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Infinitely divisible cylindrical measures on Banach spaces
by

MARKUS RIEDLE (London)

Abstract. In this work infinitely divisible cylindrical probability measures on arbi-
trary Banach spaces are introduced. The class of infinitely divisible cylindrical probability
measures is described in terms of their characteristics, a characterisation which is not
known in general for infinitely divisible Radon measures on Banach spaces. Further prop-
erties of infinitely divisible cylindrical measures such as continuity are derived. Moreover,
the classification result enables us to deduce new results on genuine Lévy measures on
Banach spaces.

1. Introduction. Probability theory in Banach spaces has been exten-
sively studied since 1960 and several monographs are dedicated to this field,
e.g. de Araujo and Giné [7], Ledoux and Talagrand [II] and Vakhaniya et
al. [21]. This area is closely related to the theory of Banach space geometry
and it has applications not only in probability theory but also in operator
theory, harmonic analysis and C*-algebras.

Cylindrical stochastic processes in Banach spaces appear naturally as
the driving noise in stochastic differential equations in infinite dimensions,
such as interest rate models. Up to now, cylindrical Wiener processes are
the standard examples of the driving noise, which restricts the noise to
a Gaussian perturbation with continuous paths. A natural non-Gaussian
and discontinuous generalisation is introduced by cylindrical Lévy processes.
The notion of cylindrical Lévy process appears for the first time in Peszat
and Zabczyk [16] and it is studied by Brzezniak et al. [3], Brzezniak and
Zabczyk [4] and Priola and Zabczyk [17]. The first systematic introduction
to cylindrical Lévy processes appears in Applebaum and Riedle [I].

The introduction of cylindrical Lévy processes in [I] is based on the
theory of cylindrical or generalised processes and cylindrical measures (see
for example Schwartz [20] or Vakhaniya et al. [2I]). The approach in [I] is
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inspired by the analogous definition for cylindrical Wiener processes (see
Kallianpur and Xiong [10], Métivier and Pellaumail [I4] or Riedle [I8]).
In the same way as cylindrical Wiener processes are related to the class
of Gaussian cylindrical measures, the introduction of cylindrical Lévy pro-
cesses in [I] leads to the new class of infinitely divisible cylindrical measures
which have not been considered so far. Since the article [I] focused on cylin-
drical Lévy processes and their stochastic integral, no further properties of
infinitely divisible cylindrical measures were derived. In this work we give a
rigorous introduction of infinitely divisible cylindrical measures in Banach
spaces and derive some of their fundamental properties. Some of our results
also give a new insight on genuine infinitely divisible Radon measures on
Banach spaces.

The main result is a characterisation of the class of infinitely divisible
cylindrical measures in a Banach space in terms of a triplet (p, ¢, ) where
p, q are some functions and v is a cylindrical measure. This result is surpris-
ing since for infinitely divisible Radon measures in Banach spaces such a
classification is not known in general (see de Araujo and Giné [7]). Further-
more, since in analogy to the characteristics of Lévy processes the triplet
describes the deterministic drift, the covariance structure of the Gaussian
part and the jump distribution, it provides the construction of an infinitely
divisible cylindrical random variable for given data specifying these prop-
erties. Moreover, this main result enables us to derive the following two
important conclusions.

The first one concerns the following problem: even in the finite-dimen-
sional case, a probability measure on R? such that all image measures under
linear projections to R are infinitely divisible might not be infinitely divisible
(see Giné and Hahn [8] and Marcus [13]). However, a question left open is if
a probability measure on an infinite-dimensional space is infinitely divisible
whenever all its linear projections to R™ for all finite dimensions n € N are
infinitely divisible. By the characterisation of the set of infinitely divisible
cylindrical measures mentioned above we are able to answer this question
in the affirmative.

The second conclusion of our main result concerns the characterisation
of Lévy measures in Banach spaces. In a Hilbert space H it is well known
that a o-finite measure v is the Lévy measure of an infinitely divisible Radon
measure if and only if

(1.1) | (lull® A1) v(du) < oo
H

(see for example Parthasarathy [I5]). Although this integrability condition
can be used to classify the type and cotype of Banach spaces (see de Araujo
and Giné [6]), in general Banach spaces such an explicit description of in-
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finitely divisible measures in terms of the Lévy measure v is not known.
Even worse, the condition might be neither sufficient nor necessary
for a o-finite measure v on an arbitrary Banach space U to guarantee that
there exists an infinitely divisible measure with characteristics (0,0, v) (see
for example U = C[0,1] in Araujo [5]). However, we show in the last part
of this work that a o-finite measure v satisfying the weaker condition

(1.2) S (|{u,a)|* A1) v(du) < oo for all a € U*

U
always generates an infinitely divisible cylindrical measure u. This result
reduces the question whether a o-finite measure v generates an infinitely di-
visible Radon measure to the question whether the infinitely divisible cylin-
drical measure p extends to a Radon measure.

2. Preliminaries. For a measure space (S, S, 1) we denote by L (S, S),
p > 0, the space of equivalence classes of measurable functions f : S — R
which satisfy {|f(s)P p(ds) < oo.

Let U be a Banach space with dual U*. The dual pairing is denoted by
(u,a) for w € U and a € U*. The Borel o-algebra in U is denoted by B(U)
and the closed unit ball at the origin by By := {u € U : ||u|| < 1}.

