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Fractional Laplacian with singular drift
by

Tomasz JAKUBOWSKI (Wroctaw)

Abstract. For « € (1,2) we consider the equation 8;u = A%y + b - Vu, where b is
a time-independent, divergence-free singular vector field of the Morrey class Mll_o‘. We
show that if the Morrey norm ||b|| Ml is sufficiently small, then the fundamental solution
is globally in time comparable with the density of the isotropic stable process.

1. Introduction. Let d > 1 be a natural number and let « € (1,2). We
denote by p(t, z) the density function of the isotropic a-stable Lévy process
in RY, i.e.

(1.1) plt,x) = (2m)~" | e te " ag, ¢ >0, 2R
R4
For ¢ € C°(R?) we define the operator
¢(z+y) — ¢(x)

‘y|d+a

Aa/2 _ .
¢(1:) Ad,a 51l%l+ S
ly|>e

dy,

where A;, > 0 is a constant depending only on o and d. The operator
A%/ is the infinitesimal generator of the isotropic a-stable process with the
transition density p(t,z,y) = p(t,y — z),

A2 9(a) = lim 5§ p(t,2,5) (9(y) — 6(2)) dy.
R

Let b(x) = (b1(x),...,bq(x)) be a vector field (not depending on time)
satisfying the following conditions: there is a (finite) number C such that

(1.2) sup sup ¢~ 4ta~! S |b(y)|dy < C
170 meRe B(a.t)

and

(1.3) divb =0 in the sense of distributions.
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Here B(x,t) denotes the ball centered at x with radius ¢. The condition ((1.2)
means that b belongs to the Morrey space Mll_o‘, and the smallest possible
constant C' in || is denoted by |[b]| o Using the estimate 1) below

and adapting the proof of [5, Lemma 11| we see that the condition (1.2) is
equivalent to

(1.4) sup sup £/ | p(t,z, y)[b(y)| dy < Cp
t>0 QjeRd R

for another (finite) constant Cy. In fact, for every Cj, > 0, there exists 6 > 0
such that 1} holds provided |[|b]|,,1-a < d. The condition 1' is simpler
and easier to verify than (1.4]), but ([1.4]) is more convenient in proofs. In this
paper we will study the equation

(1.5) ou— A% —b-Vu=0, zeR%t>0.

We should note that ([1.2)) is less restrictive than the usual Kato condition
(see (1.8) below). For example, our results apply to d = 2 and

bo(y) = c(yalyl™ —mly[™*)
for small ¢ > 0 (see also Example . We note that divby = 0 in the sense
of distributions and |by(y)| = c|y|'~*, hence, by & K5 *. The main result of
the paper is the following.
THEOREM 1. There is a constant n = n(a,d) > 0 such that if ||b||M11—(1

< n then there is a function p(t,x,y) such that for ¢ € C°(R,R?), s € R
and x € RY,

(1.6) S S Pu— 5,2, 2)[0ud(u, z) + A2 P(u, 2) + b(2) - Voo (u, 2)] dz du
s Rd
= —¢(S,$),
and there 1s a constant 0 < K < co depending only on d,a,n such that
(1.7) K~ 'p(t,z,y) < p(t,z,y) < Kp(t,z,y), >0, z,yeR%

According to (L.6), p is the integral kernel of the left inverse of —(8; +
A 4 p. V). Put differently, the function f: (u,x) — p(u — s, x, z) solves
(O — AL . Vi) f = 0(s,2) in the sense of distributions, because divb = 0.
Thus, p is the fundamental solution of . As a consequence, we also find
that p is the integral kernel of the Markov semigroup with (weak) generator
A2 4 bV (see Corollary |12 below).

Equations similar to were widely studied for the Laplacian and more
general elliptic operators (see, e.g., [2], [27], [28], [18]). At first, authors con-
sidered drifts b satisfying Kato-type conditions similar to below, includ-
ing drift functions b depending on time. Under such assumptions, Gaussian
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bounds for the resulting fundamental solution hold locally in time (i.e. with
constants deteriorating for large time). To obtain estimates uniform in time,
an additional assumption on the divergence of b is necessary. For example,
in [21] Osada proved that the fundamental solution of dju = Au+b-Vu has
upper and lower Gaussian bounds, where A is a uniformly elliptic operator in
divergence form, b is the derivative of a bounded function and divb = 0. Sim-
ilar results were later obtained in [I9] for the Laplacian and singular drifts b
(exceeding the Kato class) under some smallness assumption on divergence.
Recent results on Holder continuity of solutions may be found in [23].

