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Coefficient of orthogonal convexity of some Banach
function spaces

by

Pawer Korwicz (Poznan) and STEFAN ROLEWICZ (Warszawa)

Abstract. We study orthogonal uniform convexity, a geometric property connected
with property (8) of Rolewicz, P-convexity of Kottman, and the fixed point property
(see [19, [20]). We consider the coefficient of orthogonal convexity in Kothe spaces and
Kothe-Bochner spaces.

1. Introduction. Let (X, ||-||x) be a real Banach space and B(X), S(X)
be the closed unit ball and unit sphere of X, respectively.

As usual, N, R and R, stand for the sets of natural, real and non-
negative real numbers, respectively. Let (7, X, 1) be a measure space with a
o-finite, complete measure y, and (N, 2V, m) be the counting measure space.
By LY = L%(T) we denote the set of all u-equivalence classes of real-valued
measurable functions defined on 7', and by I = [°(m) the linear space of all
real sequences.

DEFINITION 1. A Banach space £ = (E, || - ||g) is said to be a Kdthe
space if E is a linear subspace of L% and:

(i) ifr € B, y € LY, and |y| < |z| p-a.e., then y € F and |y|| e < ||z|&,
(ii) there exists a function z in E that is positive on the whole T (see
[17] and [23]).

Every Kothe space is a Banach lattice in the obvious order (z > 0 if
x(t) > 0 for p-a.e. t € T). In particular, if p is non-atomic, then we shall say
that E is a Kdthe function space, while (T, X, ) = (N,2¥ m), then E is a
Kothe sequence space. In the last case we denote by e; = (0,...,0,1,0,...)
the 7th unit vector.

A Kothe space FE is said to be:
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e strictly monotone (E € (SM)) if for every 0 < y < z with y # x we
have |lyll5 < [l2].5:
o uniformly monotone (E € (UM)) if for every ¢ € (0,1) there exists
p € (0, 1) such that for all 0 < y < z satistying ||z||g < 1 and ||y||g > ¢
we have ||z — y||g < 1 —p (see [4]);
e order continuous (E € (OC)) if for every z € E and every sequence
(zm) in E'such that 0 < z,, < |z| and z,, — 0 p-a.e. we have ||z, || g —
0 (see [17] and [23]).
It is known that if E € (UM), then E € (OC) (see [8, Proposition 2.1]).
We study a geometric property called orthogonal uniform convezity
(UCH). Tt was introduced in [19] in the study of property (3) of Rolewicz.
Although the original definition of property UC™ is based on the unit ball
B(E) of E (see [19]), we can equivalently use the unit sphere S(E).

The notation r V s = max{r, s}, r A s = min{r, s} for any r,s € R and
A+B=(A\B)U(B\A) for A,B € X will be used.

DEFINITION 2. A Kothe space (E, || - ||g) is orthogonally uniformly con-
vex (E € (UCH)) if for each € > 0 there is § = 6(¢) > 0 such that for any
z,y € S(E),

lexa,, |2V lyXAa,, g =€ implies |[(z+y)/2]|p <1-4,
where Amy = suppx — suppy.

We denote by 8% () the modulus of orthogonal converity and by &5 (E)
the coefficient of orthogonal convexity of the space E, defined by

0p(e) = nf{1 — |[(z +y)/2|lp : 2,y € S(BE), llaxa,, BV llyxa, e > e},
ey (F) = sup{e > 0: 05(e) = 0}.

Clearly, 05 maps [0,1] into [0,1] is nondecreasing; moreover, E € (uch)
if and only if eg (E) = 0. It is also easy to see that eg (E) = 1 for E €
(LY, L, 11, o).

Recall that a Banach space X is said to be uniformly conver (X € (UC))
if for each € > 0 there is § > 0 such that for any =,y € S(X) the inequality
|z —yllx > ¢ implies |lz + yllx < 2(1 — ) (see [7]).

Obviously, if E € (UC), then E € (UCH). It is known that every uni-
formly convex K&the space is uniformly monotone (see [11]). Moreover,

LeMMA 1 ([19, Lemma 3]). If E € (UCt), then E € (UM).

The converse of Lemma 1 is not true as the examples of L', show.

There are numerous geometric properties lying between uniform con-
vexity and reflexivity. The P-convexity of Kottman is one of such proper-
ties (see [22]). Recall that X is said to be P-convez if P(n,X) < 1/2 for
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some positive integer n, where P(n, X) = sup{r > 0 : there exist n dis-
joint balls of radius r in B(X)} (see [22]). Although orthogonal uniform
convexity is much weaker than uniform convexity (it need not even imply
strict convexity), it is still stronger than P-convexity (see [20]). Let us also
recall that X is called B-convex provided it is uniformly non-I} for some
n € N, i.e. there exists 6 > 0 such that for all z1,...,2, € B(X) we have
lx1 £xo £ £xn||x < n(l—0) for some choice of signs (see [22]). Geomet-
rically, a uniformly non-I} space is one which does not have n-dimensional
subspaces whose norms are arbitrarily good approximations of the ! norm.
It is known that every B-convex and uniformly monotone K&the space has
the fixed point property for nonexpansive self-maps on closed bounded con-
vex sets (see [1]). Note also that a P-convex Banach space is B-convex (see
[22]). Consequently, by the above arguments and Lemma 1, the fixed point
property follows from orthogonal uniform convexity.

