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by

ALVARO CORONEL (Santiago), ALEJANDRO MAASS (Santiago) and
SONG SHAO (Hefei)

Abstract. We study relationships between sequence entropy and the Kronecker and
rigid algebras. Let (Y,Y,v,T) be a factor of a measure-theoretical dynamical system
(X, X,u, T) and S be a sequence of positive integers with positive upper density. We
prove there exists a subsequence A C S such that h/ (T,£|Y) = H.(¢|K(X|Y)) for all
finite partitions £, where (X | Y') is the Kronecker algebra over Y. A similar result holds
for rigid algebras over ). As an application, we characterize compact, rigid and mixing
extensions via relative sequence entropy.

1. Introduction. Sequence entropy for a measure was introduced as an
isomorphism invariant by Kushnirenko [Ku|, who used it to distinguish be-
tween transformations with the same entropy. It is also a spectral invariant.
Kushnirenko [Ku] proved that an invertible measure-preserving transforma-
tion has discrete spectrum if and only if the sequence entropy of the system
is zero for any sequence. Later, sequence entropy was mainly used to char-
acterize different kinds of mixing properties in [S, Hul, Hu2, Z1, Z2, HSY].
Also, in [BD, KY] relations between large sets of integers and mixing prop-
erties were considered.

The purpose of this paper is to study the relationship between sequence
entropy and some important o-algebras associated to a measure-theoretical
dynamical system, namely the Kronecker and rigid algebras, and their rel-
ative versions.

Let (X,X,u,T) be a measure-theoretical dynamical system. It is not
difficult to prove by using standard properties of entropy and the Pinsker
o-algebra that given a finite measurable partition &,

Tim (7€) = H, (€] (X))
where IT(X) is the Pinsker o-algebra of the system (see [P] for general

properties and [B-R] for an explicit proof). One can restate this result using
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the language of sequence entropy as follows:

sup (T, €) = Hy(¢] (X)),
A:TLZ+,7L€N
What happens if one takes the supremum over another increasing se-
quence A of positive integers? It was shown in [HMY] that

(1.1) ax h (T,€) = Hy (€| K(X),

where IC(X) is the Kronecker algebra of the system and & is any finite
measurable partition.
In this paper we address the previous question for conditinal sequence
entropy with respect to a factor. Let (Y, ), v,T) be a factor of (X, X, u, T).
First we show in Section 3 (Theorem 3.4) that for any given increasing
sequence S of positive integers with positive upper density,

rggghﬁ(ﬂﬁ |Y) = Hu(§ [ K(X]Y))

for any finite measurable partition &, where K(X |Y') is the Kronecker alge-
bra relative to ). As a corollary (Corollary 3.5) we sligthly extend (1.1) by
proving that
A _
Then in Section 4 we consider rigid algebras associated to the system
relative to the factor. We prove (Theorem 4.11) that for any IP-set F’ there
exists an IP-subset F' of F’ such that

(1.2) max{hﬁ(T,é |YV):ACFis F-monotone} = H,({ | Krp(X|Y))

for all finite measurable partitions &, where Kp(X |Y) is the rigid algebra
relative to ) along F' (refer to Section 4 for related concepts). The analogue
of (1.1) for rigid algebras is given in Corollary 4.13.

Two applications of the above results are presented.

The first one is a characterization of compact and weakly mixing ex-
tensions and rigid and mildly mixing extensions via conditional sequence
entropy, providing new proofs and slightly more general statements for re-
sults in [Hul, Hu2] and [Z1, Z2] respectively.

The other application is given in Section 5. We show that max A{h/‘:‘(T | V)}
€ {logk : k € N} U {oo}.

In Section 2 we give some basic concepts and results in ergodic theory
and entropy theory.

2. Preliminaries. In this article, the integers, non-negative integers,
natural numbers and complex numbers are denoted by Z, Z,, N and C
respectively.
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2.1. Basic concepts. Let (X, X, u) be a standard Borel space with pu
a regular probability measure on X and let 7" : X — X be an invertible
measure-preserving transformation. The quadruple (X, X, u,T) is called a
measure-theoretical dynamical system, or just system, if Ty = u, that is,
w(B) = u(T~'B) for all B € X. For simplicity, in what follows all transfor-
mations of the system are called T.

