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An invariance principle for the law of the iterated logarithm
for some Markov chains

by

W. Borr, A. A. MAJEWSKI and T. SZAREK (Gdansk)

Abstract. Strassen’s invariance principle for additive functionals of Markov chains
with spectral gap in the Wasserstein metric is proved.

1. Introduction. Suppose that (E,p) is a Polish space. We denote by
B(E) the family of all Borel sets in E, by M the space of all probability
Borel measures on E, and we let 7 : E' x B(E) — [0, 1] be a transition prob-
ability on E. The Markov operator P is defined by Pf(x) = {, f(y) 7(z, dy)
for every bounded Borel measurable function f on E. The same formula
defines Pf for any Borel measurable function f > 0 which need not be fi-
nite. Denote by By(F) the set of all bounded Borel measurable functions
equipped with the supremum norm and let Cy(E) be its subset consisting
of all bounded continuous functions. The connection of the Markov operator
to the topology is usually given by the Feller property P(Cy(E)) C Cy(E).

Suppose that (X,)p>0 is an E-valued Markov chain, given over some
probability space ({2, F,P), with transition probability 7 and initial distribu-
tion ug. Denote by [E the expectation corresponding to P. We shall denote by
1P the associated transfer operator describing the evolution of the law of X,.
To be precise, P is defined by the formula §, f(z) pP(dx) = § P f(x) pu(dx)
for any f € By(F) and p € M;. To simplify the notation we shall write (f, u)

instead of (. f(y) u(dy).
Given a Lipschitz function ¢ : E — R we define

Sn(¥) == ¥(Xo) + ¥(X1) + - + (X)) forn = 0.

Our aim is to find conditions under which S, (1) satisfies the law of the
iterated logarithm (LIL). This natural question is raised when central limit
theorems (CLT) are verified. Since 1986 when Kipnis and Varadhan [12]
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proved the central limit theorem for additive functionals of stationary re-
versible ergodic Markov chains, there has been a huge amount of reviving
attempts to do this in various settings and under different conditions (see
[16, 17]). A common factor of those results was that they were established
with respect to the stationary probability law of the chain. In [2] Theorem
IV.8.1] Gordin and Lifshits answered the question about the validity of the
CLT with respect to the law of the Markov chain starting at some point x.
Namely, they proved that for coboundaries the CLT holds for almost every
x with respect to the invariant initial distribution (see also [6l [7]). On the
other hand, Guivarc’h and Hardy [9] proved the CLT for a class of Markov
chains associated with the transfer operator having spectral gap. Recently
Komorowski and Walczuk [13] studied Markov processes with the transfer
operator having spectral gap in the Wasserstein metric and proved the CLT
in the non-stationary case. Other interesting results under similar assump-
tions were obtained by S. Kuksin and A. Shirikyan (see [14} 21]).

The LIL we study in this note was also considered in many papers. There
are several results governing, for instance, Harris recurrent chains [3, [4] 18].
Similarly CLT results are formulated mostly for stationary ergodic chains
(see for instance [II, Bl 19, 26l 27]). In the case when one is able to find a
solution to the Poisson equation h = f+ Ph, the problem may be reduced to
the martingale case [8] (see also [18]). But the LIL for martingales was care-
fully examined in many papers (see [11], 10, 23, 24]) and a lot of satisfactory
results were obtained.

Our note is aimed at proving the LIL for Markov chains that have the
spectral gap property in the Wasserstein metric. It is worth mentioning here
that many Markov chains enjoy this property, e.g. Markov chains associ-
ated with iterated function systems or with stochastic differential equations
disturbed by Poisson noise (see [15]).

Our result is based upon the LIL for martingales due to Heyde and Scott
(see Theorem 1 in [11]).

2. Assumptions and auxiliary results. For every measure v € M;
the law of the Markov chain (X, ), >0 with transition probability 7 and initial
distribution v is the probability measure P, on (EY, B(E)®Y) such that

P, [Xpt1 € A| X, =2] =7(z,A) and P,[Xy € Al =v(A),

where x € F and A € B(E). The expectation with respect to P, is denoted
by E,. For v = §,, the Dirac measure at x € E, we write just P, and E,.

We will make the following assumption:

(HO) the Markov operator has the Feller property, i.e. P(Cy(E)) C Cy(E).
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We shall denote by M ;1 the space of all probability measures with finite
first moment, i.e. v € My iff v € My and {, p(xo, x) v(dz) < co for some
(thus all) zg € E. For abbreviation we shall write p,, (z) = p(x¢, z). Observe
that every Lipschitz function (even unbounded) is integrable with respect to
each v in M1y ;. We assume that:

(H1) for any v € My, we have vP € My .