For every aq,...,a, € U* and n € N we define a linear map

Tar,an U =R, 7o e, (w) = ((u,a1),...,(u,an)).
Let I" be a subset of U*. Sets of the form
Z(al,...,an;B) :i={ueU: ((u,a1),...,{u,a,)) € B} = 7! (B),

QA1 ,eeyQn
where ay,...,a, € I' and B € B(R"), are called cylindrical sets. The set of
all cylindrical sets is denoted by Z(U, I') and it is an algebra. The generated
o-algebra is denoted by C(U,I") and called the cylindrical o-algebra with
respect to (U, I'). It I' = U* we write Z(U) := Z(U, ') and C(U) := C(U, I).

A function p: Z(U) — [0, 00] is called a cylindrical measure on Z(U) if
for each finite subset I' C U* the restriction of p to the o-algebra C(U,I")
is a measure. A cylindrical measure is called finite if u(U) < oo, and a
cylindrical probability measure if p(U) = 1.

For every function f : U — C which is measurable with respect to
C(U,T) for a finite subset I" C U* the integral { f(u) p(du) is well defined
as a complex valued Lebesgue integral if it exists. In particular, the char-
acteristic function ¢, : U* — C of a finite cylindrical measure 1 is defined
by

pula) == S e u(du)  for all a € U*.
U
In contrast to probability measures on B(U) there exists an analogue of Boch-
ner’s theorem for cylindrical probability measures (cf. [21I, Prop. VI.3.2]):
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a function ¢ : U* — C with ¢(0) = 1 is the characteristic function of
a cylindrical probability measure if and only if it is positive-definite and
continuous on every finite-dimensional subspace.

For every ai,...,a, € U" we obtain an image measure p o 7r;11 on

yeeeyAm
B(R™). Its characteristic function ¢ 1 is determined by that of p:

HOTqq,..., an

(2'1) SOHOWa_ll an (t) = ‘Pu(tlal +--+ tnan)

for all t = (¢1,...,t,) € R™.
If p1 and po are cylindrical probability measures on Z(U) their convo-
lution is the cylindrical probability measure defined by

(11 % 12)(Z) = | 11(Z — w) pa(u)
U

for each Z € Z(U). Indeed if Z = 7Ta_11,...
B(R™), then it is easily verified that

(m % p2)(Z) = (momg! ) (p2om,! . )(B).

,,,,, an yeeam

(B) for some ay,...,a, € U*,B €

,an

A standard calculation yields ¢, = @, Pu,- For more information about
convolution of cylindrical probability measures, see [19]. The k-fold convo-
lution of a cylindrical probability measure p with itself is denoted by p**.

3. Infinitely divisible cylindrical measures. For later reference, we
begin with the well understood class of infinitely divisible measures on R.
A probability measure ¢ on B(R) is called infinitely divisible if for every
k € N there exists a probability measure ¢} such that ¢ = (¢;)**. It is well
known that infinitely divisible probability measures on B(R) are charac-
terised by their characteristic function. The characteristic function is unique
but its specific representation depends on the chosen truncation function.

DEFINITION 3.1. A truncation function is any measurable function A :
R — R which is bounded and satisfies h = Id in a neighborhood D(h) of 0.

Given a truncation function h a probability measure ¢ on B(R) is in-
finitely divisible if and only if its characteristic function is of the form

(3.1) e :R—C, ¢(t) =exp (z’mt — L 4 S Un(s,t) n(ds))
R

for some constants m € R, r > 0 and a Lévy measure n, which is a o-finite
measure 1 on B(R) with n({0}) = 0 and

| (Is]> A 1) n(ds) < oo.
R
The function th is defined by
Un RxR—C, (s, t) =€ —1—ith(s).
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In this situation we call the triplet (m,r,n), the characteristics of (. If ' is
another truncation function then (m’,r, 1) is the characteristics of ¢ with
respect to I/, where

m' :=m+ | (W (s) — h(s))n(ds).
R
The integral exists because h/(s) — h(s) = 0 for s € D(h')ND(h) and h and
B’ are both bounded. From Bochner’s theorem and Schoenberg’s correspon-
dence (see [21, Ch. IV.1.4]) it follows that the function

t — (s, ) n(ds)
R
is negative-definite for all Lévy measures 1. By choosing 1 = d,, where dg,
denotes the Dirac measure at sg for a constant sg € R, we conclude that

(3.2) t— —zﬁh(so, t) is negative-definite for all sy € R.

Now, we turn to the general situation of an arbitrary Banach space U.
A Radon probability measure p on B(U) is called infinitely divisible if for
each k € N there exists a Radon probability measure p; such that p =
(ur)**. We generalise this definition to cylindrical measures:

DEFINITION 3.2. A cylindrical probability measure p on Z(U) is called
infinitely divisible if for each k € N there exists a cylindrical probability
measure gy, such that p = (u)**.

Bochner’s theorem for cylindrical probability measures [21, Prop. VI.3.2]
implies that a cylindrical probability measure p on Z(U) is infinitely divis-
ible if and only if for every k € N there exists a characteristic function ¢,
of a cylindrical probability measure uj such that

ou(a) = (pu,(a)®  forall a € U*.

One might conjecture that a cylindrical probability measure p is infinitely
divisible if every image measure p 0 a~"! is infinitely divisible for all a € U*.
But this is wrong already in the case U = R? as shown by Giné and Hahn [§]
and Marcus [13]. They constructed a probability measure p on B(R?) such
that all projections p o ™! are infinitely divisible for all linear functions
a :R? — R but p is not infinitely divisible. However, in infinite dimensions
one can require that all finite-dimensional projections are infinitely divisible.

DEFINITION 3.3. A cylindrical probability measure p on Z(U) is called
weakly infinitely divisible if

o 7ra_11an is infinitely divisible for all a1,...,a, € U* and n € N.