Additive perturbations of the fractional Laplacian were intensively stud-
ied in recent years (see, e.g., [13], [14], [5], [17], [4], [8], [6], [, [111, [24], [25]).
In particular, the equation was considered in [5] for b in the Kato class
K4~ without further assumptions on divergence (see also [16] and [I7] for
further developments). Recall that b € /Cgfl if

t

(1.8) lim sup S S s Y (s,z,y)|b(y)| dy ds = 0.

The main result of [5] was the local in time comparability of p and p, where
the function p was constructed as the perturbation series p = > 7 ; pp, with

(19) pO(t7x7y) :p(t,w,y),

¢
(1.10) pn(t,x,y) = S [ S Pn—1(t — s,2,2)b(2) - V.p(s, 2,7) dz} ds.
0 Rd

The Kato condition on b ensures smallness of p; with respect to p for small
time, and by iterating the result, we deduce that the perturbation series
converges for small time. For large time one can either use the Chapman—
Kolmogorov equations ([4]) or a more direct method developed in [I7] for
time dependent gradient perturbations. A similar approach was used to study
the Green function of A%/2 4 b(x) - V, (see [], where these estimates are
further extended to arbitrary bounded smooth sets), and to estimate general
Schrodinger perturbations of transition densities ([I5], [3]).

Gradient perturbations of the fractional Laplacian with divergence-free
drift were recently studied by many authors (see e.g. [7], [9], [12]). The
condition divb = 0 arises naturally from the quasi-geostrophic equation,
where the drift is of the form b(z) = (bi(x),b2(z)) = (—05,¥, 0., ¥) for
some ¥ (see e.g. [22], [I0]). Interestingly, this additional assumption on the
divergence of b also allows for considering more singular drifts in Morrey
class. The present paper may be considered as a contribution to this theory.

Here is a summary of our approach. As in [I3] we will employ the per-
turbation series, but in the present case the conditions on b only ensure the
finiteness, rather than smallness, of p; (see Lemma . In fact, the integral
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in ([1.10) may fail to be absolutely convergent as a double integral, and has
to be interpreted as an iterated integral. To clarify, each iterated integral
converges absolutely, but the convergence of the second iterated integral de-
pends on subtle cancellations in the first iterated integral. This makes our
proofs much more complicated and delicate. In particular, it is not obvious
a priori that the functions p, are well defined. To study p,, we represent
them as integrals of auxiliary functions P, (¢, x,y,s, z) (see (3.1)), which we
integrate over (R?)" and the n-dimensional simplex S,,(0,t) (see ) We
simultaneously consider the functions

’p|n(taxay) = S ‘ S Pn(tax’:%ﬁvé) dé‘ ds,
Sn(0,t) (RE)m

majorants of p, (see and ([4.6)). We use induction to estimate |p);,
for n > 2 and to this end we split the integral over the simplex S, (0,t)
into suitable n + 1 parts. As a consequence, Motzkin numbers appear in the
estimates of p, (see [I5] for another connection of the perturbation series
with combinatorics). In order to ensure the convergence of the perturbation
series, a good bound for p; is needed, which turns out to be a consequence
of the smallness assumption ||b|| pime < 7 in Theorem |1} We expect the
conclusion of Theorem (1| to hold if ||b]| Mo is merely finite, but such an
extension calls for different methods.

One of the tools used in this paper is the so called 3P theorem (see [5],
[16], [17]). It allows us to suitably split a ratio of three functions p, when
estimating p,. Since for & = 2 (Gaussian case) the 3P theorem does not hold,
our method cannot be applied to perturbations of the classical Laplacian.

The paper is organized as follows. In Section 2 we collect basic properties
of the transition density p(t,z,y). In Section 3 we define and estimate the
functions p,,. In Section 4 we prove Theorem

All the functions considered are Borel measurable. When we write f(x) &
g(z), we mean that there is a number 0 < C' < oo independent of x, i.e.
a constant, such that for every x we have C~1f(z) < g(x) < Cf(x). As
usual we write a A b = min(a, b) and a V b = max(a, b). The notation C' =
C(a,b,...,c) means that C is a constant which depends only on a,b,...,c.

2. Preliminaries. Throughout the paper d > 1, and unless stated oth-
erwise, a € (1,2). In Lemmas we recall well-known results about the
density p(t,x,y) of the isotropic d-dimensional a-stable process (see [5] for
details).

LEMMA 1. There ezists a constant C such that, fort € (0,00) and z € R?,

t
2.1 —1|4—d/a < p(t.z) < C|t—U i
21) ¢ [ Armwm}—p(’@—c{ N Tajdra
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LEMMA 2 (3P). There exists a constant C' such that, for s,t € (0,00)
and z,y € RY,
p(t,z, 2)p(s, z,y) < Cp(t+ s,z,y)[p(t,x, z) + p(s, z,y)].
Let p("™ be the a-stable density in dimension m.
LEMMA 3. For allt >0 and z € R,
(2.2) Vop' D (t,2) = —2map 92 (¢, 7),

where & € R42 s such that |%| = |x|.