A system (X, X, u,T) is ergodic if any measurable set A € X’ for which
pP(ANT=TA) =0 has u(A) = 0 or pu(A) = 1. A system (X, X, 1, T) is weakly
mizing if (X x X, X @ X, p®@pu, T x T) is ergodic; and it is strongly mizing
if limy, oo p(T""ANB) = p(A)u(B) for any A, B € X.

A system (Y, )Y, v,T) is a factor of (X, X, u,T) if there exists a measur-
able map 7w : X — Y such that 7y = v and moT =T o 7w. Equivalently one
says that (X, X, u,T) is an extension of (Y, YV, v, T).

Let (Y,),v,T) be a factor of (X, X,u,T). One can identify L?(Y, Y, v)
with the subspace L?(X, 7 YY), u) of L3(X, X, u) via f +— fom. By us-
ing this identification one can define the projection of L?(X,X,u) onto
L2(Y,V,v): f + E(f|Y). The conditional expectation E(f|)) is charac-
terized as the unique Y-measurable function in L?(Y,),v) such that

(2.1) VoB(f 1Y) dv =\ gonfdu
Y X
for all g € L2(Y, Y, v).
The disintegration of u over v is given by a measurable map y — p, from
Y to the space of probability measures on X such that

(2.2) E(f1Y)(y) = | fdu,
X
v-almost everywhere.
The self-joining of (X, X, u,T) relatively independent over the factor
(Y, Y,v,T) is the system (X x X, X @ X, u Xy pu, T x T'), where the measure
i Xy p is defined by

(2.3) pxy p(B) =\ py x py(B)dv(y), VBEX®X.
Y
This measure is characterized by
(2.4) | A ®faduxyp=\E(f|VEFf|Y)dv
XxX Y

for all f1, fo € L2(X, X, 1), where fi1 @ fo(x1,x2) = f1(z1) fa(z2).
For details about the concepts in this subsection see [F1, GJ.

2.2. Kronecker systems and rigid systems. Let (X, X, u,T) be a system.
An eigenfunction of T is a non-zero complex-valued function f € L?(X, X, i)
such that Tf = Af for some A\ € C, where Tf = f oT. The complex
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number \ is called the eigenvalue of T associated to f. If f € L*(X, X, u)
is an eigenfunction of T, then cl{T"f : n € Z} is a compact subset of
L?(X, X, ). In general, one says that f is compact if I{T"f : n € Z} is
compact in L?(X, X, ). Let H.(T) be the set of all compact functions in
L3(X, X, pt). Tt is well known that H.(T) is the closure of the set spanned
by all the eigenfunctions of T'.

The following proposition is a classical result (see for example [Zi]).

PROPOSITION 2.1. Let (X, X,u,T) be a system and H be an algebra of
bounded functions in L*(X, X, i) which is invariant under complex conjuga-
tion. Then there exists a sub-o-algebra A of X such that cl(H)=L*(X, A, u).
Moreover, if H is T-invariant, then A is T-invariant.

One easily deduces from Proposition 2.1 that there exists a T-invariant
sub-o-algebra K(X) of X such that H.(T) = L*(X, K(X), ). K(X) is called
the Kronecker algebra of (X, X, u,T). The system (X, X', u,T') is said to be
compact or to have discrete spectrum if H.(T) = L*(X, X, u) or equivalently
K(X) = X.

A function f € L?(X, X, ) is rigid if there exists an increasing sequence
{tp}nen C Zy with lim, oo T f = f in L?(X, X, n). For a fixed sequence
F = {tp}nen C Zy, Hp(T) denotes the set of all functions f € L*(X, X, i)
with lim, .o Tt f = f in L?(X, X, ). It is easy to see that the set of all
bounded functions in Hp(T) forms a T-invariant subalgebra of L?(X, X, i),
invariant under complex conjugation. Thus from Proposition 2.1 one de-
duces that there exists a T-invariant sub-o-algebra r(X) of X such that
Hp(T) = L*(X,Kp(X), u). A system (X, X, u,T) is called rigid if there is
F = {ty}nen C Zy such that Hp(T) = L*(X, X, ).

2.3. Mizing properties and filters. A system (X, X, u, T) is mildly mizing
if it does not have non-constant rigid functions. In the strongly mixing case
Kr(X) is trivial for any sequence F', thus strong mixing implies mild mixing.
Also, since every eigenfunction is rigid, mild mixing implies weak mixing. It
can be proved that mild mixing lies strictly between weak mixing and strong
mixing [FW]. For more details on mixing properties see [F1, F2, W2].

