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Abstract. Given a von Neumann algebra M we consider its central extension E(M).
For type I von Neumann algebras, E(M) coincides with the algebra LS(M) of all locally
measurable operators affiliated with M. In this case we show that an arbitrary automor-
phism T of E(M) can be decomposed as T' = T, o Ty, where Ty(x) = axa™"' is an inner
automorphism implemented by an element a € E(M), and Ty is a special automorphism
generated by an automorphism ¢ of the center of E(M). In particular if M is of type I
then every band preserving automorphism of E(M) is inner.

1. Introduction. In a series of papers [I]-[3] we have considered deriva-
tions on the algebra LS(M) of locally measurable operators affiliated with a
von Neumann algebra M, and on various subalgebras of LS(M). A complete
description of derivations has been obtained in the case of von Neumann al-
gebras of type I and III.

A comprehensive survey of recent results concerning derivations on var-
ious algebras of unbounded operators affiliated with von Neumann algebras
is presented in [4].

It is well-known that properties of derivations on algebras are strongly
correlated with properties of automorphisms of the algebras (see e.g. [0]).
Algebraic automorphisms of C*-algebras and von Neumann algebras were
considered in the paper of R. Kadison and J. Ringrose [7], which is devoted
to automatic continuity and innerness of automorphisms. In the present pa-
per we initiate the study of automorphisms of the algebra LS(M) and its
various subalgebras. In the commutative case a similar problem has been
considered by A. G. Kusraev [10] who proved by means of Booolean-valued
analysis the existence of a nontrivial band preserving automorphism on al-
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gebras of the form LY(£2, X, i1). The algebra LS(M) and its subalgebras are
noncommutative counterparts of L°(£2, X, ). In the present paper we es-
tablish a general form of automorphisms of the algebra LS(M) for type I
von Neumann algebras M.

Let A be an algebra. A one-to-one linear operator T : A — A is
called an automorphism if T(xy) = T(x)T(y) for all z,y € A. Given an
invertible element a € A one can define an automorphism T, of A by
T,(z) = ara™!, x € A. Such automorphisms are called inner. It is clear that
for a commutative (abelian) algebra A all inner automorphisms are trivial,
i.e. act as the identity operator. In the general case inner automorphisms
are identical on the center of A. Essentially different classes of automor-
phisms are those which are generated by automorphisms of the center Z(.A)
of A. In some cases such automorphisms ¢ of Z(A) can be extended to au-
tomorphisms T of the whole algebra A (see e.g. Kaplansky [8, Theorem 1]).
The main result of the present paper shows that for a type I von Neumann
algebra M every automorphism T of the algebra LS(M) can be uniquely
decomposed as the composition T' = Tj, o Ty of an inner automorphism 7,
and an automorphism T} generated by an automorphism ¢ of the center of
LS(M).

In Section 2 we recall the notions of the algebras S(M) of measurable op-
erators and LS (M) of locally measurable operators affiliated with a von Neu-
mann algebra M. We also introduce the so-called central extension E(M) of
the von Neumann algebra M. In the general case E(M) is a x-subalgebra of
LS(M), which coincides with LS(M) if and only if M does not have direct
summands of type II. We also introduce two generalizations of the topology
of convergence locally in measure on LS(M) and prove that for the type I
case they coincide.

In Section 3 we consider automorphisms of the algebra E(M), the cen-
tral extension of a von Neumann algebra M. We prove (Theorem that
if M is of type I then each automorphism 7" of E(M) which acts identically
on Z(E(M)) is inner. We also show that for homogeneous type I von Neu-
mann algebras M every automorphism ¢ of Z(E(M)) can be extended to
an automorphism T} of the whole E(M). Finally we prove the main result
of the present paper which states that each automorphism 7" of E(M) for a
type I von Neumann algebra M can be uniquely represented as T = T}, 0Ty,
where T, is the inner automorphism implemented by an element a € E(M),
and Tj is an automorphism generated by an automorphism ¢ of the center
of E(M). In particular we deduce that each band preserving automorphism
of E(M) is inner if M is of type I.

2. Central extensions of von Neumann algebras. In this section we
give some necessary definitions and preliminary information on algebras of
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measurable and locally measurable operators affiliated with a von Neumann
algebra. We also introduce the notion of the central extension of a von
Neumann algebra.

Let H be a complex Hilbert space and let B(H) be the algebra of all
bounded linear operators on H. Consider a von Neumann algebra M in B(H)
with the operator norm || - |5s. Denote by P(M) the lattice of projections
in M.