A cylindrical probability measure g is weakly infinitely divisible if and
only if for each £k € N and all a1,...,a, € U*, n € N there exists a char-
acteristic function Peha, of a probability measure &4, 4, on B(R™)

n
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such that

(3.3) (t) = (Peray an ()%  for all t € R™.

Pruomal an W = Péra....,

It follows that every infinitely divisible cylindrical probability measure
w is also weakly infinitely divisible since for each t = (¢1,...,t,) € R™ we
have

Puonzt o (B) = @utrar + -+ tnan) = (pp, (a1 + - + tnan))"

for all ay,...,a, € U" and all k € N. We will later see that the converse is
also true, i.e. that the concepts of Definitions and coincide.

If 14 is a weakly infinitely divisible cylindrical measure then poa™
infinitely divisible measure in B(R), and thus

(34)  ¢ula) = Puoa—1(1)

= exp <ima - %7"3 + S (e —1 —islpy(s)) na(ds))
R

lis an

for some constants m, € R, r, > 0 and a Lévy measure n, on B(R). For
infinitely divisible cylindrical measures, this representation can be signifi-
cantly improved, as shown in Applebaum and Riedle [1]. The same proof
establishes the result for weakly infinitely divisible cylindrical measures in
the following theorem.

THEOREM 3.4. Let o be a weakly infinitely divisible cylindrical probabil-
ity measure on Z(U). Then its characteristic function ¢, : U* — C is given

by
(3:5)  ¢ula)

— exp(iw(a) — Jq(a) + § (¢ — 1~ ifu, 0) 1, (. ))) v(du) ),

U
where w : U* — R is a mapping, q : U* — R is a quadratic form and v is a
cylindrical measure on Z(U) such that v o 715117.”7% is the Lévy measure on

B(R") of pom, , forallai,... a,€U* neN.

It is natural to call the measure v appearing in a cylindrical Lévy
measure as we do in the following definition. However, it turns out that it is
sufficient to require only that the image measures under all one-dimensional
linear projections to R are Lévy measures and it is not necessary to con-
sider the image measures under all linear projections to R™ for all finite-
dimensions n.

DEFINITION 3.5. A cylindrical measure v : Z(U) — [0,00] is called a
cylindrical Lévy measure if voa™' is a Lévy measure on B(R) for all a € U*.
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From (3.5) we can easily derive a representation of the characteristic
function ¢, of a weakly infinitely divisible cylindrical probability measure
for an arbitrary truncation function h. Since h = Id on D(h) one can define

p:U" =R, pla):=w(a)+ S (h({u,a)) — (u,a) 1, ((u,a))) v(du).

U
It follows from that
(3.6) pu(a) = exp(ip(a) — da(a) + | ¥n((u,0)) v(du) ).

U
where the kernel function 1y, is defined by

U R —=C,  y(t) == e —1—ih(t),
for an arbitrary truncation function h.

DEFINITION 3.6. Let A be a truncation function and let u be a weakly in-
finitely divisible cylindrical probability measure on Z(U) with characteristic
function (3.6)). Then we call the triplet (p, ¢, ) the cylindrical characteris-
tics of p.

Analogously to the one-dimensional situation described after Definition
one can convert the cylindrical characteristics (p, q,v)y into (p', q, v)p if
I’ is another truncation function.

It follows from that the characteristic function ¢,,.,-1 of the prob-
ability measure poa~! on B(R) is for all t € R given by

(37) (puoafl(t) = @H(at)
::exp(qxao-;q@nt2+-gwhgﬁ)@/oafw(dg).
R

This representation of ¢,,,,~1 does not coincide with the representation (3.1)

because the functions v and 1, do not coincide. Thus, we cannot directly
read off the characteristics of o a™! from (3.7).

LEMMA 3.7. Let p be a weakly infinitely divisible cylindrical probability
measure on Z(U) with cylindrical characteristics (p,q,v)y, for a truncation
function h. Then poa™! has the characteristics (p(a),q(a),voa™1), for all
acU".

Proof. As above we can rewrite the characteristic function ¢,,0,-1 in the
form (3.7)) for the given truncation function h. In order to write ¢,,,-1 in
the standard form ({3.1]), we introduce the function p: U* x R — R defined
by

pla,t) = R

_ {p@w+j(m@)—h@oxyoalx@) ift £0
0 ift = 0.
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Note that the integral is well defined because for each ¢ # 0 we have
1
th(s) —h(st) =0 for all s € D(h)N ;D(h)
and because h is bounded. By defining the function
Jh RxR—C, {Z;h(s,t) = et — 1 —ith(s),
we can rewrite the characteristic function ([3.7)) of poa™! for all t € R:

Puoa-1 (t) = exp(iB(a,1) = Sa(@)? + [ vn(s.1) (v o a™")(ds) ).
R

By Theorem the Lévy measure of the infinitely divisible probability
measure poa” ! is given by v oa~! for each a € U*. Thus, there exist some
constants m, € R and r, > 0 such that (mg, 74, z/ocfl) p, is the characteristics
of poa=!. For all t € R it follows that

Bpoa-1 (1) = exp(iB(a,t) = Sa(@)t? + [ (s,1) (vo a™")(ds))
R

= exp (imat —rk? 4 S Un(s,t) (vo ail)(ds)>,
R
which results in p(a,t) = mqt = p(a, 1)t = p(a)t. Consequently, we have
Pruoa-t (t) = exp (ip(a)t — L@@ + { dn(s,t) (wo a*l)(ds)) :
R

which completes the proof. =

Recalling the Lévy—Khintchine decomposition for infinitely divisible mea-
sures we could expect from (3.6)) that

ar exp(ip(a), s exp(§ vnl(u,a)) v(dw)),
U
are the characteristic functions of some cylindrical measures on Z(U). But
the following example shows that we cannot separate the drift part p and
the integral term with respect to the cylindrical Lévy measure v in order to
obtain cylindrical measures.