An upward hereditary collection G of subsets of Z is said to be a family.
That is, subsets of Z, containing elements of G are in G too. If a family G is
closed under finite intersections and satisfies ) € G, then it is called a filter.
The dual of a family G is G* = {F CZy : FNF' # () for all F' € F}.

Now some important families are introduced. Let A be a subset of either
Zy or Z. The upper Banach density of A is

|ANI]|

d*(A) = limsup T

[[—o00

where I ranges over all intervals of Z, or Z and |- | denotes cardinality. The
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upper density of a subset A of Z, is

- A .. N -1
d(A) = limsup A0{0,.., }‘,
N—oo N

if A is subset of Z, then

: . [AN{=N,...,N}|

d(A) = h]{/njolip ON 11 .
The lower Banach density d.(A) and the lower density d(A) are defined
analogously, with liminf. If d(A) = d(A), then one says that A has density
d(A). Let D={ACZs :d(A) =1} and BD = {A : d.(A) = 1}. Tt is easy
to see that D and BD are filters with duals D* = {A C Z, : d(A) > 0} and
BD* = {A:d*(A) > 0} respectively.

Let {b;}icr be a finite or infinite sequence in N. Define

FS({b;}icr) = { Z b; : «v is a finite non-empty subset of I}

1€

A set F C Z4 is an IP-set if there exists a sequence {b;};en of natural
numbers such that F' = FS({b; }icn). Denote the set of all IP-sets by ZP.

Let {xn}nez, be asequence in a metric space (X, d), z € X, and G be a
family. One says that x, G-converges to x, denoted by G-limx,, = x, if for
any neighborhood U of z, {n € Z; : x, € U} € G. The following is a well
known result concerning mixing in ergodic theory (see [F1, F2]).

THEOREM 2.2. Let (X, X,u,T) be a system. Then:

(1) T is weakly mizing if and only if D-lim u(T""AN B) = u(A)u(B)
for any A, B € X;

(2) T is mildly mizing if and only if TP*-lim u(T-"ANB) = pu(A)u(B)
for any A,B € X.

For more discussion about various kinds of mixing and families, refer to

[BD, KY].

2.4. Sequence entropy and conditional sequence entropy. Let (X, X, u,T)
be a system and S = {t;},ey be an increasing sequence of non-negative
integers. Let £ be a measurable partition and A a sub-o-algebra of X. The
(Shannon) entropy of & and the (Shannon) entropy of & given A are given

respectively by
==Y p(A)logu(A
Aeg

and

Hy (6] A) =Y | —E(1a|.A)logE(14 | A) dp

Aeg X
One also uses the notation u(A|A) =E(14|A).
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Let &, n be measurable partitions with H,(¢|A), Hu(n]A) < oo and
identify (when necessary) n with the o-algebra it induces. It is known that
H, (| A) increases with respect to £ and decreases with respect to A, and

Hy(§VnlA)=Hu(&|nVA)+Hu(n|A).

DEFINITION 2.3. The conditional sequence entropy along S of & given A
in the system (X, X, u,T) is defined by

n—oo

hﬁ(T,ﬂA) = limsup%Hu( \n/T_tff ‘ A)
=1

n—o0

1 -
— S H (T—tj ’ Ttigy )
Hnsupnj;2 u §i:\/1 EVA

The conditional sequence entropy along S given A in the system (X, X, u, T')
is

hi(T'|A) = sgp{hi(T@\A) t Hy (€] A) < oo}

When S = Z, and A is trivial one recovers the entropy of T with respect
to p.

Let (Y,Y,v,T) be a factor of (X, X, u,T) and {y}yecy be the disinte-
gration of p over v. Then the conditional (Shannon) entropy of & given )
can be represented as

(2.5) Hu(¢1Y) = | Hy(€) dv,

Y
where H,(-) denotes the entropy with respect to p, and Y is viewed as a
sub-c-algebra of X. The following two lemmas come from [Hu2].

LEMMA 2.4. Let & and 1 be measurable partitions of X with H,(§|Y),
H,(n]Y) < oco. Then

W3 (T, €1 Y) = (T | V)| < N (Hy(€|n) + Hy(n] €)) dv
Y

for any increasing sequence S C Z.

