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Abstract. Let X be an infinite-dimensional complex Banach space. Very recently,
several results on the existence of entire functions on X bounded on a given ball By C X
and unbounded on another given ball Bo C X have been obtained. In this paper we con-
sider the problem of finding entire functions which are uniformly bounded on a collection
of balls and unbounded on the balls of some other collection.

1. Introduction. Throughout the article, X will denote an infinite-
dimensional complex Banach space and H(X) will be the space of all entire
(holomorphic) functions on X. If x € X and r > 0, then B(z,r) will denote
the open ball in X with center x and radius r. If f € H(X) and S C X, let
1flls = supges [ f(@)]-

When one considers a continuous linear form or a continuous polynomial
on X, it is well-known that both are bounded on every bounded subset of X.
But, as a consequence of the Josefson—Nissenzweig theorem (see [4, p. 219])
that yields the existence of a sequence (¢,,)>2; of norm 1 elements in X*
which pointwise converges to 0, the series Y ~° ; ¢! is an entire function on
X which is unbounded on some ball of X (see [6, p. 157]). Some related
theorems were obtained by Aron and Kiselman in the seventies (see [3] and
[7]). The following theorem mentions several improvements of the above
result which have been obtained recently.

THEOREM 1.1.

(a) (see [2]) Given two balls By and By in X such that By € By and a
real number € > 0, there is an entire function f on X such that

[ fllBo <& and | f[B, = oo.
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(b) (see [8]) Let Hp(X) be the vector subspace of H(X) of all entire
functions of bounded type, that is, bounded on every bounded subset
of X. Then there is an infinitely generated algebra A C H(X) such
that

ANA{0} € H(X) \ Hp(X).

(c) (see [8]) Given two balls By and By in X such that By ¢ By, there

is an infinite-dimensional vector space F such that

FA{0} c{f e H(X) : [ fllBy < o0 and || f]lB, = oo}

The purpose of this paper is to study the following problem, proposed
to us by Richard Aron, which is related to Theorem [L.1|(a).

PROBLEM 1.2. Let I and J be two subsets of NU{0} such that INJ = (.
Let {By, :n e IUJ} be a collection of balls in X such that Bj € J;c; Bi
for all j € J and let € > 0. Does there exist a function f € H(X) such that
| fllg, <€ for everyi €I and ||fHBj = oo for every j € J?

We will give answers to that problem for different choices of the sets
I and J and of the position and size of the balls. As we will see, this is
not trivial, even when the sets I and J are finite. In fact, we will have to
introduce new techniques, which can only be applied with some restrictions.
Note that Theorem (a) solves this problem for two balls.

REMARK 1.3. Problem|[I.2]does not always have a solution. For instance,
if we assume that X is separable and we consider a dense sequence (x;):2,
in 9B(0,1) and £ > 0, then by the maximum modulus principle, there is no
f € H(X) such that || f| p(,,1/2) < ¢ for every i € N and || f[|p(,1/2) = 0.

2. The results. We start with the case of I = {0} and J = N.

THEOREM 2.1. Let (By)32, be a sequence of open balls in X such that
B;j ¢ By for every j € N. For each j, let

s;j = sup{||z|| : « € By}

and assume that lim;_ .., s; = oco. Then, given € > 0, there is a function
f € H(X) such that

IfllB, <& and |fllp, =00 foreveryj e N.

Proof. We can assume that By = B(0, Ry) for some Ry > 0.
Since lim; .o s = 00, we can rearrange the sequence (B;)72, so that

51 <8< -0

Moreover, as each B; is an open set, we have ||z| < s; for every x € B;.
Let 21 € By \ By. Then

Ry < ||l'1” < 81,
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so there is m; € N such that ||z1]| < s1 — 1/m1. We define R; = s; — 1/m;,
which satisfies R; > Ry. Since R; < s1 < s9, there is 2o € By such that

R1 < Hx2|| < 89.

Again, we take ma € N, my > my, such that ||z2]| < s2 — 1/ma and we
define Rg = 59 — 1/m2.

In this way, we get two sequences (r;)%2; C X and (R;)52, C R" with
the following properties:

(a) (R;)7Z is increasing and lim;_.o R; = oo because lim;_. s; = o0,

(b) for all j > 1, z; € BN B(0,R;) and z; ¢ B(0, Rj_1).