ExaMPLE 3.8. Let £: U* — R be a linear but not necessarily continuous
functional and A > 0 a constant. We will see later in Example that

p:U"—=C, @(a):=exp(\(e™ —1)),

is the characteristic function of an infinitely divisible cylindrical probability
measure. In order to write ¢ in the form (3.6]) let v be the cylindrical measure
on Z(U) defined by

W(Z(ar, ... an: B)) = {)\ if (U(a1),...,0(a,)) € B,

0 else,
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for every aj,...,a, € U*, B € B(R") and n € N. Then we can represent ¢
by
p(a) = exp(ip(a) + | vn((u, @) v(du) ).
U
where p(a) := Ah({(a)). Since a +— exp(ip(a)) is not positive-definite in
general there does not exist a cylindrical measure with this function as its
characteristic function.

Example leads us to the insight that some necessary conditions guar-
anteeing the existence of an infinitely divisible cylindrical probability mea-
sure with cylindrical characteristics (p,0,v) rely on the interplay of the
entries p and v. The following result gives some properties of the entries p,
q and v of the cylindrical characteristics, but also the interplay of p and v.

LEMMA 3.9. Let p be a weakly infinitely divisible cylindrical probability
measure on Z(U) with cylindrical characteristics (p,q,v)n for a continuous
truncation function h. Then:

(a) The function
@ (a) i= = (ipla) + | ¥u({u, a)) v(du) )
U

1s negative-definite.
(b) For every sequence a,, — a in a finite-dimensional subspace V. C U*
equipped with ||-||y+ we have:

(i) plan) — pla);
(i) glan) — qla);
(ii) (|52 A1) (v o ay1)(ds) — (15[ A1) (v o a~L)(ds) weakiy.

Proof. (a) Let Z be a cylindrical random variable on a probability space
(2, A, P) with cylindrical distribution u. As in Theorem 3.9 of [1], it follows
that there exist two cylindrical random variables W and X such that Z =
W + X P-a.s. where the cylindrical distributions p; of W and uo of X have
the characteristic functions ¢ and @y given by

p1(a) = exp(—3q(a)),  pa(a) == exp(—r(a)).

For fixed aq,...,a, € U* the R"valued random variable (Zay, ..., Za,) is
infinitely divisible since p is assumed to be weakly infinitely divisible and
the R™-valued random variable (Way,...,Way;) is also infinitely divisible
as it is Gaussian. Thus, the R™-valued random variable (Xay, ..., Xa,) is
infinitely divisible, that is, the cylindrical measure ps is weakly infinitely
divisible.

We show (a) by applying Schoenberg’s correspondence (see [21], Prop-
erty(h), p. 192]), for which we have to show that a — exp(—k~'x(a)) is
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positive-definite for all £ € N and that s is Hermitian, i.e. k(—a) = k(a)

for all a € U*. To prove positive-definiteness, fix k € N, ay,...,a, € U*
and z1,...,2, € C and let e; denote the ith unit vector in R™. Since po is
weakly 1nﬁn1te1y divisible there exists a characteristic function ¢¢, , ~, ~of

a probability measure & 4, . 4, on B(R™) such that

P pgomy an( ) = (Peharan (t))*  for all t € R™.

,,,,,,,

Consequently, we have

Zzlzjexp< ) Zzzzj Puo (@i — a;))E

)= 1 ,] 1
n n
_ 1/k _
=D 2% Pppomst (€ — e =D 2iZi0g L, (6 - e) 20,
ij=1 hj=1
where the inequality follows from the fact that Pep .. an 18 & characteristic

function on R™.

Next, we want show that x is Hermitian. Since rewriting the character-
istic function of uo for different truncation functions does not affect r, we
can fix h(s) = s1p,(s) for s € R, which yields Un(—s,t) = (s, —t) for all
s,t € R. By Lemma [3.7] for all ¢t € R we obtain

Pugoa—1 (t) = Pugo(—a)~1 (_t)

:exp( +S¢h (5,—t) (vo (- )71)(d5)>
R

:exp(zp +S¢h —s,—t) yoa_l)(ds))
R

:exp( —I—Swhst voa~ )(ds)),

which implies p(—a) = —p(a). It follows that
r(=a) = —ip(=a) = | ¢n((u. —a)) v(du)

U
= —ip(a) = | ¥n((u, @) v(du) = K(a)
U
for all a € U*, which completes the proof of (a).
To see (b), let a, — a in a finite-dimensional subspace V' C U* and let

the truncation function h be continuous. Then Bochner’s theorem implies
that

(38)  lim g, i(t) = lm gu(tan) = pu(ta) = P (1)

for all t € R. By Lemma the measures poa, ! are infinitely divisible with
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characteristics (p(ay), q(a,),voa; ). It follows from that the infinitely
divisible measures with characteristics (p(a,), ¢(an), voa, ) converge weakly
to poa~! which has the characteristics (p(a), q(a),voa™1). Applying Theo-
rem VII.2.9 and Remark VII.2.10 (p. 396) in Jacod and Shiryaev [9], which
characterises the weak convergence of infinitely divisible measures in terms

of their characteristics, implies p(a,) — p(a) and

q(an) do(ds) + (|s|* A1) (v o a; ") (ds)
— q(a) do(ds) + (|s|* A1) (voat)(ds) weakly.

