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An upper bound for the distance to
finitely generated ideals in Douglas algebras

by

PAMELA GORKIN (Lewisbury, PA), RAYMOND MORTINI (Metz) and
DANIEL SUAREZ (Ntfez)

Abstract. Let f be a function in the Douglas algebra A and let I be a finitely
generated ideal in A. We give an estimate for the distance from f to I that allows us to
generalize a result obtained by Bourgain for H* to arbitrary Douglas algebras.

1. Introduction. The theory of division and multiplication in H°, the
algebra of bounded analytic functions, is well understood. One may also
view these results as contributing to our understanding of the behavior of
the ideals in this algebra. For example, if f and g are bounded analytic
functions and |f(2)| < |g(z)| for all points z in the open unit disk, D, then
f is divisible by g; in other words, f is in the principal ideal generated by
g. One can consider the corona theorem [3] to be a statement about ideals
as well: if fq,..., f, are bounded analytic functions and

lfiz)|+ ...+ |fu(z)] >0 >0 forall z €D,

then 1 is in the ideal generated by f1,..., fn. Wolff’s generalization of the
corona theorem ([6, p.329]) states that if f and fi,..., f, are bounded
analytic functions satisfying

fI <A+ . +[fa(z)]  onD,
then f2 is in the ideal generated by fi,..., f,. In [2], Bourgain proved

that if o is a real-valued function satisfying a(t)/t — 0 as t — 0 and if
fifis--o, fn € H are such that

[fl <alfil+- +[fal])  onD,

then f is in the closed ideal I generated by f1,..., fn. More recently, atten-
tion has turned to similar questions in algebras other than H°°. While these
results are about ideals in the algebras under consideration, they offer insight
into the structure of the algebra, division and factorization of functions.
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Let A be a uniform algebra. The maximal ideal space of A is defined
to be

My ={p:A— C: pis linear, multiplicative, and ¢ # 0}.

Provided with the weak-star topology, M4 is a compact Hausdorff space.
The Gelfand transform, defined by f(p) = ¢(f) for f € A and ¢ € M4, em-
beds A isometrically and isomorphically onto a closed subalgebra of C' (M 4).
In what follows, we will identify a function f with its Gelfand transform and
consider A as a uniform algebra on M 4. For H*, the multiplicative linear
functional which is evaluation at a point z of the open unit disk is identified
with the point and we think of the disk as contained in Mpyo. The corona
theorem is equivalent to the statement that the disk is dense in the maximal
ideal space of H*°. Thus, we may reformulate the theorems above in terms
of the maximal ideal space. For example, we know that if |p(f)| < |¢(g)| for
all ¢ € My, then f is divisible by g in H.

In this paper, we consider closed subalgebras A of L°° on the unit circle
containing H>°. Such algebras are called Douglas algebras (see [6, IX] for
definitions and general background). We then ask the questions above for
these algebras. The techniques involved in generalizing results for H* are
necessarily different, as there is no space as natural and as easy to work
with as the disk for a general Douglas algebra. A simple illustration of the
differences that we can find is that a formally valid version of Bourgain’s
theorem for a general Douglas algebra requires imposing the additional con-
dition «(0) = 0. The density of the disk in My~ makes the last condition
completely irrelevant when dealing with H°.

If f,g€ Aand |f| <|g| on My, is f divisible by g in A? Such questions
were first studied by Guillory and Sarason [8], who gave an example to show
that one can have |f| < |g| on M4, but f is not divisible by g in A. On the
other hand, for the algebra H*° 4 C, consisting of sums of bounded analytic
functions and continuous functions, they found the existence of an integer
N (independent of the function f) such that the condition |f| < |g| on
My c implies that fV is divisible by g. Though their example showed
that N cannot be chosen so that N = 1, K. Izuchi and Y. Izuchi [10]
showed that N = 2 does indeed work. In this same vein, one may ask the
following question. If f, f1,...,fn, € A and |f| < |fi| + ...+ |fn] on My,
how far is f from the ideal generated by fi,..., f,? From the comments
above, it is clear that f need not be in the ideal generated by fi,..., fn. In
this paper we carefully examine Bourgain’s proof and extend it to Douglas
algebras. Our examination reveals that Bourgain’s theorem can be stated in
a more quantitative form. In particular, we will provide answers to questions
about closed ideals by determining an upper bound for the distance from
the function f to the ideal I in the Douglas algebra.
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2. Carleson measures and regions. In this section we state several
known results that are required during the rest of the paper.
The pseudohyperbolic metric is defined for z,w € D by

o(zw) =[(z —w)/(1 - wz)].
For 0 <r <1 and 6y € [0,27) let
Q={zeD:1-r<|z|<1land by <argz < by+2nr}.

