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On the automorphisms of the spectral unit ball
by

JEREMIE ROSTAND (Québec)

Abstract. Let {2 be the spectral unit ball of My (C), that is, the set of n x n matrices
with spectral radius less than 1. We are interested in classifying the automorphisms of f2.
We know that it is enough to consider the normalized automorphisms of (2, that is,
the automorphisms F satisfying F((0) = 0 and F’'(0) = I, where I is the identity map
on My (C). The known normalized automorphisms are conjugations. Is every normalized
automorphism a conjugation? We show that locally, in a neighborhood of a matrix with
distinct eigenvalues, the answer is yes. We also prove that a normalized automorphism
of {2 is a conjugation almost everywhere on (2.

1. Introduction. Let M, (C) be the set of n x n square matrices with
complex coeflicients. When there is no ambiguity, we will simply write M.
We denote by o(z) the spectrum of a matrix € M,(C) and by o(x) its
spectral radius, that is,

o):={AeC:z—Adeg M HC)}, oz):=max{|\: )€ a(z)},
where e is the identity matrix and where M ~! := M_!(C) is the subset of

n

invertible matrices of M,,(C). The spectral unit ball of M, (C) is the set
2:= 92, :={zx € My(C): o(x) < 1}.

The collection of all automorphisms of £2,, will be denoted by Aut §2,,. Recall
that an automorphism of (2, is a holomorphic function from (2, onto (2,
such that the inverse function exists and is also holomorphic on (2.

The interest in classifying the automorphisms of the spectral unit ball {2
is justified for at least two reasons. Firstly, {2 is of interest in control theory.
This arises from a reformulation of a robust-stability problem as a spectral
Nevanlinna—Pick problem (see [14, 16, 3-9]). Also, from the point of view of
a pure mathematician, the problem of classifying the automorphisms of (2 is
interesting in itself. In order to get the best understanding of a mathematical
object, it is desirable to know the transformations that preserve that object.
For example, the automorphisms of the Euclidean unit ball B, of C" are
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well known (see for example [13, Chapter 2]). The spectral unit ball is a
much more complicated set than B, (for example, {2, is neither convex nor
bounded) and it is harder to characterize its automorphisms. Some advances
have been obtained in [11, 1], as we will now describe.

An important property of the automorphisms of the unit ball of C" is
that they are transitive: for each x and y in B, there exists an automor-
phism ¢ of B,, such that ¢(z) = y. This property is no longer satisfied by
the automorphisms of §2. Indeed, we have the following result.

THEOREM 1 ([11, Theorem 4]). Let F be an automorphism of 2 and let

A := Bq be the unit disk in the complex plane. Then there exists a Mdbius
map ¢ : A — A of the form

P(z) ==~

Z—Q
—_ )
1—az

a€ A |y =1,

such that

(a) o(F(x)) = ¢(o(x)) for each x € 12,
(b) F(Xe) = ¢p(N)e for each X € A.

In particular, the set {\e : A € C} is invariant under Aut {2, and thus
the automorphisms are not transitive. A more straightforward proof of this
result is obtained in a more general setting in [10, Theorem 2.

The natural and fundamental question we are interested in is to classify
the automorphisms of (2. It is easy to see that among them there are at
least the following three forms:

e Transposition: 7 (z) := .
1

e Conjugations: € (z) := u(x) zu(zx),

where u : 2 — M~! is a holomorphic map such that u(q~'zq) = u(x) for

each x € 2 and g € M1,
o Mobius maps: A (x) := y(x—ae)(e—ax) !, where « € A and |y| = 1.

In the conjugation case, the condition on w is sufficient for the map % to
be invertible on 2. Indeed, ¢~ 1(y) = u(y)yu(y)~!. For the Mdbius maps,
we have

o) = {1 755 N € ola) | = dlota).

where ¢ is the function defined in Theorem 1. Since ¢ is an automorphism
of A, we have .#({2) C (2. On the other hand, it is clear that .# is holo-
morphic and invertible on 2. Ransford and White have asked the following
question in [11]: do the compositions of the three preceding forms generate
the whole of Aut {27 The question is still open.

The problem of classifying the automorphisms of {2 can be reduced to
the study of a subfamily of Aut £2. If F' is in Aut {2, then by Theorem 1 we
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know that F'(0) = Xe for a certain A € A. By composing F' with a suitably
chosen Mobius map, we find that

F(z) = M (F(2)) = (F(x) — Ae)(e — NF(x)) !

is an automorphism of £2 such that F(0) = 0. Therefore, from the point of
view of classifying the automorphisms of {2, one can assume without loss of
generality that F'(0) = 0.

Under the condition F(0) = 0, it is known that F’(0) is a linear au-
tomorphism of {2 (see [11, p. 260]). Therefore, the map F:=F(0)'oF
is an automorphism of £ such that F(0) = 0 and F'(0) = I, where I is
the identity map from M,,(C) onto M,,(C) (I(x) := x). Hence, it suffices to
consider the automorphisms F' of 2 normalized by the conditions F'(0) =0
and F'(0) = I.

The only automorphisms of this type that are known are the conjugations
€ () := u(x)tzu(r) where u : £2 — M~ is a holomorphic map satisfying
u(0) = Xe (A € C\{0}) and u(q~'2q) = u(z) foreach x € 2 and ¢ € M. If
we could show that these conjugations are the only automorphisms of {2 with
F(0) = 0 and F’(0) = I, then we would have a complete characterization of
Aut £2.

The concept of conjugation will play a central role in what follows. We
will say that two matrices z and y are conjugate if there exists a matrix
g € M~ such that z = ¢ 'yq. This equivalence relation on M will be
denoted by ~.

In 1998 Baribeau and Ransford proved a very interesting result: every
normalized automorphism of {2 is a pointwise conjugation, i.e. x and F(z)
are conjugate. More precisely, we have the following theorem.

THEOREM 2. Let F be an automorphism of {2 such that F(0) =0 and
F'(0) = I. Then, for each x € 2, there exists an invertible matriz u(x)
such that F(r) = u(z) lzu(z).

Proof. See [1, Corollary 1.3]. One can find, in a subsequent paper of
Baribeau and Roy [2], a more elementary proof of this theorem. m

In this paper, the question we are particularly interested in is whether
it is possible to make a holomorphic choice of v on 2. In a general
manner, we will be interested in holomorphic functions F with the prop-
erty that for each matrix z, the matrices z and F(z) are conjugate. This
class of functions includes, in view of the preceding theorem, the normalized
automorphisms of 2.