But since ¢ is a quadratic form and therefore it is continuous on a finite-di-
mensional space, we have ¢(a,) — ¢(a), which is property (ii) and which
implies (iii). m

THEOREM 3.10. Let v : Z(U) — [0,00] be a given set function, let

p,q : U — R be given functions and let h be a continuous truncation
function. Then the following are equivalent:

(a) There exists an infinitely divisible cylindrical probability measure p
with cylindrical characteristics (p,q, V).
(b) The following are satisfied:

(1) p(0) = 0 and p(a,) — p(a) for every sequence a, — a in a
finite-dimensional subspace V-C U* equipped with ||-||y=;

(2) ¢:U* — R is a quadratic form;

(3) v is a cylindrical Lévy measure;

(4) the mapping a — k(a) := —(ip(a) + {;; ¥n((u, a)) v(du)) is nega-
tive-definite.

In this situation, the characteristic function of u is given by

fu: U= C,  pula) = exp(ip(a) - Sa(a) + | vn((u,a)) v(du))
U
and p = p1 * puo where py and ue are cylindrical probability measures with
characteristic functions ¢, (a) = exp(—1q(a)) and ¢,u,(a) = exp(—£(a)).

Proof. (a)=(b): Properties (2) and (3) are stated in Theorem and
(1) and (4) are derived in Lemma[3.9} The property p(0) = 0 is an immediate
consequence of Bochner’s theorem, as is the fact that ¢(0) = 0.

(b)=(a): Property (2) implies that

01:U"—=C, ¢i(a):= e*%q(“),

is the characteristic function of a Gaussian cylindrical probability measure
w1 (see [I8] or [2T, p. 393]). Since also k!¢ is a quadratic form for every
k € N it follows that (p1)'/* is the characteristic function of a cylindrical
measure, which verifies that p is infinitely divisible. Thus, it remains to
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establish that
©2:U* = C, @o(a) :=e "9,

is the characteristic function of an infinitely divisible cylindrical measure.
For that purpose we show that the function

o U= €. ula) = oxp( 5 (in(a) + [t i) ).
U

is the characteristic function of a cylindrical probability measure for each
k € N. The case k = 1 shows that there exists a cylindrical measure p with
characteristic function ¢, and the cases k > 1 show that p is infinitely
divisible. Note first that the integral in the definition of ¢, exists and is
finite because of condition (3).

Obviously, ¢r(0) = 1 by (1) and (3). Property (4) implies by Schoen-
berg’s correspondence for functions on Banach spaces (property (h), p. 192
in [21]) that ¢y is positive-definite. In order to verify the last condition
of Bochner’s theorem let V' C U* be a finite-dimensional subspace, say
V = span{by,..., by} for by,...,by € U*, and suppose a, — ap in V as
n — oo. Then (U, Z(U,{b1,...,bq}),v) is a measure space. Let f: R — R
be a bounded continuous function and define

gn U =R, gn(u) = f({u, an))(|{u, an)|* A1),
for n € NU{0}. By (3), each gy, is in LL(U, Z(U, {b1,...,bs})) and

(9 ()| < | flloo (L + €)([{u, ao)* A 1)
for a constant ¢ > 0. Lebesgue’s dominated convergence theorem implies
that
lim | g () v(du) = | go(u) v(du),

n—oo
U

which shows that
(3.9) (Is> A1) (voa, ) (ds) — (|s|* A1) (voa=t)(ds) weakly.
Condition (3) guarantees that for each a € U*,

b R = C, i, (1) = exp(ipla)t + [ (s 1) (vo a™)(ds) ),
R

is the characteristic function of an infinitely divisible probability measure,
say fq, on B(R) with characteristics (p(a),0,v o a™!),. Then condition (1)
together with the weak convergence in imply by Theorem VII.2.9 and
Remark VIL.2.10 (p. 396) in [9] that ¢, (t) — @, (t) for all t € R. Be-

cause pi(a) = (¢, (1)) for all @ € U* and k € N, the functions ¢y, are
continuous on every finite-dimensional subspace, which is the last condition
in Bochner’s theorem.

The remaining part follows directly from the proof of (b). m
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EXAMPLE 3.11. Now we can show that the function ¢ in Example 3.§]is
in fact the characteristic function of an infinitely divisible cylindrical mea-
sure. The linearity of ¢ implies that the mapping a +— p(a) = Ah({(a)) is
continuous on each finite-dimensional subspace of U* if the truncation func-
tion h is continuous. The measure v satisfies voa™! = Ady(q) for each a € U*
and is therefore a cylindrical Lévy measure. Since implies that

fiR—=C,  [f(t):=—-Ae"=1),

is negative-definite, it follows for z1,...,2, € C, a1,...,a, € U* that
n n
Z ZZ'ZjH(CLi — aj) = Z zzfjf(ﬁ(az) — E(CLJ)) <0.
,7=1 t,j=1

Thus, k is negative-definite, which proves the claim due to Theorem [3.10]

For a given cylindrical Lévy measure v there does not exist in general
an infinitely divisible cylindrical probability measure with cylindrical char-
acteristics (0,0,v) (see Example [3.8). But one might be able to construct a
function p : U* — R such that there exists a cylindrical probability measure
with cylindrical characteristics (p, 0, v).

The following example shows the construction of the function p for a
given cylindrical Lévy measure v with weak second moments. In Section
we consider the case where the cylindrical Lévy measure extends to a o-finite
measure on B(U).

ExaMpPLE 3.12. Let v be a cylindrical Lévy measure which satisfies

S |(u,a)|> v(du) < oo for all a € U*.

