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Quantized orthonormal systems:
A non-commutative Kwapien theorem

by

J. GARCIA-CUERVA and J. PARCET (Madrid)

Abstract. The concepts of Riesz type and cotype of a given Banach space are ex-
tended to a non-commutative setting. First, the Banach space is replaced by an operator
space. The notion of quantized orthonormal system, which plays the role of an orthonor-
mal system in the classical setting, is then defined. The Fourier type and cotype of an
operator space with respect to a non-commutative compact group fit in this context. Also,
the quantized analogs of Rademacher and Gaussian systems are treated. All this is used
to obtain an operator space version of the classical theorem of Kwapien characterizing
Hilbert spaces by means of vector-valued orthogonal series. Several approaches to this
result with different consequences are given.

1. Introduction. The notion of type or cotype of a Banach space B
with respect to some classical system, such as the Rademacher or trigono-
metric system, is a common way to express the validity of certain inequal-
ities for B-valued functions. The systematic investigation of these topics
has given rise to a very well developed theory of the interaction between
orthonormal systems and the geometry of Banach spaces. In this paper we
look at this interaction from a non-commutative point of view. By that
we mean to investigate what happens when we replace Banach spaces by
operator spaces.

The first example in this setting was given in [5], where we define and
study the Fourier type and cotype of an operator space with respect to a non-
commutative compact group. Let 1 < p < 2 and let p’ denote its conjugate
exponent. Let GG be a compact group with dual object I'. An operator space
FE has Fourier type p with respect to G if the F-valued Fourier transform
on G extends to a completely bounded operator from L%, (G) into E%l ().
Similarly, by considering the inverse of the Fourier transform, the notion
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of Fourier cotype comes out in this context. A relevant difference, between
this notion of Fourier type and its classical counterpart for compact abelian
groups, lies in the fact that the system of characters has to be replaced by
the set of equivalence classes of unitary irreducible representations of G.
That is, I" is now the system and E is the space.

Going back to the general case, the question is to find which proper-
ties should be required of the system to get appropriate information about
the operator space. As we shall see below, these systems will be collections
of matrix-valued functions satisfying some extra conditions, which is per-
fectly natural in view of the basic example mentioned above. This is why
we have called them “quantized systems”, completing in such a way the
scheme where Banach spaces become operator spaces and boundedness of
operators is replaced by complete boundedness. Finally we point out that
since vector-valued Schatten classes appear in vector-valued orthogonal se-
ries with respect to a quantized orthonormal system, our work does not
make sense in Banach space theory. The reader is referred to [13] for more
on this topic.

The definition of a quantized orthonormal system was motivated by the
theory initiated in [5] and [4]. In fact, basic to its development is an op-
erator space version of the isomorphic characterization of Hilbert spaces
given by Kwapieni in [6]. We provide three different approaches to this re-
sult. The first one is valid for any uniformly bounded quantized orthonormal
system. The second one extends this result to non-uniformly bounded but
complete quantized orthonormal systems. The third approach involves the
quantization of the classical Gauss system, which fails to be complete or
even uniformly bounded. This system also characterizes Pisier’s OH Hilber-
tian operator spaces up to complete isomorphism and the proof of this fact
follows the argument given in the first approach. However, we also show
that Kwapien’s original argument in [6] to link Rademacher and Gauss sys-
tems via the central limit theorem works in this context. Moreover, as we
shall see, the use of this probabilistic approach has a remarkable advantage.
Namely, it provides the result of Corollary 5.7. Roughly speaking, the latter
says that when the quantized system we deal with takes values in arbitrar-
ily large matrices, then the operator space version of Kwapien’s theorem for
the system also holds if we require only the boundedness of the operators
involved, not the complete boundedness. Finally, an example is included and
some open questions are posed.

Throughout this paper some basic notions of operator space theory and
vector-valued Schatten classes will be assumed. The definitions and results
about operator spaces that we will be using can be found in the book of
Effros and Ruan [2], while for the Schatten classes the reader is referred to
[13], where Pisier analyzes them in detail.
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2. Uniformly bounded quantized orthonormal systems. The clas-
sical Hausdorff-Young inequality on the torus was generalized by F. Riesz
in 1923 to any uniformly bounded orthonormal system. If one looks for
extensions of this result to vector-valued functions, the notions of Riesz
type, cotype and strong cotype of a Banach space come out naturally.
These were defined in [3] with the aim to provide a general notion of type
which would cover the classical (uniformly bounded) systems: Rademacher,
Fourier, Walsh, etc. Here we introduce a “quantized version” of these no-
tions. From now on, M,, will stand for the vector space of n X n complex
matrices and S, will denote the Schatten p-class over M,,.

DEFINITION 2.1. Let (£2, M, i) be a probability measure space with no
atoms and let dy = {d, : 0 € X'} be a family of positive integers, with
Y an index set. A collection @ = {¢? : 2 — My, }sex of matrix-valued
functions with measurable entries is said to be a uniformly bounded quantized
orthonormal system (u.b.q.o.s. for short) if the following conditions hold:

— 1
(a) S sz]( ) ( ) d,LL( ) d_ 500’511’5jj )
0 ag
(b) sup ess sup [|¢7 (w)[sz2 = Mg < o0.
ceX wef 7

The pair (¥, dy) will be called the set of parameters of @. We say that @ is
complete when any function f € L?(£2) can be written as

f= Z dotr(A%¢%) for some A € H My, .
ceX ceXy

REMARK 2.2. Recall that if we take Y = N and d, = 1 for all 0 € X, we
recover the classical definition of uniformly bounded orthonormal systems
or complete orthonormal systems on 2. Also, if {2 is a compact topological
group G with normalized Haar measure u, then the dual object I" of G is a
u.b.q.0.s. The functions ¢ are irreducible unitary representations of G, d,
is the degree of p” and Mp = 1.

