ = Si o jg ,

j;K Sk
Proof. For x € F, let §(x) = (az, ha) 2y, 50 Ok (x) = hy K. Observe that
v K — 2,,v(k) = (p(k), k), is a topological isomorphism, so j; : M (K) —
M(£2,) maps mg to mg,. It follows that
= O, * Jo,; (Jymiic) = O, * (Jogoy) "M = Op, * mi = Sk o jg, (0z).
By so-w* continuity of both maps, ¢t = S} o Jop- ™
COROLLARY 3.7. Let ¢ : M(F) — M(G) be a contractive homomor-
phism. The following statements are equivalent:
(i) ¢ is w*-w* continuous;
(ii) ot is w*-w* continuous;
(i) Ox : F — H/K is a proper mapping.
Proof. The equivalence of (ii) and (iii) follows from Propositions
and Moreover, it is not difficult to show that px : T x H/2, - H/K

is a proper mapping and from this that one of 6 and 0x = pg o 0 is proper
exactly when the other is. Thus, (i) and (ii) are equivalent by Theorem[3.4] =

We remark that the implication (i)=-(iii) in the above corollary is not,
without the aid of Theorem obvious to us.
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4. Contractive homomorphisms of group algebras. An open prob-
lem is to characterize all (contractive) homomorphisms ¢ : L (F) — L(G).
Some special cases are dealt with in [§], [I3] and [17]. We begin our dis-
cussion of this problem with the following result which is very closely re-
lated to Theorem 2 and Corollary 3 of [I3]. This short proof is independent
of [13].

PROPOSITION 4.1. Suppose that ¢ : L'(F) — M(G) has a Cohen fac-
torization o = j; 0 A,0S85 0jsoAy. Then ¢ maps L' (F) into L'(G) if and
only if H is an open subgroup of G and 0 : F — H/K is an open mapping.

Proof. Suppose that ¢ maps L'(F) into L'(G). As the support of any
measure in j. (M (H)) is contained in H and we are assuming—as always—
that ¢ is nonzero, H must have positive Haar measure in G, whence H is
open in G [7, Corollary I11.12.5]. Hence, mpy = mg|yg and the map u +—
plg : M(G) — M(H)—where p|g(E) = p(E), E C H—maps L'(G) into
LY(H). As (j; pu)|m = p we can conclude that j maps M (H)\ L*(H) into
M(G)\ L'(G). Hence, A, o S} o j} o Ay maps L*(F) into L'(H) and thus,
clearly, S} 0j; maps L'(F) into L' (H). Let gk : H — H/K be the quotient
map. Then Skojg, = idoy(m/K) and gk is an open mapping so Sy u € L'(H)
implies that p = ji Sjp € L'(H/K). Hence, j; maps L*(F) into L'(H/K),
so by [17, Proposition 5.1], 6 is an open mapping. The converse follows from
[L7, Proposition 5.1] and the well-known fact that S} maps L'(H/K) into
LY(H); indeed, one can readily show that S} f = f o qx € L*(H) whenever
feLYH/K). u

In light of Theorem [3.4] and Propositions and [£.1] it seems natural
to wonder if ¢ : LY(F) — M(G) with a factorization maps into LY(G)
exactly when § : FF — T x H/f2, is an open mapping and H is an open
subgroup of G. Indeed, it is clear from [I7, Proposition 5.1] that the second
condition is sufficient for ¢ to map L' (F) into L!(G). However, the converse
implication is false.