Applying (2.1) to (2.2)), we get
(2.3) \Vep(t, )| < Ct™Y%(t,z), te (0,00), z € R
We also note that by Lemma [2| and (|1.4)),

24) | p(t—s,2,2)b(2)[p(s, 2,y) dz
Rd
<ep(t,z,y) | (p(t — 5,2,2) + p(s, 2,9))[b(2)| dz
Rd

< cCy[(t — )7 4 sV p(t, 2, y).
Our aim is to prove that the functions p,, defined in ([1.9)) and ([1.10)) sat-

isty [pn(t,z,y)| < Chp(t, z,y), where Cy, are constants with > 2, Cp, < oc.
This requires appropriate assumptions on b. We will ensure smallness of

(2.5) S ’ S p(t —s,z,2)b(z) - V.p(s, z,y) dz’ ds.
0 R4

To estimate the integral above, we will use the following lemma.
LEMMA 4. For all s,t >0 and z,y € R%, we have
(2.6) S p(t,x,2)b(z) - V,p(s,z,y)dz = — S V.p(t,z,2) - b(2)p(s, z,y) dz.
Rd Rd
Proof. Let g € C°(R?) be such that
1 for |z| <1,
9(z) = {O for |z| > 2.
Then the function f,(z) := g(z/n)p(t,z, 2)p(s, z,y) is in CX(RY) and we
have V. f,,(2) — V. (p(t, z, 2)p(s, z,y)) as n — oo. Furthermore,
IVafu(2)| < e(IVa(p(t, 2, 2)p(s, 2,y))| + p(t, @, 2)p(s, 2, 1))
for some constant ¢ > 0. By and ,

VIV (p(t, 2, 2)p(s, 2,9))| + p(t, @, 2)p(s, 2,9)]|b(2)| dz < oo.
Rd
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Therefore, by (|1.3)) and Lebesgue’s theorem,

0= nlin;o S V.fn(z) - b(z)dz = S V.(p(t,z, 2)p(s, z,y)) - b(2) dz,
Rd Rd

which ends the proof. =
Similarly, condition (1.3) implies that for all s, > 0 and &,y € RY,

27)  § () - Vep(t,€, 2)]b(z) - Vapls, 2,y) dz
R4
= - S vz[b(é.) : vfp(tvgv Z)] : b(Z)p(S, Z)y) dz.
Rd

In the following lemma we will use (2.6) to show that the function p; in-
troduced in (|1.10]) is well defined. In a similar way we will apply (2.7) to
estimate p,, n > 2.

LEMMA 5. There exists a constant C' such that for all t >0 and z,y€R?,

¢

(2.8) S ’ S p(t —s,z,2)b(z) - V.p(s, z,y) dz‘ ds < Cp(t,z,y).
0 Rd

Proof. By Lemma (2.3) and (2.4), we obtain

O ey

1§ bt = 5,2, 2)b(2) - Vp(s, 2,y) d2| ds

R4
t/2
| a0 St
0 Rd
t
+ | ‘ | p(t — 5,2, 2)b(2) - V.p(s, 2,) dz‘ds
t/2 R
t)2
= S ‘ S V.p(t —s,x,2) - b(2)p(s, z,y) dz‘ ds
0 R4

t
+ § | § pt = 5,2, 200(2) - Vep(s,2,) d2| ds < ep(t, 2,7). »
t/2 Rd
In the following example we will see that

t
VIt = s,2,2)b(2) - Vep(s, 2,9)| dz ds = oo
0 Rd

for some functions b € Mllfa. This should be compared with 1'
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EXAMPLE 1. Letd =2, a € (1,2) and b1 (y) = (|y2|*~%, [y 7). Clearly,
divb, =0, and

V obi@)ldy < § (el + [l ™) dyz dys
Blz,t) B(0,t)

__AA=af2) 4,
G-al(G-a2)

Hence,
471 — «/2)
”bHMlﬂl = Ta — :
i B—a)l'((3—-)/2)
Furthermore, taking x = y = 0 and applying (2.2) and (2.1, we get
t

V| Ip(t = 5,2)b1(2) - Vap(s, 2)| dz ds
0 Rd

¢
= 2778 S p(t — 5,2)|b1(2) - 2|pt2) (s, 2) dz ds
0O Rd

t/2

>c S S (t — )2 by(2) - z|s M dz ds
0 B(0,s1/)
t/2

>c S S sTHE — 8) 72/ by (w) - w] dw ds = oo.
0 B(0,1)

We note that Lemma [5| extends to a = 1, but the following lemma does

not, and this is why we generally assume « € (1,2) in this paper. Lemma |§|
will allow us to estimate the functions p,, for n > 2.