Let 1 < p < o0, let E be an operator space and let 2 be an index set as
in Definition 2.1. Following the notation of [5] we define the spaces

i) ={ae I] Ma, @ B+ | Al s (Z o A1, (E)) <o},

ceXy

£ ={ae I] Ma, © B+ 4l = s0p 147 s () < oo

oeX
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where we write Sh(E) for the E-valued Schatten p-class over M,,. We use
LP(X) in the scalar-valued case. £4,(X) is endowed with its natural operator
space structure (see [5] and Chapter 2 of [13] for the details). Now, if @ is
a u.b.q.0.s. and x stands for the adjoint operator, then the @-transform and
its inverse can be defined naturally as follows:

Folf)7 = | F)e @) du(w),  F ' (A)w) = 3 dotr(A7¢7 ()
2 ceX
for f: 62 — Eand A € [[,c5, Mg, ® E. Note that when the system & is not
complete, the inverse is not unique. Thus our notation is slightly abusive,
but we shall keep it for concreteness.
We start with a version of the classical Riesz theorem for uniformly
bounded quantized orthonormal systems.

LEMMA 2.3. Let 1 <p <2 and let p’ denote its conjugate exponent. Let
® be a u.b.q.0.s. Then
! <Ml

||f‘15||cb(LP(Q)7LP/(Z))7 ||fq; cb(LP(Z),LF' (2)) =

Proof. By the complex interpolation method for operator spaces, we just
need to check the cases p = 1, 2. It follows from Lemma 1.7 of [13] that

| Follebr2(0),c2(5)) = iléli 1 Fo @ Iu, ||B(L?S%(Q),z§% (2))

with the obvious modifications for the inverse operator. Then the case p = 2
is a consequence of the orthonormality of @. That is, it follows from condition
(a) in Definition 2.1. If p = 1, then F is defined on L' (£2), which is equipped
with the max quantization. Moreover, Fg ! takes values in L*°(§2), which
is equipped with the min quantization. Therefore, by the quantizations we
are working with, boundedness is equivalent to complete boundedness (see
Section 3.3 of [2] for the details). But it is obvious that the stated inequalities
hold for p = 1 when the cb norm is replaced by the operator norm.

If 5o is a finite subset of X, let &%(%y) = span{yf; : 0 € Lo} @ E
regarded as a subspace of L%(Q) with its natural operator space structure.
Also, let &g = {7 : 2 — My, }sex, be the restriction of @ to Xy. Then &y
is also a u.b.q.0.s. and Lemma 2.3 holds for &y.

DEFINITION 2.4. Let 1 < p < 2, let p’ denote its conjugate exponent,
and let E be an operator space.
e I/ is said to have Riesz type p with respect to @, or simply @-type p, if

Kip(E, ®) = sup H]-"gol ® Ig| < 00

cb (L2 (S0), 8% (50))

where the supremum is taken over the family of finite subsets Xy of X.
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e I is said to have Riesz cotype p’ with respect to @, or simply @-cotype
;.
p, if

Kop (E, ) = sup || Fa, @ Ig|| < 00.

cb(®5(£0),L% (£0))
The supremum is taken again over the family of finite subsets Yy of X.

e I is said to have strong Riesz cotype p’ with respect to @, or simply
strong ®-cotype p’, if

/Cgp (E @) = Hfg‘; EH < 0

b(Lh(02),£% (2))
where Fp i denotes the extension of Fg ® Ip to LE(£2).

REMARK 2.5. Note that if E has @-type p, then in particular there exists
a positive constant ¢ such that

H Z dotr(A7¢") LE () = c( Z do HAJ”S” (E)>

oeXy oceX
for any finite subset Xy of X and any A € EpE(EO). This condition is much
closer to the classical notion of Riesz type. In fact, for d, = 1 and Xy =
{1,...,n}, we recover the classical definition. Analogous remarks hold for
the Riesz cotype and strong Riesz cotype.

REMARK 2.6. We point out here that, as in the classical theory, a notion
of strong Riesz type would be superfluous since it would coincide with that
of Riesz type. The proof of this fact is an easy consequence of the density of
the subspace of £4,(X) formed by the elements A with finite support, that
is, with A7 # 0 only for finitely many o € Y. In fact,

Kip(E,®) = || Fy EHCb (L2,(2),L2 ()"

Again as in the classical case, this equivalence is not necessarily valid for the
cotype. Moreover, we have the obvious estimate KCop (E, @) < K3y (E, ®) for
any u.b.q.0.s. @, any operator space E and any 1 < p < 2. However, the
d-cotype is equivalent to the strong @-cotype when @ is complete. In this
paper we shall be mainly concerned with the Riesz type and cotype. We
have defined the strong Riesz cotype because, as we shall see below, it is the
right notion for duality.

REMARK 2.7. Occasionally, we shall also use the notion of W-type 2
and Y-cotype 2 for some quantized orthonormal systems ¥ which fail to be
uniformly bounded.

These definitions are illustrated in [5] and [4] where the Fourier type and
cotype of an operator space with respect to a compact group are investi-
gated. Namely, if G is a compact group with dual object I', then Fourier type
p with respect to G is nothing but I'-cotype p’ (or strong I'-cotype p’ since I
is complete in L?(G) by the Peter—Weyl theorem). Moreover, Fourier cotype
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p’ with respect to G coincides with I'-type p. This conflict in terminology
goes back to the commutative theory, where Fourier type p with respect to
the torus T means Z-cotype p’ (or equivalently strong Z-cotype p’); see [3].

In what follows we assume the reader is familiar with the properties of
Fourier type and cotype stated in [5] and [4]. In fact, we omit the proof of
the following results, since the arguments can be found there.