Let I' := I,(C) be the set of matrices of M, (C) having n distinct eigen-
values. In the next section we will present a local solution on I' to the
question set in boldface above. It is always possible, in a neighborhood of a
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matrix having distinct eigenvalues, to express F' as a holomorphic conjuga-
tion: F(z) = u(z) ‘zu(z).

THEOREM 3. Let a € I' and let F' be a holomorphic map defined in a
neighborhood W of a and such that F(x) ~ x for all x € W. Then there

exists a neighborhood V.C W of a and a holomorphic map w:V — M~1
such that F(x) = u(x) tzu(z) for al z € V.

Clearly, this result gives us some additional information on the normal-
ized automorphisms of f2.

COROLLARY 1. Let F be an automorphism of (2 such that F(0) = 0
and F'(0) = I. Then for each a € I' N §2, there exists a neighborhood V
of a and a holomorphic map u:V — M~ such that F(z) = u(z) ‘zu(xr)
for each x € V.

Proof. By Theorem 1, we know that « ~ F(z) for each x € I'N {2 (note
that Theorem 2 reveals actually that x ~ F(x) for each x € 2). It suffices
now to apply the preceding theorem. =

Next, we will prove a theorem about conjugation with matrices in a
neighborhood of e. If two matrices x and y are conjugate and close to
each other, then there exists an invertible matrix h close to e such that
y = hah™ L.

THEOREM 4. Let x € M. There exists a neighborhood V of x and a
holomorphic map h:V — M~' such that

(a) h(x) = e,

(b) if y €V and y is conjugate to x, then y = h(y)xh(y)~ .

Theorems 3 and 4 will be needed in Section 4 to obtain a global result

about the normalized automorphisms of 2. We will show that the following
theorem holds.

THEOREM 5. Let V' be a neighborhood of 0 and let F:' V — M be a
holomorphic map such that F'(0) =1 and F(x) ~ x for each x € V. Then
there exists a holomorphic map u defined on V NI such that

u(z)F(z) = zu(x), VzeVnNI.

Moreover, u(x) is invertible for each x € VN I'\ Z, where Z is the zero-set
of a non-constant holomorphic function on VN 1I'.

This theorem and Theorem 2 yield the following result.

COROLLARY 2. Let F be an automorphism of (2 such that F(0) = 0
and F'(0) = I. Then there exists a holomorphic map w defined on 2 NI
such that

u(z)F(x) =zu(z), Vref2NI.
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Moreover, u(x) is invertible everywhere on 2N\ Z where Z is the zero-set
of a non-constant holomorphic function on 2N 1.

In Section 5 we will look at some examples where the solution given by
Theorem 5 is nice and can be extended to the whole of V', and others where
this is not the case. Finally, in the last section, we will explicitly exhibit the
set Z in the case n = 2.

I would like to thank Thomas J. Ransford for his comments and sugges-
tions about this paper.

2. Local holomorphic conjugation on I'. We will show that in a
neighborhood of a matrix in I, it is always possible, given a normalized au-
tomorphism F of {2, to find a holomorphic map u such that u(z) is invertible
for each z in that neighborhood and F(z) = u(x) tzu(x).

The core of the work will be to prove the following lemma.

LEMMA 1. For each a € I' there exists a neighborhood V of a and
holomorphic functions m:V — M and v :V — M~' such that

(a) z = v(z) ‘7 (z)v(z) for each x €V,
(b) w(x) = w(y) for each xz,y € V for which x ~y.

Once we have those functions in hand the proof of Theorem 3 is as
follows.

Proof of Theorem 3. Let p € M~! be such that F(a) = p~tap. We set
u(a) = v(z) " to(pF(x)p~ p.
Since F' and v are holomorphic on V' the same is true for u. Moreover, v
being M ~!-valued we have u(z) € M~! for each x € V. Now, a direct
computation using the hypothesis F'(z) ~ x and the properties of 7 and v
yields
(@) tzu(e) = [p~lo(pF (2)p~) " o(@)]efv(e) " u(pF (2)p)p)
=p o(pF(z)p™) " u(@)zo(x) " o(pF (@)p™)p
=p (pF(z)p™") " a(x)o(pF ()p~ )p
=p ' oF(2)p™ ") tn(pF (2)po(pF (z)p™h)]p
=p 'pF(x)p~p = F(z). »
The construction of the functions 7 and v of Lemma 1 will be done in
two steps. First we focus on matrices of I' that are diagonal and then we

extend the results to arbitrary members of I'. For the first part we will need
the implicit function theorem.
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THEOREM 6 (Implicit function theorem). Let W be a domain in C"t™
and let f be a holomorphic map from W into C". Suppose that

(a) f(Z,y) = 0 for some (z,y) € W,
(b) the map T : C" — C" defined by T'(h) = f'(Z,y)(h,0) is invertible.

Then there exists an open neighborhood V.. C C™ of y and a holomorphic
function g : V. — C" such that f(g(y),y) =0 for each y € V.

Proof. This theorem is classic. One can find a proof in [12, Theorem 9.28|
for example. u

We will denote by D := D,,(C) the set of diagonal matrices of M,(C).
We write Pp(x) for the projection of x € M onto D, that is, the diagonal
matrix obtained from z by keeping only its principal diagonal. Also, let
ai,...,a, be square matrices of orders ni,...,n; respectively. The block
diagonal matrix of order n; + ...+ ng obtained by taking the direct sum
a1 @ ...® a, will be denoted by diag(ay,...,ax).

PROPOSITION 1. Let d € I' "\ D. There exists a neighborhood W of d
and holomorphic maps 6 : W — D and w: W — M~ such that §(d) = d,
w(d) = e and z = w(z)"15(2)w(z) for each z € W.