Another important geometric property lying between uniform convexity
and reflexivity is property () of Rolewicz. Although it was introduced in
the study of well-posed problems in optimization theory (see [25], [26]),
it has been widely investigated from the geometric point of view (see [19]
and [20] for references). It is known that in Koéthe sequence spaces one
has the implications (UC)=(UC*)=(3) and none of them can be reversed
in general (see [20]). However, property (3) and (UC™) coincide in Orlicz
sequence spaces (see [20]) and more generally in symmetric Kéthe sequence
spaces (see [21]). On the other hand, the implications (UC)=(8)=(UC")
hold in Ko6the function spaces and the last one cannot be reversed (see [19],
20]).

In this paper we consider the coefficient 53‘ of orthogonal convexity in
Kothe spaces, Orlicz spaces and Kéthe-Bochner spaces. Analogous investi-
gations for the classical coefficient €9 of convexity have been carried out in
[12] and [13]. We have taken some inspirations from those papers.

2. Results

2.1. Kothe spaces. In this section we prove that a Koéthe space with
e (E) < 1 must be superreflexive. First we need to recall the notion of
upper and lower p-estimates.

Let 1 < p < co. A Kothe space E is said to satisfy an upper, respectively
lower, p-estimate (for disjoint elements) if there exists a constant M < oo

such that, for every choice of pairwise disjoint elements {z;}} ; in E, we

have
n n » 1/p n . n » 1/p
H;miESM(;HmHE) xesp., || Do =M (;Hxqu)
1= 1= 1=

i=1
(see [23]).
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THEOREM 1. Let E be a Kithe space. If eg(E) < 1, then E is super-
reflexive.

Proof. Suppose that E is not superreflexive. Then either E satisfies an
upper p-estimate for no p > 1, or E satisfies a lower g-estimate for no ¢ < oo.
Indeed, otherwise, by [23, Theorem 1.£.7], F satisfies an upper po-estimate
and a lower gp-estimate for some 1 < py < 2 < qo (see also the diagram in
[23, p. 101]) and consequently [23, Theorem 1.f.10] shows that E can be given
an equivalent uniformly convex norm, contrary to James’s characterization
of superreflexivity [9, Theorem 5.1].

Now, by [23, Theorem 1.f.12], either for every ¢ > 0 there are disjoint
elements x1,x9 in E such that

(1) (L —e)([ar| + |az|) < [larz1 + agas|[p < |ar] + |ag]

for all scalars aq, a9, or for every € > 0 there are disjoint y1,y2 in E such
that

(2) |a1| V]az| < [Jaryr + azp2llp < (1 +€)(lar] V |azl)

for all scalars aj,as. We assume that (2) holds, because in the case of (1)
the proof is analogous and simpler (it is enough to take x = x; and y = z»
from the proof below). Set

Y1+ Y2 y = Y2
ly1 + 926’ 2]l e
Putting a1 = ||y2||g, a2 = ||v2llz + |ly1 + v2||z and applying (2) we have

1
T + Tty H v+ Y2 Y2 _ oy + aspol
2| llyr + yzHE lvellelly 2y +v2llellyelle
{ } 1< 1 n 1 )
= max\ai,agy = =
2[jy1 + yzHEHyzHE 2\ v +w2lle w2l
1 1
> > .
ly1 +yelle — 1+¢
Moreover
1
lxxalle = Iyl > ,  where A =suppx -+ suppy.

ly1 +y2lle — 1+¢€

Hence 05(1/(1 +¢)) < 1—1/(1+¢) < e. Now, given v < 1, we have
§5(v) < 6L(1/(1 +¢€)) < ¢ for each € € (0,1/y — 1). Hence §5(v) = 0. This
means that g (E) = 1. =

REMARK 1. The converse of Theorem 1 is not true. The simplest ex-
ample of a superreflexive Kéthe space E with g5 (E) = 1 is I$° or 1 (a
two-dimensional {* or I!). We will also give an analogous example of an
infinite-dimensional K6the space (see Corollary 1 below).
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REMARK 2. Note that g5 (E) € [0,1] and for the classical coefficient of
convexity £o(X) of a Banach space X we have ¢¢(X) € [0, 2] (see [9], [13] and
[23]). Recall that X is called uniformly non-square if eo(X) < 2 (see [15]).
Combining the results of James and Enflo we conclude that a Banach space
X is superreflexive iff X has an equivalent uniformly non-square norm (see
[9, Theorem 5.1]). Then Theorem 1 is, in a sense, analogous to the James
and Enflo theorem.

2.2. Orlicz spaces. In this section we estimate the coefficient 5 of or-
thogonal convexity of Orlicz spaces. As a corollary we conclude that the
converse of Theorem 1 is not true in general. First we need to recall some
terminology.

We say that @ : R — [0, o0] is an Orlicz function if $(0) = 0,9 is convex,
even, left continuous on [0, 00), and not identically zero or infinity.

