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Asymptotic behavior of a steady flow
in a two-dimensional pipe

by

ProTr Bocust.aw MucHA (Warszawa)

Abstract. The paper investigates the asymptotic behavior of a steady flow of an
incompressible viscous fluid in a two-dimensional infinite pipe with slip boundary condi-
tions and large flux. The convergence of the solutions to data at infinities is examined.
The technique enables computing optimal factors of exponential decay at the outlet and
inlet of the pipe which are unsymmetric for nonzero fluxes of the flow. As a corollary, the
asymptotic structure of the solutions is obtained. The results show strong dependence on
the magnitude of the Reynolds number.

1. Introduction. In this paper we study a steady flow of a viscous in-
compressible Newtonian fluid governed by the steady Navier—Stokes equa-
tions in a two-dimensional pipe-like domain with slip boundary conditions.
The motion is described by the following system:

v-Vo—vAv+Vp=f in {2,

diveo =0 in {2,
(1.1)

n-v=0,n-T(v,p)-7=0 on 012,

v — (V0,0) as |z| — oo,
where v = (v!,v?) is the velocity of the fluid, p the pressure, f the exter-
nal force, n and 7 the normal and tangent vectors to the boundary 02, v
the constant positive viscous coefficient, (v, 0) the constant velocity at the
inlet and outlet of the pipe, and T the stress tensor for Newtonian fluids,
i.e.

(1.2) T(U,p) = V]D)(U) — pId = {I/(U?j + U’Jl) - p(sl‘j}i,j:LQ.

The domain {2 is a straight pipe with a local obstacle inside—see the picture
on the next page.
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We assume that
(1.3) N=w\Oo,

where W = R x (0, H) and O is a closed set consisting of obstacles and
satisfying

(1.4) O c [-D, D] x [0, H].

The aim of the paper is to analyze the asymptotic behavior of the so-
lutions. We want to get precise information about the velocity as 7 — oo
and as 1 — —oo, and also about the quantities which define the flow.
We concentrate on the vorticity which, as we will see, is very sensitive to
the magnitude of the flux of the flow. The convergence is connected with
the properties of fundamental solutions of problems arising from the Oseen
system for the straight pipe.

Since we are interested only in behavior for large |z1| we may modify
the boundary conditions (1.1)s. Our method does not require simple con-
nectedness of the domain, hence in general we may split the boundary into
connected elements as follows:

Ko
(1.5) on=rturtuljrk
k=1

where I'" and I'l are the unbounded parts (connected), and I'* are the
boundaries of holes in the pipe, Ky being the total number of holes. Thus,
instead of (1.1)3, we may put the following conditions:

(L.1). n-v=0, n-T(v,p)-7=0 on I'Murt,
1.1)5
n-v=0, n-T(u,p) -7+ frv-7=0 on I'*fork=1,..., Ko,

where fj is the friction coefficient on the boundary of the ith hole; fr may
be equal to infinity, then ((1.1)5)2 becomes the zero Dirichlet condition.

The slip boundary condition (1.1)3 describes phenomena when the fric-
tion between the fluid and the boundary is negligible. This type of problem
can also be treated as an approximation of an external problem—a flow
around an obstacle or an approximation of an Eulerian flow, if the viscous
coefficient is small and so is the action of the fluid on the boundary (see [8]).
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The key element of our approach is a reformulation of the original prob-
lem. We use here a special feature of the two-dimensional case as well as an
interesting property of the slip boundary condition. From problem (1.1) we
obtain a system for the vorticity of the velocity:

v-Va—vAa=rotf in {2,
(1.6) a=2v-TX on 0f2,
a—0 as|z] — oo,

where x is the curvature of 92 and
(1.7) a =rotv :v?l —U}Q
is the vorticity of the velocity of the fluid. Equation (1.6); has the above form
only for 2D, in 3D there appears an extra term « - Vv which causes worse
properties of this equation: we lose the maximum principle. The bound-
ary datum (1.6)y is calculated from condition (1.1)s. It is worth pointing
out that this interesting feature also holds for the 3D case (not exactly
the same, because a in 3D is a vector; this property has been noted by
Zajaczkowski [10]).

To complete the reformulation we add to (1.6) the following problem for
the velocity:

rotv=a in {2,
dive=0 in {2,
n-v=0 on 0f2,

vt > Uso  aS X1 — Fo0.

Thus, instead of (1.1), we investigate (1.6) and (1.8).
Since we plan to examine the behavior of solutions to problem (1.1), we
need to ensure their existence. We assume the following properties.