(a) Trivial exponents. Every operator space has Riesz type 1 and strong
Riesz cotype oo with respect to any u.b.q.0.s. ®. Moreover, we have the
estimates K11(E, ), Koo (E, D), K300 (E, P) < M.

(b) Subspaces. The Riesz type is preserved when passing to subspaces.
Moreover, KC1,(F, ?) < Kip(E,®) for any closed subspace F' of E. The same
holds for the Riesz cotype and strong Riesz cotype.

(c) Complex interpolation. Let 0 < 6§ < 1 and let Ey and E; be operator
spaces having ®-type po and p; respectively. If (Ep, E1) is compatible for
complex interpolation, then the interpolated operator space (Ey, E1)p has
®-type pg = pop1((1—0)p1 +0po)~!. In particular, the Riesz type p becomes
a stronger condition on a given operator space as p approaches 2. Similar
assertions hold for the Riesz cotype and strong Riesz cotype.

(d) Duality. Kip(E, @) = Kspy(E*, @) and Kip(E*,P) = Ksy(E,P).
That is, Riesz type and strong Riesz cotype are dual notions.

(e) Local theory. If dg, stands for the cb-distance between two operator
spaces, then Ki,(E2, @) < dep(Er, E2)Kip(E1, ). The same holds for the
Riesz cotype and strong Riesz cotype.

(f) Degenerate case. Assume that the index set X associated to the
u.b.q.o0.s. @ is finite. Then

1/p
K1p(E,®), Koy (E, D), Kay (B, ) < qu( 3 dg) .
oel

(g) Lebesgue spaces. Let 1 < g < co. Let (X, N,v) be a o-finite measure
space. Then L?(X) has ®@-type min(q,q’) and strong P-cotype max(q,q’).
Similar results hold for Schatten classes. Moreover, L%,(X) and S9(E) have
&d-type min(q, ¢') and strong @-cotype max(q, ¢') whenever E does.

REMARK 2.8. In what follows we shall assume that X' is not finite.

3. The Kwapien theorem for operator spaces. We begin by defin-
ing the quantized version of the classical Rademacher system. This notion
is extracted from [10], where it is used to study random Fourier series on
non-commutative compact groups. From now on we fix a probability mea-
sure space ({2, M, ) with no atoms, an index set X and a family dy of
positive integers.
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DEFINITION 3.1. The quantized Rademacher system associated to (X,dx)
is defined by a collection R = {p? : 2 — O(d,) }sex of independent random
orthogonal matrices, uniformly distributed on the orthogonal group O(d,)
equipped with its normalized Haar measure v,.

REMARK 3.2. Similarly, the quantized Steinhaus system associated to
(X,dyx) is a collection § = {7 : 2 — U(dy)}sex of independent ran-
dom unitary matrices, uniformly distributed on the unitary group U(d,)
equipped with its normalized Haar measure A,. It is easy to check that
both Rademacher and Steinhaus systems are u.b.q.0.s.’s with uniform bound
Mg = Mg = 1. Moreover, the notions of R-type p and S-type p are equiva-
lent for 1 < p < 2. Namely, the inequalities

1 _ _ _
3 H]:Rl(A)HL%(Q) < H]:SI(A)HL‘IB(Q) < 2”‘7:731(14)||Lq3(9)

were proved in [10] for any Banach space B, any A supported in any finite
subset Xy of X and any 1 < ¢ < oo. Hence, given an operator space F,
we just need to take B = Sﬁ/(E) for any n > 1 and ¢ = p’ to see this
equivalence. Similar arguments are valid to show that the same equivalence
holds between R-cotype and S-cotype. Moreover, the equivalence between
both systems with respect to the strong Riesz cotype follows by duality.
Therefore, although the results obtained will be valid for both systems, we
shall work only with the quantized Rademacher system.

REMARK 3.3. Let Ry(E) be the closure in L1,[0,1] of the subspace of
linear combinations of the classical Rademacher functions rq, 72, ... with E-
valued coefficients. In particular, we shall write R,, for the closure in L”[0, 1]
of the subspace spanned by r1,7r2,... The classical Khinchin—Kahane in-
equalities can be rephrased by saying that the norm of R,(E), regarded as
a Banach space, is equivalent to that of Ry(E) whenever 1 < p # ¢ < co. In
particular we can put any exponent 1 < g < co in the defining inequality of
Rademacher type p (resp. cotype p') for (the underlying Banach space of) F,

n N 1/p n "~ 1/p
W a(Xhelp) " < | e, <2 leul)

On the other hand, R,(E) has a natural operator space structure inher-
ited from L7[0,1]. It is a remarkable fact that the norm of R,(E) is not
completely equivalent to that of Ry(£). That is, the operator spaces R,(E)
and Ry(FE) are isomorphic but not completely isomorphic. The proof of this
fact is due to Pisier and it can be found in Chapter 8 of [13]. If we replace
r1,T2, ... by the entries of a quantized Rademacher system R, then we obtain
an operator space R,(E) which is Banach isomorphic but not completely
isomorphic to R4(E) whenever 1 < p # ¢ < oco. This equivalence of norms,
which fails to be complete, follows from a version of the Khinchin—Kahane
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inequalities for R stated in [10]. Therefore, in contrast with (1), each choice
of the exponent 1 < ¢ < oo in Definition 2.4 gives a different notion of
Rademacher type and cotype. For instance, one could be tempted to take ¢
to be 2 whatever the value of p. In fact, this alternative definition becomes
very useful in some other contexts which do not appear in this paper, such
as the study of the notion of non-trivial Rademacher type. In any case, we
have no risk in this paper to choose the wrong definition since we shall be
mainly concerned with the quadratic case p = 2.

Now we prove the extremality of the quantized Rademacher system with
respect to Riesz type and cotype in the family of uniformly bounded quan-
tized orthonormal systems. We shall need the following version, given in [10],
of the classical contraction principle.