For every Orlicz function @ we define the complementary function @* by
the formula &*(v) = sup,so{u|v| — @(u)} for every v € R.

By the Orlicz function space Lg(pn) we mean

Le(p) = {m € L0 : Ig(ca) = S@(cx(t))du < oo for some ¢ > 0}.
T
Similarly we define the Orlicz sequence space lg by
lg = {x €l Ig(cx) = Z@(cx(z)) < oo for some ¢ > 0}.
i=1

We equip Lg(p) and lg with the Nakano—Luzemburg norm defined by
|z|lg = inf{e > 0: Ip(x/e) < 1}.

We say that an Orlicz function @ satisfies the Ag-condition for all u (for
large w) [for small u] if there is a constant k > 2 (there are uy > 0 with
D(up) < oo and k > 2) [there are ug > 0 with @(up) > 0 and k > 2] such that

&(2u) < kP(u)

for every u € R (for every |u| > wug) [for every |u| < ug], respectively. We
shall write @ € A2, & € AL, & € §, if d satisfies the Ao-condition for all w,
for large u, for small u, respectively.

For more details we refer to [6] and [24].

REMARK 3. Note that if & € 9, then ®(up) < oo. Moreover, in the
definition of the As-condition for small © we cannot omit the assumption
that @(ug) > 0, because without it the Ag-condition would not guarantee
that lg is order continuous, as it should be. Indeed, if ®(up) = 0, then
lg = [ as sets and they are isomorphic. Consequently, since {*° is not
(OC), neither is lg. On the other hand, we have ®(2u) = k®(u) = 0 for
every u € [0,up/2].
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Similarly, if @ € AZQ, then @(ug) > 0, and in the definition of the As-
condition for large u the assumption that ®(up) < oo cannot be omitted.

We shall use the following constants:
(3)  ap =sup{u>0:P(u) =0}, by =sup{u>0:P(u)< oo},
(4) agp = sup{u > 0: @ is linear in [0, u]}.

Notice that if @ € Ag, then ag = 0 and by = o0. If & € AIQ, then by = oo.
If @ € §o, then ag = 0.

To prove our main results we shall need some auxiliary lemmas. The
next lemma can be easily deduced from [2, Lemma 2].

LEMMA 2. If @* € AL, then for every w > ag there exists v = y(w) €
(0,1) such that &(u/2) < (1 —)P(u)/2 for all u > w satisfying P(u) < co.

LEMMA 3 ([18, Lemma 3]). If &* € 02, then for every w > 0 with 0 <
D(w) < oo there exists v = y(w) € (0,1) such that P(u/2) < (1 —v)P(u)/2
for all u < w.

The next lemma was proved in [10] in the general case.

LEMMA 4. Let @ € AL and Lg(u) be the Orlicz function space over a
finite measure space. Then:

(a) For every sequence (x,) in Lg(u) the equivalence ||xnlle — 0 <
Ig(zy,) — 0 holds if and only if & vanishes only at zero.

(b) For every p € (0,1) there exists ¢ € (0,1) such that for any x €
Lg(p) the inequality Ig(x) < 1 —p implies ||z|l¢ <1 —gq.

LEMMA 5. Let @ € 02 and let by be as defined in (3). Then:

(a) For every sequence (zy) in lg we have ||zy|le — 0 if and only if
Ig(xy) — 0.

(b) Suppose that ®(bg) < 1. Then for every o,p € (0,1) there exists
q = q(o,p) € (0,1) such that for any x € A with Ip(x) <1 —p we
have ||z||¢ < 1—q, where A = {x € lg : |z(i)| < (1—0)bg for each i}.

Proof. (a) It is known that ||z,|l¢ — 0 if and only if Is(nz,) — 0 for
any 7 > 0. Since @ € §o, this completes the proof.

(b) This was proved in [16] in the general case, but with the assumption
that by = co. We point out only the necessary changes to that proof. Let
p,o € (0,1). Take § = 0/(1 — o) > 0. Then the inequality u < (1 — 0)bg
implies (1 + 0)u < bg. Consequently, since @ € dy, there exists kg > 0 such
that @((1+0)u) < ko@(u) for every |u| < bg/(1+ ). Then the proof can be
finished as in [16, Lemma 9]. =

Note that the case @(bg) > 1 was handled in [20, Lemma 4c].
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Given an Orlicz function @ with ag = 0 we define

B & (uv)
Jolu) =350y

Applying [14, Lemma 1(i)] we immediately obtain

LEMMA 6. Assume that @ € A§. Then for any a € (0,1) and x € La(p)
we have the implication

zlle = a = Is(z) =1/ fe(1/a).
THEOREM 2. (I) Suppose that u is non-atomic and infinite. Then:

1. eg(Lo(p)) = 1 whenever & ¢ AS or &* ¢ AS.
2. If & € AS and &* € AS, then g5 (Lo()) = 0.

(IT) Assume that p is non-atomic and finite. Let ag and ag be as defined
in (3) and (4), respectively.

L. eg(Lo(p)) =1 if & € Al or &* ¢ AL,

2. Suppose ® € AL, &* € AL and ag = 0. Then:
(a) If ag =0, then eg (La(p)) = 0.
(b) If ag > 0, then eg (La(1)) > min{l, ®(ag)u(T)/2}. In par-

ticular, if ®(agp)p(T) > 2, then eg (La(p)) = 1.