(1.8)

THE EXISTENCE HYPOTHESIS. Let f € H?(£2), 02 € C? and vo > 0.
Then there exists at least one regular solution of problem (1.1) such that

(1.9) [0 = (Voo; 0l a(2) < So(llfll (2> voo)-

The above assumption is reasonable, because a similar existence theorem
for solutions to problem (1.1) has been proved in [7]. The essential infor-
mation conveyed by the Existence Hypothesis is the sufficient smoothness
of the solutions and vanishing of the perturbation, here in the L2-norm (we
will need the boundedness of the gradient of the vorticity, hence we need
v € H*(£2)). There is no restriction on the size of data. The assumption
about nonnegativity of vy, determines only the system of coordinates. Hav-
ing such a standard existence assumption we give a precise spatial asymp-
totics, which is the main result of our paper.
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THEOREM 1.1. Suppose that
Vf(z)elrtadll e 20 {z:z, <0}),
Vf(z)emtel=l e L2(Qn{z: z, > 0})

for some number ay > 0. Then the solutions to problem (1.1) given by the
Ezistence Hypothesis satisfy

a(z)e” Pl e c(Qn{z:z <0},
a(z)e™il e C(2n{z: 2, > 0}).
Furthermore, if voo > 0 then

(v(x) — (vao, 0))eM Pl € C(2 N {z : 2y < 0}),
(v(z) = (Vo,0))e™ 1l e C(Q2 N {z: 21 > 0}),
and if veo = 0 then

(1.10)

(1.11)

(1.12)

e/\l\:vl\

(1.13) v(x) o] €

C(92),

where

2 2
Voo T Voo
. - - < =
(1.14) m \/<2u> +<H> 21/_)\1

Voo \ 2 \% w
o0 o0
(21/) +(H) +2V'

Zoje_"l"“‘ for x1 <0,
Zte mlml for oy >0,

Moreover,

(1.15) la(z)| < {

if Voo > 0 then

(1.16) [v(x) = (Voo, 0)] < {

and if v =0 then
(1.17) lv(z)| < 201 + |z e M=l for 2 € R,

where the constants Z;, 25, Z,, ZF and Z9 depend only on Sy and norms
of the function f.

The result shows the crucial role of the vorticity. Since in 2D it is a
scalar, it describes precisely the behavior of the flow under the influence
of an obstacle. The information about the velocity is just a consequence of
the analysis of problem (1.8). This is the reason why decay rates in front
of the obstacle are different for the velocity and vorticity. A quantity which
describes the decay factors of the perturbation is ve /v. If v /v — o0, then

Zse Mlnl for 2y <0,
Zremleil for 21 >0,
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w1 — 0 and 07 — oo. Hence for large vy, /v the perturbation behind the
obstacle will be vanishing more slowly, but in front of the obstacle the very
vorticity will be less perturbed, but the velocity will be vanishing with factor
A1 independently of v, /v. Note that v, /v is proportional to the Reynolds
number of our flow: Re = voo H/v.

In the special case of v, = 0, we have A\; = m1 = 1. This symmetry
leads to a slightly weaker convergence for the velocity. It is worth noting
that for the external problem for the same system, if v, # 0, then the
decay is proportional to a negative power of |z| (O(|z|~1/2), see [4]), and if
VUso = 0, then the velocity may vanish more slowly than any negative power of
|z| [3, Chap. X].

Similar studies in the literature concentrate on Leray’s problem. This
classical system describes the flow in a pipe with no slip boundary data.
The present knowledge regarding existence concerns only small data [2, 9].
The results about spatial asymptotic behavior give symmetric exponential
decay [1; 3, Chap. XI]. See also [5, 6].

In our case, the slip boundary conditions (1.1)3 together with the refor-
mulation enable us to analyze precisely the structure of solutions of (1.1)
for large |z1|. The main tools to examine the behavior of solutions of prob-
lems (1.6) and (1.8) are the Fourier series expansions with respect to xo and
fundamental solutions for ordinary differential equations arising from the
systems after the transformation. The estimates are found in nonstandard
weighted Banach spaces connected with a representation of functions given
by the Fourier series, such as l%()’ H)(mg,,r(R)) defined by (2.6) in Section 2.
This approach makes it possible to compute optimal factors of decay, (1.14),
as well as the asymptotic structure of the solutions, which is the second main
result of this note.