If p is a complex measure on D such that there is a positive constant C
with |u|(Q) < Cr for all such @, then p is called a Carleson measure. The
smallest constant C' will be denoted by ||u||¢. Consider the Cauchy—Riemann
operator 0 = 271(9/0z+1i0/dy). In [11] Jones constructed a special solution
in the distributional sense of the equation 0G = j, where u is a Carleson
measure (see also [6, pp.358-361]). We summarize his result in the next
lemma.

LEMMA 1. Let i be a Carleson measure on ID. Then there is an absolute
constant K >0 and a function G(z) defined for every z € D and for almost
every z € OD, such that G = p, ||G| g (op) < K||pllc, and

(1) L )G de =\ F(=)du(z)  for all f € HY.

21
oD D

The function G of the lemma is given constructively. When u = gAp,
where I' C D is a rectifiable curve whose arclength induces a Carleson
measure Ap, and g is a bounded function on I', the proof in [6, pp. 358-363]
shows that if 0 < a < 1 then G is bounded and analytic on {z € D :
o(z,I") > a}.

The next result was proved by Marshall (see [12] or [6, VIII. 4]) in transit
to proving his part of the Chang-Marshall theorem.

LEMMA 2. Given 0 < a < 1 there exists 3(«), with o < f(a) < 1, such
that for any inner function u there is a set R C D with rectifiable boundary
such that

{lu(z)| = (@)} € R C {[u(z)| = a}
and ||Marllc < K, where K > 0 is an absolute constant.

Clearly, if 0 < a; < ag < 1 then the parameter 5(a2) in the lemma also
works for «q. This makes the lemma most interesting when « is close to 1.
The lemma holds under the more general assumption that u is a harmonic
function on D with |u(e®)| = 1 almost everywhere on dD. This result allowed
Marshall to show that if A is a Douglas algebra and U C Mg~ is an open
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neighborhood of M4, then there is an inner function b such that |b| =1 on
My and sup{|b(z)| : z € D\ U} < 1.

At the opposite extreme there is a result of Bourgain [2] stating that if
b is a Blaschke product and 0 < € < 1, then there is a region R C D with
rectifiable boundary OR such that [|[Agr|/c < C (an absolute constant), and

(2) {lo(2)l < d(e)} € R C {[b(2)] < e},

where 0 < §(¢) < €. The main difference between this result and Carleson’s
original construction for the corona theorem is that ||Agr||c is bounded in-
dependently of €. In [2, p. 166] it is stated without proof that (2) holds for
every function in the unit ball of H*. We briefly sketch below a proof of
this fact that is based on a standard argument given in [6, p.334]. Factor
f = Fb, where F' is zero free on D, ||F|| < 1 and b is a Blaschke product.
Changing d(e) it is enough to show that (2) holds separately for F' and b.
Fix an arbitrary g9 € (0,1) and let 0 < e < 1. Now let p = p(e) > 0 be
such that ef] = e. Applying Carleson’s result to the function F1/P we see
that there exists a vy depending on ¢y and a region S C D with rectifiable
boundary such that

{[FYP(2)] <70} € S C{|F'7(2)] < e},
and [[Ags|lc < C(eo), a constant independent of . This clearly means that
(2) holds for F' with d(¢) = fyg(g). Summing up, we can restate Bourgain’s

result as

LEMMA 3. For 0 < ¢ < 1 there exists 0 < d(¢) < e with the following
property. If f € H* has norm 1 then there is a region R C D such that

(3) {If () <d(e)} c R A{lf(2)] < e},
and |[Aorllc < C, where C > 0 is an absolute constant.