Proof. Let z and w be matrices of M and let 6 = diag(d1,...,0,) be a
diagonal matrix. We set

g(w,6,2) == wz — 6w, h(w,d,z) = P,(ww' —e),

where P,(z) is a row matrix whose entries correspond to those of the di-
agonal of x. A solution to the system g(w,d,z) = 0, h(w,d,z) = 0 may be
interpreted as follows: § is the matrix of eigenvalues of z (and also of z?)
and w is the matrix whose rows are the eigenvectors of z!. We will show
that w and § can be chosen to be holomorphic functions of z in a neighbor-
hood of d. Note that the condition h(w,d,z) = 0 is enough to ensure that
each row of w is not identically zero, and thus that it is really an eigenvector
of 2.
We set
X = (wn,wlg, .o, Whn, (51, C 7571) S (Cn2+n?

Y= (211, A N Znn) € CnQ.
We now define f : C(?*+m)+(®n%) _, ¢c(n?+n) phy
f(xv y) = (gll(l‘a y)’ 912(337 y)7 s agnn(ma y)a h]_(fE, y)7 sy hn(.’E, y))

Then f is a holomorphic map, since each of its components is a polynomial
inz and y. Set Z := d, § := d and W := e and let T and § be the corresponding
values of = and y. Then f(Z,7) = 0.
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We will now compute f'(7,7). Let Az and Aw be two matrices in M
and let /A be a diagonal matrix. We have

(T4 Az, y+ Ay) —g9(Z,7) = (e + Aw)(d+ Az) — (d+ Ad)(e + Aw)
=Awd—dAhw+ Az — Ad+ Aw Az — A§ Aw
= (d; —dj) : Aw+ Az — A6+ (Aw Az — A Aw),
where A : B := (a;;b;;) denotes the Schur product of A and B. We also have
T + Az, + Ay) — h(T, ) = Po((e + Aw)(e + Aw)' —e)
= Py(Aw + (Aw)' + Aw(Aw)') = 2P, (Aw) + Po(Aw(Aw)h).
Let T : C"* x C" — C™ x C" be the C-linear operator defined by
T(Aw, A6) = ((d; — dj) : Aw — A6, 2 Pp(Aw)).
The preceding lines show that
T : (Aw,N8) — f(Z,7)(Aw, A, 0).

We now prove that T is invertible. Since T is a linear map of c x Cn
into itself, it suffices to show that T is surjective. Let b € M and ¢ € C".
The system

(di —dj): Aw—A§=b, 2P, (Aw)=c

has the unique solution
1
Ad:=—Pp(b) and Aw:= 5 diag(c) + (3 : b,

where
ﬁu__{l/(di_dj) if i # 7,
v 0 otherwise.

Therefore, by the implicit function theorem, there exists an open neigh-
borhood W' of d on which z — §(z) and z — w(z) are holomorphic maps.
Since w(d) = e, it is clear that w is invertible in a neighborhood W < W’
of d. m

We are now ready to prove Lemma 1.

Proof of Lemma 1. Let ¢ € M~ be such that a = ¢ 'dq for some
d € D. By Proposition 1, there exists a neighborhood W of d and holomor-
phic maps 6 : W — D and w : W — M ! such that §(d) = d, w(d) = e and
z = w(2)715(2)w(z) for each z € W. By reducing W if necessary, we can
assume that, for each z € W,

max [0(2); — di| < H;gn\di — djl.
) 1#]
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This reduction ensures that if z; and z9 are conjugate matrices in W, then
0(z1) = 0(22).

Let V be a neighborhood of a such that ¢~V ¢ C W. For each z € V we
set

| -1 1 -1
w(x) :=q d(qrq V)q, v(z):=q wlqxq )q.

Then 7 and v are holomorphic maps on V and v takes its values in M~
Moreover,

() r(@)v(z) = [ wlqzg ) T qllg 0(qrq ) gllg T w(qzg)g)
= ¢ w(gzq ") o(qzq Hw(qrq g = =,

and if x ~ y, we have

m(z) = q '6(qzq g =q 0(qyg " )g = 7(y). =

3. Conjugation with matrices in a neighborhood of e. When a
matrix y is conjugate to x, there exists an invertible matrix ¢ such that
y = qrq . If we add the hypothesis that y is close to z, is it possible to
choose ¢ close to the identity matrix e? Theorem 4 is an affirmative answer
to this question.

Proof of Theorem 4. The proof is carried out in 5 steps.

(i) Reduction to the case of Jordan matrices. It is sufficient to prove the
theorem in the case where x is a Jordan matrix. For suppose the theorem
is true for each Jordan matrix. Let = be an arbitrary matrix and choose
g € M~! and a Jordan matrix j such that z = gjq~'. By hypothesis, there
exists a holomorphic map h; defined in a neighborhood Vj of j such that

hj(j) = e and j= hj(j)jhj(j)*l for each j € Vj conjugate to j. Set
he(y) == ahj(¢ 'ya)g ", Yy € Vii=qVig "

Then h, satisfies the conclusions of the theorem.

(ii) Reformulation of condition (b). Let x be a Jordan matrix. Let f,, be
the matrix of order n having 1s on the diagonal j = i + 1 and Os elsewhere.
There exist scalars \; and integers ng (kK =1,..., N) such that

T = diag(Bl,- . '7BN)7

where By, is the matrix of order ny, defined by By, := Age+ fy,, . These matrices
are the Jordan blocks of x. We set ¢t :=n1+ ... +ng and s ;== tp_1 + 1
with s := 1. The kth Jordan block By of x is the submatrix of x obtained
by keeping only rows sg,...,t; and columns sg,...,t;. The matrix = is of
the following form:
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A1
S1
1
A1 t
Ao 1 5
1
xr=
)\2 to
Ay 1 SN
1
t
aw )N
S1 t1 S2 to SN tn

Let y be a matrix in M. When y is conjugate to z and when it is suffi-
ciently close to x, condition (b) of the statement of the theorem requires

(%) yh(y) = h(y)z.
In order to simplify the notation in the following computations, we will write
h := h(y). Looking at the jth column of each side of (x), we find

yhj:hmj (j:1,...,n),

where h; and x; stand for the jth columns of h and x respectively. Since the
entries of x are 0 almost everywhere, the right-hand side is easily computed.
We have, for each j € {1,...,n},

)\kh]‘ ifj = Sk,
hl’j = o -
)\kh]’—}-h]’_l ifj=sp+1,...,1%,
Hence, (*) is satisfied if and only if for each j,
0 lf] = Sk,

—\pe)h; =
(y ke)h; {hj—l ifj=sp+1,..., 1.

Since h; is determined by h;_; for each j & {s1,...,sn}, it suffices to solve
the equations

0= (y— Me)hs, = (y — \e)™ hy,  (k=1,...,N).