A linear subspace D of H is said to be affiliated with M (written DnM)
if u(D) C D for every unitary u from the commutant of M,

M' ={ye B(H): 2y =yx,Vz € M},

A linear operator z on H with domain D(z) is said to be affiliated with M
(written znM) if D(x)nM and u(z(§)) = xz(u(€)) for all £ € D(x).

A linear subspace D in H is said to be strongly dense in H with respect
to the von Neumann algebra M if

o DnM;

e there exists a sequence {p,}>2, of projections in P(M) such that
pn 11, pp(H) C D and pr = 1 —p, is finite in M for all n € N, where
1 is the identity in M.

A closed linear operator z acting in the Hilbert space H is said to be
measurable with respect to the von Neumann algebra M if znM and D(x)
is strongly dense in H.

Denote by S(M) the set of all linear operators on H, measurable with
respect to the von Neumann algebra M. If z € S(M) and A € C, then
Ax € S(M) and the operator z*, adjoint to x, is also measurable with
respect to M (see [15]). Moreover, if x,y € S(M), then the operators = + y
and xy are defined on dense subspaces and admit closures that are called,
respectively, the strong sum and the strong product of x and y, and are
denoted by = + y and z *y. It was shown in [I5] that = + y and z %y belong
to S(M) and these algebraic operations make S(M) a x-algebra with the
identity 1 over the field C. Moreover, M is a x-subalgebra of S(M). In what
follows, the strong sum and the strong product of z and y will be denoted
in the same way as the usual operations, by = + y and xy.

A closed linear operator x in H is said to be locally measurable with
respect to the von Neumann algebra M if anM and there exists a sequence
{zn}52, of central projections in M such that z, T 1 and z,z € S(M) for
all n € N (see [16]).

Denote by LS(M) the set of all linear operators that are locally mea-
surable with respect to M. It was proved in [16] that LS(M) is a x-algebra
over the field C with identity 1 and with the operations of strong addition,
strong multiplication, and taking the adjoint. Thus S(M) is a *-subalgebra
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in LS(M). In the case where M is a finite von Neumann algebra or a factor,
the algebras S(M) and LS(M) coincide. This is not true in the general case.
In [12] the class of von Neumann algebras M has been described for which
the algebras LS(M) and S(M) coincide.

We say that a measure p on a measure space ({2, X, ) has the direct
sum property if there is a family {£2;},c; C X, 0 < p(£2;) < 00, @ € J, such
that for any A € X with u(A) < oo, there exist a countable subset Jy C J
and a set B with zero measure such that A = J;.; (AN ;) U B.

It is well-known (see e.g. [15]) that for each commutative von Neumann
algebra M there exists a measure space ({2, %, 1) with p having the direct
sum property such that M is x-isomorphic to the algebra L>(£2, X, u) of all
(equivalence classes of) complex essentially bounded measurable functions
on (2, X, u). In this case LS(M) = S(M) = L°(2, X, i), where L°(£2, X, 1)
is the algebra of all (equivalence classes of) complex measurable functions
on (£2,X ).

Further we consider the algebra S(Z(M)) of operators which are measur-
able with respect to the center Z(M) of the von Neumann algebra M. Since
Z (M) is an abelian von Neumann algebra, it is *-isomorphic to L>(£2, X, u)
for some measure space (2, X, ). Therefore the algebra S(Z(M)) coincides
with Z(LS(M)) and can be identified with L°(£2, 2, u).

The basis of neighborhoods of zero in the topology of convergence locally
in measure on L%(§2, X, 1) consists of the sets

W(A,e,6) ={feL(2,X,p): 3B X, BC A, p(A\ B) <3,

f "XB € LOO('Qa Znu)a Hf : XBHLOO(Q,E,M) < 5}7
where €,§ > 0, A € X, u(A) < oo, and xp is the characteristic function of
the set B € X.

Recall the definition of the dimension function on the lattice P(M) of
projections from M (see [I1], [15]).

By L4 we denote the set of all measurable functions f : (£2,X,pu) —
[0, 00] (modulo functions equal to zero p-almost everywhere).