U
The existence of the weak second moments enables us to define

p:U =R, pla):= | (h((u,a)) - (u,a)) v(du),
U

for a continuous truncation function h. With a careful analysis similar to
the one in the proof of Theorem [p.1]it can be shown that p is continuous on
every finite-dimensional subspace of U*. From (3.2)) it follows that

f:R—=C, f(t):=—(e" —1—it),

is negative-definite. For z1,...,2, € C, a1,...,a, € U* we have
n
™~z (ipas — az) + § enl(u, a; — a;) vldu))
i,j=1 U

- S Z 2% f((u, a;) — (u, a;)) v(du) < 0.

Ui,j=1



248 M. Riedle

Theorem [3.10] shows that there exists an infinitely divisible cylindrical mea-
sure with cylindrical characteristics (p,0,v)p,.

We finish this section by establishing that our two Definitions [3.2] and
of infinite divisibility for cylindrical measures coincide. In particular, this
result enables us to show that a Radon measure is infinitely divisible if all
its finite-dimensional projections are infinitely divisible.

THEOREM 3.13.

(a) A cylindrical probability measure p on Z(U) is infinitely divisible if
and only if it is weakly infinitely divisible.

(b) A Radon probability measure p on B(U) is infinitely divisible if and
only if uo W(;ll,...,an is an infinitely divisible probability measure for
all ay,...,ap € U*, n € N.

Proof. (a) If p is weakly infinitely divisible then Theorem and Lemma
guarantee that the cylindrical characteristics of p satisfy the conditions
in Theorem [3.10

(b) Suppose that all finite-dimensional projections of the Radon measure
p are infinitely divisible. Then the restriction of p to Z(U) is a weakly
infinitely divisible cylindrical measure and it follows from (a) that for each
k € N there exists a cylindrical probability measure pg such that p = ,u’,;k.
Theorem 1 in [I9] implies that there exists ¢ in the algebraic dual U* of U*
such that pyg * §; is a Radon probability measure where

0 otherwise,
for every Z := Z(a1,...,an; B) € Z(U). Since

x5 = ik R = (g % 60)F

and the right hand side is Radon it follows from [2, Prop. 7.14.50] that §;*
is a Radon probability measure, which implies £ € U by considering the
characteristic functions. Since then ug * éy and J, are Radon probability
measures, a further application of [2 Prop.7.14.50] implies that py is a
Radon probability measure, which shows that p is infinitely divisible. =

4. Continuous infinitely divisible cylindrical measures. Continu-
ity of cylindrical measures is defined with respect to an arbitrary vector
topology O in U*. We assume here that the topological space (U*, Q) is
first countable, that is, the neighborhood system of every point in U* has
a countable base. In such spaces, convergence is equivalent to sequential
convergence. In particular, U* equipped with the norm topology is first
countable.
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DEFINITION 4.1. A cylindrical probability measure p on Z(U) is called
O-continuous if for each £ > 0 there exists a neighborhood IV of 0 such that

p({u e U [(u,a) > 1}) < e
for all @ € N. If O is the norm topology we say p is continuous.

A cylindrical probability measure p is O-continuous if and only if its
characteristic function ¢, : U* — C is continuous in the topology O (see
[20, Th. I1.3.1]). This enables us to derive the following criterion:

LEMMA 4.2. Let pu be an infinitely divisible cylindrical probability mea-
sure on Z(U) with cylindrical characteristics (p, q,v)p for a continuous trun-
cation function h. Then the following are equivalent:

(a) w is O-continuous.
(b) For every sequence a, — a in (U*,O) we have:

(i) plan) — p(a);
(ii) g(an)do(ds) + (s> A1) (voa,)(ds)
— q(a)éo(ds) + (|s]> A1) (voat)(ds) weakly.

Proof. The cylindrical measure p is O-continuous if and only if its char-
acteristic function ¢, : U* — C is continuous in (U*,O), or equivalently,
@y U* — Cis sequentially continuous. It follows as in the proof of Theorem

[3.10 that

oulan) — ¢pu(a) for all sequences a, — a in (U™, O)

€ 9001 (t) = ©p0q-1(t) for all sequences an, — a in (U, 0), t € R.

By applying Theorem VII.2.9 and Remark VII.2.10 in [9] and Lemma
the right hand side is equivalent to conditions (i) and (ii) in (b), which
completes the proof. =

In Lemmal[4.2]it does not follow from (a) that we can consider separately
the quadratic form ¢ and the term depending on the cylindrical Lévy mea-
sure v in condition (b). This is due to the well known fact that a sequence of
infinitely divisible measures on B(R) can converge weakly in such a way that
the small jumps contribute to the Gaussian part in the limit. But since an
infinitely divisible cylindrical measure p is the convolution of two other in-
finitely divisible cylindrical measures it is of interest whether the continuity
of p is inherited by the convolution cylindrical measures.

DEFINITION 4.3. An infinitely divisible cylindrical probability measure
with cylindrical characteristics (p, q,v), is called regularly O-continuous if
the infinitely divisible cylindrical probability measures with cylindrical char-
acteristics (0, ¢,0), and (p,0,v), are O-continuous.
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LEMMA 4.4. Let h be a continuous truncation function. For an O-con-
tinuous infinitely divisible cylindrical probability measure p with cylindrical
characteristics (p,q,v)p, the following are equivalent:

(a) w is reqularly O-continuous.

(b) q: U* — R is continuous in (U*,0).

(c) For every sequence a, — a in (U*,O) we have:

(i) plan) — p(a);
(ii) (|s?P A1) (voa, ) (ds) — (|s|* A1) (voat)(ds) weakly.