LEMMA 6. There exists a constant C' such that for all t>0 and x,y€R?,
t/2 ¢
29 | ||| dwd¢drdu
0 t/2RdRd
p(“’a Z, §)|vw (b(é.) ' V£p('f’ ) 67 ’LU)) ' b(w)‘p(t —-rw, y) < Cp(t7 z, y)

Proof. First, we show that there is a constant ¢; such that for all £ > 0
and z,w € R?,

(210)  [b(z) - Va(b(w) - Vup(t, 2, )] < ealb(z)] [b(w)[p(t, 2, w)e /.
From we get
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where Z = (2,0,0) € R¥2 and 2 = (2,0,0) € R (and @, @ are defined
accordingly). Therefore,
b(z) - Vo(b(w) - Vp(t, z,w)) = 27b(2) - V. [b(w) - (z — w)p' T2 (¢, 2, 0)]
= 2mb(2) - [b(w)p' 2 (¢, 2, @) — 2w (b(w) - (2 = w))(z — w)p (¢, 2
= 2mb(2) - b(w)p' ) (¢, 2, @) — 4 (b(w) - (= w))b(2) - (z—w)p Y
Applying (2.1), we obtain (2.10).

Now, by (2:10) and (24),

Vo, 2,0V (b(8) - Vep(r — u, & w)) - b(w)|p(t = r,w, y) dw dé
Rd Rd
<er | | pu, 2, OBE)|(r — )" p(r — u, & w)|b(w)p(t — r,w, y) dw dé
Rd Rd
< Gyea | [B(E)(r—=u) = *pu, @, O)p(t—u, & y)((t—r)/* 7 4 (r—u)"/*7") dg
Rd
< Cieap(t,w,y) (r—u) =2/ *((t=r)/* 4 (r—u) o) (=) Vo /o7,
Now, we only need to show that for all ¢ > 0,
t/2 ¢
V V=) (=)o ) Vo (=)o a0 dr du < o,
0 t/2
for some constant cs. By homogeneity, we may consider only ¢ = 1. We note
that a? + b» < 217P(a + b)P for a,b > 0 and 0 < p < 1. Consequently,
a P +b7P < 217P(a+b)P(ab)"P. Hence, it suffices to show convergence of the
integral
1/2 1
S S (r— u)_l/o‘_l(l - 7“)1/0‘_1u1/°‘_1 dr du.
0 1/2
Splitting the second integral into integrals on the intervals (1/2,3/4) and
(3/4,1), we get

1/2 1
S S (r— u)*l/o‘*l(l — r)l/aflul/afl drdu
01/ 1/2
<c S (1/2 —w) "V du < co. =
0

3. Perturbation series. In this section we study the functions |p|,,
which are majorants of p, (see (1.10)). For a < b and n > 1, we denote

Sn(a’b):{(slv"wsn)eRn:agsl Sgsngb}
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For t > 0 and z,y € R?, let
(3.1) Pu(t,z,y,s,z)
= p(s1,2,21)b(21) - Vo p(s2 — s1,21,22) ...0(2n) - Vo, p(t — S, 2, Y),
where s = (51,...,5,) € Sp(0,t) and z = (21,...,2,) € (RH)™.
DEFINITION 7. For any t > 0 and x,y € R?, we define
(3.2) Iplo(t, z,y) = p(t, z,y),

(3.3) pln(t,z,y) = | ‘ | Pult,z,y,s,2)dz|ds.
Sn(0,t) (RA)n
We note that for ¢t > 0, 2,5 € R? and s in the interior of S,(0,t), by

Lemma (1.4) and (2.3),
(3.4) V [Palt, 2y, 5,2)] dz < oo

(Rd)n
Hence, the functions |p|, are well-defined (possibly infinite). The integral

V) Pt ey, 5,2)| dzds

Sn(0,t) (Rd)n

may be divergent because singularities of the gradient of the functions p in
(8.1) may not be integrable in the whole simplex Sy,(0,t) (see Example [I]).
To estimate (3.3), we will use the decomposition

(3.5)  8,(0,1) = Sn(0,/2) U (U Snr(0,/2) % Sk(t/Q,t)> U Sn(t/2,1),
k=1

along with Lemma and ([2.7)) to move these singularities outside the region
of integration.