We can assume without loss of generality that the region R in either of
Lemma 2 or 3 is open or closed (in the topological space D). Also, for techni-
cal reasons, it will be useful to assume that the function §(¢) of Lemma 3 is
continuous and strictly monotone. This can be achieved using the following
elementary argument:

Suppose that a function §(e) satisfying the lemma has already been given
and choose a sequence {rj};>1 such that 0 < r, < §(1/2%) and rpyq < 7.
Let §* be the function defined in each interval [1/28T1 1/2%], with k > 0, by

(/2P + (1 —t)/2") =t + (1= t)rpye (0<E< ).
As easily verified, §* is continuous, strictly increasing and
5% () < rpp1 < 8(1/28Th) when € € [1/2F71/2F).

Since § satisfies the lemma, the two inequalities 6*(¢) < &(1/28*1) and
£ > 1/2F*! immediately imply that 6* does also.
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3. The distance estimate. The next theorem generalizes a result dis-
covered by Bourgain about the algebra H* to arbitrary Douglas algebras
[2]. The proof is based on Bourgain’s proof; the essential difference is that
some estimates involving O-equations are no longer valid on I, but rather
on regions of D that are asymptotically close to the maximal ideal space of
the Douglas algebra. In the next theorem, () is the function of Lemma 3
and C denotes a positive absolute constant, not necessarily the same in each
occurrence.

THEOREM 4. Let A be a Douglas algebra and let f, f1,...,fn € A be
such that ||f|| =1 and || fj]| < 1 for j =1,...,n. Let I C A be the ideal
generated by fi1,..., fn and 0 < e < 1. Suppose that |fi|+ ...+ |fn] >0 on
the set {x € My : |f(z)| > d(e)}. Then there is an absolute constant C > 0
such that

dist(f, 1)

§€+ansup{ |/ ()]

[fi(@)[ 4.+ [ fa(2)]

Proof. In what follows, we will write ¢ in place of §(¢). Also, in order to
simplify the proof we have divided it in four steps, and present these below.

tx € My, 6(e) < |f(x)| < E}.

STEP 1: Preliminary estimates. Assume first that f, f1,..., fn € H*®.
By Lemma 3 there exists an open set R C D such that
(4) {lFr)l <d} c RC{lf(2)] <€}

and |[Agrllc < C. Write F = |fi| + ...+ |fn] and take v > 0 such that
v <inf{F(z) :x € My, |f(x)] > d}.

Then there exists an open neighborhood U of M4 in M such that

(5) F(z) >~ whenever x € U and |f(z)| > 6.

Notice that v < n since || f;|| < 1 for all j. By a result of Dahlberg [5] (see
also [6, VIII, Thm. 6.1]), for 7 > 0 there exist v; € C*°(D), for 1 < j < n,
such that

(6) 1fi = villey <7 and |[|Vyjldzdylec < CT7"

An elementary estimate yields |f101+. ..+ fuUn| > n 7 (| f1] +. .. |fu])? —nT.
Hence, if we take 7 = 72/(2n?), (5) gives

F2 72 F2
Ui+...+ | 2 | ——5= ] 2 5= >0y
D 1wt fiol > (- 1) 2 50 onUnDN{f12 )

Since U is an open neighborhood of M 4, using Marshall’s half of the Chang—
Marshall theorem we obtain an inner function w such that |u| = 1 on My
and |u| < a on D\ U for some 0 < a < 1. Let () be the parameter given
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by Lemma 2 and choose e with 5(a)) < ag < 1. Therefore, applying Lemma
2 we obtain a closed region Ry C ID such that

(8)  Rg:={|u(z)[ > a2} C {lu(z)] > B(a)} C R1 C {|u(z)| > o} CUND,

and ||[Asr, |lc < C. Observe that Ry \ R C UNDN{|f] > ¢} by (8) and (4).
Let

gj = Ej(flﬁl + ...+ fnin)_1XR1\R7 1< .7 < n,

where, as usual, y g denotes the characteristic function of the set E. By (7)
and (6), on UNDN{|f| >} we have

© 1o <205 SQ”%CEHT) < 2n|_{7|<1+1> < /]

F F F F

where the last inequality holds because 7 = v2/(2n?) < /2 < Fon UNDN
{lf] > ¢}. Since the support of g; is contained in U ND N {|f| > ¢}, (5) and
(9) yield

(10) 1£gill Loy < dny 1.