It may be proved that M ; is a complete metric space when equipped with
the Wasserstein metric
d(vi,v2) = sup{|[(f,v1) — (f,2)| : f: E - R,Lip f <1} for v1,vs € My .

Here Lip f denotes the Lipschitz constant of f. Convergence in the Wasser-
stein metric is equivalent to weak convergence plus convergence of the first
moment (see e.g. [25, Theorem 6.9]). The main assumption made in our note
is that the Markov operator P is contractive with respect to the Wasserstein
metric, i.e.

(H2) there exist v € (0,1) and ¢ > 0 such that
(2.1) d(1 P", 1o P") < cy"d(v1,12)  forn > 1, vy, € My 1.
Assumption (H2) is called the spectral gap property. Let u € M; ;. From
now on we assume that the initial distribution of (X,,)n>0 is u. Moreover,

(H3) there exist g € F and § > 0 such that
(2.2 SUp B2 (Xn) = sup | 23 d(uP™) < oo
n>0 n>0

It is easy to prove that under assumptions (HO0)-(H2) there exists a
unique invariant (ergodic) measure g, € M;j. In particular, p, € My ;.
The proof in [I3] was given for Markov processes with continuous time but
it still remains valid in the discrete case. In the stationary case, (H3) means
that p2+7 is in Ly (p.).

Let ng > 2 be such that

Y0 = 4™ < 1.

We start this part of the paper with a rather technical lemma.

LEMMA 2.1. Let gnk : E2(k4n) R for arbitrary k,n > 1, be Lipschitz
continuous functions in each variable with the same Lipschitz constant L.
Then there exists a constant L, depending only on L, such that the function

(2.3)
Hy () :S (z,dy1) S m2(y1, dyz) - S T2 (k-+n)—1 (Y2(ktn)—2> AY2(k-+n)—1)
E E E
X S T2(k+n) y2(k+n) 1 dyz(k+n)) In k(Y1 y2(k+n))7
E



44 W. Bott et al.

where m(yi—1,dy;) = 5yl_lPkl (dy1), k; > 1 and additionally ky > ng — 1 for
all even 1, is Lipschitzean with Lipschitz constant L.

Proof. Define the functions g; : E/ — R by the formula

9iWos vt yi-1) = \ mi (o dy;) | misa (g, dyj) x
E E
%\ Ton) Wothn)—1> AWoran)) Ink W1, - Yagerny) for j =1,...,2(k +n).
E
Let £j; for j =1,...,2(k+n) and [ = 0,...,j — 1 denote the Lipschitz
constant of g; with respect to y;. Then the Lipschitz constant of H,, ; is
equal to L1 0. It is obvious that £;; < L for 0 <1 < j—1, j > 1. To evaluate
Lji-1 fix yo,y1,...,yj—2 and gj—1,9;j—1. Then we have

gj(y[:hyh e 7yj—27:gj—1) - gj(y07y17 cee 7yj—27gj—1)
= S [(95-1,dy5) gj+1(Yo, Y1, - - -+ j—1,Y;)
E

- Sﬁj@j—l,dyj)gjﬂ(yoyyh i1, Y5)
E
= Sﬂ-] yj 1ady]) (gj+1(y07y17"')g)j—17yj)_gj+1(y07y17"°7gj—l7yj))
E
+ W](yj 17dy] 9]+1(?/07y17'~7?]j—1,?/j)

| )
E

- S Trj(gj_lﬂ dyj)gj+1(y07y17 cee 7?]]‘—1,?/3’)7
E

and consequently

19 (Yo, y1s - -5 Gj—1) — 95 (Y0, Y1, - -+, Gj—1)|
< Ljy1,-1p(Jj-1,Gj-1) S (-1, dy;) + |<P’“J’§j+1, 8g,) — <pkj§j+1’ 35,0
E
< Lp(§j-1,95-1) + ¢ Lj10(85 -1, Gj-1),
no—1

where ¢; = ¢y if j odd, ¢; = ¢y if j even, and

Gi+1() = 9541 (Y0s Y15+ - -, Yj—2,Yj—1,7)-
Hence
Ljj1<L+cjLljt1; forj=1,...,2(k+n)—1
Since Lo(gyn)2(k+n)—1 < L, an easy computation shows that
L(cy+1)

Lig <
I —"0

U =

This completes the proof. m
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3. The law of the iterated logarithm

3.1. A martingale result. We start by recalling a classical result due
to C. C. Heyde and D. J. Scott [11]. Let {M,,, F,, : n > 0} be a martingale
on the probability space (£2, F,P) where Fy = {£2,0} and F,, is the o-field
generated by My,..., M, for n > 0. Let Zy = My = 0 P-a.s. and Z,, =
M, — M,,_1 for n > 1. Further, let s% = IEMTZL < 0.