LEMMA 8. If 1<k<n-—1,t>0, and z,y € R%, then

(36) S ’ S Pn(t,a:,y,§,§) dz|ds
Sp—1k(0,6/2) xSk (t/2,t) (R
t/2 ¢t
S
0 t/2RdRd

Pln—k—1(u, 2, §) [V (b(§) - Vep(r — u, & w)) - b(w)|[ple-1(t — 7w, y) dr du.
Proof. By (3.4) and Fubini’s theorem, we may change the order of inte-
gration in integrals over (R%)". We note that

(37) ’p‘m(t_raxvy) = S ‘ S Pm(t_rvxay7§7§) d& d§-
Sm(r,t) (Rd)m
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Changing the order of integration:

S f(ﬁ) dSp dSm_1...ds1 = S

f(s)dsm—1...ds1dsm,
Sm(a,b)

(avb)XSm*I(avsm)
and using (2.7) and Fubini’s theorem, we get

S ‘ S Pu(t,z,y,s,§) dg‘ ds
Sp—k(0,t/2) xSk (t/2,t) (RI)™
t/2 t
S S S S du duy, dr dry,_p,

0 Sp_k—1(0,rn—r) t/2 Sp_1(up,t)

‘ S Pn—k—l(Tn—k:u Ty 2n—k,T, g)b(zn—k) : vzn_kp(ul — Tn—k, fn—k, wl)
(Re)m

b(wi) - Va, Pe—1(t — ur, w1, y, u, w) dw dwy dz dz,—j,

t/2 t

— S S S S du duy, dr dr,_,
0 Sp—k—1(0,rn—k) t/2 Sk—1(ug,t)

S Pn—k—l(rn—kv Ty 2n—kyT, g)Pk—l(t —Uup,w,Y,U, M)
(R

b(wl) : vwl [b(znfk) : vzn_kp(ul — Tn—k, Zn—k, wl)] dw dwy dz dznfk .

Here r= (Tlv cee 7rn—k‘—1)a u = (u17 cee 7uk—1)) z = (Zla ce. 7Z7’L—k‘—1) and w =
(w2, . .., wy). Splitting the integral over (RY)" into integrals over (RY)"—*~-1

(RY)E=1 and (R%)2, and applying (3.7), we get (3.6). =

LEMMA 9. Forn>2,t>0 and z,y € R?,

t

/2
Pla(t.2,y) < |
0

ey

‘p|n—1(u7 z, Z)|b(Z) : vzp(t - u,z, y)| dz du

d

— +

+ S ]VZp(u,x,z) ’ b(z)Hp’n—l(t - U,Z,y) dz du

t/2R4
n—2t/2 t

+ZS S S S dw dz dr du |p|i(u, x, 2)

k=0 0 t/2R4Rd

X [b(2) - V2 (b(w) - Vuwp(r = u, 2,0))||pln—2-1(t — 7w, y)
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Proof. By (3.5), we get

38 phitey= § | | Pultaysgdeds
Su(0,4/2) (Ri)n
(3.9) + ) { Pn(t,:c,y,§,§)d§‘d§
Sn(t/2,t) (R
(3.10) + | ] Patays € deds

UiZi Sn—nr(0.6/2)xSi(t/2) (R
The integral in (3.8]) is estimated as follows:

| ] ) Pultioys©)dg]ds
S (0,/2) (R
t/2
- ‘ | Pn—1(8n7$7§n7§*7§*)b(§n)-Vgnp(t—sn,fn,y)dé‘ ds
0 Sn—l(oasn) (Rd)n
t/2
< S S S d&, ds* dsy,
0 Sn—l(oysn) R4
$ DEVeup(t = sl || Paci (s, 6", €9 dE”
(Rd)nfl
t/2
< S S ‘p|n—1(3mx7§n)|b(§n)'V&jnp(t_smgnay”dgndsna

0 Rd

where s* = (s1,...,5,-1) and £ = ({1,...,&u—1). Applying Lemma |4| and
using a similar method, we estimate . Next, we split inton —1
integrals over the sets S, (0,t/2) x Sk(t/2,t) and apply Lemma [§] to each
integral. m

By using the lemmas from Sections 2, 3 and induction, we will show
that all functions |p|, are finite, and consequently, the functions p,, are well
defined. Detailed estimates will be given in the next section.

4. Proof of Theorem 1. Before we pass to the proofs of the main
theorem we briefly introduce the Motzkin numbers. In combinatorics the
Motzkin number M,, represents the number of different ways of drawing
non-intersecting chords on a circle between n points ([20]). The recurrence
relation

n—2
(4.1) My =My 1+ Y MyMy_oy, My=M =1,
k=0
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leads to the generating function (see [26])

1—2z—+vV1—2x— 322

222

(4.2) M(x) =) Mpa" =
n=0

We may now prove the main estimates of this paper.