(¢) If ag>0 and &(ag)u(T)<1, then

ey (La(w) € [2(ag)(T)/2,um],
where uy = 1/ f5*(1/®(ag)u(T)).

3. Assume that ® € AL, &* € A, and ag > 0. Then g5 (Lo (1)) > ua,
where ug = ||apXxT||s-

Proof. (1.1) If & ¢ A§ or &* ¢ A§, then Lg(p) is not reflexive, hence, by
Theorem 1, we get e (La(p)) = 1.

(I1.2) Since & € A and ¢* € A4, [20, Theorem 4a) yields Lg(p) € (UCH),
hence e3 (Lg(p)) = 0.

(IL1) If & ¢ AL or &* ¢ AL, then Lg(u) is not reflexive, and so
g5 (Lo(i)) = 1 by Theorem 1.

(IL.2a) If ag = 0, then, by [20, Theorem 4b], Ly(u) € (UC), hence
ey (Lo (1)) = 0.

(I1.2b) We consider two cases.

A. Suppose that @(ag)u(T') > 2. Then there exist measurable dis-
joint sets T, Ty with p(71) = wp(T2) and a number ug < ag such that
&(up)(T1) = 1. Define

L =UXT, Y = UOXT:-
Then Ig(x) = Is(y) = 1. Hence ||z]|l¢ = ||y|l¢ = 1. Similarly, ||zxalle = 1,
where A = suppz < suppy, and ||(z +y)/2||l¢ = 1. Thus eg (La(1)) = 1.
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B. Assume that &(agp)u(T") < 2. Let € > 0. Take disjoint Th,T» € X such
that p(T7) = p(T2) and (u(T)—¢)/2 < p(Th) < p(T)/2. Let T3 C T\(T1UT3)
with u(T3) > 0. Since & € Al we have by = co. Thus there is 8 > 0 with
D(ag)u(T1) + @(B)(T3) = 1. Define

T = agXxT + BX135, Y = QaXT, + BXT;-

Then ||z|l¢ = |lylle =1 = ||(z + y)/2||a. Moreover, since @(ag)u(T1) < 1,
setting A = supp x + suppy, we get

1o Gagyam)

lzxalle = @(ao)u(T1) > P(ag)(1(T) —€)/2.
Then 6i-¢(u) (®(ag)(u(T)—€)/2) = 0,50 e5 (Lo (p1)) > P(g)u(T) /2, because
e > 0 is arbitrary.

(I1.2¢) Since @ € Al2 and ag = 0 and ag > 0, we have @ € A§. Thus fp
is finite-valued. Applying case (I1.2.b) we get eg (Lo(u)) > ®(ag)u(T)/2.
First we note that @(ag)u(T)/2 < u; < 1. Indeed, since fg is convex,
fs 1'is concave, and consequently fs Y(u) < u for any v > 1. Then u; >
D(ag)u(T)/2. Moreover, f;l(l) = 1 and fg is strictly increasing on R,.
Hence u; < 1.

Let a > u;. Then there are n > 0 and a1 > ag such that vy < up < a,
where ug = 1/f5(1/(1 4+ n)®(a1)u(T)), because ® and f, ' are continuous
and strictly increasing. Let z,y € S(La(p)) be such that ||[zxalleV|yxalle >
a, where A = suppx =+ suppy. Without loss of generality we may assume
that ||zxa|l¢ > a. Lemma 6 implies Ig(xxa) > (1+n)P(a1)u(T) > 0. Define

Ay ={te A:|z(t)] > a1l

Hence

Then
Ip(zxa,) = Io(wxa) — Lo(TXA\A,)
> (1+n)®(an)u(T) — Do) (A Ay)
> n®(ae)(T).
Applying Lemma 2 with w = a1 we get

Lo((x +9)/2) < 1= Io(axa,) < 1= ynd(as)u(T) /2.

Consequently, Lemma 4(b) yields [[(z + v)/2|l¢ < 1 — ¢ for some ¢ =
q(yn®(ag)p(T)/2) > 0. Therefore (5,{;(#)(@) >q>0,s0eq(La(p) < ui.
(I1.3) First note that us < 1. Indeed, setting z = agx, we get Is(z) =0
and Ig(z/)\) < 1 for some A < 1, because & € Al, and consequently by = oc.
Hence ||z|le < A < 1.
We show that e (Lg(p)) > ua. Let € > 0 and take Ty C T, Ty € X such

that u(T) —e < u(Tp) < u(T). By assumption @ € AL, hence by = co. Then



Coefficient of orthogonal convezity 129

there exists b > 0 such that @(b)u(T \ Tp) = 1. Define
T = apXT, + bXT\To: Yy = bXT\T()'

Then |z|le = ||ylle = ||[(z + y)/2|ls = 1. Hence 5i¢(u)(a0) = 0, where
ap = |lagxT, ||¢- Since & > 0 is arbitrary, we conclude that eg-(Le (1)) > uz. =

It follows from Lemmas 4(a) and 5(a) that, under the corresponding
assumptions, for every a > 0 there is o(a) > 0 such that for any = € Lg(u)
(or z € lg),

(5) [zlle = a = Ip(x) > o(a).
Hence, defining
(6) o(a) = inf{lp(z) : [[z]le > a}

we get o(a) > 0 for each a > 0. Moreover, the implications ||uljl¢ < 1 =
Is(u) < ||ulle and ||ul|le > 1 = Ip(u) > ||ulle yield

(7) o(a) <afor any a € (0,1], o(a)> a for any a > 1.