We consider the metric space (C, p) of all real-valued continuous functions
on [0, 1] with

plz,y) = sup |z(t) —y(t)| for z,yeC.
0<t<1
Let K be the set of absolutely continuous functions x € C such that z(0) = 0
and {(«/())?dt < 1.
Define a real function g on [0,00) by g(s) = sup{n : s2 < s}. We define
a sequence of real random functions 7, on [0, 1], for n > g(e), by

M+ (2= (s — D) s

t
in(?) /252 loglog s2
ifsz §s%t§sz+1, k=1,...,n—1, and

n(t) =0 for n < g(e).

PROPOSITION 3.1 (Theorem 1 in [I1]). Under the above notations for
the square integrable martingale (M,,), if s2 — oo and

oo
(3.1) Z s;4E[Zﬁ1{|Zn|<75n}] < oo for somey >0,
n=1
(0.9}
(3.2) Z SEIEHZn’l{\Zn\ngn}] < oo foralle>D0,
n=1
n
(3.3) 5.2 Z Z? —»1 P-a.s asn— oo,
k=1

then (ny)n>1 is relatively compact in C and the set of its limit points coincides
with K.

3.2. Application to Markov chains. Let (E,p) be a Polish space,
(X,) a Markov chain with state space E, transition operator P satisfying
conditions (H0)—(H2), and initial probability u satisfying (H3). Let ¢ : E—R
be a Lipschitz function with Lipschitz constant L > 0 such that (¢, p.) =0
(otherwise we could consider ) = 1) — (1, j1.)).
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For every n and any Lipschitz function v, Minkowski’s inequality in
Loy s(uP™) and (H3) yield

(34) (Bll(Xa) PV = ([ ()2 d(uPn)

E

< [w(ao)] + L( § 2 d(uP™)
E

) 1/(2+9)

1/(2+96)
)

and consequently sup,, 5o E,[|#(X5)[*] < oo.
We have

o [e.e]

i=0 i=0
by (H2). Thus we may deﬁne the function

=> Pip(z) forxz€E.

We easily check that x is a Lipschitz function (see Lemma 4.5 of [13]) and
satisfies the Poisson equation x — Py = 1.
It is well known (see e.g. [§]) that

My, = x(Xn) — x(Xo) + Z@ZJ(Xi) forn >0

is a martingale on the space (EY, B(E)®N,P,) with respect to the natural
filtration; its square integrable martingale differences are of the form

Zn = x(Xn) = x(Xpn-1) + ¥(Xp—1) forn>1.

Observe that E,, Z? < oo. Indeed, we easily check that z — E,(Z? A k)
is a bounded continuous function for any k > 1. Further, as E, pn(Z7 A k)
= (o Eo(Z N k) pP™(dz) — K, (Z; A k) for any k > 1 as n — oo and
sup,>o E,pn(Z3) < oo, we conclude that E,, (Z3) < oo.

Set
o :=E, 7}
We have
(3.5) lim E,Z2 = hm EHP"Z1 =02

n—oo

REMARK. The variance o2 defined above and the variance which appears
as the variance of the limiting normal distribution in the CLT (see eg. [6]
and [8]) are the same. One can prove that the function x which solves the
Poisson equation for 9 is in Lo (), just as we proved E,, (Z?) < oo. By [§]
the martingale differences are in fact Z,, = x(X,,) — Px(X,—1), and it can
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be easily computed that

(3.6) o = Eu,(Z7) = By, [x(X1) — Px(Xo)]?
= | x?dp. — [ (Px)* dpss
E E

the last term is precisely the variance of the limiting normal distribution
given in [8]. The fact that x is in La(ps) also yields for u.-almost every x
the CLT in (£2, F,P,), by |2, Theorem IV.8.1].