LEMMA 10. There is a constant C' such that for allt > 0, z,y € R? and
n>1,

(4.3) pln(t, z,y) < M,C™p(t, z,y).
Proof. Let ¢1 be the constant such that (see the proof of Lemma [5))

t/2

(4.4) S S p(s,x, 2)|b(z) - Vop(t — s, 2,y)| dzds
0 R4 .

+ |V IVap(s,2,2) - b(2)Ip(t = 5, 2,y) dzds < eap(t, @, y).
t/2 Rd
Let C = c1 V /c2, where c3 is the constant from Lemma
We use induction. For n = 1 we apply Lemma . Suppose (4.3]) holds for

n=1,...,k—1. By Lemmald] we get

t/2
|p|k’(t7 z, y) < Ck_le—l S p(ua z, Z)|b(2) : Vzp(t —u,z, y)‘ dz du

0 Rd

t
+Ck_1Mk—1 S S |v2p(u>$7z) b(z)|p(t—u,z,y) dz du
/

t/2Rd
k—2 /2 ¢
+Y MMy | ) | dwdzdrdu
=0 0 t/2Rd R4

p(u, Z, Z)’b(z) ’ Vz(b(w) : pr(T -z, w))]p(t - 7a7w7y)'

Now by (4.4]), Lemma@ and (4.1)), we obtain
=2 '
plk(t 2, y) < (Ck*lcleq + CJMjCkiziij72fj02>p(tvx7y)
§=0
k—2

< CH(Myy + Y MMy )p(t 2, ) = C*Myp(t, 2, ).
5=0
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COROLLARY 11. The functions p,, n € N, may be defined by (1.9) and
(1.10) and there exists a constant C such that for all t > 0, z,y € R? and
n>1,

(4.5) lpn(t, 2, y)| < MnC™p(t, z,y).

We note that for any C > 0, 1} holds provided ||b]| Mo is sufficiently
small (see remark below (|1.4))).
Proof of Corollary [1], We simultaneously prove the above estimates of

Py, and the fact that they are well defined. To this end we will first show that
forn>1,

(4.6)  polt,z,y)= | [ | Pn(t,w,y,@;)d;] ds, t>0,z,y€eR"
Sn(0,t) (R4

According to our discussion in the Introduction, the right hand side of (4.6
should be considered an iterated integral. The inner integral is absolutely

convergent (see (3.4)). By Lemma |10}

|p’n(t7$7y) = S ‘ S Pn(t,a:,y,§,§) dz
Sn(0,t) (R4

ds < o0,

so the right-hand side of (4.6)) is well-defined.
To prove (4.6) we use induction. For n = 1, (4.6 matches the definition
of p1. Suppose (4.6) holds for n € N. By Lemmas and [3] for u € (0, 1),

47§ ‘ | Pn(t—u,x,f,g,z)dz‘ ()] [Vep(u, &, y)| ds dg
Rd S, (0,t—u) (RI)m

< e | plt — w2, O)B(E) [V p(u, £, y)]| d
R4
< e((t —w)Yot eVt 2 y) < oo
Therefore, by Fubini’s theorem with respect to ds d§, and by ,

t
prsi(t.z,y) = | | palt — w2, €)(€) - Vep(u, &, y) dé du
O Rd
t
O R4 Sy (0,t—u) (R
t
=y ) [ VPt —u,2,8,5,2)b(€) - Vep(u, &, y) dz| d ds du.
05, (0,t—u) Rd (Rd)n

In particular p,41 is well-defined, and |pp41] < |plni1 < co. =
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Proof of Theorem[]] Let us fix C' > 0 such that M(C) < 2 (see ([£.2)).
There exists n = n(d, ) such that 1’ holds, provided HbHMlka < n, which

we will assume in what follows. Then p(t, z,y) = >~ pn(t, x,y) satisfies
p(t,z,y) < M(C)p(t, z,y),

and

o0
Bt ,y) > p(t,z,y) = > pa(t,z,)]
n=1

= 2p(t,x,y) - Z ‘pn(tax7y)‘ = (2 - M(C))p(tax7y)'
n=0

We next prove that for ¢ € C°(R,R?), s € R and = € R?,

S S p(u—s,z,2)(0yo(u, z)+A‘j/2¢(u, 2)+b(2)-V.é(u,z))dzdu = —p(s, x).
s Rd

By the definition of p, we get

WE

(4.8)  pt,z,y) =pt,z,y)+ > pult,z,9)