Let 71 > 0 be such that B(z1,r7) € By N B(0,Ry) and B(xy,7r1) N

B(0, Ry) = 0. Then by Theorem [1.1](a), there exists a function f; € H(X)
such that

I fillBo,ry)y < 1/2 and |[|fillBzy,m) =

Let 79 > 0 be such that B(xa,72) C BaN B(0, Ry), B(x2,72) N B(0, R1) =0
and || f1ll Bzs,r) < 00- Again by Theorem (a), there exists fo € H(X)
such that

If2llBo,ry) < 1/2% and || fall plas,ra) = o©-

By repeating these arguments, we obtain two sequences (rj);”; , C RY and
(f7)521 C H(X) such that

(c) B(xj,r;) C BjnB(0,Ry),

(d) B(zj,r;) N B0, Rj—1) =0,

(e) an”B(xj ry <00ifl<n<j—1,
() fillBo.r,1) <1/23

(@) 15l = oo

Let K be a compact subset of X. By (a), there is j € N such that
K C B(0, R;). Then

00 [e's) 00 'S) 1
Slfalle < >0 alsory < D MallBorey < Y. on < 00
n=j+1 n=j+1 n=j+1 n=j+1

Therefore, the series >~ | f, converges uniformly on compact subsets of X
and defines a holomorphic function f on X.

The function f is bounded on B(0, Rp):

1£11B(0,Ro) <Z\|anBOR0 <Z”anBORn 1) <Z*<OO



190 J. M. Ansemil et al.

In addition, if j € N, then

e, 2 || S
n=1

Jj—1 o
2 HfJ”B(.Z’],T‘]) - Z ||f7LHB(l‘J,7‘J) - Z an”B(.Z’j,T’j)
n=1

n=j+1

B(z;,r5)

Jj—1 )
2 Hf.]||B(Z‘7,T7) - Z ||anB(a}j,T]') - Z ||fn||B(0,Rn71)'
n=1 n=j+1
By (e), (f) and (g) we deduce that [|f[|p, = co. To complete the proof, it
suffices to take the function HJ“”B%H fom
0

REMARK 2.2. If we consider only a finite collection of balls (By)n-,
such that Bj € By for every j € {1,...,m}, then the above proof can be
stopped at step m. In that case, it is trivial that the function > " ; f, has
the properties we want.

In the proof of the next theorem we will need a result about biorthog-
onal systems. In [5, p. 250], Dilworth, Girardi and Johnson proved that in
every infinite-dimensional Banach space X there is a biorthogonal system
{Zn, pn e, such that lim, .o @n(x) = 0 for every z € X, |¢n] = 1 for
every n and sup ||z, || < co. The proof of this fact follows from an inductive
process, so we can fix a finite number of vectors x1, ..., ;41 and function-
als ¢1,...,¢m41 and complete them with a system {xn, ©n}p,, 1o With the
properties given above:

PROPOSITION 2.3. Given x1,...,Zmy1 € X and ©1,...,0m+1 € XF,
there are two sequences (n)p’,, 10 C X and (on)pe 10 C X* such that

(1) limp—oo on(z) =0 for every x € X,

(2) |lgnll =1 for every n > m + 2,

(3) sup [|zn|| < o0,

(4) {zn, on}plmyo is a biorthogonal system,

(5) if1<i<m+1andn>m+2, then p,(z;) =0 and @;(x,) = 0.

THEOREM 2.4. Let {B(zpn, Ry)}i be a finite collection of balls in X
such that

Ry > max{Ri,..., Ry}

Then there is a function f € H(X) such that
1l B@s,R,) < 00 for everyi € {l,....m} and | f|Bo,ry) = OO
Proof. We can assume that xop = 0. Let 0 < € < 1, ¢ < Ry, be such that
(Rp —e)(1 —e) > max{Ry,..., Ry}



Entire functions 191

Let Y be a closed hyperplane such that span{zi,...,x,} C Y. By Riesz’s
lemma, there exists z € X such that ||z|| =1 and dist(z,Y) > 1 — . Let

Tm+1 = (Ro —€)z € B(0, Ry).

This vector satisfies

dist(xm+1,span{zi, ...,y }) > dist(zpy41,Y) = (Ry — ¢) dist(2,Y)

> (Ry—¢)(1—¢) >max{Ry,..., Ry}
By the Hahn—Banach theorem, there is ¢, +1 € X* such that ||om+1] = 1,
Om+1(zi) =01if 1 <7 <m and
Om+1(Tm+1) = dist(zm41, span{z1, ..., Tm}).

Let us choose arbitrary functionals @1, ..., ¢, € X* and let (2,)52,,,0 C X
and (¢n)p,,io C X* be sequences with the properties in Proposition

As sup ||z, || < oo, there is r > 0 such that z,41 + rz, € B(0, Ry) for
every n. Since @pm+1(Tm+1) > max{Ry,..., Ry}, there exists ¢ > 0 with

max{Ry,...,Rn} < 1/c < oms1(Tm+1).
Then
cR; <1< C‘Perl(merl)

for every ¢ € {1,...,m}, so there is & € N such that (cR;)*R; < 1 for every

ie{l,...,m} and (comi1(Tms+1))*r > 1.