Let M be an arbitrary von Neumann algebra with center Z(M) =

L>°(2, X ). Then there exists a map d : P(M) — Ly with the follow-
ing properties:

(i) d(e) is a finite function if and only if the projection e is finite;
(ii) d(e+ q) = d(e) + d(q) for e,q € P(M) with eq = 0;
(iii) d(uu*) = d(u*u) for every partial isometry u € M;
(iv) d(ze) = zd(e) for all z € P(Z(M)) and e € P(M);
(v) if {ea}acs, € € P(M) and e, T e, then d(e) = sup,esd(eq).

The map d : P(M) — L. is called the dimension function on P(M).



Automorphisms of central extensions 5

REMARK 2.1. Recall that for x € M the projection defined as
c(x) =inf{z € P(Z(M)) : zxz = x}

is called the central cover of x.

Let M be a type I von Neumann algebra. If p,q € P(M) are abelian
projections with ¢(p) = ¢(q) = 1, then the property (iii) implies that 0 <
d(p)(w) = d(q)(w) < oo for p-almost every w € (2. Therefore replacing d
by d(p)~'d we can assume that d(p) = c(p) for every abelian projection
p € P(M). Thus for all e € P(M) we have d(e) > c(e).

The basis of neighborhoods of zero in the topology t(M) of convergence
locally in measure on LS(M) consists (in the above notation) of the sets

V(A,e,6)={z € LS(M):3p e P(M), 3z € P(Z(M)), zp € M,
lzpllar < &, 27 € W(A,&,0), d(zp™) < ez},

where €,0 >0, A € X, u(A) < oo (see [16]).

The topology t(M) is metrizable if and only if the center Z (M) is o-finite
(see [11]).

Given an arbitrary family {z; };c; of mutually orthogonal central projec-
tions in M with \/;c.; 2 = 1 and a family of elements {x;};,c; in LS(M)
there exists a unique element x € LS(M) such that z;x = z;x; for all i € I.
This element is denoted by =z = Zie 1 %i%;.

We denote by E(M) the set of all z € LS(M) for which there exists
a sequence {z;}ier of mutually orthogonal central projections in M with
Vier zi = 1 such that zw € M for alli € I, i.e.

E(M) = {x € LS(M) : 3z € P(Z(M)), 2z = 0, i # j,

\/zizl, zixeM,iEI}.
icl
It is known [3] that E(M) is a x-subalgebra in LS(M) with center
S(Z(M)), the algebra of all measurable operators with respect to Z(M);
moreover, LS(M) = E(M) if and only if M does not have direct summands
of type II.

ExXAMPLE 2.2. There exists a type I von Neumann algebra such that
LS(M) # S(M) and S(M) # E(M).

Indeed, let M be a type I, von Neumann algebra with infinite-dimen-
sional center Z(M). For example M is a C*-product of a countable number
of von Neumann algebras B(H ), where H is an infinite-dimensional Hilbert
space, i.e.

M = P B(H).

neN
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Then there exists a sequence {p,}>2; of nonzero mutually orthogonal pro-
jections in Z(M). Put
o0
x = Z npy.
n=1

Then 0 < z € LS(M) and e,(x) = Y _, Pk, where ey(x) is the spectral
projection of x corresponding to the interval [0,n]. Since M is a type I
algebra, e,(z)* = >3, . px is an infinite projection for all n € N. This
means that = ¢ S(M), i.e. LS(M) # S(M).
Since M is of type I, from [3, Proposition 1.1] it follows that
LS(M)=E(M),
and therefore
S(M) # E(M).

In general, if a von Neumann algebra M is a direct product of an infinite
number of von Neumann algebras that are not finite, then LS(M) # S(M)
(see [12], Proposition 4]).

The algebra E(M) is called the central extension of M. A similar no-
tion (of the algebra E(A)) for arbitrary x-subalgebras A C LS(M) was
independently introduced recently by M. A. Muratov and V. I. Chilin [I3].

It is known (]3], [13]) that an element x € LS(M) belongs to E(M) if
and only if there exists f € S(Z(M)) such that |z| < f. Therefore for each
x € E(M) one can define the following vector-valued norm:

(2.1) 2]l = inf{f € S(Z(M)) : x| < f}.
This norm satisfies the following conditions:

2] = 0; [|z]] = 0 & 2 = 0;

[f2ll = [f] ll=[;

2+ yll < [l]| + llyll;

lzyll <l llyll;

]| = [|]]

for all z,y € E(M), f € S(Z(M)).

Let us equip E(M) with the topology t.(M) defined by the following
system of zero neighborhoods:

O(A,¢e,0) = {x € E(M) : [[z]| € W(A,¢,0)},
where £,6 >0, A € X, u(A) < .