LEMMA 2.5. There exists a countable set {&,}nen of finite measurable
partitions of X such that

inf { Jele + Hy(61€)) dv} =0

for all measurable partitions & with H,(§|)Y) < oo.

Hence one has
ho(TY) = sgp{hu (T,&|Y) : € is finite}.
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Thus hE(T | V) = 0 if and only if hﬁ (T,£]1Y) = 0 for all two-set measurable
partitions &, since every finite partition is a refinement of two-set partitions.
For more information about entropy theory refer to [G, P, W1].

3. Sequence entropy relative to the compact extension. Through-
out this section we fix a system (X, X, u,T) and a factor (Y, Y, v,T).

3.1. Almost periodic functions. The L?(X,X,u) norm is denoted by
| - || and the L?*(X,X,u,) norm by | - |, for v-almost every y € Y. The
corresponding inner products are denoted by (-,-) and (-, -),. Recall {1y }yey
is the disintegration of u over v.

DEFINITION 3.1. A function f € L?(X, X, ) is almost periodic over Y
if for every € > 0 there exist g1,...,q € L*(X, X, i) such that for all n € Z,

T — o
gj@\l f—gilly <e

for v-almost every y € Y. One writes f € AP()).
REMARK 3.2.

(1) The almost periodic functions over ) form a subspace of L?(X, X, ).
Using Proposition 2.1 one can verify that there exists a sub-o-algebra
K(X |Y) of X such that AP(Y) = L3(X,K(X |Y), ).

(2) One calls (X |Y) the Kronecker algebra over Y. Any function f €
AP(Y) is called a compact function over Y.

The following theorem will be used later.

THEOREM 3.3 ([Hu2]). Let f € L2(X, X, ). Then f€ L>(X,K(X |Y), u)*
if and only if

n—1
1 .
lim — E(gT" =0
ngngongl (9T f 1Y)l
in LYY, V,v) for all g € L*(X, X, ).

3.2. Conditional sequence entropy and IC(X |Y'). In this section we will
prove the following result.

THEOREM 3.4. Let (X, X, u,T) be a system and (Y,Y,v,T) be its factor.
Then for every increasing sequence S € D*,

(3.1) max by (T €| V) = Hy(€ | K(X |Y))

for all measurable partitions & of X with H,(£]|Y) < oc.

The following result is now immediate.



214 A. Coronel et al.

COROLLARY 3.5 ([HMY]). Let (X,X,u,T) be a system. Then for every
increasing sequence S € D*,

(3.2) rggghﬁ(ﬂ §) = Hu(§]K(X))

for all measurable partitions & of X with H,(§) < oo.
Observe that our result is more general than the one in [HMY], where it
is only proved that max,cz, hl‘:‘(T, §) = H,(¢|K(X)).
Theorem 3.4 follows directly from the following series of lemmas.
LEMMA 3.6. For any increasing sequence S € D* there exists a subse-
quence A C S such that
(3.3) hy(T,€1Y) > Hu(6 | K(X|Y))
for any measurable partition & of X with H,(£]Y) < oco.

Proof. To simplify notation, K(X |Y) is denoted by K. First, we prove
the following claim.

CLAIM. Given finite measurable partitions & and n of X and € > 0, there
exist a sequence D € D and M € N such that for any m > M in D,

(3.4) | Hy (T |m)dv > Hu(¢|K) —e.
Y
Proof of the Claim. Let & = {A1,..., A} and n = {By,..., B;}. For any
A, Be X, since 14 —E(14|K) € L?(X, K, 1)+, by Theorem 3.3 one has

1 :

lim ~ ’T’l—El K))1pd ‘:0

ngrolon;i (1a = E(14 [K))1p dpy

in L1(Y,),v). Equivalently, there exists D' = D'(A, B) € D such that
lim | ’ f (14 —E(1A|K))1Bduy‘d1/ ~0.