REMARK 4. The upper estimate of e (Lg(pt)) in Theorem 2(I1.2¢) is, in
some sense, optimal. Note that Theorem 2(II.2c) can be proved similarly for
uf =sup{u > 0:0(u) < P(ag)u(T)} in place of ui, where o(-) is from (6).
On the other hand, the implication (5) is satisfied with o¢(u) = 1/ fs(1/u)
(Lemma 6). Furthermore, by the definition of fg, og(-) is the greatest pos-
sible function satisfying (5). Hence u]® = sup{u > 0 : o¢(u) < P(as)u(T)}
=1/f5 (1/®(ag)u(T)) is an optimal upper estimate for eg (Lg (1))

REMARK 5. It follows from Theorem 2 (case (I1.2b)) that eg (La(p)) €
[@(ap)p(T)/2,1] whenever ®(ag)u(T) € [1,2). Furthermore, in the class
of Orlicz spaces Lg(u) generated by & € Al with ®(ag)u(T) € [1,2) the
upper estimate of e5 (Lg (1)) cannot be improved. Indeed, let us show that
for each € > 0 there exists an Orlicz function @, with & (ag_ )u(T) € [1,2)
and eg(Lg.(11)) > 1 —e. Let € > 0 and let an Orlicz function @ satisfy
®(ag)u(T) € [1,2). Take T§ € X with &(ag)u(T5) = 1—¢. Since @ € AL, we
have by = oo. Hence there exists a set T5 € X with T C T'\T} and a number
a: > ag such that @(a.)u(Ts) = €. Take by > 0 with &(b.)u(T5) = 1. Define

b(u) if u < a. or u > b,
De(u) = ¢ P(be) — D(ax) b-P(a:) — a-D(b:)
u+
bg - a:g bE - aE
Clearly, ®.(ag,)p(T) € [1,2). It is also easy to see that e (Lo, (1)) > 1—¢
by taking & = ag, x1s + a:x7s and y = boxTs.

if u € (ag,be).

THEOREM 3. Let by and o(-) be as in (3) and (6), respectively. Then:
(i) €5 (lg) = 1 whenever ® & 5o or ®* & 52 or d(bg) < 1/2.
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(ii) eg(lp) € [1 — D(bo),u1] if P(bs) € (1/2,1), ® € 52, * € 52, where
up =sup{u>0:0(u) <1—P(bs)}.
(iii) eg (lp) = 0 whenever ® € 2, &* € d2 and P(bgp) > 1.

Proof. (i) If ® & 62 or &* & Ja, then lg is not reflexive, and Theorem 1
yields 66‘([@) = 1. Suppose that ®(bg) < 1/2. Let x = bge + bpes and y =
bper. Then Ig(x) < 1and Ig(x/\) = oo for every 0 < A < 1. Thus ||z||¢ = 1.
Similarly ||ylle =1 = ||(x + y)/2||¢ = ||xxal s, where A = suppx <+ suppy,
which finishes the proof.

(ii) Suppose that ¢ € 62, &* € 02 and P(by) € (1/2,1). Note that
1 — &(bg) < uy < 1. Indeed, suppose that u; < 1 —@(bg), and take ug with
up < up < 1 —&(bg). Then o(ug) > 1 — @(bg), and consequently, by (7),
we get a contradiction 1 — &(bg) < o(ug) < up < 1 — @(bp). Assume that
w1 > 1. Then there are § > 0 and us > 1+ 6 with o(us) <1—®(bg). Hence,
by (7), we get a contradiction 1+ 0 < us < o(us) <1 — P(bg).

We now prove the lower bound. Since @(bg) > 1/2, we have 1 — &(bg) <
1/2, and consequently there is ¢ > 0 such that @&(c) =1 — @(bg). Let

T = bpey +cea, Yy = bpey.

Then ||z|le = ||ylle = 1 = ||[(z + y)/2||¢. Moreover, setting A = suppx +
suppy, we get Ig(zxa/P(c)) > 1, hence ||zxalle > P(c) =1 — &(bg). Thus
5 (1 — ®(bg)) = 0.

To prove the upper bound suppose that a > uj;. Then o(a) > 1 —
D(bp). Let z,y € S(lg) be such that ||[xxalle V ||lyxalle > a, where A =
supp x <+ supp y. Without loss of generality we may assume that ||zx 4, [|¢ =
lxxalle > a, where A; = suppx \ suppy. Take o1 > 0 such that o(a) > 1 —
@((1—01)bg). The definition (6) implies Ig(xx4,) > o(a) > 1-P((1—01)bs).
Then Lemma 3 applied with w = bg yields

(8) Io((x +9)/2) < 1= 3 Tolaxa,) < 1- 2 (1- (ba)).