The function
o

F= 3 (comar)en)”

n=m-+2

is holomorphic on X since lim,, .o ¢n(z) =0 for every z € X. If 1 <1i < m,
then f is bounded on B(x;, R;):

1/ B(zir)y = sup |f(zi+z)|= sup ’ > (cpmir () on(@)"
llzll <R; llzll<Ri' p,=a
< Y (((R)°R)" < .
n=m-+2
On the other hand,

sup | f(zmi1 +ren)| = sup ((pmir(Tmi1))*r)" = oo,
n>m—+2 n>m-+2

Thus we deduce that || f|| po,ry) = 00- =

REMARK 2.5. The condition Ry > max{R1,..., R} in the above theo-
rem is sometimes unnecessary, as Theorem (a) shows.
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COROLLARY 2.6. Letm,n € N, n > m, and consider two finite sequences
of balls, {B(w;, R;)}[2y and {B(xj, R;)}]_,, 11, such that
max{Ry,...,Rpn} <min{Ry+1,...,Rn}.
Then for every e > 0 there is a function f € H(X) such that

Il Bs,r)) <€ for everyie€ {1,...,m}
and
| flBa;,r) =00  for every j € {m+1,...,n}.
Proof. Let us choose positive numbers 7,41, ..., 7, such that
max{Ry,...,Rn} <Tmy1 < -+ <rp <min{Rp41,...,Rn}.

By Theorem there exists fi41 € H(X) such that || fi i1 Bz, r,) < 0©
for every i € {1,...,m} and || fm+1l Bzmi1,rmsr) = ©0- We have to consider
two different cases:

(1) If Hfm+1|’B(xm+2,rm+2) = 007 then let fm+2 - fm+1-
(2) T | fms1ll B@miormes) < 00, then, by Theorem there exists a
function g,,41 € H(X) such that ||gm11] Bz, r,) < 00 for 1 <i <m,

9m+11l B rmrt) < 00 AN [[gm41 ]l Bamsoirmis) = 00 Let fmio =
fm+1 + Im+1-

In both cases, fp,12 is an entire function such that
| fn+2ll B(as,r,) <00 for every i € {1,...,m},
Hfm+2||B(xm+1,Rm+1) 2 Hfer?HB(mmHﬂ“mH) = 0,
| fnt2ll Bamio, Rmsz) = I fmt2ll Bamiormes) = 0O
The proof follows by recurrence. Finally, we take the function C%rl fn, where
C =maxici<m | full B, Ry)- ®

THEOREM 2.7. Let X be a Banach space with a Schauder basis ()22,
such that
0 < inf [[e, ]| < sup|len] < oo.

Let (on)p2 1 C X* be the sequence of coefficient functionals associated to the
basis and let M = sup |lon||. If J C N, R; > 0 for every j € J and € > 0,
then there exists f € H(X) such that
1 fllBoapn <& IfllBean <& for everyie N\ J
and
1/ Bej,r;) =00 for every j € J.

Proof. First of all, note that M < oo because inf ||e,|| > 0 (see [9] p.

20]). For each j € J, let t; € R be such that

R
1<tj<1l+—L.
el
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Then tje; € B(ej, Rj). As sup||ey|| < oo, there is r; > 0 such that tje; +
rjen € B(ej, Rj) for every n € N. Since t; > 1, there is o;j € N such that
%t?jrj > 1.

Let K be a compact subset of X. As inf ||e,,|| > 0, we have lim,,_,o ¢p ()
=0 for all z € X (see [9, p. 21]). Therefore, lim, . ||¢n|/x = 0 as well, so
there exists ng € N such that ||p,||x < 1 for all n > ng. Moreover, there is
n1 € N, n; > ng, such that

(. sup IISO?’IIK) Nenllx <1
jeJ,j<no—1
for all n > ni. Thus,

= 5 (e,

jeJ n=35+1
ni—1
SO %wn D S SE S DI
<jeJ1n =j+1 <]eJ1n ni Jj=ng n=j+1
Jj<no— Jj<no

This implies that the series

1 o, )”
90 ¥

converges uniformly on compact subsets of X. Consequently, it defines an
entire function f on X.
This function is bounded on B(0,1/M):

s <3 3 ((1eig) tenlng) <3 3 go<on

j€J n=j+1 Jj=1n=j+1
Let i e N\ Jand z € X, |z] < 1/M. We have

Fetnl <Y S (!% 'lsz)g(ei)wn(a:)r)"

jeJ n= ]+1
n i n n [e.9] o 2 n
<y 3 (el oy s (5) <
je€J n=35+1 j=1n=j+1
Therefore,

o0 o0 2 n

| £l Bes,1/0r) = sup \f(€i+x)\gz Z <3) < 0.
]| <1/M ,

If we now fix j € J, then

n
1£l5e,my > sup |F(tye; +rjea)| = sup <t%rj> .
n>j+1
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To complete the proof of the theorem, we take the function &7 f, where

oo o 2 n
c=> % (5) <o
j=1n=75+1
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