LEMMA 2.3. The topology t.(M) is stronger than the topology t(M) of

convergence locally in measure.

Proof. 1t is sufficient to show that
(2.2) O(A,e,0) C V(A,e,9).
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Let x € O(4A,¢,6), ie. ||z|| € W(A,e,6§). Then there exists B € X' such
that
BCA, pA\B)<é,
and
||33HXB € LOO('QaEnU’)v HH‘THXBHM <e.

Put z = p = xp. Then |lzp|| = lzxs| = |zlxp € L>(2, X, p), ie.
xp € M, and moreover ||zp||y < e. Since p(A\B) <8 and 2zt x5 = x5xB = 0,
one has z+ € W (4, ¢,6). Therefore

lzpllar < e, 2t € W(Ae,6),  zp* = xpx5 =0,
and hence z € V(A4,¢,0). n

LEMMA 2.4. If M is a type I von Neumann algebra and 0 < € < 1, then

(2.3) O(A,e,0) =V (A, ¢g,0).

Proof. By (2.2) it is sufficient to show that V(A,e,d) C O(A,«,9).
Let x € V(A,e,0). Then there exist p € P(M) and z € P(Z(M)) such
that
ap €M, |zpllm <e, 2zt eW(Aed), dlzph)<ez

Since M is of type I, Remark implies that d(zpt) > c(zp). Now
from d(zpt) < ez it follows that c(zpt) < ez. As 0 < e < 1 we find that
zpt = 0. Thus z = zp. Then z = xp for some E € ¥. Since 2+ € W (A4, ¢,6)
one has xo\g € W(A,¢,6). Thus there exists B € X such that B C A,
WA\ B) <0, [xo\exs| <& < 1. Hence xp < xg. So we obtain

Izllxe < llzllxe = =]z = |lzz|| = [lxzpll = [Jzp]| < e.
This means that x € O(A4,¢,9). =
Lemma [2.4] implies the following

THEOREM 2.5. If M is a type I von Neumann algebra then the topologies
t(M) and t.(M) coincide.
REMARK 2.6. The equality (2.3)) implies that for type I von Neumann

algebras the definition of V' (A, ¢, d) can be written in a simpler way without
using the dimension function:

V(A,e,0)={x € LS(M):3z € P(Z(M)), zz € M,
lzz||lam < e, 2 € W(A,e,0)}.

It should be noted that the topology t.(M ) on general Banach—Kantorov-
ich spaces over a ring K of measurable functions was considered in [I7].
An important property of this topology, which will be used in the next
section (Theorem, is the following: the continuity of a K-linear operator
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on a Banach—Kantorovich space in this topology is equivalent to its K-
boundedness [17, Theorem 3.1].

LEMMA 2.7. Let M be a type I von Neumann algebra and let x € LS(M),
x > 0. If pxp = 0 for all abelian projections p € M then x = 0.

Proof. Since x > 0 we have x = yy* for some y € LS(M). Then

0 = pap = pyy"p = py(py)"
and hence py = 0. Therefore y*py = 0 for all abelian projections p € M.
But since M has type I there exists a family {p;}ic; of mutually orthogonal
abelian projections such that ) .. ;p; = 1. For any finite subset F' C J put
PF = Y ;cpPi- Since pp T 1, from yprpy* = 0 we deduce that yy* = 0, i.e.
r=yy*=0.u

3. Automorphisms of central extensions for type I von Neu-
mann algebras. Let A be an arbitrary algebra with center Z(.A) and let
T : A — A be an automorphism. It is clear that 7" maps Z(.A) onto itself:
indeed, for all a € Z(A) and x € A one has

T(a)T(x) =T(ax) = T(xa) = T(x)T(a),
which means that T'(a) € Z(A).
An operator T': A — A is said to be Z(A)-linear if T(azx) = oT(x) for

all a € Z(A) and = € A. Tt is easy to see that an automorphism 7': 4 — A
of a unital algebra A is Z(A)-linear if and only if it is identical on Z(A).

THEOREM 3.1. Let M be a von Neumann algebra of type I and let E(M)
be its central extension. Then each Z(E(M))-linear automorphism T of the
algebra E(M) is inner.

Proof. Let us show that T is ¢(M )-continuous. First suppose that the
center Z(M) is o-finite. Then the topology ¢(M) is metrizable and hence it
is sufficient to prove that T is t(M)-closed.