Moreover, |z(i)] < (1 — 01)bp for each i € N\ A;, since otherwise 1 >
Ip(zxa,) + Io(zxm 4,) > 1. Consequently, XU (i) < bg/2 for i € Ay and
%(z) < (2 —01)bg/2 for i € N\ A;. Taking o2 = min{1/2,0,/2}, and
applying Lemma 5(b) with ¢ = ¢(o2,3(1 — $(bs))) and inequality (8), we
conclude that ||(z + y)/2|l¢ < 1 — ¢q. Thus 611(1;(@) > ¢. Since a > u; was
arbitrary, we conclude that &5 (Ig) < u1.

(iii) By the assumptions and [20, Theorem 3], we get lg € (UC), hence
83‘([@) =0. =

Note that we cannot find constructively the best possible function o(-)
in Theorem 3.2 as we do in Theorem 2(II.2.c) (see also Remark 4). If we
take f9(u) = supg.,<p, P(uv)/D(v), then f3(-) is not finite-valued even in
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the case when @ € J5. Consequently, the result analogous to Lemma 6 is not
valid in the sequence case when bg < oo.

Applying Theorem 2(I1.2.b) or Theorem 3(i) and criteria for superreflex-
ivity of Orlicz spaces we conclude immediately that the converse of Theo-
rem 1 is not true in general.

COROLLARY 1. There exists an infinite-dimensional superreflexive Kéthe
space E with eg (E) = 1.

REMARK 6. Recall that any Banach space with o(X) < 2 is super-
reflexive (see Remark 2). Similarly to Corollary 1, there is a superreflexive
Banach space X with eo(X) = 2. It is enough to take X = Lg(u) satisfy-
ing the assumptions of Theorem 2(I1.2.b). To show that eo(Lg(p)) = 2 it
is enough to consider elements x and y as in the relevant proof (case A).
Combining this with Remark 2 in Section 2.1 we see that e (E) plays the
same role with regard to superreflexivity in Kéthe spaces as does £o(X) for
superreflexivity in Banach spaces.

2.3. Kdithe—Bochner spaces. Let us define the type of spaces to be con-
sidered hereafter. For a real Banach space (X, || - || x), denote by M (T, X),
or just by M(X), the family of strongly measurable functions f : T — X,
where functions which are equal p-almost everywhere are identified. Given
a Kothe space E (see Definition 1) define

()= lz()|lx, E(X)={reM(X):TcE}.
Then E(X) equipped with the norm

1zl pcx) = [1Z]| e
becomes a Banach space and it is called a Kothe—Bochner space.

We shall consider Kéthe-Bochner space E(X), where E = E(T, X1, 1)
and X = X (5, X9, p2) are Kothe spaces over the measure spaces (7', X1, p11)
and (5, X9, 2). Then we may view an element z € E(X) as a function
z: T xS — R such that z(¢,-) € X for each t € T and the function ¢ —
lx(¢, )|l x is an element of E. Clearly, suppz = {(t,s) € T xS : z(t,s) # 0}.

In order to study orthogonal uniform convexity in the spaces F(X) we
notice that this property can be considered not only in Kothe spaces but
more generally in normed function spaces which have the so-called semi-
Kothe property.

DEFINITION 3. A normed function space E C L° is a semi-Kdthe space
(E € (sK)) if for any z,y € E we have xx4,, € E, where A,y = suppz +
supp y.

REMARK 7. Clearly, if F is a Kothe space, then E € (sK). Note also
that the converse is not true. Let (£, | - ||g) be a Kothe space and Ey C E



132 P. Kolwicz and S. Rolewicz

be the set of all simple functions. Then E; € (sK) and F; is not a Kothe
space, since given z € Ej it is easy to find y € L such that |y| < |z| and y
is not a simple function. Note that E; is not complete. However, there is
also an example of a Banach (complete) function space E with E € (sK)
which is not a Kothe space. Indeed, if a Koéthe space F is not reflexive,
then it contains a subspace X which is isomorphic to ¢y or to [!. By the
construction of X we conclude that there exists a sequence (u,)5>,; C E
with pairwise disjoint supports such that for every x € X there exists a
sequence (t£)%°, C [* such that x = Y 7 | t7u, (see [3, Theorem 4], [23,
Theorem 1.c.5] and [27, Theorem 5.16]). Hence X is a semi-Kothe space.
Moreover, it is complete. On the other hand, X does not satisfy condition
(i) from the definition of the Kothe space.

The following question arises:

QUESTION. Let E be a semi-Koéthe space over the measure space
(T, X, 11). Does there exist a subalgebra Xy C X such that each z € E is Y-
measurable and the space Fy defined to be E considered over (T, Xy, u / )
is a Kothe space?

The answer is negative in general. It is enough to take the space E; from
Remark 7. Indeed, the only subalgebra Yy C 3 such that each z € FEj is
Yo-measurable is the whole 3.