LEMMA 3.4. Let B be a Banach space, Xo C X finite, A° € My, ® B
and D° € My_ for o € Xy. Then, for any 1 < q < oo,

HZdtrA“"D") ‘ZdtrA""

oceXy o€Xp

< sup ||D?|| g
s oy < 50 1075

o€ 2(2)

PROPOSITION 3.5. Let 1<p<2 and let p' denote its conjugate exponent.
Then the following holds for any operator space E and any u.b.q.0.s. ®:

(i) If E has @-type p, then E has R-type p.

(ii) If E has ®-cotype p', then E has R-cotype p'.

Proof. The case p = 1 is trivial, hence we assume that E has ®-type p
for some 1 < p < 2. First we recall the completely isometric isomorphism

p/ p/ _ p/
@ S (LR(@) = Ly ().
On the other hand, by the orthonormality of @ we have

(3) V17 dp = Ing,,
(]

for all o € X. Hence, given n > 1 and A;; € L, (X)) for 1 < i,j < n, we
apply (2), (3), Jensen’s inequality and the contraction principle stated in
Lemma 3.4 to get

H(Z do tr(A7;07) >

o€y SE (L2 (92))
) [ézHgQ;()d rle”(wnle” (WQ)‘QA%]) dpi(ws) :z’(E) du(wl)r/p/
= [S S H( > do tr[gg(wl)wa(w2)*800(w2)Afj]> :ﬁ'(E) dﬂ(m)dﬂ(m)] 1/p'
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{ H( Z do tr[o” (w1)p (wg)Afj]>‘

o€eX

4 1/p'
iy ) ()|

du(m)] .

< MKy (B, 9) | § 1A% 0" @0)oesoly g
2

Finally, by Lemma 1.7 of [13], it remains to see that

1/p
[ 050 el )] = U g
To this end it is enough to check that the mapping A — (A%0% (w))ges, 1S
a complete isometry from £4,(X) into itself. But this follows from the fact
that p7(w) € O(d,) for all 0 € ¥ and all w € 2 (see Lemma 1.6 of [13]).
This gives the estimate K1,(E, R) < MgK1,(E, @). Similar arguments give
the relation Koy (E,R) < MgKoy (E,P). u

REMARK 3.6. By duality, a similar result holds for the strong cotype.

H (L (%0))

The following is a classical result which characterizes, in terms of the
convergence of some series of vector-valued random variables, Rademacher
type (resp. cotype) 2 Banach spaces. The proof can be found in [1, Theorem
7.2 of Chapter 3].

LEMMA 3.7. (i) The Banach space B has Rademacher type 2 if and only
if there exists a sequence (1,(s,... of mean zero independent random vari-
ables in L?(£2) with 0 < ¢; < [Cnllr2(0) < c2 < oo such that if x1,x2,... is
any sequence in B, then

oo n
Z |zk]|% < 00 = Zxkgk converges a.s.
k=1 k=1
(ii) The Banach space B has Rademacher cotype 2 if and only if there
exists a sequence (1,(a,... of mean zero independent random variables in
L2(02) with 0 < ¢ < HCnHLz(Q) < ¢g < o0 such that if x1,x9,... is any
sequence in B, then

n oo
Zxk@ converges in L*(2) = Z |zk]|% < oo.
k=1 =

LEMMA 3.8. (i) Let E be an operator space having R-type 2. Then the
underlying Banach space has Rademacher type 2.

(ii) Let E be an operator space having R-cotype 2. Then the underlying
Banach space has Rademacher cotype 2.

Proof. Take a countable subset {o}, : k > 1} of X' and define the random
variables (, = \/dy, 07f for k > 1. The sequence (i,(2,... is orthonor-
mal in L?(£2) and is made up of mean zero independent random variables.
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Moreover, if we take any square-summable sequence x1,x2,... in F and
A¥ € My, ®E is defined by A¥ = 618;1d;, "z, then

| 3% sl =] 3 e

L%( LZ(0)
k=mi1+1 k=m1+1
1/2
< Kua(B,R)( Z o | A¥135. E))
k=m1+1
m2 1/2
=KuBR)( Y lellh)
k=m1+1
Similarly, we get
3 2V < k(B R 3
< .
( > H»’%HE) < Kaa(E, )H > kak‘L%E(Q)
k=m1+1 k=mi1+1

That is, we have proved that

o0 n
Z |z ||% < 0o« ZkaCk converges in L%(12).
k=1 k=1

But convergence in L% ({2) implies a.s. convergence for this kind of series
(see Theorem 2.10 in Chapter 3 of [1]). The proof is concluded by applying
Lemma 3.7. m

REMARK 3.9. By duality, a similar result holds for the strong cotype.

In this section we explore Kwapien’s theorem in the present context, that
is, completely isomorphic characterizations of Pisier’s OH Hilbertian opera-
tor spaces by means of quantized orthonormal systems. Roughly speaking,
an OH operator space is the only possible quantization on a Hilbert space
such that the canonical identification between the resulting operator space
and its antidual is a complete isometry; see [12] for a complete study of these
spaces. In other words, the OH operator spaces are the natural substitutes
for classical Hilbert spaces in the category of operator spaces.

THEOREM 3.10. Let @ be any u.b.q.o.s. associated to the parameters
(¥,dx). Let E be an operator space. Then the following are equivalent:

(i) E is completely isomorphic to some OH Hilbertian operator space.
(ii) E has ®-type and P-cotype 2.

Proof. We begin by showing (i)=-(ii). Assume that F is completely
isomorphic to OH(I) for some index set I. We invoke the general results
stated in Section 2 to write Ki2(E, ?) < de,(E,OH(I))K12(OH(I),2). But
OH(I) is completely isometric to [?(I) and it is not difficult to check that
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K12(1?(I),®) = 1. This implies that F has @-type 2. Similar arguments show
that E also has ®-cotype 2.