Proof. Let ¢, be the characteristic function of p. Then ¢, = @1 - 2
where 1 is the characteristic function of the cylindrical measure p; with
cylindrical characteristics (0,¢,0); and ¢y is the characteristic function of
the cylindrical measure po with cylindrical characteristics (p,0,v)y. Since
the characteristic function of an infinitely divisible measure does not vanish
at any point, the continuity of ¢ and ¢, results in the continuity of ¢, and
analogously if 2 and ¢,, are continuous then so is 1. Thus, p is regularly
O-continuous if and only if either u; or ps is O-continuous.

Applying Lemmato w1 shows the equivalence (a)<(b), and applying
Lemma [4.2| to po shows the equivalence (a)<(c). m

REMARK 4.5. If U* is equipped with the norm topology then (b) in
Lemma [4.4) can be replaced by

(b’) there exists a positive, symmetric operator @ : U* — U** such that
q(a) = (a,Qa) for all a € U*.

Proof. According to Proposition 1V.4.2 in [21I] there exist a probability
space (2, A, P) and a cylindrical random variable X : U* — L%(2, A)
with cylindrical distribution (0, ¢,0) and with characteristic function a +—
¢(a) = exp(—3q(a)). If ¢ is continuous Proposition VL.5.1 in [21] implies
that the mapping X : U* — L% (2, A) is continuous. Consequently, it follows
from Theorem 4.7 in [I] that (Qa)b := E[(Xa)(Xb)] for a,b € U* defines
a positive, symmetric operator @ : U* — U**. Obviously, ¢(a) = (Qa)a for
eachaecU* n

EXAMPLE 4.6. Let (£2, A, P) be a probability space and let L := (L(¢) :
t > 0) be a cylindrical process, that is, the mappings L(t) : U* — L%(£2, A)
are linear. In Applebaum and Riedle [I] we call L a cylindrical Lévy process
if
((L(t)ai,...,L(t)ay) : t > 0)
is a Lévy process in R" for all ay,...,a, € U*, n € N. If L is a cylindrical
Lévy process we derive in [I] that it can be decomposed as

L(t)=W(t)+Y(t) forallt>0 P-as.,
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where (W(t) : t > 0) and (Y (¢) : ¢t > 0) are cylindrical processes. Their
characteristic functions are for all a € U* given by
pw(p)(a) = Elexp(iW (t)a)] = exp(—3q(a)t)

for a quadratic form ¢ : U* — R and
ey (@) = Elexp(iY (t)a)] = exp(t(ip(a) + | n((u. ) v(du)))
U

for a mapping p : U" — R and a cylindrical Lévy measure v. Obviously,
(p,q,v)n is the triplet of cylindrical characteristics of an infinitely divisible
cylindrical measure . If p is regularly continuous, i.e. the cylindrical mea-
sures with the characteristic functions ¢y (1) and ¢rq) are continuous, it
follows that also the mappings

W(t): U* — LY(02,A), Y(t):U* — LY, A

are continuous (see |21, Prop.VIL.5.1]). Moreover, according to Remark
the quadratic form ¢ is of the form ¢(a) = (a, Qa) for all « € U* and some
symmetric, positive operator @ : U* — U™. If Q(U*) C U then W is a
cylindrical Wiener process in the strong sense as is usually considered in the
literature (see Riedle [1§]).

5. Lévy measures on Banach spaces. In this section we consider the
situation where the cylindrical Lévy measure v extends to a o-finite measure
on B(U), also denoted by v. The unit ball is denoted by By := {u € U :
lull < 1}.

THEOREM b5.1. Let v be a cylindrical Lévy measure which extends to a
o-finite measure on B(U) with v(Bf;) < oo. Then there exists a regularly
continuous infinitely divisible cylindrical probability measure p with cylin-
drical characteristics (d,,0,v),, where

d, :U" =R, dya):= S(h((u, a)) — (u,a) 1g, (u)) v(du).
U

Proof. First we show that the integral in the definition of d, is well
defined for every truncation function h. Choose a constant ¢ > 0 such that

{teR:|t| <c} € D(h)
and define for every a € U* the set
D(a) :={veU:|{(v,a)| <c}.

)
For the integrand f,(u) := h((u, a))—(u,a) 1, (u) it follows for every u € U
that

fa(u) #0 = w e (D(a) N Bf) U (D(a) N By) U (D(a) N Bf).



252 M. Riedle

But on these three domains we obtain
| faw)v(du) < | ev(du) = cv(Bg) < oo,

D(a)NB§, B,
and
| () v(du) < V1w, a)) = (u, a)| v(du)
De(a)NBy e<|(u,a)|<[al
= | In(s) = sl (voat)(ds)
e<|s|<|lall

< (IPllos + llall) (v 0 a™)({s € R+ |s] > ¢}) < 0,

1is a Lévy measure on B(R), and

because v oa™

Vo e v(du) < k]l | v(du) = |h]ee(Bf) < oc.
De(a)NBg Bg
Now we choose the truncation function A to be continuous and show by a
similar decomposition that d, is continuous. Let a,, — a in U* and choose
a constant ¢ > 0 such that

{teR:|t|<c+e} CD(h)
for a constant ¢ > 0. Let D(a) = {v € U : |[{v,a)| < c}. Since for every
u € By we have

[(u, an) = (u, a)| < |lan —al|,
we can conclude that there exists ng € N such that v € D(a) N By implies
that (u,a), (u,a,) € D(h) for every n > ng. Consequently, we have for
Jan(u) := h({u, an)) = h({u,a)) — (4, an) — (u,a)) 1p(u) and n > ng the
implication

fan(u) #0 = e (D(a) N Bfy) U (D%(a) N By) U (D(a) N BY).