Consider a sequence {z,,} C E(M) such that ), 0, T(xy) SR Yy
Take x € E(M) such that T'(x) = y and let us show that = 0. Since

2 x, M), 0

and
T(c*z,) = T(@)T(2n) “2 T(a*)y = T(@")T(z) = T(z*x),

we may suppose (by replacing {x,} by {z*z,}) that z > 0.
Let p € M be an arbitrary abelian projection with ¢(p) = 1. Then

pr,p = app for some a, € S(Z(M)) and all n € N. Since z, ), 0 and
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c(p) = 1 it follows that a, YD 0. Therefore
H(M
T(p)T (@) T(p) = T(p2,p) = T(anp) = anT(p) “5 0.

On the other hand
(M)

T(p)T(zn)T(p) — T(p)yT(p),

thus T'(p)yT'(p) = 0 and hence

pap = T-YT(p)yT(p)) = T(0) =0,
i.e. pxp = 0 for all abelian projections with ¢(p) = 1. Therefore Lemma
implies that x = 0, i.e. T is (M )-continuous.

Now consider the general case, i.e. when the center Z(M) is arbitrary.
Take a family {z; };c; of mutually orthogonal central projections in M with
V,; % = 1 such that z,Z(M) is o-finite for all ¢ € I. By the above, 2T
is t(z; M)-continuous on z; E(M) for all i € I, where (z,1)(x) = T(zix) =
z;T(x) is the restriction of T to z;E(M), which is well-defined in view of
the Z(E(M))-linearity of T. Therefore T is t(M)-continuous on the whole
E(QM) = [T,e; 2E(M).

Further by Theorem the topologies t(M) and t.(M) coincide and
hence T is also t.(M)-continuous and according to [17, Theorem 3.1] there
exists ¢ € S(Z(M)) such that | T(x)| < c||z| for all x € E(M).

Take a sequence {z;,}nen of mutually orthogonal central projections in
M with \/,, z, = 1 such that z,c € Z(M) for all n € N. This means that
the automorphism 2,7 maps bounded elements from z, F(M) to bounded
elements, i.e. z,T(z,M) C 2z, M. Then given any n € N the automorphism
zn T, m is identical on the center of z,M. By a theorem of Kaplansky
[9, Theorem 10] there exist a, € z,M invertible in z,M and such that
2T (z) = apzay® for all z € 2,M. Put a = >, .| znan. It is clear that
a € E(M) and -

T(z) = Z 2T () = Z 20T (znz) = Z an(znt)ay, = aza™?

n>1 n>1 n>1
for all z € E(M). u

Let M be a von Neumann algebra of type I,, for some n € N. Then M is
k-isomorphic to the algebra M, (Z(M)) of all n x n matrices over Z (M) (cf.
[14, Theorem 2.3.3]). Moreover the algebra S(M) = E(M) is *-isomorphic to
M, (Z(S(M))), where Z(S(M)) = S(Z(M)) (see [2, Proposition 1.5]). If e;;,
i,7 = 1,n, are matrix units in M, (S(Z(M))) then each x € M, (S(Z(M)))
has the form

n
T = Zaijeij, aijES(Z(M)),i,jzl,n.
ij=1
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Let ¢ : S(Z(M)) — S(Z(M)) be an automorphism. Setting
(3.1) T¢( Z az’jeij) = Z P(aij)ei;
ij=1 ij=1

we obtain a linear operator Ty on My (S(Z(M))), which is in fact an algebra
automorphism. Indeed, for

n n
= aje, y= Y byei, ayby€S(Z(M)),i,j="Tmn,

ig=1 ig=1
we have
n n n
Ty(zy) = T¢( Z aijeij Z bkseks) = T¢( Z aijbjseis>
ij=1 k,s=1 ij,s=1
n n
= Z ¢(aijbjs)eis = Z ¢(aij)¢(bjs)€is
1,3,5=1 ,J,5=1
n n
= ) dlaig)ei Y dlbrs)ers = Tp(2)Ts(y),
ij=1 k,s=1

ie. Ty(xy) = Ty(x)Ty(y)-

The following property immediately follows from the definition of Ti:
if ¢ and ¢ are two automorphisms of S(Z(M)) then Ty o T, = Ty, in
particular T ¢_1 =Ty1.

REMARK 3.2. (i) If the automorphism ¢ on S(Z(M)) is nontrivial (i.e.
not identical) then it is clear that T cannot be an inner automorphism on
My (S(Z(M))).