Now we prove (ii)=-(i). Suppose that E has &-type and P-cotype 2.
By Proposition 3.5 we can replace ¢ by the quantized Rademacher sys-
tem R with parameters (¥, dx). We know that S?(E) also has R-type and
R-cotype 2 (see again the general results of Section 2). Now, Lemma 3.8
shows that (the underlying Banach space of) S?(E) has Rademacher type
and cotype 2. In particular, S?(E) is isomorphic to some Hilbert space. By
Kwapien’s original theorem, this geometric condition on S?(E) is equivalent
to the existence of a constant ¢ such that |T'® Is2(g)||lBa2 (52(B)).2 (52 (E)) <
c|| Tl gz i2y for any linear mapping T : I — 12 and any n > 1 (see [6]). On
the other hand, the Fubini complete isometry 12(S?(E)) ~ S%(I2(E)) given
in [13] allows us to write the last inequality as || ® Irllcha2 k), 2(E) <
[ T(|paz,2)- Finally, Pisier proved that this condition is equivalent to (i)
(see Theorem 6.11 of [13]). =

4. Complete quantized orthonormal systems. In this section we
extend the operator space version of Kwapieri’s theorem to complete quan-
tized orthonormal systems, uniformly bounded or not. We begin by recalling
that since (£2, M, u) has no atoms, we can define a family of dyadic sets Dﬁ?

on £2, where 1 < j < 2F and k > 1, satisfying the following conditions:
e D =D UDSH forall k> 1 and all 1 < j < 2,
e (2 is the disjoint union of D;‘? for any fixed k > 1 and all 1 < j < 2%,
e The sets D;‘? are p-measurable and ,u(D;"?) =27k

Then, if 14 stands for the characteristic function of a measurable set A C {2,
we define the system A on L2(£2) to consist of the functions

LEMMA 4.1. Let ¥ = {¢7 : 2 — My }sex be a complete quantized
orthonormal system. Let {e, : n > 1} be any sequence of positive numbers.
Then there exists a sequence f1, fa,... of W-polynomials and an increasing
subsequence k1, ks ... of positive integers satisfying:

(i) Fo(f1), Fu(f2),... have pairwise disjoint supports on X.

(i) [1fn = Ok, llr2(2) < en-

Proof. Let o € X and fix 1 < i,j < d,. Since A is orthonormal in L?({2),
the Bessel inequality provides the estimate

, 1
ZW 305 = 0| § k(@ ()| < W5 oy = o= < .

k=1 12



284 J. Garcia-Cuerva and J. Parcet

In particular, for all € > 0 and for all finite subsets Xy C X there exists a
positive integer m(Xy, €) such that for all & > m(Xy, €) we have

do
> de Y | Fubn)Gl? <e.
o€y ig=1
On the other hand, let ¥ be the space of ¥-polynomials. That is, ¥ is the
span of the entries ¢7; where 1 <4, j < dy and o € 2. Then we construct the
functions fi, fa,... as follows. Let fi € ¥y be such that || fi; — 51HL2(Q) < €1.
For n > 1, let €, = &,,/3 and let

n—1
S = | supp(Fu(fi)) C 2.
k=1
If k, = m(X,,€e,) we take g, to be any function in ¥, satisfying

lgn — Ok, 2(2) < €n- Then we define
fo=gn— Y dotr(Fulgn)"¢").
O'EEn
The verification that the sequence f1, fo,... has the required properties is

left to the reader. m

THEOREM 4.2. Let ¥ be any complete quantized orthonormal system
with parameters (X,dyx). Let E be an operator space. The following are
equivalent:

(i) E is completely isomorphic to some OH Hilbertian operator space.

(ii) E has ¥-type and ¥-cotype 2.

Proof. The arguments used in Theorem 3.10 to prove (i)=-(ii) are also
valid here. Let us prove that (ii)=-(i). First we recall that, by Lemma 4.1,
there exists a sequence f1, fo,... of ¥-polynomials

— g g
In= E E O‘ijwij
o€Xn 1<i,j<d,

where af; € C, X, is some finite subset of X' and
Yny N Xn, =0 whenever ny # na, || fa — Ok, [lr2(2) <27

Now, if E has -type and ¥-cotype 2 then the same holds for F = S?(E).
In particular, for any family {z1,...,2,} in F', we have

L3(92)
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By Hoélder’s inequality we get

A< (=t i) (S Ilp) <
n=1 n=1

To estimate B, we write

—HZ%Z Z CHIST

= oeX, 1<i,j<ds

- HZ D do tr[(Fi(f)” © 20)07]

(Z feal?)

%\

L2

n=1oceX, L3 (1)
- 2 o2 1/2
< KB (Y lealt Y dollFalfa) I3 )
n=1 o€Xn
n ) ) 1/2
= KB, 0) (S Il 1220
n=1
™ 1/2
< 2602(B,0) (D llenll3)
n=1
That is, if A’ stands for the system in L2(£2) defined by the functions
Oky s Okys - - -, then we have shown that F' has A’-type 2 in the sense of [3].

But this is equivalent to saying that E has A’-type 2 in the sense of Defi-
nition 2.4. Similar arguments show that E also has A’-cotype 2. Then the
proof is concluded by applying Theorem 3.10. =

REMARK 4.3. The analog of Kwapieri’s argument given in [6] does not
work for this result. Namely, if R denotes the quantized Rademacher sys-
tem with parameters (X,dy), the idea is to use the completeness of ¥
to construct a sequence f%', f°2, ... of matrix-valued ¥-polynomials with
non-overlapping ranges of frequencies and such that

S |07 — f""Hgga du < e, with e1,€9,... small enough.