So, condition (b) is satisfied if and only if h is invertible and its columns
Rty ..., hy are solutions of

(3%) (y — Ae)™hy, =0 (k=1,...,N).
(iii) Structure of z. Fix k € {1,..., N} and define

w = (x — A\ge)"k.



216 J. Rostand

The matrix w can be written in the form w = diag(ws,...,wy), where
w; = (B — Age)™ (I =1,...,N). Each block w; is upper triangular. Also,
if A\; # A, then w; has no 0 on its principal diagonal. On the other hand,
if Ay = Ak, then B; — Age = f, and so w; = fyk. This is the zero matrix if
ng > ny and it has 1s on the diagonal j = ¢ +ny and Os elsewhere if ny < n;.
For example,

. fi=
000 0 00 0

Furthermore, in the case \; = Ag, w; has exactly min{ng,n;} zero rows
and also min{ng,n;} zero columns. Define I} := {i1,...,4,}, the set of the
indices of the r := n —rank(w) zero rows of w, and define Ji := {j1,...,jr},
the set of the indices of the r zero columns of w. We note that t; € I N Jg
since wg, = fpF = 0.

Let A and B be sets of row indices and column indices respectively. We
will write m 4 p for the matrix obtained from a matrix m by deleting the rows
and columns given by A and B. With this notation and in the case w # 0
(we then have rank(w) > 0), the matrix wy, j, is a square upper-triangular
matrix of order n —r having no zero on its principal diagonal. In particular,
wr, ,J, is invertible.

2
) f4:

o O O
o O O
o O =
o = O

01 00 00 0 1
{00 10 00 00
fi=10 0 0 1 0000

00 00 0

(iv) Construction of h. The preceding point gives us a set [ of rows
and Ji of columns for each k € {1,..., N}. These sets depend only on the
structure of . We will now use this information to define h.

Let y be a matrix in a neighborhood of x which is conjugate to x. To
satisfy condition (b), we have seen in (%) that it suffices to find vectors hy,
such that

(y — Age)™hy, =0 (k=1,...,N)
and h € M~!. Fix a value of k and set
Z = (y — /\ke)"k7 V= htk, I:= 1, J = J.

The equation to solve can now be written as zv = 0. Considering the rows

of this linear system indexed by I and I°:={1,...,n}\ I, we can write
(T) 21 PV = 0,
(TT) Re gl = 0.

Let us focus on equation (f). Considering the J and J¢ rows of z; g we have
R1,JVJ = —Z[,JeVJe,

where v 4 is the matrix obtained from v by deleting the rows indexed by A.
Since x and y are matrices close to each other, we see that z; s is close to wy, ;.
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On the other hand, wr_; is invertible. Hence, we deduce that z; ; € M~ for
each y in a neighborhood of x. Consequently,

vy = —Zi}Z}JoUJe.

This equation tells us that the J¢ components of v can be defined in terms of
the J components of v. With the aim of eventually satisfying condition (a),

define
1 ifj =t
V5 1= .
{0 lf] EJ\{tk}
We have thus defined vjc and also v = hy, .

In the case where w = 0 (I = J = {1,...,n}), we also have z = 0
since w and z are conjugate. In this case, every choice of v satisfies the
equation zv = 0. We will set v := ey, .

Hence, for each k, we have constructed a function h, of y satisfying
equation (T). As a consequence of the preceding remarks, we have defined
the map y — h(y). This definition holds for all matrices y in a neighborhood
of x, even for those which are not conjugate to x. The entries of h are rational
functions of y. Therefore, h will be holomorphic and its values invertible in
a neighborhood of z if we can verify that h(z) = e.

(v) Verification of conditions (a) and (b). It only remains to show that h

satisfies conditions (a) and (b). First of all, when y = z, we have z = w for
each k. Then

vy = —ZE}ZIJCUJC = —wl_’}w[,vaJc = O,

since wy je = 0 by the choice of its J columns. Consequently, v = hy, = ey, .
On the other hand, for each k and each j = sg,...,t;y — 1, we have

hj = (y — Me)hjpr = (y — Aee)™ T hy,

= (z — Mpe)* ey, = [(x — Mpe)* ]y, .

In view of the block-diagonal structure of x, this vector has 0 entries ev-
erywhere, except possibly for the sg,...,t; components. These are given
by

[(Bk - )\ke)tk_J]nk = [frtllz_]]nk = €j_s,+1-
So, hj = e; for each j € {1,...,n} and then h(z) =e.

We now verify that (b) is satisfied. Let y be a matrix in a neighborhood
of x that is conjugate to . We have shown previously that h is a solution
of (). It remains to show that (f1) is also satisfied, or equivalently that
v = hy, is a solution of zv = 0. Clearly, ker z := {£ : 2§ = 0} C kerzjy.
By the rank theorem, dimker z; y = n — rank(z; ). Since 27 ; is invertible,
rank(z;p) = n — r and so, dimker z;y = r. Now, by using the hypothesis
that y is conjugate to x, we have rank(z) = rank(w) and since rank(w) =
n —r, we find dimker z = n — rank(z) = r.
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Hence, as kerz C kerzrpy and since both these vector spaces have the
same dimension, we have kerz = kerz;y, and so every solution v of ()
is also a solution of ({f). Under the hypothesis © ~ y, h(y) is therefore a
solution of (*). m

The problem solved in this theorem may be stated in a more general
setting. Indeed, one can ask if for each element = of a general Banach alge-
bra B with unity e, there exists a neighborhood V' of x and a holomorphic
map h: V — B such that

(a) h(z) = e,
(b) h(y) is invertible for each y € V/,
(c) if y € V and y is conjugate to z, then y = h(y)zh(y) " .

The preceding proof is essentially based on the Jordan form of x. This
argument cannot be directly adapted to the case of Banach algebras. In fact,
M. White [personal communication| showed that the above statement is false
by constructing a counter-example based on an idea of D. Voiculescu [15].

4. Almost global holomorphic conjugation. We are now going to
look for a global solution u of the equation F(z) = u(z) 'zu(x). In the
neighborhood of a matrix in the complement of I, the situation is more
complicated. For example, it is not possible to choose a holomorphic branch
that gives the eigenvalues of a matrix. As a consequence, the main tool of the
preceding section becomes useless. However, it is possible to use our know-
ledge of the spectrum-preserving functions F' to investigate the boundary
of I' which is the same as its complement. We will focus on the matrix 0. We
will show that under suitable hypotheses, it is possible to find a solution u
defined “almost everywhere” on the domain of F.