EXAMPLE 4.2. (a) Let F' be a discrete group, 6y € ﬁl, H a compact
group. Take K = H and p € K! the trivial character. Then 2, ={1}y xH
and 0 : F - Tx H/Q,:x+— (0p(x),en)!?, is a continuous homomorphism.
Let ¢ = jg,, 0 Aay 0S5 0 g LY (F) — M(H); see . For x € F,

0(82) = Gy © Aan (08 (@).er) ¥ M2,) = bo(x)mp = bo(x)ympy € L' (H)
because of [I7, Proposition 5.9]. It is easy to see from this that ¢ = j(;"H o
Aqgp 0 S}}p ojg is precisely the canonical factorization of . As F' is discrete it
also follows that ¢ maps L'(F) = ¢*(F) into L'(H). Note however that 6 :
F — TxH/f2, =T is not open. On the other hand, i : F - H/K = H/H
is—trivially—an open map. (In this case, by Corollary 5.8 of [I7], ¢ has a
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Cohen factorization involving jg,., so 0k had to be open by Proposition
or by Proposition 4.4 below.)

(b) Let F' = SU3(C), K = Zsy, the centre of F, and p: K — T : ¢t — t.
Then ¢ : M(F) — M(F) : u— p*xpmg does not have a Cohen factorization
[17, Example 5.4]. The support subgroup of {¢(d;) : * € F} is F, 2, =
{(p(k),k) : ke K},and 0 : F - Tx F/0, : x — (1,x)82, (see Remark[1.2).
If U is an open subset of F', then qﬁi(@(U)) = {1} xU)U ({-1} x =U)
which is not necessarily open in T x F; here qo, : T x F' — T x H/{2,.
Hence, 6 is not an open mapping, even though ¢ maps L'(F) into L'(F).
Note however that i : F — F/K : z — zK is an open mapping.

It is not difficult to show that 6 is an open mapping whenever 6 is. As
the above examples show, the converse implication is false.

PROPOSITION 4.3. Let ¢ : LY(F) — M(G) be a contractive homomor-
phism with the factorization (1.1)) in canonical form. Consider the following
statements:

(i) ¢ maps L' (F) into L' (G);
(ii) o maps LY(F) into L*(G);
(iii) O : F — H/K is an open mapping and H is an open subgroup
of G.

Then (i)<=(ii)<(iii). The implication (1)=(iii) holds when either F' is dis-
crete or p extends to a continuous character on H.

Proof. The equivalence of statements (ii) and (iii) is a consequence of
Propositions and Suppose that (ii) holds and let f € L*(F); assume
without loss of generality that f > 0. Then u = S}}p ojp(f) e M(T x H),

p >0 and o™ (f) = jg, .4 < mg (see Remark . Note that

0 (0m - 1)] < G alom ] = 3y o 1] = 380y (00
this can be verified by using—for example—[9, (14.4) and (14.5)]. Hence,
eo(f) = J, o(ar - p) < mg as well. That is, ¢(f) € LY(@G), as needed.
When p € K! extends to pPH € H 1 has a Cohen factorization of the form
© =5y © Apy © Sk g, © Aa by the proof of [I7, Corollary 5.8]. Hence, (i)
implies (iii) in this case by Proposition That (i) implies (iii) when F' is
discrete follows from Proposition [£.4] below. u

PROPOSITION 4.4. Let ¢ : M(F) — M(G) be an so-w* continuous con-

tractive homomorphism with the factorization (1.1)) in canonical form. The
following statements are equivalent:

(i) ¢ maps (*(F) into L'(G);
(ii) K is open in G;
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(iii) O : Fy — H/K is an open mapping and H is an open subgroup
of G.

Proof. Suppose that ¢(8.,) = pmg € L' (G) and mg(K) = 0. If §(z) =
(o, hy) 2, then p(8;) = audp, * pmy is zero in LY(F) for each x € F.
By [17, Lemma 1.1], ¢ is the zero homomorphism in contradiction to our
blanket assumption that all homomorphisms are nonzero. Hence, if (i) holds,
then mg(K) > 0 and hence (ii) holds. The implication (ii)=-(iii) is clear.
Observe that the restriction of ¢ to ¢*(F) = M(Fy) = L'(Fy) also has the

canonical form factorization (|1.1))—see Remark so by Proposition
statement (iii) implies (i). =

We conclude with a question: Does the implication (i)=-(iii) of Proposi-
tion hold in general?