5 n
Such a sequence exists and its construction is similar to the one provided
in Lemma 4.1. If R’ denotes the subsystem of R defined by the functions
0%, 0%2, ..., the next step is to show that ¥-type 2 implies R'-type 2 and
the same for the cotype. Here the proof fails. However, it can be checked
that it works in the following cases:

e U-type 2 = R/-type 2 if dx is bounded.
e U-cotype 2 = R'-cotype 2 if d, =1 for all 0 € X.

5. The probabilistic approach. In this section we introduce the quan-
tization of the classical Gauss system and analyze its important role in the



286 J. Garcia-Cuerva and J. Parcet

operator space version of Kwapien'’s theorem. First we outline a simple proof
of Kwapien’s theorem for this system and then we give an alternative proof
following Kwapieni’s approach in [6] conveniently adapted to our setting.
The reason for this approach will be clear in Corollary 5.7.

DEFINITION 5.1. Let {77, : 2 — R, 1 < i,j < dy}yex be a family of
independent real gaussian random variables with mean zero and variance 1.
Then the collection G = {77 : 2 — My_}s,ex, where 77 stands for the
random matrix

o __ 1 ( a)
’7_\/%77,]7

defines the quantized gaussian system associated to (X, dy).

REMARK 5.2. Analogously, considering a priori complex gaussian ran-
dom variables, we get the quantized complex gaussian system associated to
(X,dyx).

This quantized system satisfies orthonormality but fails to be uniformly
bounded or complete. So none of the previous results seems to be valid for
the quantized gaussian system. However, it is not difficult to check that
Lemma 3.8 remains valid when we replace the quantized Rademacher sys-
tem R by the quantized gaussian system G. In particular, the proof of The-
orem 3.10 also holds for G.

We now give an alternative approach to this result. Let 2 be the proba-
bility space formed by the product of infinitely many copies of §2:

0= HQk and = H,uk
k=1 k=1

with 2, = 2 and py, = p for all k > 1. The random matrix o%F : 2 — O(d,)
is defined as a copy of ¢?, the oth Rademacher function, depending only on
the kth coordinate. Also, for each positive integer m, we define

~ 1 &
¢7(m): 2= My, 07(m)= == o™
k=1

Finally, we construct a quantized gaussian system {77 : 2 — Mg, }ses on 19,
associated to the parameters (X, dy). We state a slight modification of the
central limit theorem in type 2 spaces (see [1] for the classical statement of
that result). It is nothing but an analog, for Banach-valued random variables,
of Lemma 2.1 in [6]. Fix a finite subset Xy = {o1,...,0,} of X.

PRrROPOSITION 5.3. Leth : Sﬁal X.. .xSﬁa — R be a continuous function
such that
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n
(4)  h(D",...,D7)e 2= P g s D ID% g — oo
- 5

Then
lim | h(g™ (m),..., o (m))dfi =\ h(F"",...,7°") dp.

m—0o0 e

19 0

Sketch of the proof. By using the orthonormality relations for quantized
Rademacher and gaussian systems, one easily shows that the distribution of
~? is a centered cylindrical gaussian measure with the same covariance as
that of o7 for all k > 1. Hence, by the central limit theorem in type 2 spaces,
the joint distribution of (9%t (m),..., 07" (m)) converges weakly to the joint
distribution of (¥71,...,77"). Now, if we write .5’220 = ngl X ... X ngn, we
define the Banach space B of all continuous functions h : S%O — R satisfying
(4) and with the norm given by

k]l = sup{|n(D™", ..., D7)~ Zi=L WPV (Do D7) € S3, )
We also define the following functionals on B:

T(h) =\ R 37V dis - Ton(k) = [ h(e7 (m), ..., 07 (m)) dfi

0 0

Following the argument given in Lemma 2.1 of [6], it suffices to check that
T and T,, are well defined and that sup ||T},,|| < co. Now, T}, is well defined
since h(p?*(m), ..., 0°"(m)) is a bounded function. On the other hand,

T < [hlis [T § expllD7llsz duzes (D7)
j=152 !
%3

<ilsTI§ T ew

J=1 1<y ig<do;

Vi (@)

N

<l TTTT (Jeswet |22
0 J

J=1 1<i1,i2<do

dpi(w)

1 /d?,j

(@)

n 1 l/dg]_
= ||h||B H H (\/—2_7r S exp |di’§25| eXp(—S2/2) dS)

J=11<i1i2<do, R

where we have applied the obvious inequality [|Dllsz < >, |Di;| and the
generalized Holder inequality. Therefore T is well defined. Similar arguments
give the uniform boundedness of || T,||. =

To prove the Kwapieri theorem for the quantized gaussian system we
need a couple of lemmas. Let Dy, Dy be orthogonal d, X d, matrices. Then
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D1v? Dy and +7 have the same distribution. The next result can be found
n [10], it follows from this “sign invariance” and the contraction principle
stated above.

LEMMA 5.4. Let B be a Banach space. There exists a positive constant
¢ such that for any finite subset Xy of X, we have

SH Z dy tr(A%07) ’ dpu <c H Z dy tr(A47)
2 oeXp

0
The following result is a completely 1som0rphlc characterization of OH
operator spaces given by Pisier in [13]. It can be regarded as the version for
operator spaces of a previous isomorphic characterization of Hilbert spaces
given by Kwapien (see (iv) of Proposition 3.1 in [6]).

2d
’B H-

LEMMA 5.5. Let E be an operator space. Then E is completely isomor-
phic to some OH Hilbertian operator space if and only if there exists a posi-
tive constant ¢ such that for any n > 1 and any linear mapping T : S? — S2,
we have

1T @ Iellpsz(m),s2(m) < cllT||5sz,52)-

In the next result we assume that the gaussian system we work with
takes values in arbitrarily large matrices. We need to require this in view
of our method of proof. Although, as we have seen, this requirement is not
necessary, it will become very natural in Corollary 5.7.