D’'3n—oo v
Since D is a filter, there exists D € D such that forany 1 <i <k, 1 <j </,
(3.5) lim | ’uy(T’"Ai NB;) — | TE(L4, | K)15, duy’ dv =0,
Y X

D3n—oo

Let p(z) = —zlogx. Choose 0 < § < iﬁogl such that
el
- J - - —.
u—] <8 = folu) — p@)| < § =

By (3.5) there exists M > 0 such that for every m > M in D there is
E,, CY with v(E,) > 1 —¢€/(2logk) such that

py(T~"A; N By) — | TE(14, | K)1p, dpy| < 6
X
forall 1 <i<k,1<j<landy€ Ep.
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For any y € E,,,
,uy(T_mAi N BJ)
1y (B;)
S TME(14, | K)1p, duy,
+ T™E(14, | K)1p, dpy ) log : 2
()Sc Ualfoz, y> 1y (Bj)
< Z ’,uy(TfmAi N Bj) log ,u,y(TimAi N Bj)
(2
ngE@A )15, duylog | T™E(La, | K)1p, duy’

—,U,y(T_mAi N Bj) log

1,7

X
n Z’Z(uy (T"™A;i N Bj) — | T™E(14, | K)15, duy>loguy(B)’
X

€ € 1 Z‘Ny(Bj) :
€2 1 B; ‘<7 ¢ 1 J
<L kl+k5‘ OgG;[“y( )| 3+kg kllogl‘0g< l
Hence
Hy(T™™¢[n)

= Z —,u,y(TimAi N Bj) log Hy
1]

€

5"

(TimAj M Bj)
Ny(Bj)
Sx TTE(La, | K)1p, duy €

> Z( STm]E 1a, | K)1p, duy) log My(sz) ¢

Let

{ T™E(1a, | K)15, du,
aij =—( \T"E(14, | K)1p, du, ) log : .
! <§( ! y) 1y (B;)
Then we have a;; = uy(Bj)cp(SBj T"E(14, | K)dup,y), where pp,, =
oy (- N Bj) /1y (Bj). Since ¢ is concave, one deduces
aij > py(By) | =T"E(14, | K)log T™E(14, | K) ds,
B;
= | =T"E(14,1K) log T"E (14, | K) dpuy.
Bj

Thus

T7¢ | n) zzaij ZS —T™ME(14, | K)log T™E (14, |/C)d,uy—§.
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Integrating with respect to v one obtains

| Hy (e \n)ydv > | Hy(T~™¢|n) dv

Y En
>3 | | =T7E(14, |K)log T"E(14, ]IC)duydz/—§
i Epm X
= > || =T"EQ14, |K)log T™E(14, | K) dpsy dv
i YX
=3 § § TR 1K) g TE(La, | K) dity dv — &
i Y\Em X
€ €
> m m _ -
ZS —T™E(14, | K)log T™E(14, | K) dp 2logklogk 5

— H,(]K) -«

In the last inequality we use {, >, =T™E(14, | K)log T™E(14, | K) dpy =
Hy(T7™¢|K) < logk. This completes the proof of the claim.

Let {&k}ren be as in Lemma 2.5. For any increasing sequence S € D*,
since D is a filter, one can choose A = {t; <ty < ---} C S such that

n—1
1
S Hy(T*tn& ’ \/ T*ti@) dv>H, (& |K) — on for any n>2 and 1<j<n.
Y i=1

Fix k € N. One has

W (T, & |Y) :
_115:50%;)”1{( T fz&’)))_hiscgpng (\/T gk)
_hglsolépnx [Hy( le tzé‘k> sz;rl y<T*ti§k ’ j\:/thjgkﬂ dv
> limsup % [éHy(iz\lZT—“fk) dv + (n — k) H, (€| K) — :;H 21]

= Hu(fk |IC)
Therefore hl‘j(T, &k 1Y) > Hu(& | ) for any k € N. Now let £ be any parti-
tion with H(£|)Y) < co. Given 6 > 0, by Lemma 2.5 one can choose & such
that §, (Hy(& | &)+ Hy(&k |€)) dv < 6. Then |hﬁ(T,§ | y)—hﬁ(T, V)| <o
and [H,(§|Y) — Hu(&k 1 V)] < 6. So
hy(T.€|Y) 2 hyy (T, 6| Y) — 8 = Hu(€]Y) — 20.

Since § is arbitrary, the proof is complete. =
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LEMMA 3.7. Let BEX. Then BeK(X |Y) if and only ifhl‘:‘(T,{B,Bc} | V)

=0 for any increasing sequence A C 7 .