THEOREM 1.2. Let ay, defined as in Theorem 1.1, be greater than . If
Voo > 0, then

(1.18) a(z) = XTe ™ gin \jzg + O(e ?™*1)  as 1 — o0,
(1.19) alz) = El_e_"l‘xl‘ sin A\1xo + 22_6_"2‘9“‘ sin Aoz
+...+ Egae*"Bam' sin A\p, x2

+ O(e~WMtovlehy  gg 2 — —o0,

A = k_ﬂ — 'U;'O ’ + k_ﬂ— ’ + 'U;'O
= T\ 2H 20
and B, is defined as follows: op, < \1 + 01 and op,+1 > A\1 + 01.

If voo =0, then

(1.20) a(z) = e Ml gin M2y + O(|zy ey as |2y | — 0.

where
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Moreover, if voo > 0 then
(1.21) v(2) = (Voo, 0) + Ve ™ () cos A\ a9, 71 sin A1 z2)
+O(e™?™M™1) g5 21 — 00,

and

(1.22)  v(z) = (ve0,0) + er_/\l‘xl‘(cos A1Zo,sin \jxe) + ...+
+ VB_ve_’\va‘(cos AB,%2,sinAp, x2)
+ Vgﬁle_(”l“'()\l cos \1x2, 01 sin \jx2)
+ ...+ VBjj_i_Bae_gBa‘xl‘()\Ba cos Ap,Z2,0p, Sin )\Baxg)
+ O(ef()qum)\:m\) as 1 — —00,

where By, is defined as follows: Ap, < A1 + 01 and Ap,+1 > A1 + o1; and if
Voo = 0 then

(1.23) v(z) = V]zle M7l (cos A 2o, sin Ay 20)
+ O(|z1]e” My s |z | — oo

The constants X, 22, v, Vi,V depend on the solution.

The above result describes precisely the form of the solutions for large
|z1| in dependence on the flux of the flow. The structure of the solutions
is connected with the magnitude of the quantities B, and B, which are
increasing functions of the Reynolds number Re = v H /v, since 7 and oy,
can be written as follows:

T = g (VRe? +412k2 — Re), o} = g (VRe? +-472k2 + Re).

Note that the information is more precise in front of the obstacle and shows
a laminar character of the flow on this side, even for large v,. And behind
the obstacle the information we obtain is poorer.

We underline that our results are obtained under assumptions (1.10) and
af > A1, which, in some sense, neglects the influence of the external force.
This way the coefficients describing the asymptotic behavior of the solutions
depend only on the Reynolds number and the height of the pipe. Such a
restriction enables us to show the natural structure of the flow. Otherwise,
if the gradient of the force f did not decay sufficiently fast, the rates would
depend on the behavior of the force at infinity. It would add only technical
difficulties with no new interesting features. That is why we omit this case.

The paper is organized as follows. In Section 2 the necessary notations
and definitions of function spaces with elementary properties are introduced.
Next, we reformulate the problem and prove a basic result about decay of
solutions. In Section 4 we prove Theorem 1.1, and at the end Theorem 1.2.
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2. Notation. We denote by LP({2) the standard Lebesgue space of p-
integrable functions. Our technique requires introducing weighted Banach
spaces with different behavior at oo and —oco. We use exponential weights
guaranteeing fast decay of functions at infinity.

For o, m > 0, let

(2.1)  mex(R):={f € L(R) : there is M > 0 such that
|F()] < Me " for t < 0 and |f(t)] < Me™™ for t > 0}.
This is a Banach space with the norm || f{[,,, (&) = inf{M : M as in (2.1)}.
Similarly, for £2 C R? we define
(2.2)  M,A(£2) :={f € L>(£2) : there is M > 0 such that
|f(z)] < Me~®l for 2 < 0 and |f(z)] < Me™™"1l for 21 > 0},
with the norm || f|[5s, (@) = inf{M : M as in (2.2)}.
Also we need the weighted Hilbert spaces
(23) L2(2) = {f € ZA(2) : | fe™ | 3y < o0)
with the norm || f[[z2(o) = ||f€o|xl‘”L2(Q), and
(24)  L3A(R):={f € L*(R): f(t)e’ € L*(~00,0)
and f(t)e™ e L2(0,00)}

with the norm

1Nz ) = (1@ 2 o0y + 1B 12 (0,00))

Our main considerations concern a straight pipe W = R x (0, H). We
need a special type of L? spaces which arise from the Fourier transform with
respect to xs.