Since we will have to deal with diagonal representations on I, we first
recall some basic results on this topic before we continue with our favorite
equation.

4.1. Diagonal representations on I'. A permutation matrixz s in M is a
matrix obtained by permuting the rows of the identity matrix of order n. The
permutation T associated to s is the permutation of the integers {1,...,n}
such that row i of s is the same as row 7(i) of e. The next proposition shows
some properties of permutation matrices. We omit the proof since it is easy
and elementary.

PROPOSITION 2 (Properties of permutation matrices). Let s be a per-
mutation matriz and let T be its associated permutation. Then

(a) s is invertible and s~! = st,
1

(b) sws~! = [T7()yr(j)] and s~ ws = [w-1(5,-1(5] for each © € M,
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(c) if st € D for some permutation matriz t, then s =1,
(d) Pp(s~'azs) = s ' Pp(x)s for each x € M.

It is clear that permutation matrices play an important role in different
possible diagonalizations of a matrix in I". Two diagonal matrices conjugate
to the same matrix x € I' are necessarily linked by a permutation matrix.
Indeed, we have the following proposition.

PROPOSITION 3. Suppose that x € I', g € M~ and d € D are such that
x = ¢~ 'dgq. Suppose also that ¢ € M~' and d € D. Then © = 6*136 if
and only if there exists a permutation matriz s and an invertible diagonal
matriz A such that d = s~'ds and qd=s"1Aq.

Proof. First, suppose we have d = s~1ds and g = s ' Aq for a permuta-
tion matrix s and for an invertible diagonal matrix A. Then

q~_1(§q~: [sT1Aq tslds[s 1 Aql = ¢ AT dAG = ¢ ldg = .
The last equality but one is justified by the fact that the matrices A and d
commute since both are diagonal. B
Conversely, suppose = ¢~ 'dq. Since d and d are diagonal matrices, they

have the same set of entries, namely the eigenvalues of x. Proposition 2 shows
that there exists a permutation matrix s such that d = s~'ds. Therefore,
¢ ldg=x= qN_lgcY: g s ldsq
As a consequence, we get
sqq'd = dsgq .

It is easy to show that the only matrices that commute with a diagonal
matrix in I" are themselves diagonal. Using this fact, we deduce that A :=
sqq~! is a diagonal matrix and this implies the conclusion. =

4.2. Definitions and properties of wy and wy. We will construct two
maps wy and Wy that depend on a holomorphic map f. The first will be
helpful in the process of building a solution u to the equation u(x)F(z) =

zu(z) and the second will give us some information about the invertibility
of u(x).

PROPOSITION 4 (Definitions of wy and wy). Let V' be an open subset of
M and let F:V — M be a holomorphic map such that F(x) ~ x for each
x € V. For each holomorphic map f:V — M define wy : VNI — M and
wy: VNI — C as follows:

wi (@) == q 'Pp(af(x)r~)r,  @(x) := det Pp(qf(z)r),
where v and q are invertible matrices and d is a diagonal matrix such that
z = ¢ 'dg, F(z) = r~'dr and detq = detr. Then ws(x) and W¢(x) are
well defined, that is, they do not depend on the choice of ¢, r and d.
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Proof. Let 7 and ¢ be invertible matrices and let dbe a diagonal matrix
such that z = ¢q 1dq, F(z) =7 ~147 and det ¢ = det7. By Proposition 3,
there exist permutation matrices s, and s, and diagonal invertible matrices
A, and A, such that

d=stds, = Sq dsq, q= s_lAqq, F=s 1A,
Since s, 'ds, = s 1dsq 1mphes that sgs, ~1 commutes with a diagonal matrix
of I', we know that sqs, - is diagonal. By Proposition 2(c) we then have
Sy = 8¢ =: S.

It remains to do some computations. Proposition 2 gives

_IPD(Qf( ) )?_ [s _1AqQ]_1PD([5_1Aqq]f(x)[5_1Ar7“]_1)[5_1AT7“]

= q_lAq_lsPD(s_lAqqf( ) 1A 1s)s “1Ar
= ¢ A Pp(Agaf (@)t AT Avr
= ¢ 'AM AP (gf ()™ )A LAy
= ¢ ' Pp(af(@)r™t)r = wi(@).
Also, since det ¢ = detr and det ¢ = det 7, we have
det Pp(qf(z)7 ') = det Pp([s ' Auq]f(x)[s A1)
= det Pp(s™ ' Ayqf(x)r 1A s)
= det[s A, Pp(qf(z)r ')A 5]
det A
= T a det Poaf()r)
_ detgdetsdetq— L
~ det7det sdetr—1
The functions wy and @y enjoy some properties that are worth noting.

Wy(z) =wy(z). m

PROPOSITION 5 (Properties of wy and wy). (a) wy and wy are holo-
morphic on VN T,

(b) For each x € VNI, wy(x)F(x) = zwys(x).

(c) For each x € VNI, we(x) is invertible if and only if we(x) # 0.

Proof. (a) Let a € V N I'. Choose § € M~! and d € I' N D such that
a = ¢ 'dq. Now, define d(z) := §(grq~"') and q(z) = w(qZEqN_l)ﬁ where §
and w are the functions given by Proposition 1 (with d = d). Then, by the
same proposition, r = q(x)~*d(z)q(z) in a neighborhood of a. On the other
hand, Theorem 3 gives us a holomorphic map u with invertible values such
that F(x) = u(z) 'zu(x). Set r(x) := mq(x)u(x) Then ¢, r and d are
holomorphic in a neighborhood of a and so are wy and wy.

(b) It suffices to calculate. Let r and ¢ be invertible matrices and let d
be a diagonal matrix such that x = ¢~ 'dgq, F(z) = r~'dr and det ¢ = det r.



Automorphisms of the spectral unit ball 221

Then
wp()F(@) = ¢ Po(af (@) )rF () = ¢ Pplaf (o) )dr
= q 'dPp(qf (x)r~")r = 2q~ ' Pp(qf (x)r~")r = zws(x).