Proof. For necessity we refer to [Hu2, Theorem 1]. To prove sufficiency
we will use Lemma 3.6. If B ¢ K(X |Y) then H,({B,B} |K(X|Y)) > 0.
Thus, by Lemma 3.6, there exists A C Zy such that

hy (T, {B, B} |Y) > H,({B, B} |[K(X |Y)) > 0. =

LEMMA 3.8. For any measurable partition & of X with H,(£]Y) < oo
and any increasing sequence A C Zy,

(3.6) h(T, 6| Y) < Hu(§] K(X |Y)).

Proof. Let {}ren be a countable set of finite (X | Y')-measurable par-
titions such that &  K(X|Y). Let A = {t; < ta < ---}. Since & is
K(X |Y)-measurable, by Lemma 3.7 one has hf}(T, & |Y) =0.So

n—oo

WAT€19) = timsup —§ iy, (\) T76) dv — BT 6| )
Y =1

< limsup —
n—oo N n—oo N

=1 Y

< —

Hy< \n/ Tt(g v 5k)) dv— lim - | Hy( \n/ T‘ti£k> dv
=1

~timsup 2 | (11, (\/ 7706 v ) — 1, (\ 7706.) ) av
Y i=1

=1

= limsup% S Hy( \”/ T tig ) \/ T_tifk) dv
v Vv Y

=\ Hy(¢| &) dv = \(H,(§V &) — Hy(&)) dv

Y Y
= H,(EVE&|Y) — Hu(&k | V) = Hu(€ & VYY) < Hu(€ [ k).

One concludes by the martingale theorem. m

3.3. Compact and weakly mixing extensions. Now as a corollary of the
last subsection we recover some results of Hulse [Hul, Hu2|. First let us
recall some notations.
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DEFINITION 3.9.
(1) (X, X, un,T) is called a compact extension of (Y,Y,v,T) if
LA(X,K(X|Y),u) = LA(X,X,pn), thatis, K(X|Y)=4x.

(2) (X,X,u,T) is called a weakly mizing extension of (Y,Y,v,T) if
KX|Y)=).

REMARK 3.10. For a more complete discussion of compact and weakly
mixing extensions see [F1, Hu2]. For example, in [Hu2] it is proved that
(X, X, u, T) is a weakly mixing extension of (Y, Y, v, T) if and only if (X x X
XX, uxy puT X T)' is ergodic relative to (Y,),v,T) if and only if
limy, oo™ S0 [R(Tf | V)| = 0 in LYY, Y, v) for all f € L*(X,X,p)
and g € L2(X,Y, )" (here we view ) as a sub-o-algebra of X).

The results of the last subsection immediately yield

COROLLARY 3.11 ([Hu2)).

(1) (X,X,u,T) is a compact extension of (Y,Y,v,T) if and only if

hl‘j‘(T | V) =0 for any increasing sequence A C Z .

(2) (X, X, 1, T) is a weakly mizing extension of (Y,Y,v,T) if and only

if for any increasing sequence S € D*, there exists an increasing sub-

sequence A C S such that hﬁ(T,f | V) = H,(&]Y) for all measurable
partitions £ of X with H,(§|Y) < oco.

Observe that the second statement is a little stronger than the corre-
sponding result in [Hu2]. The case when ) is trivial can be found in [Hul].

4. Sequence entropy relative to a rigid extension

4.1. F-sequence and IP-systems. Let F denote the collection of all non-
empty finite subsets of N. Given «, f € F, we write o < 3 (or f > «) if
max « < min 3. The set

FO =FU({asbien) = { Joi: B € 7}
1€
with a3 < ag < --- is called an IP-ring. The following theorem will be
useful.

THEOREM 4.1 (Hindman’s Theorem). For any finite partition{C1,...,Cy}
of F one of the C;’s contains an IP-ring.

Let {ni}ien C Z. Set ng = Y ;c,ni for a € F. Then FS({n;}ien) =
{na}acr and the IP-set generated by this sequence is FS({n;};cn). Observe
that we do not require the elements of {n;};en to be distinct. If F(1) is an
IP-ring of F, then {nq},crq) is an IP-subset of {nq}q.er; conversely, any
IP-subset of {n4}aecr has this form.
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A sequence in any space Y indexed by the set F is called an F-sequence.
If Y is a (multiplicative) semigroup, then an F-sequence {ys}acr on Y
defines an IP-system if yo = y;, - - -y, for any o = {iy,... i} € F with
i1 < -+ < ig. An IP-system should be viewed as a generalized semigroup.
Indeed, if aN B =0 and o < 3 then youg = Yays-