STEP 2: Bounded solutions of some 5—equat7§0ns._ We will use Lemma 1
to find solutions with L>°(9D)-norm control of the d-equations

(11) dajk = f9;09
and
(12) gb] = fngR25XR1\R7

where 1 < j,k < n. Here 0 Ri\Rdzdy is a complex measure whose variation
is essentially Ag(g,\Rr)- Since

dgi = Ovy, (i fﬁi) _IXRl\R
=1

— T, (2”: fﬁi) - (f: fﬁ@') XRi\R + Uk (i fﬁi) 715XR1\R7
=1 i=1 i=1

we find that (6), (7) and our choice of 7 lead to

2
_14n

_ 2
|0gx dxdyl|c < CT_I—Z +C(+7)nt 1
Y Y

2n
+(1+ 7’)?(")\8}21 llc + [ Xarllc)

TL3 TL5 n n 6
<Clg+5+5)<Cc(=]),
7ty gt
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where the last inequality holds because n/vy > 1. Using this estimate, (10)
and Lemma 1 we see that there exists a solution of (11) such that

7
n
(13) llajkll Lo omy < C (;) .
On the other hand, by (8) the measure pu = ‘fgj’XRz)‘(’?(Rl\R) is majorized
by |fg;|Ar,nor- Since (4) and (8) imply that Ry NOR C {z e UND:6 <
|f(2)| < €}, (9) yields
(14) lulle < Sup{|fgj| czeUND, 6 <|[f(2)] <e}l|Aarlle
< dnsup{|f|F~" 2 € U, 0 < |f()] < e}Momle.

Let S = sup{|f|F~':x € Ma, § <|f(z)| < e}. Then given any ¢ > 0 we
can choose the open neighborhood U of M4 so small that

sup{|fIF ' :2z€U, 6 <|f(z)| <e} < S+
Putting this estimate together with |[A\grll¢c < C in (14) we get
ulle < Cn(S + Q).
Now Lemma 1 tells us that (12) admits a solution satisfying
(15) 105l oo (amy < Cn(S + C),
where ( > 0 can be taken as small as we wish.

STEP 3: Correcting the functions g;. Consider the functions

(16) hj=fgi+ Y (ak—ar)f—b; (1<j<n).

1<k<n
For applications we need to show that h; has a bounded boundary function
a.e. on 0D that satisfies an equality like (1). This clearly reduces to proving
the same for fg;.

PROPOSITION. The function fg; has a radial limit at almost every point

of 0D, such that
1 _
(17) 5= § k() (f9))(2) dz = [ K(2)D(fg;)(2) dudy  for k € H.
i) D

Proof. Using the fact that the H* functions f; are uniformly continuous
with respect to o and (7), we see that there is some 0 < &y < 1 such that
| >0 fivs| is bounded below away from zero on the set V = {z € D :
o(z, R1 \ R) < &}. Therefore

q:= [U;(fiT1 + ...+ fuT,) "t € C°(V) N L®(V).

Let 0 < & < min{p,1/4}. We can modify xg,\r on a pseudohyperbolic
§-neighborhood of O(R; \ R) to obtain a function ¢¢ € C*(ID, [0, 1]) such



30 P. Gorkin et al.

that (1 — |w|)|Ve(w)| < c£~! for some ¢ > 0. Since Ag(g,\g) is a Carleson
measure, so is |Vo¢|dzdy.

Thus, q¢¢ € C(D) N L>*(D), qp¢ = qxr,\r outside a pseudohyper-
bolic &-neighborhood of (R; \ R), and |9(q¢¢)|dxdy is a Carleson measure.
Clearly, the measures d(q¢¢)dxdy converge weak-star to d(qx g,\r)drdy as
¢ — 0T. Hence,

(18) S k:g(qul\R) drdy = gli%lJr S kd(qpe)dxdy  for k € H™.
D D

We claim that both functions ¢¢ and x g\ g have nontangential limits a.e. on

0D and that they coincide. There is a standard procedure to pick an inter-

polating sequence {wy,} in (R \ R) (see [6, p. 341]) such that o(z, {wn}) < ¢

for every z € 9(R;1 \ R). Let b be the associated Blaschke product. If z € D

is such that o(z, z9) < € for some zp € I(R; \ R) then

o(z {wn}) < (2, 20) + o(20, {wn}) <26 <1/2.