Let f € L?(0, H; L*(R)). We introduce

H

(2.5) fil@r) = (f(x),v8) = | f(@)vx(w2) das,

0

where vy, = /2/H sin &7 o2 for k = 1,2,... Then we define the Banach
space

(26) By (mes(R) = {f € L2(W Z 1l @) < oo}

with the norm

) 171, men) (Z elnier)
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It is worth noting that Z%O,H) (Mo (R)) # L0, H; my »(R)), since one easily
sees that sin(z122) & l(20 H)(m070(R)).
PROPOSITION 2.1. The following relation holds:

o0

1/2
(28) VSl monie) = (DUl + RS2, )

k=1
where the dot denotes differentiation with respect to x1.

ProposITION 2.2. If Vf € l(o lrj{)(mgﬂr(R))7 then f € My (W) with the
estimate

(2.9) 1 sty < €IV i 2

PROPOSITION 2.3. Let 0 < 7 < min{o,n}. Then l(o m(Mmex(R)) C
L2, . (W) with the estimate

(2.10) 1Az, vy = D fllz) ,, mom @)

oO—T,T—T

where ¢(1) — 00 as T — 0.

In this paper, the symbol 7 is used as a parameter of various spaces,
but also sometimes as the 3.14 ... constant. The author hopes that this will
cause no misunderstanding.

By ¢ we denote a generic constant. Also in the proofs of lemmas we use S
for constants which depend only on Sy from (1.9) and norms of the force f.

3. Preliminaries. We consider the velocity as the sum of a constant
flow and a perturbation:

(3.1) v = (Voo, 0) + u.
Since rot(vs, 0) = 0, the vorticity stays the same. By (3.1), problem (1.6)
takes the following form:
VooOp, ¢ —VAa = —u-Va+rot f in {2,
(3.2) a=2(u+ (vs0,0)) - TX on 012,
a—0 as|z] — oo,
where x is the curvature of the boundary and by (1.8) we have
rotu = « in £2,
divu =0 in £2,
u-n=—(Vx,0)-n on df2,

ut -0 as |z| — oco.

(3.3)

Although the domain {2 may not be simply connected, the boundary con-
dition v-n =0 (see (1.8)3) and (3.1) guarantee the existence of a potential
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(stream function) for the velocity:

(3'4) u = (_a’mgpv 8I190)‘

If 2 is not simply connected the kernel of the elliptic operator (rot-div)
generated by problem (3.3) is nontrivial. We take a potential which is or-
thogonal to the kernel. This way from (3.3) we get the Dirichlet problem for
the system

Ap =« in (2,
(3.5) v="0 on 012,
¢ —0 as|z] — oo,
where b can be obtained from condition (3.3)3 such that b = 0 for |z;| > D.

This feature of the Dirichlet data follows from (1.8)3 and the fact that the

potential of (vo,0) is constant on the unbounded parts I'" and I'' (recall
that (veo,0) = (=0, (—V0®2), Ouy (—Ve02)))-
Introduce a smooth function 1 : R — [0, 1] such that
1 for |z1| > D + 2,
3.6 =
(36) ) {0 for |z1| < D,

and |[Vn| < 1. Put

(3.7) B=na, ¢ =np.
By the properties of n and {2, the new functions 8 and ¢ are well defined
in W =R x (0, H), since they vanish for |x| < D. By (3.2), ( satisfies the
following problem:
Vo0 B — VAR = -V -VB+G inW,
(3.8) 6=0 on OW,
6—0 as|x|]— oo,
where G = G1 + G4 and
Gi= = (V1 =n)+ (1 -1V ) V(na) - 2vVn - Va - v(An)a,
G2 =nrotg.
Note that supp G1 C [—D, D] x [0, H] and since the L*°-bound for « is given,
G1 € My for all a, € Ry
From problem (3.5), the function v satisfies the following system:
A =B+ Gs in W,
(3.9) =0 on OW,
Y —0 as|z| — oo,
where Gg = 2Vn -V + (An)p. Just as for Gy, supp Gz C [-D, D] x [0, H|
and by the boundedness of ¢, we also have G3 € M, g for any «a, 8 € Ry.
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The structure of the domain together with the boundary data (3.8)2
and (3.9)2 allows us to apply the Fourier series expansion with respect to xs.
Introduce

(3.10) B=> bu(z)or(z2), = qelwr)vr(za),

k=1 k=1
where

(3.11) k(2) U — sin —xg fork=1,2,...