(c) A careful look at the definitions of wy and Wy shows this is trivial. =

4.3. Construction of an almost global solution

LEMMA 2. Let V' be a neighborhood of 0 and let FF : V. — M be a
holomorphic map such that F'(0) = I and F(x) ~ x for each x € V. For
each holomorphic function f:V — M and for each a € VNI, we have

lim @ (ea) = det Pn(af(0)g™"),
E—
where q is any invertible matriz such that qaqg~ € D.

Proof. Fix a € V. N I'. Let h be the function of Theorem 4 satisfying
h(a) = e and = h(x)ah(x)~! for each = conjugate to a and sufficiently
close to a. Let ¢ be an invertible matrix and let d be a diagonal matrix such
that a = ¢~ 'dgq. For all small e, we have

é Flea) = h (% F(ea)) ah G F(ea)) N
We can write
Flea) = h (% F(sa)) oedgh e F(sa)) N

Set d(e) := ed, q(¢) := q and

r(e) = qhe F(ea)) et h<§ F(sa)) |

Then we get ca = q(e)~'d(e)q(e), F(ea) = r(e)~td(e)r(e) and det q(e) =
det (). Therefore,

wy(ea) = det Pp(q(e) f(ea)r(e) ™)

= det Pp (qf(m)h (é F(sa)) g deth G F(sa)) _1> :

Since F’(0) = I, the Taylor expansion of F around 0 in the direction a is of
the form

F(ca) = ca + O(£?).
Therefore, lim. ,ge ' F(ea) = a and since lim,_., h(x) = e, we find

;i_r)% Wy(ea) = det Pp(qf(0)g"). m
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If f and a are such that ¢f(0)g~! has no 0 on its principal diagonal, then
il_r)r[l) wy(ea) #0
and, consequently, W is not identically 0 in a neighborhood of 0. We deduce
from this fact that wy(x) is invertible for “almost every #” on the domain of
definition of wy, that is, everywhere but on the zero-set of a non-identically-
zero holomorphic map. It remains to identify the conditions on f for which
there will exist a matrix a with det Pp(qf(0)g~1) # 0.

Let  be a matrix in M, (C). We will write cof;;(x) for the cofactor
associated to the ij entry of m, that is, cof;;j(x) := (—1)""/ detZ where T
is the matrix obtained from x by deleting row ¢ and column j. The matrix
of cofactors of « and the adjoint of « will be noted cof x := [cof;;(x)] and
Adjx := (cof z)! respectively.

PROPOSITION 6. For each matriz x # 0, there exists an invertible matrix
q € M~ such that det Pp(qxq™t) # 0.

Proof. Let x be an arbitrary matrix. Define 1(q) := grg~! and suppose

that det Pp(t(q)) is identically zero on M 1. Our goal is to show that this
forces = 0. One of the diagonal entries of 1 (q), say the 1,1 entry, must
be identically zero on M ~! since these entries are holomorphic functions on
M. With the help of the formula ¢~! = (1/det ¢) Adj g, one shows with a
direct computation that

1
det
etq £

n n
(%) 0=1v(q)nn = cof15(a) Y k.
=1 k=1
For any vectors o, € C" such that 81 = 1, we can construct a matrix
y € M, (C) such that y;; = a; and cofy;(y) = B;. Indeed, it is enough to
choose

o1 Q) Qa3 ... Qp
-G 1 0 ... O
yla,B):=| =P 0 1 ... 0
B3, 0 0 ... 1

Moreover, if Z?Zl a;B; > 0, then y(o,B) is invertible since this sum is
exactly the determinant of y. By applying (x) to the matrix y(«a, 3), we show
that, for each pair of vectors «, 3 € C™ such that 1 = 1 and Z?:l a;B; >0,
we have

(**) Z Z ozlﬂja:ij =0.
i=1 j=1
This is sufficient to deduce that x = 0.



Automorphisms of the spectral unit ball 223

For let v, € C" be the vector

vg:=(1,...,1,0,...,0).

—— N —

k times mn—k times
We first choose a@ = 8 = vy. Equation (xx) shows that x1; = 0. Then we
consider the choices a = v1 and 3 = v; for j running from 2 to n successively.
These give x1; = 0 for j = 2,...,n. Now, we set o = vy and 3 = v; for
j=1,...,n. We find that zo; = 0 for each j € {1,...,n}. Continuing this
way up to a = vy, we show that each entry of x is necessarily 0, which ends
the proof. =

THEOREM 7. Let V be a neighborhood of 0 and let F' :' V. — M be a
holomorphic map such that F'(0) = I and F(x) ~ x for each x € V.. Then,
for each function f :V — M such that f(0) # 0, Wy is not identically zero
on V.

Proof. Let f : V. — M be such that f(0) # 0. Then by the preceding
lemma, there exists an invertible matrix ¢ such that det Pp(qf(0)g~1) # 0.
Let d be the matrix diag(1,2,...,n). Define a := §¢~'dq, where 6§ € C is
small enough for a to be in V. Since a is in I', Proposition 2 gives

;i_{% @y(ea) = det Pp(qf(0)g~") # 0.

Therefore, for € small enough, W¢(ea) # 0 and so Wy is not identically zero
onVNI. =

We now have every tool we need to prove Theorem 5.

Proof of Theorem 5. For each function f : V — M such that f(0) # 0,
the function u(x) := wy(z) satisfies the conclusions of the theorem. Indeed,
set Z = {2z € VNI :wg(z) = 0}. The preceding theorem shows that
Z # V N 1I'. Also, by Proposition 5, wy is a holomorphic map such that
wW¢(z) = 0if and only if w(z) is invertible. Thus, w(z) is invertible for each
x € VNI'\ Z. Finally, the same theorem shows that w¢(z)F(z) = wy(x)z. =

5. Examples. Theorem 5 gives rise to a question: can we make a choice
of f that will give a map u extendible throughout V and such that
u(z) € M~ for each z € V? Unfortunately, we do not know the answer
to this question. An affirmative answer would be a big step toward the com-
plete classification of Aut §2. It would only remain to look at the problem of
invertibility of u(z) lzu(z) as a function on the spectral unit ball. Would
we have to require that u satisfies the condition u(q~'zq) = u(z) for each
x € {2 and each invertible g7 As we have seen, this condition is sufficient

for F' to be invertible on 2.
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We are now going to take a look at some examples of choices of f. First
of all, in the case where F' is already a conjugation, we prove that there is
always a good choice of f.