THEOREM 5.6. Let G be the gaussian system with parameters (X,dy).
Assume that dy is unbounded. Then the following are equivalent:

(i) E is completely isomorphic to some OH Hilbertian operator space.
(ii) E has G-type and G-cotype 2.

Proof. To prove that (i)=-(ii), assume that F is completely isomorphic
to some OH(I). If R denotes the quantized Rademacher system with pa-
rameters (X, dy), then we know by Theorem 3.10 that F has R-type and
R-cotype 2. But then Lemma 5.4 shows that E has G-cotype 2. Let us prove
that E also has G-type 2. Recall that any Banach space B with Rademacher
type 2 satisfies the inequality

S 6 die < 3 § ol du
2 k=1 k=112

for some universal constant ¢ and any family ¢1,..., ¢, of mean zero in-
dependent B-valued random variables in L?(§2). In particular, since (by
Lemma 3.8) the underlying Banach space of S2(FE) has Rademacher type 2
for any n > 1, we have

| 32 dotr(arem(m))

og€Xo

(2)

HZ S dytr [A” ”’“]

S2(L%(R2 k=10

2
L52 (B)
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sl L, 0

g€Xy

<o

L2(E

< k(B R)( Y doll A% )

g€Xo
On the other hand, let h(D?,..., D™) = | ¥ ,cx;, do tr(A7D)||2, ). Let
us show that h satisfies hypothesis (4) of Proposition 5.3. First we recall that

| (A° D)2y = sup  tr(A7(D7 & T))

1Tl 53 (1) <1

< sup  [A%gz D7 ®@Tls2 (g
||T||S%(E*)§1 don don

= [14%lsz (&) ID7s3 -
Hence we get

2
D D) < (Y doll Ay 1D7 sz
og€Xo

2
2 o2 o
< max ]| %1% (2 107ls3,)
og€eXp

and so h satisfies (4). In particular, we apply Proposition 5.3 to obtain

s SALE ()
_ i dy tr(A7 " ( i
=5 ; AT 15 2
o 0
1/2
< cK12(E,R) ( > doll A%l ) .
g€Xo

Therefore, by Lemma 1.7 of [13], we conclude that E has G-type 2 and the
proof of (i)=-(ii) is complete.

Now we show (ii)=-(i). By the unboundedness of dx, and Lemma 5.5 it
suffices to see that there exists a positive constant ¢ such that, for any o € X
and any linear mapping T : Sﬁa — Sgg, we have

(5) 1T ® Iellss3 (m),s3, () < <l Tlls(s3 .53 )

By homogeneity it is enough to prove (5) for 7' in the unit ball B, of
8(530,520). But B, is a compact, convex set and thus every element of
B, is a convex linear combination of unitary operators, the extreme points
of B,. Therefore, it suffices to check (5) for T unitary. Let A € Sﬁg (F) and
T: Sﬁv — Sﬁg unitary. Then



290 J. Garcia-Cuerva and J. Parcet

IT ® Ie(A)llsz_(5) < d5'/*Ka2(E., G)lldo tr(+7 [T ® I6)(A) 12,0
= d; ' ?Ka2(E, G)lldo t2(T* (v7) A)ll 12,02
= d;'?Ka2(E, G)lldo tr(v7 A) | 12,0
< K2 (E,9)K12(E, G)[|Alls3 (),

since, by the unitarity of 7', the distribution of T'(v?) is the same as that of
~? (see Theorem 6.8 in Chapter 3 of [1]). Therefore E satisfies (5). =

Let @ be a quantized orthonormal system and let E' be an operator space.
Let 1 < p < 2. We shall say that F has Banach ®-type p if

,Elp(E,@) = Sup Hfgol X IEHB( < o0

£5,(Z0). 2% (£0)
where the supremum is taken over the family of finite subsets Xy of Y. That
is, we do not require the complete boundedness of .7:4;01 ® Ig as we did in
Definition 2.4; we just require its boundedness. In the same fashion one can
define the Banach ®-cotype p’ of an operator space and the corresponding
constant Koy (E£,®). The following result, which is a consequence of the
probabilistic argument employed in the proof of Theorem 5.6, shows that
the notions of Banach @-type and Banach @-cotype 2 are the right ones in
the operator space version of Kwapien’s theorem whenever the quantized
system @ takes values in arbitrarily large matrices.

COROLLARY 5.7. Let dx be an unbounded family of positive integers
indezed by . Let @ be any u.b.q.o0.s. with parameters (¥, dyx). Let E be an
operator space. Then the following are equivalent:

(i) E is completely isomorphic to some OH Hilbertian operator space.
(ii) E has Banach ®-type and Banach ®-cotype 2.
(iii) E has Banach G-type and Banach G-cotype 2.

Proof. The implication (i)=-(ii) is obvious, and (ii)=-(iii) follows from
Proposition 3.5 and the probabilistic proof of Theorem 5.6. Recall that the
proofs of both results are still valid when complete boundedness is replaced
by boundedness. Finally, (iii)=(i) since the proof of Theorem 5.6 only uses
the fact that E has Banach G-type and Banach G-cotype 2. u

REMARK 5.8. Obviously this result fails for dx bounded. For instance,
take @ to be the classical Rademacher system on L?[0, 1] or the dual group of
the torus T. In these cases we go back to Kwapien’s classical characterization
of Hilbert spaces.

We now extend Corollary 5.7 to the case of complete quantized orthonor-
mal systems with dy unbounded. The proof of this result was kindly com-
municated to us by Gilles Pisier.
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THEOREM 5.9. Let dx be an unbounded family of positive integers in-
dexed by X. Let W be any complete quantized orthonormal system with pa-
rameters (X,dy). Let E be an operator space. Then the following are equiv-
alent:

(i) E is completely isomorphic to some OH Hilbertian operator space.
(ii) E has Banach ¥-type and Banach W¥-cotype 2.