Similarly, a negative answer can be deduced if we consider the space
X from Remark 7. Then the smallest subalgebra Yy C X such that each
r € X is Ygp-measurable, is defined by Xy = {S € ¥ : S = U,ca Ty,
A CN, a € R}, where T,, = suppu,, and T¢ = {t € T}, : |u,(t)| < a} for
each a € R. Clearly, Xo = X considered over (T, X, i1/, ) is not a Kothe
space, because X does not satisfy condition (i) from the definition of the
Kothe space.

Note that E(X) € (sK). Indeed, given z,y € E(X) and setting F' =
suppz \ suppy and G(t) = suppz(t) \ suppy(t) C S, we have zxp(t) =
z(t)xg) € X for each t € T, since z(t),y(t) € X and X € (sK). Further-
more, |z(t)Xg ) < |2(t)| pe-a.e. in S for each t € T, hence ||z(t)xqw llx <
lz(t)||x for each ¢t € T. Then the function t — ||z(t)xg()llx is an element
of E. Consequently, ||[zxr| px) = HHI‘()XG()HXHE and the orthogonal uni-
form convexity is well defined in the space F(X). However, the natural
question arises.

QUESTION. Given Kothe spaces E=FE(T, X1, p1) and X =X (S, Yo, p2),
can the space E(X) be considered as another Kothe space?

The answer was given by Bukhvalov in [5] in a more general case.
Denote by (P, X, i) the product measure space (17" x S, X1 ® X, 1 X p2).
Let E[X] be the space all y-measurable functions K (t,s) (t € T, s € S) such
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that for each K € E[X] we have

(i) K(t,-) € X for pj-a.e. t € T.
Then we define wi (t) = || K(t,)||x for pi-a.e. t € T. If we suppose addi-
tionally that (X, | - ||x) is monotone complete, X € (MC), that is, 0 < z,, T
z € X implies lim, o ||zn||lx = |z]x, then wk(:) is Xj-measurable ([5,
Theorem 1.1]). It is known that to get X'j-measurability of wx (-) we cannot

drop the assumption of monotone completeness of X. Then, if X € (MC),
we may additionally assume in the definition of the space E[X] that

(ii) the function wg (t) = ||K(t,)||x is an element of E.
Consequently, if we endow E[X] with the norm ||K||gx) = [|wk (-)||E, then
(E[X], || - | gx)) satisfies conditions (i) and (i) in the definition of a Kéthe

space. Since E and X are Banach spaces, so is E[X] ([5, Theorem 1.5]).
Moreover, we have

THEOREM 4 ([5, Theorem 2.2]). The spaces (E[X], ||| gx)) and (E(X),
[ - HE‘(X)) are isomorphically isometric if and only if either X is order con-
tinuous or the measure py s purely atomic.

We want to thank Professor M. Mastylo for pointing out Bukhvalov’s
result.

For any x € E'\ {0} set ¥ = z /||z||g . We shall need two lemmas.

LEMMA 7. Let z,y € E\ {0}. If |Zxalle V |[yxalle > €, where A =
supp x <= suppy, and ||z[g Allylle = n([lz]z Vv llyle), then

lz + yllz < (1= nog(e)(lele + lylz)-
The proof can be done the same way as in [13, Lemma 1.4].

LEMMA 8 ([11, Theorem 7]). E € (UM) if and only if for any € € (0, 1)
there is n(e) > 0 such that |xxp\allp <1 —n(e) for any x € E with x > 0,
lz||g =1 and for any A € X such that ||xxallg > €.

THEOREM 5. Let E and X be Kéthe spaces. Assume that E is uniformly
monotone. Then:

(1) =4 (X) Vb (B) < 4 (B(X)) < 2(X) + 4 (B) — = (X)e ().
(ii) Both inequalities in (i) are equalities if and only if either eg-(X) or
ex (E) is in {0,1}. In particular:
(a) E(X) is orthogonally uniformly convex if and only if both E and
X are orthogonally uniformly convex.
(b) g5 (E(X)) = 5 (E) whenever X is orthogonally uniformly con-
ve.
(c) eg (E(X)) = eg(X) if E is orthogonally uniformly convex.
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(iii) For any a,n € (0,1) and € € (V' n,a+n — an) there exists a two-
dimensional Kéthe space E such that ef (E) =1 and eg (E(X)) = ¢
whenever g (X) = a.

We shall apply some techniques and methods from the proof of [13, The-
orem 1]. For any z € E(X) we write |z|| instead of |||/ g(x) for simplicity.

Proof. (i) The lower bound is obvious. We prove the upper bound. Let
E = E(T, %1, 1) and X = X(S, X2, p2). Set o = g (X), n = eg(E) and
e = eg (E(X)). Take sequences {z,}, {yn} in S(E(X)) with ||z, + yu| — 2
and ||z xF, [ VI[ynXF, || — €, where F, = supp 2, +supp y,,. Then ||z, X, | =

HHxn(')XGnC)HXHE and G, (t) = supp z,(t) \ suppy,(t) C S (see the intro-
duction in Section 2.3). Let

sn() = [(@n +ya) Ollx, Su() = lzn()llx + lya ()l x-
We have 2 — ||sp||g < ||Sn||lg < 2. Take n,, | 0 and &, | « such that

o Ialis sl _
Tn

where v, = nnéﬁg(sn). Define
An() = {t € T« lza(®)llx A llyn@)llx = ma(lza ) lx V lya®)1x)},
AZ = {t € Au(na) : 1 (DX lx V 19n(OXanllx > enls
A5 = Au(na) \ AZ,