(ii) It is known [7, Lemma 1] that every (algebraic) automorphism of
a C*-algebra is automatically norm continuous. But in our case this is not
true in general. Suppose that the abelian algebra S(Z(M)) is represented
as LO(£2, X, 1), with a continuous Boolean algebra X. Then A. G. Kusraev
[10, Theorem 3.4] has proved that S(Z(M)) admits a nontrivial band pre-
serving automorphism ¢ which is, in particular, ¢(M)-discontinuous, where
“band preserving” means that ¢ is identical on all projections z € S(Z(M)).
Then Ty is an example of a t(M)-discontinuous automorphism of £(M). In
particular, T is not inner.

THEOREM 3.3. If M is a von Neumann algebra of type I, then each
automorphism T of E(M) can be uniquely represented in the form
(3.2) T =T,o0Ty,

where Ty, is an inner automorphism implemented by an element a € E(M),
and Ty is the automorphism of the form (3.1) generated by an automorphism
¢ of S(Z(M)).
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Proof. Let ¢ be the restriction of T to Z(E(M)) = S(Z(M)). As men-
tioned earlier, ¢ maps Z(E(M)) onto itself, i.e. ¢ is an automorphism of
Z(E(M)). Consider the automorphism Ty defined by and put S =
To del. Since T and Ty coincide on Z(E(M)), it follows that S is identical
on Z(E(M)), i.e. S is a Z(E(M))-linear automorphism of E(M). By The-
orem [3.1| there exists an invertible element a € E(M) such that S = T,, i.e.
S(x) = aza™! for all z € E(M). Therefore T = S o Ty =T, o Tj.

Suppose that T' =T, 0Ty = Ty, o T, for a,b € E(M) and automorphisms
¢ and @ of Z(E(M)). Then T, ' o T, = T, 0 T, ive. Ty-14 = Tog-1. Since
Ty-1, is identical on Z(E(M)), so is ¢ o ¢~ L, i.e. p = ¢. Therefore T, = Ty,
i.e. Tb_l o7, =1Id and hence T, =T}. =

LEMMA 3.4. Let M be a von Neumann algebra and let T : E(M) —
E(M) be an automorphism. If x € E(M) and c(z) = 1 then ¢(T(x)) = 1.

Proof. Assume c¢(z) =1 and consider the central projection z € P(Z(M))
such that T'(z) =1 — ¢(T'(z)). Then

T(zx) =T(2)T(x) = (1 —c(T(x))e(T(x))T(x) =0

and hence zx = 0. Therefore zc(x) = 0, i.e. z = 0. This means that 0 =

T0)=1—-¢c(T(zx))=1,ie. c(T(x)=1. =

If ¢ is a x-automorphism of E(M) then it is an order automorphism and
hence maps M onto M. But for an arbitrary automorphism (non-adjoint-
preserving), this not true in general. For some particular cases one can obtain
a positive result.

LEMMA 3.5. Let M be an abelian von Neumann algebra and let ¢ :
E(M) — E(M) be a t(M)-continuous automorphism. Then ¢(M) C M.

Proof. Let x € M be a simple element, i.e.

n
T = E i€,
i=1

where \; € C, ¢; € P(M), ejej =0, i # j, i,j = 1,n. Let us prove that
#(z) € M and ||¢(z)||pr = ||7||ps- Since M is abelian and ¢(e;)? = é(e;),
it follows that ¢(e;) is a projection for each i = 1,n. Therefore from the
equality

P(z) = Z Aid(eq)
=1

we see that ¢(x) € M and moreover

lé@)lar = max [N = llallar
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Let now z € M be arbitrary. Consider a sequence {x,} of simple ele-

ments in M which ¢(M)-converges to = and |z, | < |z| for all n € N. Then

() 0, () and ||¢(zn)|lar = l|znllar < ||z||ar for all n € N. Therefore

6(2)] < oL, ie. ¢z) € M. =
We are now in a position to consider automorphisms of central extensions

for type I, von Neumann algebras.

THEOREM 3.6. Let M be a von Neumann algebra of type I, and let
T : E(M) — E(M) be an automorphism. Then T is t(Z(M))-continuous
on E(Z(M)) and maps Z(M) onto itself.