In fact, since x and ¢ are Lipschitzean, we have sup, >, IE”|Zn|2+‘5 < 00,
by Minkowski’s inequality and (3.4]). Further, observe that

sup]Eu(Z,Qllﬂzn‘sz}) < k92 supE#|Zn|2+5 —0
n>1 n>1
as k — oo. Therefore, condition (3.5) follows from the fact that E,pn(Z7 Ak)

— E,. (Z2 Ak) as n — oo for any k > 1. Finally, we obtain, by orthogonality
of the martingale differences,

2 2
. S . E,.M
lim =% = lim —£—n
n—oo N n—oo n
n 2
— lim >ic1 EuZ; _ 52
n—oo n

LEMMA 3.2. The square integrable martingale differences (Zy)n>1 satisfy
1 n
(3.7) - Z Z} = 0® Pu-as asn— oo,
=1

and consequently condition (3.3)) holds if % > 0.

Proof. First observe that it is enough to show that for any ¢ € {1,...,n¢}
we have

1 n
- Z Zi2+lno — o? P,-a.s. as n — oo.
=1

)
)

If we show that both the functions

. 1,0 2
lmf(n lE Zz-mo) —o
=1

xr—>Ex<

and

a:»—>Ew<

: I 2
lim sup<n ZZ; Zi+ln0> -0

n—o0
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are continuous, we shall be done. Indeed, then we have

2
<hnrr_1>ggf( ZZerlno) -0 /\1)
( lim mf( Z +lno) — o2

. 2 i+mn,
Ew<lm£f< Z +an> -0 /\1) P (d)

—>EM*<linrgi£f< Z Hlno)_(;? /\1)

as m — 00, since P10 converges weakly to ju, as m — co. On the other
hand, from the Birkhoff individual ergodic theorem we have

IEM*<Iinn_1>ioréf( ZZZH”O) ) -0

and consequently
a?| A 1) =0,

5
which, in turn, gives

lgr_l}{gf( Z Zz—l—lno) =0 P,as.
Analogously we may show that

lim sup( Z Z+ln0) = P,-a.s.

n—oo

A 1) p(dz)

B
)

hmmf( Z z+lno>_

The remainder of the proof is devoted to showing the continuity of the
relevant functions. Again, we restrict to the first function, since the proof for
the second one goes in almost the same manner.

Observe that

A 1)

o i (3 35 2 -
n—+k
= lim limEz<min{ Z iting — 9 - n+kz i+ing }'/\1)

Nn—00 k—oo
= lim lim H, x(x),
n—00 k—00
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Hn7k(.’1§) = <‘m1n{ (Z i+Ing /\n 1 + o )> — 0'2’ ey
n+k

(Z Hing AN (0 R)(1+0%) — 02>H A 1)

min{ % (Z(X(Xi+ln0)—X(Xi71+ln0)+w(Xifl+ln0))2/\n<1+0'2)) —o?

:Ex(

=1
1 n+k
oy ( > ((Xiting) = X(Xiz14ing) + $(Xi14ing))?
=1

/\(n—i—k)(l—l—az)—UQ)H/\l).

Set

gn,k(ylv cee 7y2(n+k))

n

m {:L(Z(x(ym) — X(ya1) + Y1) An(l+0%)) =0,

=1

n+k

(Z x(wa1) = x(u-1) + (1) A (0 + k) (1 +0%) = 02)}' A

n+k
so that

Hn,k(x) - E.T(gn,k(Xi-‘rno—la X’i+n07 X’i+2n0—1a X’H—Znov e 7Xi+2(n+k)no))'

Observe that H,, j is given by formula . If we show that there exists L
such that g, is Lipschitz continuous in each variable with Lipschitz con-
stant L (independent of n, k), then all H, j are Lipschitzean with the same
Lipschitz constant L, by Lemma 1. Consequently, lim, o limy_,o0 H, i is
Lipschitzean and in particular continuous. Since the minimum of any finite
family of functions which are Lipschitz continuous in each variable with Lip-
schitz constant L is Lipschitz continuous in each variable with the same
Lipschitz constant, to finish the proof it is enough to observe that the func-
tion
1,E
(1) = (D2 On) = X)) 91 +0%)) — 07

=1

is Lipschitz continuous in each variable with Lipschitz constant L for some
fixed L > 0. On the other hand, each term in the above sum is Lipschitz
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continuous in each variable with Lipschitz constant

(1/p)(Lip x + Lip¢)2p(1 + o%) = 2(Lip x + Lip9))(1 + 0®).
Observe that each variable appears in one term in the above sum. Hence
L < 2(Lipx + Lip9)(1 + 02), which finishes the proof. m

Note that following the proof of the previous lemma we could show
that the Markov chain considered satisfies the strong law of large numbers
(SLLN). This, however, follows directly from Theorem 2.1 in [20].