The functions vy are elgenvectors of the following problem:
k
(3.12) —02, v = Mug,  0p(0) = op(H) =0, with A, = ﬁ”
By the Existence Hypothesis, the series are well defined, since 3, € L2(W).
Since, by assumption, the r.h.s. of (3.8) and (3.9) are known we rewrite
these problems as follows:

Vool — Vb + vA2b, = (=V1h - VB, 0) + (G, v)  on R,
ik — Nvaw = b + (Gs, vg,) on R,
for k=1,2,..., remembering that b; and ¢ vanish at infinity.
Equations (3.13) are one-dimensional, which simplifies our considera-

tions. The mail tools for examining the spatial asymptotics are the funda-
mental solutions for the operators on the Lh.s. of (3.13).

(3.13)

PROPOSITION 3.1. The fundamental solution to problem (3.13)1 satisfies

(3.14) VooEy —VEy + vUNE, =6 in R,
where § is the Dirac delta and
ekt fort <0
3.15 E.(t)=n ’
( ) k() k { e ™t for t >0,
with
/0% 4+ 427 + v 1
O = ) Ng = —F——5—>
2 /22 2
(316) v UOO + 4V )\k
/0% 4+ 42N — v
e = 2v
PROPOSITION 3.2. The fundamental solution to problem (3.13)2 satisfies
(3.17) Dy—XD,=06 inR
and
1 et fort <0
3.18 Dp(t) = —— ’
( ) k() 2 { ekt for t > 0.
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REMARK. Since the quantities A\, 7, 0 and ny are important in our
considerations, note that for all &,
(3.19) T < A\ < ops
(3.20) nEAk + Nk + ngog < ¢(Voo, V),
where the constant in (3.20) is independent of k.

First we show some basic estimates in weighted spaces which follow from
the energy approach.

LEMMA 3.1. The solutions given by the Existence Hypothesis satisfy

(3.21) IVBlz1 2wy + IVYlz1| ([ 200y < S.
Moreover, for any L > 1,
(3.22) IVl Lo (o0, —L)U(L,00)) x (0,0)) < LS

for some a > 0.

Proof. Multiplying (3.8); by B2, integrating over W, and remembering
that 5 € L*(W) and Vf € L2 (W) we obtain

(3.23) VBl 2wy < S,

since

(3.24) ‘ | vty vBpatda| < e[ VBza| 320 + S
W

Similarly from (3.9) we get
(3.25) IVYlz1] |2y < S

Hence by the interpolation theorem from (3.25) and the C''-bound of u we
get estimate (3.22). Lemma 3.1 is proved.

LEMMA 3.2. The vorticity satisfies the following bound:

(3.26) IVBIlzz, . o) <5,
where
2 2 2 2
) A ) ) A )
2 — (Y= AL Vo _ (Y= AL _ Voo
(827) oo <4y> TRt ™ (4y) 3 W

Proof. From (3.13)1,
. . 1
(3.28) Uj"” b — br, + ARbr, = ~ Ne,

where Ny = (—V+¢ - VB + G, v;). Since supp by, C (—oo, —L] U [L, 00) we
consider the problem for 1 > 0; the case of 1 < 0 can be treated similarly.
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Multiply (3.28) by bre?™0%! and integrate over R to get

(3.29) | <bie2”0w1 + <A2 - 27r0> bieQﬂ‘)ml) dry = | Nypbpe?™ day.
1%
0 0

To control the whole norm of Vf (see Proposition 2.1), we split the coeffi-
cient as

v YEDY: DYEEED T
(3.30) Aﬁ—%owo—%g:?’ijr(f—zl—%wo—zﬂg).

Now, we find 7. We require that

2 2
(3.31) %—%—%’Owo—zwpo
for all £ > 1. Since A; > A1 it is enough to take for my the positive root of
the equation );1—% — =y — 212 = 0, i.e. my as in (3.27). Then, applying the
Schwarz inequality to the r.h.s. of (3.29) we get

o

A2 T2

(3.32) | (bk + —b2> 2mOT gy + | Zlbze%m dzy
0 0
<ec S N,?e%mrl dxq + S 1 b2 2M0T1 o
0 0

This way we obtain
(3.33) VB2, (rex(0,1)) < c|-V+ip - VB + Gllrz, (rsx(0,1))-
By Lemma 3.1 we choose L so large that
(3.34) eI V| oo (L00) x (0,1)) < 1/2,
where the constant c is the same as in (3.33); and by (3.33) we get
(3.35) VB2, (R x(0,1)) <5

We repeat the same procedure for (—oo,0) with weight e?l71l to obtain
(3.36) VB2, rox(0,)) <5

with o as in (3.27). Estimates (3.35) and (3.36) give (3.26). Lemma 3.2 is
proved.