ExaAMPLE 1. Suppose F' is a conjugation, that is to say, F' is of the form
F(z) = G(z)"12G(x), where G is an M ~!-valued holomorphic map defined
in a neighborhood of 0 with G(0) = Xe (0 # A € C). This last condition is
necessary and sufficient to have F’(0) = I. Indeed, since G(z)F(x) = 2G(x)
in a neighborhood of 0, the derivative of each side at 0 applied to the matrix h
gives

G'(0)hF(0) + G(0)F'(0)h = hG(0) + 0G'(0)h,
G(0)F'(0)h = hG(0).
If G(0) = Ae then clearly F'(0) = I. Conversely, if F'(0) = I, then G(0)h =
hG(0) for each matrix h and so G(0) is a multiple of the identity.

If we make the choice f := G in the proof of Theorem 5, then we find
u(z) = wg(r) = G(z), that is, we get back the original map defining F'. This
statement is easily proved as follows. Let ¢, 7 and d be such that = = ¢~ 'dg,
F(x) = r~!dr and det q = detr. Then

F(x) = G(z)'2G(z),
r~tdr = G(z) ¢ dgG (),
qG(z)r~td = dqG(x)rL.
Hence, ¢G(x)r~! is a diagonal matrix since it commutes with a diagonal
matrix in I". The definition of wy now gives the result:
we(z) = g~ Pp(¢G(a)r™h)r = ¢ H(¢G(a)r™)r = G(z). =

The next example illustrates the fact that not every choice of f gives rise
to nice functions u. Some choices may introduce singularities.

ExaMPLE 2. Consider the following map:

1 etrm_l -1 1 etrm_l
F(‘/L‘) = <0 etrm > L (0 etr:p ) .

Here, trz is the trace of x. We easily see that F' is an automorphism of 2
such that F(0) = 0 and F’(0) = I. Indeed, it is a conjugation of the form
F(x) := G(z)"'zG(z), where G(0) = e and G(¢ 'zq) = G(x) for every
invertible matrix q.

In M5(C), consider the following curve ~:

0= (5 20)

In a neighborhood of 0, this curve is in I". For each holomorphic map f with
f(0) # 0, Theorem 5 gives us a solution v = wy. For certain choices of f,
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we will look at the behavior of these solutions on v in a neighborhood of 0.

Note that on the lines joining 0 to a point of I, we know (Proposition 2)

that wy behaves well in a neighborhood of 0. Plainly, v is not a line here.
Firstly, a direct computation shows that

L 2ype2hed)
F(z) ::G(:c)_le(x):<g e(1 625)+; +53>.

The matrices  and F(z) are diagonalizable and so they can be represented
as = ¢~ 'dg and F(x) = r~'dr. More explicitly, we define ¢, » and d to be
the matrices exhibited below:

(01 e+ 0\ [ 0
T\ 1 0 5 —¢?
) (et 1)
2 1)
(1—e2)es(2+e?) 42

0 1\ ! 3
E+e
Fla) = (——EQ 1) ( 0
(1752)65(2+52)+€2

Remembering that w¢(z) := ¢~ Pp(qf(z)r~1)r, it is now possible to com-
pute wy(x) for any given f.

(a) For f(z) := e, we find

—_ =

o O

wf(ﬂf)=<(1) 2/e 12—1—0(5))’
where O(e) is a function of e for which there exists a constant M such that
O(e) < Me in a neighborhood of ¢ = 0. We realize that with this choice
of f, the solution u = wy has a singularity at 0. Therefore, it is not possible
to extend w to the definition domain of F'.
(b) Another choice of f shows that the situation may be even worse.

Define
ra= (o 1)

o= (3 ).

Here, we not only have a singularity at 0, but also wy(z) is non-invertible
for every point of ~.
(c) Nevertheless, Example 1 shows that if we choose

trx __
ray= (5 '),

Then

then we have

which is clearly a global solution. =
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6. Criteria for w¢(z) to be invertible. We have seen earlier that the
value of wy is invertible at a point € VNI if and only if @ is non-zero at .
Concretely, this left us with verifying that every diagonal entry of ¢ f(x)r—!
is non-zero at a given point x, where r and ¢ are invertible matrices and d
is a diagonal matrix such that x = ¢~'dq, F(x) = r~'dr and detq = detr.
Since w¢(x) is independent of the choice of ¢,  and d, one can ask whether
it is possible to write w¢(z) in terms of z, f(x) and F(x) only. We would
then have a more tractable condition.

We show in the next theorem that it is possible to realize this idea in
the case n = 2, that is, when 0 € V' C M3(C). Our goal is achieved by
rather long and brutal computations. Unfortunately, the generalization to
the cases n > 2 does not seem to be straightforward.

LEMMA 3. Let x, q and d be matrices such that x € I' N My(C),
q € M;l((C), det g = 1, d = diag(dy, dz2) and x = q~'dq. Define Gij := q1iqz;.
Then, if trx # 0, we have
x11d1 — T22ds
R 1 —T21 e
T= 3 —dy | z11dz — woady
trx

trx

Z12

and if trx =0, then

= 1 —T21 x11 +dy
2d; \ —(z22 +d1) T12 ’

Proof. The following computations lead to the result. Since detq = 1,

we have
1

rin T2\ _ [ qu qi2 dp 0 Q11 q12
Tl 22 q21  G22 0 do q21  q22

_ (a2 —aw digi1  diqi2

-1 q11 dago1  d2ga2

_( @12d1 —@nd> @r2(di — do)
—qu1(d1 —d2) —qoid1 + Qiada ) -

Since x € I', we always have di — do # 0. When trz = dy + dy # 0, this
linear system in ¢ has the solution
x11d1 — wo2ds
1 —To1 —_—

7= ——

dy —dy | T11d2 — T22dy
trx

trx

T12

One can verify this by substitution. When trz = 0, the equation = ¢~ 'dg
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can be written as
(:L“n 1612) B ((9712 + q21)dy 2d1q22 )
Ta1 T22) —2d1q11 —(G21 + qu2)dr )’
since then dy = —d;. Therefore, qi2 + g21 = x11/d1 = —x22/d;. On the
other hand, 1 = detq = ¢i12 — g21. We deduce from these equalities that
2d1a\12 = 211 + d1 and 2d1(721 = —(:EQQ + dl) n