Let M) be an IP-ring. Then the map ¢ : F — FI_ £(a) = Uica @i, is
bijective and structure-preserving in the sense that £(a U ) = &(a) UE(B).
In particular, any sequence {yq},cr0) can be naturally identified with a
particular F-sequence, namely {4 }acr Where T4 = ye(q)-

DEFINITION 4.2. Assume that {z, }aecr is an F-sequence in a topological
space X. Let z € X and F(I) be an IP-ring. Write

IP- lim z, ==
acFA)
if for any neighborhood U of x there exists ag € F) such that z, € U for
any a € F1) with o > ay.

THEOREM 4.3 ([FK]). Let {Uqs}acr be anIP-system of unitary operators
on a separable Hilbert space H. Then there is an IP-subsystem {Ua}aef(l)7
with FO) an IP-ring, such that

IP- lim U, =P
acF1)

weakly, where P is the orthogonal projection onto a subspace of H.

4.2. Almost periodicity over Y along FV). Let (X, X, 1, T) be a system
and {nq}acr be an IP-set. Then {T"*},cr and {(T" x T)" }oer define
IP-systems. One writes T, = 7" and (T' x T')q = (T x T)™.

Now consider a factor (Y, Y, v, T) of (X, X,u,T) and let 7 : X — Y
be the corresponding factor map. By Theorem 4.3, there exists an IP-ring
FWU) C F such that for all K € L*(X x X,X ® X, Xy 1),

(4.1) IP- lim (T x T)oK = PK
acFQ)

exists in the weak topology and P is an orthogonal projection.

DEFINITION 4.4. Let {ng}aer be an IP-set and F) C F an IP-ring.
A function f € L%(X,X,pu) is called almost periodic over Y with respect
to {natacr along FO, and one writes f € AP(Y, {na}, FU), if for every
e > 0 there exists a set D € ) with v(D) < ¢ and functions g¢1,...,9; €
L*(X, X, ) such that for every § > 0 there exists ag € FU) with the
property that whenever o« € F(!) with a > ag there is a set E, € ) with
v(E,) < 6 such that for all y € DU E,,

in || Tof — gjlly <e.
i [[Taf = gjlly <€
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REMARK 4.5.

(1) The definition we use comes from [BM], and is different from those
in [FK] and [Z2]. In [FK] a function is called almost periodic over
Y with respect to {ng}acr along FU) if for every € > 0 and ag €
FO there exist gi,...,q € L*(X,X, ) and a set £ C ) with
v(E) < e such that for all @ € FO) with a > a9 and y ¢ E one
has mini<j<; ||Taf — gjlly < €. Refer to [BM] for a discussion of the
difference between the two definitions.

(2) AP(Y, {na}, FM) need not be closed, but if f € AP(Y, {ns}, FD),
then for every € > 0 there exist g1,...,9 € L®(X, X, u) and ag €
F@ guch that for any o € FO with o > «g, there is a set F, € Y
with v(E,) < € and mini << || Tof — gjlly < e for all y & E,.

(3) AP(Y, {na}, FM) N L®(X, X, ) is a T-invariant o-algebra which
contains |g| and g whenever it contains g. By Proposition 2.1, there
exists a sub-c-algebra ICp(X |Y), where F' = {n,},c ), such that
(see also [FK, Lemma 7.3])

(4.2) AP(Y, {10}, FO) = (X, Kr(X |Y), ).

(4) Onme calls Kp(X |Y) a rigid algebra over Y, and any function f €
AP(Y, {na}, FD) is called a rigid function over ).

To each K € L*(X x X, X ® X, xy p) and v-almost every y € YV
we associate an operator (also called) K : L*(X, X, u,) — L*(X, X, ),
f— K x f, where

(4.3) Kx f(z) = S K(z,2')f(2) duy(2'), where y = m(z).
b's

For v-a.e. y € Y, K is a Hilbert-Schmidt operator on L?(X, X, u,). In
particular, it is a compact operator (i.e. the closure of the image of the unit
ball is compact). See [F1, FK] for details.

For the next four results fix a system (X, X,u,T), a factor (Y,V,v,T)
of it, an IP-set {nq}tacr and an IP-ring F(! such that (4.1) holds. Let
F = {na}acrn) and let Kp(X |Y) be the associated rigid algebra over ).