This means that |[b] < 1/2 on the set W = {z € D : o(2,0(R1 \ R)) < &}.
The claim follows because b has nontangential limits of modulus 1 a.e. on
ID, and ¢¢(z) = Xr,\r(2) when o(z,0(R1 \ R)) > ¢.

Since |Vu;|dxzdy is Carleson by (6), the proof of Corollary 6.2 in [6,
pp. 348-349] shows that v; has radial limit a.e. on 0D (for 1 < i < n).
Hence, the same holds for gxg,\r, and g¢¢ = qxg,\r in L>°(9D). Therefore

(19) % [ k(2)(a0e)(2) dz = % | k() axmnm)(2)de for k€ H*.
oD oD

For a fixed £ let 0 < r < 1 and write Ge¢,(2) = (q¢e¢)(rz). By Green’s
theorem

1 _
(20) 50 S k(rz)Ge,(2)dz = Sk(rz)(aG&T)(z) dedy for k€ H*™.

T ap D
By changing the variable w = rz (with w = u + iv), the second integral
becomes

| k(@)rdaee) (@) xon(w)r2 dudv.
D

Since |9(q¢¢)| € L' (dudv), we can apply the dominated convergence theorem
to this integral as 7 — 17, and since |G rl|zom) < |Iqllzoo(v) for every r,
we can do the same with the first integral in (20). Then
1 _
5 ) k(@) (000 (2) dz = [ k(2)(qo¢) (2) dudy  for k € H*.
oD D

Since gxg,\r = [fgj, the proposition follows from the above equality, (18)
and (19). =
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By (17) and Lemma 1,

(21) 2%” (}Dk(Z)hj(Z) dz = é}k‘(z)ghj(z) drdy for k € H™.

By (10) and (13) the L°(0D)-norms of the functions h; are bounded by
Ko+ |65l o (om), where Ko > 0 is a constant that only depends on n and .
Since S < 1/~ by (5), taking ¢ < 1 in (15) we obtain a function K(n,v) > 0
such that

(22) 171l oo (am) < K (n,7).

Since

(23) > frgk = XE\R
k=1

we see that > p f10gi = 5XR1\Ra and since R; is closed and R is open,

fggj is supported on R; \ R. This means that fggj = XRl\nggj- Therefore
(11), (12) and (23) yield

(24) Oh; = f0g; + Z(fgjggk — f9x99;) fr. — Ib;
k=1

= f9g; [XRl\R -> fkgk} +fg; Y frOgr — b,
k=1 k=1

= f9;0xRr\r — Obj = [95XD\RyOX 1\ R-
By (10) the measure
V= [giXD\RyAO(R:\R)

is majorized by Cn’y‘lxm\ R, (Aor, +Aor). Therefore v is a Carleson measure
of the type considered in the comment that follows Lemma 1. It is supported
on a curve contained in D\ Ry = {z € D : |u(z)| < as}. Choose ag with
ag < ag < 1. If z € D is such that |u(z)| > as, then for every w in the
support set of v, denoted by supp v, the Schwarz—Pick inequality implies

that
a3 — Q9

o(z,w) > o(u(z),u(w)) > =a > 0.