LEMMA 3.3. The velocity satisfies the following bounds:

(3.37) IV29lli2, o moy g @) S S0 V80 mg e <5

(0,1
Proof. By (3.13)2,
(3.38) ik — Arqr = Br,
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where By = bx + (G3,v). By Lemma 3.2 and the definition of G3 we get
> pey Biug € LEOJO(W). Hence, using Proposition 3.2 we have

0 t oo
(339)  @(t)=\Dr(t—y)Brly)dy = | +|+ | = Ki+ Ky + K3.
R —oo 0 t
Ift > 0, then
0 2
KH0) < e § e By dy)
—00
0
< C_SOO e—QAk(t—y)BQUO?J dy ||Bk||%go77r0 (R) < Ce_QAkt”BkH%gOJO(R)’

t
K%(t) < C(Se—2z\k(t—y)e—2ﬂoydy>||Bk||%2 ( ) < cte” 27rot||B ||2
00,
0

L34 mo (R)?

where we used mg < A1, 0¢; hence by the boundedness of te™™! we obtain
K3(t) < CefﬂOtHBkHLgMO(R)-
Finally,

o0
K2(1) < c( S e~ 2 (y—t) , 20y dy)\lBkH%gOm(R) < ce_%”tHBkH%gMO(R).
t

By (3.39) and the estimates for K;, we conclude that
(3.40) Gi(t) < ce” ™| By%,

0.0 B

For 21 < 0 with weight e?*1l as well as for the derivative with respect
to xo analogous estimates can be obtained. Thus we have proved

(3.41) INAAIE <S.
Since, by Lemma 3.2, V3 € L?

(0, H) 0'0/2,7r0/2(R))

(W), we can also obtain

00,70

(3.42) IV Qz[)Hl(O ) (Mog/2,m0/2(R)) <,

which, by Proposition 2.2, guarantees V¢ € M, /2,70/2 with the bound
(3.43) vaHMo'O/Z,Tro/Q <S.

Lemma 3.3 is proved.

4. Proof of Theorem 1.1. The goal of this section is to show that

VB € 1y 1) (M, 01 (R)).
If we have this information the rest of Theorem 1.1 will be a corollary
from Proposition 2.2. At the beginning we assume V[ € l%o H) (Mo x(R))
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for some 0,7 > 0. Next, we examine V= - V3. By Lemma 3.3 we have
Vi e M4 /2,70 /2(W), hence by Proposition 2.3 for 0 < 7 < m/2 it follows
that

Vi Ve e L0,H; Ly oy (R))
with the estimate

(4.1) ||Vt VBl 20,112 (R))

o+T,T+T

< c(m0/2 = TVl 02l VBN, 1 om0

where ¢(mp/2 — 7) is well defined for 0 < 7 < (/2.
Since G € L*(0,H; L%, .. (R)), assuming that 7 < ay, where ay is as

in (1.10), we introduce the coefficients

Ttz for 21 <0

emlel for 21 >0

(4.2) (=Vy - VB + G,y - { } = Ap(z1)

such that {[|Ag|l2m) 122, = {ar}iz, € 12 with

o0

1/2
(43)  (Xat) =1V VB4 Glromiz, .. )
k=1
Moreover, by (4.1) we have
> 1/2
2
(4.4) (3-a) " <5198l , noniiy + 5

k=1
where the constants depend on the quantities already given by Lemmas 3.2
and 3.3.
Take ¢t > L (the parameter L will be defined later). Then

00 t
(4.5) bi(t) = VEr(t —y)Ne(y)dy = | + | = L(t) + La(t).
R t —00
For I;, we have t —y < 0, hence by (3.15),

00 2
1) < (g | ope 00609 4, ()| dy )
t

o0 2
< cchrkt< S o 2ok tTHT)y dy)a2 < cag o~ 2Tt —2mt
- " k= o +mT+T

For I, we have t —y > 0, hence by (3.15),

0 ¢
(4.6) Lty= | +|=In(t) + Ina(t),

—oco 0
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and
v 2
(1) < ()| e | Ni(y) | dy)
_OOO 0 0
<ce it § emvay) (| NEy)dy) < e | N2y dy.
—00 —o0 k —o0

To get more precise information we divide I22(t) into two terms
L ot
(4.7) Ina(t) =\ + | = Lo (t) + oo (8).
0 L
For I521(t) we have
L 9 L L
I2,,(t) < c( S e_”’“(t_y)Nk(y) dy) < ce_2ﬂkt< S ey dy) ( S NE(y) dy)
0 0 0
L