Proof. Since M is of type I, there exists a sequence {p, } 7> ; of mutually
orthogonal abelian projections in M with the central covers equal to 1. For
a bounded sequence {a,} from Z(M) put

o9
xr = E ApPn -
n=1

Then
TPp = Pp = anp, for allm € N.

Now let T be an automorphism of E(M) and denote by ¢ its restriction

to the center of E(M). If ¢, = T(pn), n € N, then
T(xpn) = T(2)T(pn) = T(2)qn
and
T(zpn) = T(anpn) = T(an)T (pn) = ¢(an)gn,
therefore
T(x)gn = ¢(an)an.
For the center-valued norm || - || on E(M) (see (2.1)) we have

lgnll T (@) = llgnT ()] = [|¢(an)anll = [#(an)lgn]-
Since ¢(¢n) = ¢(pn) = 1 (Lemma the latter inequality implies that

(3.3) IT(x)]| = [é(an)]-

Let us show that ¢ is t(Z(M))-continuous on E(Z(M)). If not, then
there exists a bounded sequence {a,} in Z(M) such that {¢(a,)} is not
t(Z(M))-bounded, which contradicts (3.3). Thus ¢ is t(Z(M))-continuous
and Lemma [3.5] implies that T maps Z (M) onto itself. m

REMARK 3.7. The t(Z(M))-continuity of 7" on E(Z(M)) easily implies
that the restriction of T" to E(Z(M)) and hence to Z(M) is a x-auto-
morphism (cf. [7, Lemma 1]).

Now we are going to show that similar to the case of type I,, (n € N) von
Neumann algebras, automorphisms of the algebras E(M) for homogeneous
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type I, von Neumann algebras (where « is an infinite cardinal number) can
also be represented in the form .

Suppose that ¢ : Z(M) — Z(M) is an automorphism. According to
[8, Theorem 1], ¢ can be extended to a s-automorphism of M, which we
denote by Ty. Since each *-automorphism is an order isomorphism and each
hermitian element of E(M) is an order limit of hermitian elements from M,
we can naturally extend Ty to a x-automorphism of E(M).

THEOREM 3.8. If M is a type I, von Neumann algebra, where « is
an infinite cardinal number, then each automorphism T on E(M) can be
uniquely represented as

T =T, 0Ty,

where T, is an inner automorphism implemented by an element a € E(M)
and Ty is the x-automorphism generated by an automorphism ¢ of Z(M) as
above.

Proof. Let ¢ be the restriction of T' to the center S(Z(M)) of E(M).
Then by Theorem [3.6, ¢ maps Z(M) onto itself. By [8, Theorem 1] as above
¢ can be extended to a x-automorphism of E(M). Now similar to Theorem
there exists a € E(M) such that T = T; o T4 and this representation is
unique. =

LEMMA 3.9. Let M and N be von Neumann algebras of type I and sup-
pose that M is homogeneous of type I,. If there exists an isomorphism (not
necessarily a x-isomorphism) T from E(M) onto E(N) then N is also of
type 1I,.

Proof. Let zy be a central projection in IV such that zy N is of type I3,
where [ is a cardinal number. Take a central projection zps in M such that
T(zp) = zn. Replacing M and N by zy M and zy N respectively we may
assume that zp; = 17, 28y = 1n.

Let {pi }icr (respectively {e;};cs) be a family of mutually equivalent and
orthogonal abelian projections in M (respectively in N) with \/,c;p; = 1
(respectively V. ; e; =1n), where |I| =, |J| = B. It is clear that c(p;) = 1m
for all ¢ € I.

Then ¢; = T(p;) is an idempotent (g7 = ¢;) but not a projection in
general. Let f; = s;(g;) be the left projection of the idempotent g;. Since f; is
the projection onto the range of the idempotent ¢; we infer that ¢; f; = f;, i.e.
figifi = fi, and moreover c(f;) = 1n, because c(g;) = 1n (see Lemma .
The equalities

aE(N)q = T(piE(M)p;) = T(Z(E(M))pi) = E(Z(N))ai
imply that for each x € E(N) there exists a, € F(Z(N)) such that ¢;zq; =
Az qi-
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Now we show that f; is an abelian projection. For z € E(N) and each f;
there exists a; € E(Z(N)) such that

¢ fix fiq; = a;iq;.
Thus
fixfi = (figifi)x(fiqi fi) = filaifiz fiqi) fi = fiaiqi fi = aifiqi fi = aifis
ie. fiE(N)fi = E(Z(N))f;. This means that f; is an abelian projection.