1-— a3 (xg
That is, o(z,suppv) > a whenever |u(z)| > a3. By Lemma 1 and the remark
that follows it, there exists a function G; on I such that
(i) 5Gj = fngD\RggXRl\Rv
(ii) |Gjll Lo om) < Cllvlle, and
(iii) G; is bounded and analytic on the set {z € D : |u(z)| > as}.
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By (i) and (24) the function d; := h; — G; satisfies the equation dd; = 0,
and therefore is analytic. By (ii) and (22), ||d;|[z~(p) < oo. In order to
conclude that d; € H> we observe that by (1) and (21),

1 ) 00
90 S k(z)dj(z)dz = S k(z)0dj(z)dxdy =0 for k € H™.
oD D

Hence hj = dj — Gj is bounded and analytic on {z € D : |u(z)| > as}.
Since |u| = 1 on M4, Theorem 5.2 of [6, p.392] says that h; € A. By (16)
and (23),

(25)  fxr — D fihi =f (xR, — Xro\R) + D fibi = FXRinR + Y fib)-
j=1

j=1 j=1

Since R1 N R C {|f| < e} by (4), we have || fXR,ngl 1~ m) < €. Finally, since
(8) implies that xr, =1 in L*°(9D), going back to (25) we see that

Hf - ijthLoo(BD) < fxmnaleom + > 15l om)
=1 =1

<e+n?C(S+¢) <e+Cn®S+,

where ¢/ = Cn?¢ > 0, and the second inequality follows from (15). Since ¢
can be taken arbitrarily small, we have dist(f, ) < e + Cn2S, as claimed.

STEP 4: The general case. Now suppose that f, fi,..., fn € A are any
functions satisfying the hypothesis of the theorem, and let 0 < v < inf{|f1|+
coot+|fnul 2 |f] = 6(e)}. By the Chang—Marshall theorem, for n > 0 there

are ¢, g1, ..., 9n € H* with norm <1 and ||g|| = 1, and an inner function u
with |u] =1 on My, so that
(26) If —agll <n and |[[f; —ug;ll <n (1<j<n).

If we fix some gg > €, our assumption that § is a strictly increasing contin-
uous function allows us to take 1 so small that §(¢) < d(e9) — 1. Therefore
(26) implies

{0(e0) < lgl} < {d(e0) —n < [f1} < {d(e) < If1},

where the sets are considered as subsets of My4. Hence, if 7 is sufficiently
small, the above inclusions and (26) yield

g1l + -+ lgnl =D (151 = 15 —1g;l) = v —nn > 4/2 on {d(c0) < |g]}-
j=1

Let G = |g1| + ... + |gn|- In the previous case we proved that under these
conditions, for an arbitrary ¢’ > 0 there exist h; € A with ||h;|| < K(n,v/2),
for 1 < j5 < n, such that
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(27) Hg - Zn: hjng
j=1

<eg +C’n2sup{% cx € My, 0(e0) < |g(x)| < 50} + .

On the other hand, (26) implies that

|7 =2 mats| < 1 =gl + [[ato — 3 k]| + 3 Wbl - i — £
j=1 j=1 Jj=1

<n+ Hg -> hjng + nK(n,v/2)n.
j=1

Since K(n,~/2) does not depend on n or g9 and {d(g0) < |g] < g9} C
{6(e) < |f| <eop+mn}, by letting n — 0, g — ¢ and applying both (26) and
(27), we obtain the desired result. m

The technicalities involved in the proof of Theorem 4 are specific for a
Douglas algebra other than H°°. A simplified version of the proof also works
for H°°. However, in this particular case, this “simplified version” reduces
to a careful examination of Bourgain’s proof. While ideal theory for H° has
been widely examined, many questions remain open (including a complete
description of the closed ideals [7]). Ideal theory for Douglas algebras other
than H® remains even more elusive due to the sort of study presented in
the proof above.

4. Consequences and examples

COROLLARY 5. Let A be a Douglas algebra and f, f1,..., fn € A. Sup-
pose that there is a real-valued function a such that o(0) = 0, a(t)/t — 0
ast — 0 and

(28) [fl<allfil+...+[fal)  on Ma.
Then f belongs to the closed ideal I generated by f1,..., fn.