< £ emt2mi S NZ(y) dy.
Tk 0
Finally,
¢ 2
12,(1) < C(Se*ﬂk(t*y)e*(ﬂ'JrT)y’Ak(y)‘ dy)
L
¢ t

< CefQﬂkt( S 62(71';67#77)3/ dy) ai < ca%efZTrtefQ(frkfﬂ)t S 62(7%*71')?,!6*27'74 dy;
but we remember that 7, — 7 > 0, hence
t
12222(t) < cazef%rt S 62(7r;€777)(yft)6727'y dy;
L
but 2(m, — 7)(y — t) < 0, which implies e2(™~™»=1) < 1 and so
‘ ca?
12222(t) < Caie—%rt S e—ZTy dy < “Or 6_2TL6_27rt.
7 T
Since |by(t)[2 < e(I2(t) + I2,(t) 4 I3, (t) + I3y (t)), from the above esti-
mations we conclude that

2 0
. ca C
4.8 bp(t)? < ——E—e e 4 — e | NE(y)d
@8) (0 < £ | Ny
€ —2mt 2mL H 2 A _orp —om
—i—ﬂ—ke e SNk(y)dy+Te e .

0
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Therefore

Z|b ‘2 27t < 66727LZ
00 00

+ ¢(1 + 2™l Z ( S NE(y) dy) e 2m—mt

k=1 —oo
Thus, we see that the optimal factor of decay for positive x1 is m = 7. Next,
note that

oo 0

(4.10) YoV Mwdy=1-V"e-VB+Gll7agy < 5.
k=1—00

Similar considerations for the derivative with respect to zo show that for
x1 > L,

(411) ) (Ibel@)]? + Melbr(t)P)e*m
k=1

< Ce N (1) * + Ailbi(t)?)e*™ ™ + S,
k=1

Taking L so large that Ce™2™F < 1/2, we get

o)

(4.12) > (Ibr(®)? + e ()] ?)e™ ™ < 8.
k=1
We repeat the same analysis for 1 < —L (maybe for larger L) to obtain
(4.13) > bk @F + [Mubi(t) )l < s.
k=1
From (4.12) and (4.13) we conclude

(4.14) IVBlliz, ;) moy oy ) = 5
By Proposition 2.2, this estimate gives us the inclusion
(4.15) Be€ My, m -

But (4.15) is valid only for z; € (—oo,—L) U (L,00). To fill the gap it is
enough to note that by the Existence Hypothesis Va is bounded in the
L*°-norm in the whole domain, so in particular for 1 € [—L, L]. By the
definition of # we conclude that o € My, , with a suitable estimate (1.15)
as in the statement of Theorem 1.1.

Next, we prove the second part of Theorem 1.1 concerning the behavior
of the velocity. Since u = V¢, we analyze the equation for 1. By Proposi-
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tion 3.2, as in Lemma 3.3, we recall
(4.16) () =\ Di(t — ) (b + (G, vx)) dy = Ji(t) + Ja(t),
R
where J; and Jo are connected with by and G3, respectively. Since, by the
definition, G5 belongs to L2 (W) together with its derivatives for any o, ,
but not to l(207 ) (mox(R)), we analyze these terms separately.
Take ¢t > 1. Then

0 t [e)
(4.17) A= | +1+ | =710+ J2(t) + J13(0).
—00 0 t
We estimate
0
|J11(t)‘ <ec S e’)‘k(tfy)eﬂn'y‘ku”mgl,ﬂl(R) dy < cg*)\ktkunglml(R),

g (y—t) — _
[Tis(t)| < e | e 0 De ™ byl ) dy < e b, w);
t
t

[D2(8)] < ellbellm, oy e §e ™y
0
< bk llmey, ., (®) { A —my| e minmARR for my £ Ay
> 01,7 te—ﬂlt for m = >\k

But the condition m; # A, by the definition of these quantities, is equivalent
t0 v > 0. Hence for ¢t > 1,

e ™t if vy > 0,
(4.18) [J1(8)] < cllbrllmg, {te)‘lt i o — 0.
For Js, just as for the vorticity we obtain
(4.19) B2(0)] < ell(Gar vz, 0 e ™

The considerations for ¢ < —1 lead to the estimate
—A1]t] if
e if voo >0
4.2 ] <c|b T
A O e { ) g
To see (4.20), it is enough to note that o1 > A\ for ve, > 0.
Hence for v, > 0 we obtain