Il
—_

n

= p(ta z, y) +

NE

S pn—l(t - 5T, Z)b(Z) ’ vzp(sy Zs y) dzds
R

1 d

:p(t,x,y)—i- ﬁ(t—s,x,z)b(z) vzp(S,Z,y)dZdS

Ot o+ 3
e

R4

Here the application of Fubini’s theorem is justified as in the proof of (4.6)).
The rest of the proof is the same as in [I7, Theorem 1|. =

COROLLARY 12. The function p satisfies the Chapman—Kolmogorov equa-
tion

R4
and the family of operators Py, defined by
Bif(x) =\ itz 9)f(y) dy,
R4

forms a Markov semigroup with (weak) generator A% 4 b(z) - V.
Proof. For the proof of (4.9)) see [I7, Lemmas 15, 16]. By (4.8]), (1.7) and

Fubini’s theorem
)
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t

S ﬁ(ta x,y) dy = S <p(t, w?@/) +S S ﬁ(t -5, Z)b(z) ’ vzp(sv Z?Z/) dz d8> dy
R4 R4 O Rd

= 1—&-8 S ﬁ(t—s,x,z)b(z)~vz<x p(s,z,y)dy) dzds = 1.
0 Rd R4

Now, let f,g € C°(R?). We will show that
Pyf(x) — f()

(4.10)  lim | ; g(@)de = | (A2 f(z) + b(x) - V f(x))g(x) da.
R4 R4
By ([.8),
S Ptf(x)t_ f(.’L') g(a:) dr
R4

S S p(t’xvy)(f(y) — f(l’))
t

= g(z) dy dx
Rd ]Rd
t
+% VUV 8= s.2,2)b(2) - Vap(s, 2,9) f(y)g(x) dz ds dy dz
R4 R4 O R4

= Il(t) + Ig(t).
The first summand converges to {pq A2 f(z)g(x)dz. By a careful use of
Fubini’s theorem,

t
Ir(t) = - S S S Sﬁ(t —s,2,2)p(s, z,9)b(2) - Vy f(y)g(z) dz ds dy dx.
RARIRAO0

If we denote by p® the function p perturbed by b then p(t, z, y) = p® (t, x, )
= p=Y(t,y, ). Hence, \gaP(t,z,y)dx =1 for t >0 and y € R?. Therefore

by (L.7),

)~ [ b2)- ViR g dz] < | | | {20020 )
d RIRIRIO0
x |Vy f(y)g(x) — V. f(2)g(2)| dz ds dy dz.

To prove that the last expression converges to 0 as ¢ — 0 we may follow
the proof of [B, Theorem 1| with some slight modifications concerning the
conditions on . m

Acknowledgments. I would like to thank Krzysztof Bogdan, Grzegorz
Karch, Jacek Zienkiewicz and Wojciech Mydlarczyk for many helpful com-
ments on this paper.



272

T. Jakubowski

This research was partially supported by ANR-09-BLAN-0084-01 and

grants MNiSW N N201 397137 and N N201 422539, and by a fellowship
co-financed by European Union within European Social Fund.

(1]
2]
13l
[4]
]
16]
7]
(8]
9]

[10]
[11]

[12]

[13]
[14]

[15]
[16]

[17]
[18]
[19]

[20]

References

N. Alibaud and C. Imbert, Fractional semi-linear parabolic equations with unbounded
data, Trans. Amer. Math. Soc. 361 (2009), 2527-2566.

D. G. Aronson, Non-negative solutions of linear parabolic equations, Ann. Scuola
Norm. Sup. Pisa (3) 22 (1968), 607-694.

K. Bogdan, W. Hansen and T. Jakubowski, Time-dependent Schridinger perturba-
tions of transition densities, Studia Math. 189 (2008), 235-254.

K. Bogdan and T. Jakubowski, Fstimates of the Green function for the fractional
Laplacian perturbed by gradient, Potential Anal. (2011), to appear; arXiv:1009.2472.
—, —, FEstimates of heat kernel of fractional Laplacian perturbed by gradient oper-
ators, Comm. Math. Phys. 271 (2007), 179-198.

L. Brandolese and G. Karch, Far field asymptotics of solutions to convection equation
with anomalous diffusion, J. Evol. Equations 8 (2008), 307—326.

L. A. Caffarelli and A. Vasseur, Drift diffusion equations with fractional diffusion
and the quasi-geostrophic equation, Ann. of Math. (2) 171 (2010), 1903-1930.
Z.-Q. Chen, P. Kim, and R. Song, Dirichlet heat kernel estimates for fractional
Laplacian with gradient perturbation, Ann. Probab. (2011), to appear.

P. Constantin and J. Wu, Hélder continuity of solutions of supercritical dissipative
hydrodynamic transport equations, Ann. Inst. H. Poincaré Anal. Non Linéaire 26
(2009), 159-180.