LEMMA 3.3. Let 0? > 0. Under assumptions (H0)—(H3) the square inte-
grable martingale differences (Zyp)n>1 satisfy conditions (3.1)), (3.2)).

Proof. Since sup,,>q E,|Zn|**% < oo, where § is the constant given in
(H3), we have

ZS MY s PAPSY <ZS S22 Ok, Z, 0

n=1
<27 supE,|Z, IMZS_2 ’
n=1
On the other hand, the condition s2/n — 02 as n — oo gives > o0 | 5,270

< 00, which completes the proof of condition (3.1)).
To show condition observe that

ZS wllZnl1q 2,2 con}] <ZS ul| Za*0 ) (€50)' 0]

n=1

<10 supEH]Z ]2”23*2 <00, m
n=1

3.3. The law of the iterated logarithm for Markov chains

THEOREM 3.4. Let (E,p) be a Polish space, (X)) a Markov chain with
state space E, transition operator P satisfying conditions (HO)—(H2), and
initial probability p satisfying (H3). If 1 is a Lipschitz function with (1, )
=0 and 0® > 0, then P, -a.s. the sequence
(1) = 2=t Y(Xi) + (0t = B)Y(Xier)

oy/2nloglogn

fork <nt<k+1l,k=1,....n—1andt >0, n > e, and 0,(t) = 0

otherwise, is relatively compact in C' and the set of its limit points coincides
with K.

Proof. First observe that since s2/n — 02 > 0 as n — oo, we have

V252 loglog s2
o+v/?2nloglogn

—1 asn — oco.
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Consequently, from Lemmas 3.2 and 3.3 it follows that the sequence

M+ (2= (s — D) s

t
(1) ov/2nloglogn
for s2 < s2t < szﬂ, E=1,....n—1and t > 0,n > e, and n,(t) = 0

otherwise, is relatively compact in C' and the set of its limit points coincides
with K (see Heyde and Scott [I1]). Let ¢ € (0, 1] and n > 1. Observe that if
k<nt<k+1,then

ko? 5 mno? 5 (k+1)o? ,

TSIC S 3 tSn S 2 Sk+1’

sy s2 St

Set
_ M+ (0t —k)Zga

N, (T

iin(t) ov/2nloglogn
where k& > 1 is such that £ < nt < k + 1. Since n02/s721 — 1 as n — oo, for
any € > 0 we have

(1— 5)5% <(1+ 5)53175 <(1+ 5)2(1 — 5)_1,5%“

for all n large enough. Hence there is t, € [t(1—¢)(1+¢) L t(1+¢e)(1—¢)7 Y
such that si < s%t* < sz 41 On the other hand, the diameter of the interval
[s7/55,5%,1/53) for a fixed k = 1,...,n — 1 converges to 0 as n — oo.
Consequently, for any ¢ > 0 and n > e there exists ¢, > 0 such that 7, (t) =
Nn(tn) and ¢, — t as n — oo. Since the sequence (7,(t))ns>. is relatively
compact in C' and the set of its limit points coincides with K, the sequence
(7 (t) )n>e 1s also relatively compact and has the same set of limit points.
Fix € > 0. Define

n—1
no={oe o Mo SO0, )
U {w € (2 [Zn1 \_/%l)(XnN > 5/2} for n > 1.

Now we are going to show that > >, P,(A,) < co. Indeed, keeping in mind
that x is Lipschitzean, by the Chebyshev inequality we obtain

P, ({2, Do BRI, )

Vn
e ( {w . !X(Xn)\/—ﬁX(Xoﬂ .. /2})
= Epay (X)) + E(pry (X)) ¢
= nl+o/2 = plté/2’

by (H3), for some constant ¢ > 0 independent of n.
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Analogously, we may check that there exists a positive constant C (in-
dependent of n) such that

Pu( {w o2 ;g(Xnn .. /2}>

. |X(Xn+1) B X(Xn)| C
:PM<{WE\Q. NG >e/2 §n1+5/2’
by (H3) and the Lipschitz property of x. Thus the series > > P, (A4,) is
convergent.
Finally, from the Borel-Cantelli lemma it follows that IP,-a.s.

My + (nt = k) Zpy1 S0y ¥(X0) + (nt = k)v(Xpp)
o+v/2nloglogn o+v/2nloglogn

where k < nt < k + 1. Since € > 0 was arbitrary, the proof is complete. u

lim sup sup
n—oo 0<t<1

<e,
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