Proof. The result above is clear if f = 0. If this is not the case, we
may assume without loss of generality that ||f|| = 1 and || f;|| < 1 for all
j. Indeed, if @ > 0 is a number such that |laf;|| < 1 for 1 < j < n, then
IFI/IFN < allafi|+. ..+ |afn]), where a(t) = || f||~'a(a~'t). Now, condition
(28) clearly implies that the hypothesis of Theorem 4 is satisfied for every
e>0. Let € >0 and write F' = |fi| + ...+ |fal If 6(g) < |f(x)| < &, then

|/ (@)| [ e aF(x))

< = .
R =" TN EG) TR

By hypothesis sup{m(z) : §(¢) < |f(z)| < e} — 0 as € — 0. The result now

follows from Theorem 4. m
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It is clear that the above corollary holds for A = L under the relaxed
hypothesis a(t) < Ct for some C > 0. We will see that this is not the case
for any other Douglas algebra. When A = H°, by modifying an example
of Rao [13], Bourgain showed that there are two Blaschke products by, bo
such that biby is not in the closed ideal generated by b2 and b3, though
clearly |b1ba| < |b3|+|b3|. In [7] it is shown that a modification of Bourgain’s
construction works for any Douglas algebra other than L°°. That is, for every
Douglas algebra A # L there are Blaschke products by, by (depending on
A) such that b1by is not in the closed ideal of A generated by b% and b%. A
more dramatic example can be given for a Douglas algebra different from
L and H®°, as we show below.

ExAMPLE. Let p, be the representing measure of z € Mpye. If f € L™,
the formula

flx) =\ fdp.

determines a natural continuous extension of f to Mpye~. When f belongs
to a Douglas algebra A and = € M4 then this value of f(x) coincides with
the usual value given by the Gelfand transform.

Let A be a Douglas algebra different from L* and H®°. Then there
exists a clopen set E C My~ such that xyg € L*\ A. By Axler’s theorem
[1, Thm. 1] there is a Blaschke product b such that bxyp € H* + C. Since
H® + (C is regular on My~ (see [1, Cor. 1]) and E° = My~ \ E is a clopen
set, the theorem of [9, p. 190] says that

(29) bxg=0 on{x € Myeic:supppu, N E°# D}
= {:E S MH°°+C : XE(I‘) < 1}.
On the other hand, if x € My ¢ is such that xg(z) = 1, then supp p, C E.

Consequently,

(30) bxe)(@) = | bxedp.= | bdu. =b).

SUPP fig SUp fi:
By (29) and (30) we have |byg| < |b] on Mge4c, and hence on M 4. How-
ever, if f € A then

loxe —bf || = lIxe — fIl = dist(x&, 4) > 0,
implying that bxyg does not belong to the closed ideal of A generated by b.

Let I be an ideal in a Douglas algebra A and f € A. Our next result
shows how to use Theorem 4 to provide a sufficient condition for f € I, even
when [ is not finitely generated. The result, which cannot be deduced from
Corollary 5, illustrates the main advantage of Theorem 4 over Corollary 5.

COROLLARY 6. Let A be a Douglas algebra, I C A an ideal and f € A be
a function of norm 1. Suppose that there exist v > 0 and a positive integer n
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such that for every 0 < § < 1 there are f1,...,fn € I of norm at most 1
satisfying

[fil +- +lfal =2y on{ze Ma:[f(z)] =6}
Then f is in the closure of I.

Proof. Given 0 < € < 1, let d(¢) as in Theorem 4. By hypothesis there
are f1,..., fn € I such that |fi| + ...+ |fu| > v on {|f| > d(¢)}. Theorem
4 then says that dist(f,I) <e+Cn?ey ! - 0ase— 0. u

For an ideal I in the Douglas algebra A let
Z(I)={xeMs: f(z)y=0forall fel}, J={feA:f=0o0nZ(I)}.

Then J is the largest ideal of A with the property that Z(J) = Z(I), or
equivalently, it is the intersection of all the maximal ideals that contain I.

It is clear that if I denotes the closure of I then I C J, and we will see
that Corollary 6 provides a sufficient condition for the reverse inclusion. In
fact, suppose that there are v > 0 and a positive integer n such that for every
open neighborhood V' of Z(I) there exist f1,..., fn, € I of norm at most one
with |fi| + ...+ |fn] > v on My \ V. Therefore, if f € A is a normalized
function with f = 0 on Z(I), then the set Vs = {& € My : |f(z)] < §} is
an open neighborhood of Z(I) for every 0 < § < 1. Thus, the corollary says
that f € I.
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