(4.21) VP2, mag ey @) S Bl iy g () 5

(0,H)
To finish the proof of Theorem 1.1 we recall that (4.14) gives a bound
on V3, hence we can also get

2
(4.22) IV"%lliz, ,, mag oy ) <5
And by Proposition 2.2 and the boundedness of ¢ we obtain



56 P. B. Mucha

(4.23) U — (Voo, 0) € My, 1,
with estimates (1.16).
If voo = 0, from (4.18) and (4.19) we conclude that

2
(4.24) H VY
1+ ‘1'1‘

<5,
Z?O,H) (mkl,kl (R))

which together with Proposition 2.2 for |zi| > 1 gives
(4.25) V| < e|wy|e Ml
Estimate (4.25) implies (1.17). Theorem 1.1 is proved.

5. Asymptotic structure. We now prove Theorem 1.2. We assume
that ay > A1 to neglect the influence of the external force. To analyze
the asymptotic structure we apply the forms (3.10). First, we consider the
behavior of the vorticity. By Proposition 3.1,

o0
(5.1) br(t) = | Ei(t—y)Ni(y) dy,
—0o0
where Ni(+) is as in (3.28). Consider the case 1 — co. Then
t

(5.2) Jim by, (t) = lim \ Ei(t—y)Ni(y) dy

—0o0

0 t
= Jim (] +§) = Jim (51 (0) + B (@),
0

t—o0 B
We see that
0
(5.3) H{ (t) = nge ™ S e™YNy(y) dy.
— 0

This leads to the first term of the expansion for £ = 1; we get a nonzero
element with decay e~"'*t. The terms with k > 2 decay at least with fac-
tor ms.

By the results of Theorem 1.1 we get the following behavior of Ny:

(5.4) Ni(y) ~ e ™Y for y > 1.
Hence
t
(5.5) H () = nge ™! S e™Ye2MYY(y) dy,
0

where 6(+) is in L*°. And again a term with decay e~ ™! appears only for
k =1, for k > 2 we get (just as for J; in Section 4) the behavior

e 2mt  if py >0
5.6 H(t) ~ o
(5.6) 2 (1) {te_’\Qt if voo = 0.
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Note that m9 > 2w for v > 0 and M = Ay = 2w = 2\ if v = 0.
Relation (5.6) yields suitable estimates which guarantee the convergence of
the series (3, by Theorem 1.1. Finally, one can easily check that

> | E(t — y)Ni(y) dy = O(1).
t
Thus for z1 — co we have

O(e~?mn1 if > 0,
(5.7) a(z) = XTe ™ gin \jx1 + { ‘ _2/\) 1 Yoo
(x1e72M"1) if vy = 0.
For z; < 0 we investigate
o
(5.8)  lim () = lim | Ex(t - y)Nily) dy
0 oo
= tim (§+) = tim (2170 + Hy (0).
t 0
The analysis of
o0
(5.9) Hy (1) = nge”™" | e Ni(y) dy
gives elements with decay e~ %1l Next, by Theorem 1.1,
0
(5.10) H{ (t) = npet! S e~ eCatavg () dy

¢
decays with speed e~okltl for k < B,, where

(5.11) OB, <M +o1, OB, +1 >\ +o01.

And for k > B,
e~ Mtalltlif oo >0,

5.12 H, (t) ~
(512 o~ {t Ty

Note that o9 < A1 + 01 if v > 0. And in general B, — 00 as v /v — 00.
Then we write the asymptotic behavior for 1 — —oo as follows: if vy, > 0
then

(5.13) a(z) = Z’l_e_"l‘xl‘vl + 22_6_‘72‘“‘02 4+ ...+ Z‘gae_"Ba‘xl‘vBa
+ O(e—()\1+0'1)|$1|)’

and if v, = 0 then
(5.14) a(x) = Ee_/\l‘xl\vl + O(’xl‘e_z)\l‘xl‘)7
where vy, are the eigenvectors defined as in (3.10). The behavior of the rest
Sioo Er(t — y)Ni(y) dy is as desired.

We omit the proof of the part of Theorem 1.2 concerning the velocity,
since it follows from calculations similar to those for the vorticity. To get
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the expansions (1.21), (1.22) and (1.23) it is enough to repeat the analysis
from the second part of the proof of Theorem 1.1, for the velocity given as
the solution of (3.13)2, applying the obtained structure of the vorticity.
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