As above it can be shown that f,,, is dominated by an integrable function
on all three sets, and therefore Lebesgue’s dominated convergence theorem

shows that d,, is continuous.
It follows for A/(s) := s 1p,(s) from (3.2]) that

f:R_)(Cv f(S(),t) = _Jh’(s()?t);

is negative-definite for each sy € R. For z1,...,2z, € C, a1,...,a, € U" we
have
n
Z —Ziij (idy(ai - aj) + S T/m((u,tu - aj>) I/(du))
ij=1 U

n

= Z —2i%; S (eiwai=ai) _ 1 —j(u,a; — a;) 1, (u)) v(du)
ij=1 U
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n 3 (u,ai—aj

7,7> u AU, G5 — Ay
=3 x| (e e N (L e T ]>Hu|| nBR(||u||)> v(du)
U

ij—1
DY zzzjf(wn, e - <u,aj>>> v(du) < 0.
U1,j=1

Theorem [3.10]implies that there exists an infinitely divisible cylindrical prob-
ability measure p with cylindrical characteristics (d,, 0, V). In order to show
that p is continuous let a,, — ag in U*. For a bounded continuous function
f R — R define

gn U =R, galu) = f({u,an))(|(u, an)|* A1)
for n € NU{0}. It follows that each g, is in LL(U, B(U)) and

|gn(@)] < [IFlloo (1 + €)([{u, ao)|* A 1)

for a constant ¢ > 0. Lebesgue’s dominated convergence theorem implies

Tim { gn(u) v(du) = | go(u) v(du),
U U
which shows that

(5.1) (IsP* A1) (voay')(ds) — (Is* A1) (voag')(ds)  weakly.

Lemma [4.2] implies that u is continuous and thus p is regular continuous by
Lemma 4.4l =

A cylindrical Lévy measure which extends to a o-finite measure on B(U)
is an obvious candidate to be a Lévy measure in the usual sense. We recall
the definition from Linde [12]: a o-finite measure v on B(U) is called a Lévy
measure if

(a) §p ((u,a)®> A1) v(du) < oo for all a € U*.
(b) There exists a Radon probability measure p on B(U) with charac-
teristic function
(52) ¢, :U* —C, @ula)= exp(g (€ — 1 i(u,a) 1p, (u)) V(dU)).
U

In fact, this is rather a result (Theorem 5.4.8) in Linde [12] than his defini-
tion. Note furthermore that this definition includes already the requirement
that a Radon probability measure on B(U) exists with the corresponding
characteristic function. In general, no conditions on a measure v are known
which guarantee that v is a Lévy measure. In particular, the condition

| (lul? A1) v(du) < oo

U
is sufficient and necessary in Hilbert spaces, but in general spaces it is neither
sufficient nor necessary, e.g. in the space of continuous functions on [0, 1] (see
Araujo [5]).
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COROLLARY 5.2. Let v be a o-finite measure on B(U) and h be a trun-
cation function. Then the following are equivalent:

(a) v is a Lévy measure.

(b) There exists an infinitely divisible cylindrical probability measure p
with cylindrical characteristics (dy,0,v), which extends to a Radon
measure on B(U).

In this situation, the Radon probability measure with characteristic func-
tion (5.2)) corresponding to the Lévy measure v coincides with the Radon
extension of (.

Proof. It is easily seen that the characteristic function of the cylindrical
measure with cylindrical characteristics (d,, 0, 1)y, is of the form . Con-
sequently, (b) implies (a). If v is a Lévy measure, Proposition 5.4.5 in [12]
guarantees that v(B{;) < co. Theorem implies that there exists a cylin-
drical probability measure with cylindrical characteristics (d,,0,v); which
extends to a Radon probability measure, because its characteristic function

is of the form (5.2). m

REMARK 5.3. If v is a Lévy measure and p the infinitely divisible Radon
probability measure with characteristic function , one calls the triplet
(0,0,v) the characteristics of pu. However, according to Corollary the
measure p considered as an infinitely divisible cylindrical probability mea-
sure has the cylindrical characteristics (d,,0,v),. Even if we choose the
truncation function to be s +— h(s) := s1p,(s), the entry d, does not van-
ish. This asymmetry illustrates the interaction of the components p and v
of the cylindrical characteristics (p,0,v) of an infinitely divisible cylindrical
measure. Even if v is a Lévy measure and p = d, then the function

a— k(a):= —(S (e Xw® — 1 —i(u,a) 1p,(u)) V(du))
U

is negative-definite by Bochner’s theorem and Schoenberg’s correspondence.
But although

rla) = = (idy () + | on((u, @) v(du) ),
U
none of the summands in this representation is negative-definite in general.
In general, condition (b) in Corollary may be verified by applying
Prokhorov’s theorem [21, Th. VI.3.2], and proving that the cylindrical mea-
sure p is tight. In Sazonov spaces this is simplified:

REMARK 5.4. If U is a Sazonov space then condition (b) in Corollary
can be replaced by:

(b") (i) there exists an infinitely divisible cylindrical probability measure
u with cylindrical characteristics (dy, 0, v);
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(i) a — k(a) = —(idy(a) + §;; ¥n((u,a)) v(du)) is continuous in an
admissible topology.

ExampLE 5.5. If U is a Hilbert space then the Sazonov topology is

admissible. If (d,,0,v), are cylindrical characteristics the function x is nec-
essarily negative-definite by Theorem and if it is also continuous in the
Sazonov topology one obtains the well known Lévy—Khintchine formula in
Hilbert spaces (see [15, Th. 6.4.10]).
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