—

where z,(t) = x,(t)/[|7n(?)]x. Applying Lemma 7 we get s,(-)x 4>
(1= 1) ()X 1> Clearly, ,(-) < Sa(). Then

IN

[snllEz < [|Sh — ')’nSnXAg Iz = [ISn — Yn(Sn — SnXT\Ag)HE
<A =v)S e ""’VnHSnXT\AgHE'
Consequently, by (9),

1
2> [Suxp 4zl = 15nllE - . {ISnllz = llsallz} — 2.
n

In particular HHmn() — 1. Consequently,

”XXT\A%HE

(10) llzn)lxx 42 [ 5 = 0.

because otherwise applying uniform monotonicity of £ and Lemma 8 we
would get a contradiction. Since T'\ As = [T\ An(n,)] U A, we get

lznxrll = [[llzn () Xxano x| g

= |lzn(xa.Ixxas + (En + 1= en)l2n()xa, ) llx X a5 || 5
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<len(lzn()llxxas + 122 ()xa, ) llx X A2)
+ (1= en)llzn(xa, o lxxraz | g

< enllznll + (1= n) ([ll2n() X0 Ix X\ AL ) |
+ [lzn()xcn o) x4z | )

< en + (1= en)|[llzn(XGn ) Ix X\ Anma) | g + lza () llxx ez || -

Without loss of generality we may assume that ||z,xr, || = |znxE,| V
llynXF, || for any n € N. Hence, by (10) we get
lznx sl = en = [lzn()lxx 2 || 2
(11)  [llen ()Xo llx X anmll 5 = : n
£—a«
— .
11—«

Let T\ A, (n,) = B, UC,,, where
By ={t €T\ An(nn) : |[za(t)|lx = lzn(®)llx A llyn(®)]x},
Cn = (T\ An(n)) \ Bn.
Set
un = [lzn()llx, oo = [lyn()llxx1\C,-

We have || ”?/n()HXXCnHE — 0, and consequently, as ||Sy,||z — 2,

(12) |l un, + vnllE — 2.
Since HH»’Un(‘)XGn(-)HXXBnHE — 0, from (11) it follows that
o £—w

Hence, by (12), setting D,, = supp u,~+ Supp v,, we get
£E—a

0 = timinf unxp, | = lmint [l ()lxxe, | = =

(ii) follows immediately from (i).

(iii) Let a,n € (0,1) and ¢ € (o V n,a +n — an). Let E = R%. We can
(and do) define the norm || - | g in E such that the positive part of the unit
sphere S(E)" will be the set (see Figure 1):

1 1
sy =00~y ~ (12) ~ (L)
€' € n
where the symbols A — ;4 and A —~ p denote a straight line and a strictly
rotund part of S(FE) for any A, u in the unit sphere of E. Indeed, given a

convex, absorbing and balanced set A, the Minkowski functional K 4 of A
defined by K4(x) = inf{a > 0: z/a € A}, x € E, defines a norm in E by
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0.1) (1,1)

(1/e,a/e)

(0,0) (1/n,0)

Fig. 1

the formula ||z||g = Ka(x). Moreover, since dim E < oo, the boundary of
A is equal to the unit sphere (S(E), || - || &)-

Clearly, eg (E) = |(1,0)||lz = 1/#77 = 7. Suppose that £5(X) = a.
Then we find up,v, € X with ||uy||lx = |lvnllx = 1, |lun + vallx — 2
and ||upxa,||x V ||lvnxa,llx — «, where A, = suppu, + suppuv,. We
may assume that |unxa,llx = [unxa,llx V |lvnxa,lx for any n € N.
Let x, = (vn,up) and y, = (0,v,). Then ||z,|| = ||yn|]| = 1. Moreover,
setting [y, = suppz, + suppyn, we get [|znxr, || — (1)l = . On
the other hand, [z, + ynll = [[([valx; [un + vallx)llz — [1(1,2)]z = 2.
Hence e3(E(X)) > e. Suppose now that there are x,,y, € E(X) with
[znll = llynll = 1 < [[(zn + yn)/2[| and |lzaxF, | V yaxF, | — €. Then,
without loss of generality, ,, = (un, V), Yn = (Wn, 2,) With

[unllx —u, lonllx =0, Nwnllx = w, [lzllx — 2,
[(un +wn)/2llx =7, [lunxa,llx V l[wnxa,llx — p,
[(n +20)/2lx =5, lloaxBallx V llznxB, Ix — ¢,

where A,, = supp u,, + supp w,, and B, = supp v,, ~ supp z,, so that

[(w,0)[le =1=[(w,2)|&l(p,0)le =<
and

1= (r,8)]e < <1

1 1
i(u,v) + = (w, 2) .

2

Consequently, (u,v),(w,z) € (0,1) — (1,1), hence v = z = 1 = s and
u,w < 1. Then ¢ < a and p < 1, which gives

e=leale<I1a)z=c =
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