A. Cérdoba and D. Cordoba, A mazimum principle applied to quasi-geostrophic
equations, Comm. Math. Phys. 249 (2004), 511-528.

J. Droniou and C. Imbert, Fractal first-order partial differential equations, Arch.
Ration. Mech. Anal. 182 (2006), 299-331.

S. Friedlander and V. Vicol, Global well-posedness for an advection-diffusion equa-
tion arising in magneto-geostrophic dynamics, Ann. Inst. H. Poincaré Anal. Non
Linéaire 28 (2011), 283-301.

T. Jakubowski, The estimates of the mean first exit time from a ball for the a-stable
Ornstein—Uhlenbeck processes, Stochastic Process. Appl. 117 (2007), 1540-1560.
—, On Harnack inequality for a-stable Ornstein—Uhlenbeck processes, Math. Z. 258
(2008), 609-628.

—, On combinatorics of Schrodinger perturbations, Potential Anal. 31 (2009), 45-55.
T. Jakubowski and K. Szczypkowski, Estimates of gradient perturbation series,
J. Math. Anal. Appl., to appear.

—, —, Time-dependent gradient perturbations of fractional Laplacian, J. Evol. Equa-
tions 10 (2010), 319-339.

V. Liskevich and Y. Semenov, Estimates for fundamental solutions of second-order
parabolic equations, J. London Math. Soc. (2) 62 (2000), 521-543.

V. Liskevich and Q. S. Zhang, Extra regularity for parabolic equations with drift
terms, Manuscripta Math. 113 (2004), 191-209.

Th. Motzkin, Relations between hypersurface cross ratios, and a combinatorial for-
mula for partitions of a polygon, for permanent preponderance, and for non-associat-
we products, Bull. Amer. Math. Soc. 54 (1948), 352-360.


http://dx.doi.org/10.4064/sm189-3-3
http://dx.doi.org/10.1007/s00220-006-0178-y
http://dx.doi.org/10.1007/s00028-008-0356-9
http://dx.doi.org/10.4007/annals.2010.171.1903
http://dx.doi.org/10.1016/j.anihpc.2007.10.002
http://dx.doi.org/10.1007/s00205-006-0429-2
http://dx.doi.org/10.1016/j.anihpc.2011.01.002
http://dx.doi.org/10.1016/j.spa.2007.02.007
http://dx.doi.org/10.1007/s00209-007-0188-2
http://dx.doi.org/10.1007/s11118-009-9123-y
http://dx.doi.org/10.1007/s00028-009-0051-5
http://dx.doi.org/10.1112/S0024610700001332
http://dx.doi.org/10.1007/s00229-003-0433-x
http://dx.doi.org/10.1090/S0002-9904-1948-09002-4

[21]
22]
23]
[24]
[25]
[26]
27]

28]

Fractional Laplacian with singular drift 273

H. Osada, Diffusion processes with generators of generalized divergence form,
J. Math. Kyoto Univ. 27 (1987), 597-619.

M. E. Schonbek and T. P. Schonbek, Asymptotic behavior to dissipative quasi-
geostrophic flows, STAM J. Math. Anal. 35 (2003), 357-375.

G. Seregin, L. Silvestre, V. Sverak, and A. Zlatos, On divergence-free drifts, arXiv:
1010.6025v1 (2010).

L. Silvestre, Hélder estimates for advection fractional-diffusion equations, arXiv:
1009.5723 (2011).

—, On the differentiability of the solution to an equation with drift and fractional
diffusion, arXiv:1012.2401v2 (2011).

R. P. Stanley, Enumerative Combinatorics. Vol. 2, Cambridge Stud. Adv. Math. 62,
Cambridge Univ. Press, Cambridge, 1999.

Q. Zhang, A Harnack inequality for the equation V(aVu) + bVu = 0, when |b| €
K41, Manuscripta Math. 89 (1996), 61-77.

—, Gaussian bounds for the fundamental solutions of V(AVu) + BVu — u; = 0,
Manuscripta Math. 93 (1997), 381-390.

Tomasz Jakubowski

Institute of Mathematics and Computer Science
Wroctaw University of Technology

Wybrzeze Wyspianskiego 27

50-370 Wroctaw, Poland

E-mail: Tomasz.Jakubowski@pwr.wroc.pl

Received August 3, 2011
Revised version November 29, 2011 (7268)


http://dx.doi.org/10.1137/S0036141002409362
http://dx.doi.org/10.1007/BF02567505
http://dx.doi.org/10.1007/BF02677479




	Introduction
	Preliminaries
	Perturbation series
	Proof of Theorem 1