Proof. The implication (i)=-(ii) is again obvious. To see that (ii)=-(i), we
begin by recalling that if E has Banach ¥-type and Banach ¥-cotype 2, then
(the underlying Banach space of) E is isomorphic to a Hilbert space. That
is, the proof of Theorem 4.2 can easily be adapted to this setting. Moreover,
by Kwapieri’s another well known characterization given in [7], there exists
a positive constant ¢ such that for any linear mapping L : L?(2) — L?(£2),
we have HL ® IE||B(L2E(Q),L2E(Q)) < C||L||B(L2(Q),L2(Q))' In particular, if A2 is
any closed subspace of L?(£2) and A%(E) = A2 ® E, we get

(6) IL ® IElBa2(E),42(B)) < cllLlBaz,a2)

for any linear mapping L : A2 — A%. Now, for any o € X, we consider the
space A2 = span{qbfj :1<1i,j < dy} regarded as a subspace of L%(§2), and
the space A2(E) = A2® E. We also need to consider the linear isomorphism

Ty(o): S5 — A2, A dytr(Ay7).
The following estimates are clear:
1T2(0) ® IEl5(s3_(B),42(5) < dY/*Ki2(E, W),
[ Ta(0) "' @ Iellpzm),s3, (B) < d; ' 2Koo(E,W).
Finally, for any linear mapping T : Sgo — Sﬁa, we have T = Ty(o)™ ! o

Lo(o) o Tah(o) where La(0) = Ta(o) o T o To(o)~! satisfies inequality (6).
Therefore

IT @ Iellssz (m).s2 ) < I1T2(0) ™" & Ip|| | La(0) ® Ip|| | T2(0) ® Ig]|
< cK12( B, 0)Kao(E, ¥)|| La(0) | 54z, a2)
< K12 (B, )*Kas(E, V)2 Tllsesz_s3 )-
But then the hypothesis of Lemma 5.5 is satisfied since dx is unbounded. =

REMARK 5.10. In fact, it can be checked that the ideas behind the proof
of Theorem 5.9 also yield Corollary 5.7. In particular, the probabilistic ap-
proach given at the beginning of this section is not necessary to get Corol-
lary 5.7. However, we have included it since we consider it as a natural
source of ideas for these results.
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Let R and C denote the row and column operator spaces respectively.
In [12] Pisier defined natural operator space structures on RNC and R+ C
in such a way that the pair (RN C, R + C) becomes compatible for com-
plex interpolation. Moreover, Pisier proved in [13] the following surprising
complete isomorphism:

(RNC,R+C)g~ Ry,

where § = 1/p and Ry, is (as in Remark 3.3) the closure in L”[0, 1] of the
subspace spanned by the classical Rademacher functions r1,rs, ... endowed
with its natural operator space structure. Pisier [13] analyzed this opera-
tor space structure by means of the non-commutative Khinchin inequalities
previously developed by him and Lust-Piquard (see [8] and [9]). Now we
use the family {R, : 1 < p < oo} of operator spaces to illustrate some
situations:

(a1) Let @ be any u.b.q.o.s. associated to the parameters (X, dy) with
ds; unbounded. Then R, has Banach ®-type 2 for any 2 < p < oco. Namely,
by the classical Khinchin inequalities the underlying Banach space of R, is
isomorphic to that of Re for 1 < p < co. Moreover, the identity mapping
I : R, — Ry is a complete contraction whenever p > 2. Therefore, there
exists some constant ¢ such that

H Z do tr(A%¢7%) ’L2 < c” Z dotr(A%¢7)
o€y p o€y

L, ()

< Kix(Ra, @) (Y s 4712, R2)>1/2

g€Xo

< ¢K12(Ra, @ ( > Al A7 n )
ogeXy
Now Corollary 5.7 shows that R, although isomorphic to a Hilbert space,
cannot have Banach &-cotype 2 for 2 < p < oo since in that case R, is
not completely isomorphic to any OH operator space. By Theorem 5.9, the
same holds when we work with any complete quantized orthonormal system
¥ with ds unbounded.

(ag) Similarly R, has Banach @-cotype 2 for any 1 < p < 2 but it does
not have Banach @-type 2 unless p = 2. By Theorem 5.9, the same holds for
any complete quantized orthonormal system ¥ with dx unbounded.

(b) In the commutative theory there exist some systems for which Kwa-
pien’s theorem holds if we require only one of the type 2 or cotype 2 con-
ditions. Kwapien showed in [6] that the system of characters of the torus
T presents this kind of autoduality. Another example is given by the sys-
tem of characters of the Cantor group D (see [3] or [11] for a proof of
this fact). It is easy to see that this autoduality remains valid in our set-
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ting. For instance, if E has Z-type 2, then so does S?(E) and hence it
is isomorphic to some Hilbert space H. But this implies that E is com-
pletely isomorphic to some OH (see the proof of Theorem 3.10). In par-
ticular R, cannot have Fourier type 2 or Fourier cotype 2 with respect to
T or D unless p = 2. On the other hand, we know that R, has Banach—
Fourier type and Banach—Fourier cotype 2 with respect to T and DD for any
1<p<oo.

Now, it is natural to ask if there exists a non-commutative compact group
G with dual object I' satisfying this autoduality, that is, such that any op-
erator space E having I'-type 2 or I'-cotype 2 is completely isomorphic to
some OH operator space. At least we know that when d is unbounded, by
points (a1) and (ag), an operator space having Banach I'-type 2 or Banach
I'-cotype 2 does not have to be completely isomorphic to any OH operator
space.

At this point it also becomes natural to ask if Banach I'-type 2 and
I'-type 2 (resp. Banach I'-cotype 2 and I'-cotype 2) are equivalent notions
as a consequence of the unboundedness of dy. At the time of this writing,
we are not able to answer these questions.
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