Acknowledgements. The author is grateful to the anonymous referee
whose comments have improved the readability of this paper. The author
also gratefully acknowledges support from an NSERC grant.

References

[1] G. Arsac, Sur l’espace de Banach engendré par les coefficients d’une représentation
unitaire, Publ. Dép. Math. (Lyon) 13 (1976), no. 2, 1-101.
[2] M. B. Bekka, E. Kaniuth, A. T. Lau and G. Schlichting, Weak"-closedness of sub-
spaces of Fourier—Stieltjes algebras and weak”-continuity of the restriction map,
Trans. Amer. Math. Soc. 350 (1998), 2277-2296.
[3] P. J. Cohen, On homomorphisms of group algebras, Amer. J. Math. 82 (1960),
213-226.
[4] H. G. Dales, Banach Algebras and Automatic Continuity, London Math. Soc.
Monogr. 24, Clarendon Press, Oxford, 2000.
[5] M. Daws, Multipliers, self-induced and dual Banach algebras, Dissertationes Math.
470 (2010), 62 pp.
[6] P. Eymard, L’algébre de Fourier d’un groupe localement compact, Bull. Soc. Math.
France 92 (1964), 181-236.
[7] J. M. G. Fell and R. S. Doran, Representations of *-Algebras, Locally Compact
Groups, and Banach *-Algebraic Bundles, Vol. 1, Pure Appl. Math. 125, Academic
Press, Boston, MA, 1988.
[8] F.P. Greenleaf, Norm decreasing homomorphisms of group algebras, Pacific J. Math.
15 (1965), 1187-1219.
[9] E. Hewitt and K. A. Ross, Abstract Harmonic Analysis, Springer, New York, 1963.
[10]] M. Ilie, On Fourier algebra homomorphisms, J. Funct. Anal. 213 (2004), 88-110.
[11]] M. Ilie and N. Spronk, Completely bounded homomorphisms of the Fourier algebra,
J. Funct. Anal. 225 (2005), 480-499.

[12] M. Ilie and R. Stokke, Weak™-continuous homomorphisms of Fourier—Stieltjes alge-
bras, Math. Proc. Cambridge Philos. Soc. 145 (2008), 107-120.

[13] J. E. Kerlin and W. D. Pepe, Norm decreasing homomorphisms between group al-
gebras, Pacific J. Math. 57 (1975), 445-451.


http://dx.doi.org/10.1090/S0002-9947-98-01835-2
http://dx.doi.org/10.2307/2372732
http://dx.doi.org/10.1016/j.jfa.2004.04.013
http://dx.doi.org/10.1016/j.jfa.2004.11.011

150

[14]
[15]
[16]

[17]

R. Stokke

A. T.-M. Lau, Uniformly continuous functionals on the Fourier algebra of any locally
compact group, Trans. Amer. Math. Soc. 251 (1979), 39-59.

H. L. Pham, Contractive homomorphisms of the Fourier algebras, Bull. London
Math. Soc. 42 (2010), 937-947.

W. Rudin, Fourier Analysis on Groups, Interscience Tracts Pure Appl. Math. 12,
Interscience, New York, 1962.

R. Stokke, Homomorphisms of convolution algebras, J. Funct. Anal. 261 (2011),
3665-3695.

Ross Stokke

Department of Mathematics and Statistics
University of Winnipeg

515 Portage Avenue

Winnipeg, Canada, R3B 2E9

E-mail: r.stokke@Quwinnipeg.ca

Received October 8, 2011
Revised version April 2, 2012 (7316)


http://dx.doi.org/10.1090/S0002-9947-1979-0531968-4
http://dx.doi.org/10.1112/blms/bdq048
http://dx.doi.org/10.1016/j.jfa.2011.08.014

	Introduction
	The dual form of the factorization (1.1)
	Weak*-continuous homomorphisms
	Contractive homomorphisms of group algebras