CASE 1: « and 3 are finite. Let @ be the normalized center-valued trace
on N. Then

Iy =8(1y) =Y _ 8(q) = ad(q1) = ad(fiq1) = ad(frq1f1) = ad(f1).
i€l
Since N is of type Iz, we have
1n = BP(f1).
Therefore a = .

CASE 2: o and § are infinite. For a faithful normal semi-finite trace 7
on N put
7i(z) = 7(fix), x € N.

For each i € I set
Ji={j e J:mi(e;) #0}.
Since {e;} is an orthogonal family, each J; is countable.

Suppose that there exists j € J such that 7;(e;) = 0 for all ¢ € I. Since

T(fiejfi) = T(fiej) = Ti(ej) = 0, we obtain fiejfi = 0. But from
0= fie;fi = fiejejfi = fiej(fie;)"
it follows that fie; = 0 for all + € I. And since \/,.; fi = 1y, this implies
that e; = 0, a contradiction. Therefore given any j € J there exists i € I
such that 7;(ej) # 0, i.e. j € J;. Hence
J =%
i€l

so B < aRp, and therefore § < «. Similarly a < .

This means that every homogeneous direct summand of the von Neu-
mann algebra N is of type I, i.e. N itself is homogeneous of type I,. m

It is well-known [I4] that if M is an arbitrary von Neumann algebra of
type I then there exists an orthogonal family {2 }aec of central projections
in M with sup,c; 2o = 1 such that M is *-isomorphic to the C*-product of
the von Neumann algebras z, M of type I,,a € J, i.e.

M = @ZQM.

aeJ
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In this case by the definition of the central extension we have

E(M) =[] E(zaM).
acJ
Suppose that T is an automorphism of E(M) and ¢ is its restriction to

the center E(Z(M)). Let us show that T maps each 2z, E(M) = E(z,M) onto
itself. Clearly T maps zo E(M) onto T'(z4)E(M). From Lemma 3.9]it follows
that the von Neumann algebra T'(z,)M is of type Io. Thus T'(z4) < za.
Suppose that z/, = 2o — T(24) # 0. By Lemma 3.9 we know that T—!(z, )M
is of type I, i.e.

0# 20 =Tz < 2a.
On the other hand

T(zazq) = T(2a)T(24) = T(2a)2q

(6
=T(20)(2a = T(20)) = T(2a) — T(24) =0,
i.e. zqzl = 0. Therefore since z/, < z, we have z!/ = 0, a contradiction.
Hence 2/, = 0, i.e. T(20) = Za-
Therefore ¢ generates an automorphism ¢, on each z,S(Z(M)) =
Z(E(zaM)) for a € J. Let Ty, be the automorphism of z,E(M) gener-
ated by ¢, a € J. Put

(3.4) Ty ({zatacs) = {Ts. ()},  {2atacs € E(M).
Then T} is an automorphism of E(M).
Now we can state the main result of the present paper.

THEOREM 3.10. If M is a type I von Neumann algebra, then each auto-
morphism T of E(M) can be uniquely represented in the form

T ="T,oTy,

where Ty, is an inner automorphisms implemented by an element a € E(M)
and Ty is an automorphism of the form (3.4)).

Proof. Let T be an automorphism of E(M) and let ¢ be its restriction
to Z(E(M)). Consider the automorphism T, on E(M) generated by the
automorphism ¢ as in above. Similar to the proof of Theorem
we find an element a € E(M) such that T = T, o Ty and show that this
representation is unique. =

Recall [5] that an operator T': E(M) — E(M) is called band preserving
if T'(zx) = 2T (z) for all z € P(Z(M)) and z € E(M), i.e. T is identical on
central projections of E(M).

Theorems and imply the following result which is an analogue
of [7, Theorem 5, Remark A] giving a sufficient condition for the innerness
of algebraic automorphisms.
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COROLLARY 3.11. If M s a von Neumann algebra of type I then each
band preserving automorphism of E(M) is inner.

Proof. Let ¢ be the restriction of T' to E(Z(M)). Since T is band pre-
serving it follows that ¢ acts identically on simple elements from Z(M).
Theorem implies that ¢ is ¢(Z(M))-continuous. Hence ¢ is identical on
the whole S(Z(M)) = E(Z(M)) and therefore by Theorem T is an
inner automorphism. =

REMARK 3.12. It is clear that the condition of the above corollary is
also necessary for the innerness of automorphisms of E(M).
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