THEOREM 8. Let V be an open subset of My(C) and let F:V — My(C)
be a holomorphic map such that F(x) ~ x for each x € V. Let f : V —
M5(C) be another holomorphic map. Then, for each x € VN I5(C), we have

Bp(x) = tr(xf(x)F(x) Adj f(x)) — 2det x det f(x)
W)= (trz)? —4det
Moreover, if f(x) is an invertible matriz, then
Bp(z) = det f(x) (tr(xf(z)F(x)f(x)™1) — 2det x)
A (trz)? —4detx

Proof. Let x € VN I(C). We will denote by f;; the components of f(x).
Let ¢ and r be invertible matrices and d be a diagonal matrix such that
z = q 'dg, F(z) = r~'dr and det ¢ = detr = 1. Then by definition of @,
we have

Wy(x) = det Pp(qf(z)r")
= (r2equ1fi1 + m22q12f21 — T21q11 f12 — T21q12 f22)
X (=7T12g21 f11 — T12G22 f21 + 711621 f12 + 711622 f22).
Now, we set gi; = qiiqej and 7y := ri;795. By expanding the preceding
product, we find

Wp(z) = for f22G22712 — [R@11T22 — fi2fooGiaTi1 + fo1 foaGaaTar
— fiif21@12722 — foGeomi1 + fo1 fi2@o1712 — fHGa2T22
+ frifiequiTie — fiafoeqe1m11 — fi1fo1@2172e + foo f11q21721
+ fi1foaiaTi2 + fr2fa1@12721 — [H@uiTin + fi1fi2giirar.

Suppose for the moment that tr x = tr F'(x) # 0 and write F;; for the entries
of F(z). The preceding lemma applied to z, ¢ and d, and then to F(x), r
and d, gives

Wy (z)tratr F(x)(dy — da)?
= (df 4+ d3)(— for fr2z22F11 + for foomi2Fin + fliza Fia + fapaiaFon
— fBi12Fi2 — fufiezan Fin — fufaizin Fio + fiz2 faez1 ol
— farfaem12Fo2 + f11fi2xa1 Foa — forfr2z11F22 + f11foawooFoo
+ firfoeriiFin + fiifazeaFia — flaza For — fiafaex00F1)
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+ 2dyda(— fhwa1 For — fi1foawaa P11 + fox12Fo1 — fi1fiawa1 F1i
— furfarr11 Fia + fiafoor11For — foix1oFio + fhxo Fia
+ forfizx11 Fi1 + for fizxoaFoo — fi1fa2x11Fo2 + fi1fi2x21F22

+ fi1for@ooF12 — fia foaFo1222 — fo1 forw12Fp2 + fo1 foox12F11).

We now use the equations didy = detx and dj + dy = trax = tr F(x). We

have
d? + d3 = (dy + d2)? — 2d1dy = (trz)? — 2det z,

(dy — d)? = d3 4 d3 — 2d1dy = (trz)* — 4det z.
The relation between w(x), z, F(x) and f(x) can be simplified to
W (z)(trz)?((trz)® — 4det x)
—2det z(z22 + x11) (F11 + Fa2)(—farfi2 + fa2f11)
+ (tr2)?[fi1 fromar Foz + foofrizn Fin — finfrozar Fin + faz frazin Fon
— forframi1 Fog + fhzo1Fia — foa fromaaFor + fia12Fo
— f51w19F1e — forfuzn Fia — [ Fa — fo1 foawi2Foo

+ fo1 forx12F 11 + for frixoeFi2 — forfiozoaFii + foa frizao Fas.

In the first term, one can easily recognize the trace of z, the trace of F(x)
and also the determinant of f(z). However, one must have some experience
to realize that the expression in the square brackets is nothing else than
tr(xf(x)F(x) Adj f(x))! This can be verified by simply computing the latter
expression. Combining all these remarks gives

Wy(z)(trz)?((trz)? — 4det x)
= (trz)*(—2det z det f(z) + tr(zf(z)F(z) Adj f(2))).
By hypothesis, tr xz # 0, which leaves us with

B(z) = tr(zf(z)F(x) Adj f(x)) — 2det zdet f(x)
= (trz)? —4detx

We now go back to the case trx = 0. The preceding lemma gives
@ (2) A
= 2d7(fi1fo2 — frafo1) + di(z11 + 222 + Fi1 + Fao)(fin foo — fi2fo1)
+ [f11frzw21 Foz + foa frizin P11 — fiifrizwan Fin + faz frzzin For
— for frow11 Fog + fAiwo1 Fia — foa fraxasFar + farw12Fo
— fBiw12F2 — fafuenFiz — sz For — for faow12Fs

+ fo1 forx12F 11 + for frix22Fi2 — fo1 fiazoaFi1 + foa frizao Fas.
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The expression in the square brackets is the same as above. Also, since
trz = tr F((z) = 0, the term in d; is zero. Finally, substituting d2 for — det =
gives

tr(zf(z)F(x) Adj f(x)) — 2det zdet f(x)

wy(w) = —4det x '

We have thus shown that for all x € VN I,
5 (z) = EEI@F (@) Adj f(2)) — 2det z det f ()
d (trz)?2 —4detx

If we know that f(z) € M1, then Adjf(z) = f(z) 'det f(x) and conse-
quently

@s(z) = det f(z)(tr(zf(z)F(z)f(z)"") — 2det z)
/ (trz)? —4ddetz

As mentioned earlier this theorem gives a criterion for w(z) to be in M !
and so gives a criterion for the existence of a solution of F((x) = u(z) lzu(x).

COROLLARY 3. Let V be an open subset of Ma(C) and let F : V —
M5(C) be a holomorphic map such that F(x) ~ x for each x € V. For each
holomorphic map f:V — Ms(C), u(x) := wy(x) is a holomorphic solution
of F(x) = u(x) tzu(z) on VN IL(C)\ Z, where

Z :={x e VNIyC):tr(xf(x)F(z)Adj f(x)) = 2det z det f(x)}.
Moreover, if f(x) is invertible at each point of V N I5(C), then
Z ={xcVNyC): tr(xf(x)F(z)f(x)™') = 2det x}.

Proof. Proposition 5 and the preceding theorem give the result. m
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