LEMMA 4.6. If K € L*(X x X, X ® X,u xy u) with PK = K and
feL®X, X, pn), then K « f € AP(Y, {na}, FV).

Proof. Let € > 0. Since for v-a.e. y € Y the operator K is compact on
L*(X, X, uy), there exists M (y) € N such that the set

{K«(T7f) : =M(y) < j < M(y)}
is ¢/2-dense in {K*(T7 f) : j € Z} (in L*(X, X, uy)). Let M be large enough
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such that M > M (y) for all y outside of a set D € Y with v(D) < ¢ and let
{g1,...,q} ={K = (T7f): =M < j < M}.
Then for any y € D¢ and any n € Z,

(4.4) nf (K (1) = gyl < =/2

On the other hand, by (4.1) one has
IP- lim ||Th(K * f) — K % (Tuf)|?
acF@)
2
— IP- lim | ] V(K (Taw, Tua!) — K(w.2)) f(Toa') djiney (2| dpa(z)

(1)
aeF X X

<IP- lim [ V1K (To, Tua!) — K (w,0)) 2| f(Tod!) | dptiay (o) dpa()
aeF
XX

<IP- lim |(T x T)oK — K|*||f||2 = 0.
acF@)

So for any 6§ > 0 there exists ag € FI) such that for any o € FU with
a > o there is a set E, € Y with v(E,) < 0 and for any y ¢ E,,

(4.5) [Ta(K * f) = K * (Taf)lly <e/2.
Hence whenever y ¢ D U E,, one has

(4.6) b T (K + f) = gjlly < e m
<j<l

THEOREM 4.7. Let (X, X, 1, T), (Y, V,v,T), {natacr and FY be as
above. Then f € L*(X,Kp(X |Y),u)* if and only if

IP- lim | |E(gTaf|Y)|dv =0
ae]-'(l)y

for any g € L*(X, X, ).

Proof. Assume that f € L2(X,Kp(X |Y),u)*. Then
2 2
IP- lim (§|E(9Tafyy)ydu) <TIP- lim | [E(gTaf|Y)| dv
acF1) v ae]—'(l)y

=IP- lm | g®@g (T xT)a(f® f)du xy p
ozE]—'(l)XXX

= | gegP(feHduxyp= | fofPgeg) duxy p
XxX XxX
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Let K = P(g®79). Then PK = K and
| fefPgegduxyp= | f&FfKduxypu

XxX XxX
= | | f@F@) K@ o) dpy(@) duy (') dv(y)
Y XxX
= | f@) | (2,0 (@) dpingay (@) dpa(z)
X X
= | f@)K * (a)du(z) = (J.K # ).
X

By Lemma 4.6, K * f € AP(Y,{n.},F®). So (f, K * f) = 0. Hence
IP- lim ||E(gTuf|Y)|dv =0.
acFD)

Now we show the converse. It suffices to show that if f€ L?(X,Kr(X |Y),n)
and IP-lim,cz) §y [E(gT0f|Y)|dv = 0 for any g € L*(X,X,pu), then
f = 0. The method follows from [BM, Lemma 3.13.] and [FK, Lemma 7.6].

Let 0 < 6 < 1 be so small that for any h € L?(X,X,u) satisfying
|lf — hl> < 2§ one has |[(f,h)| > | f||?/2. Let ¢ > 0 with 2 < § and
§llfllZdv <6 for all E € Y with v(E) <e.

By Remark 4.5(2), for f € L} (X, Kp(X|Y),u) = APV, {na}, FO),
there exist g1,...,¢91 € L®(X,X,u) and ap € F@ such that whenever
a € FO with o > o there is a set E, € Y with v(Ey) < € satisfying: for
all y € E, there exists j(a,y) with 1 < j(a,y) <[ such that

”Taf - gj(a,y)”l/ <E.

For every a € F) with a > ag and i € {1,...,1},let &(y) = 1ify & E,
and j(a,y) =i, and &(y) = 0 otherwise. Write h,, = 22:1 &:9i, that is, hq,
is equal t0 gj(a,y) on the fiber over y when y ¢ FE,, and equal to zero on
fibers over y € F,. Each h, is measurable and

If = T2 hal® = 1 Taf = hall® = § { |Taf — hal® dpsy () dv

Y X
=V ITafldv+ | |Taf = gjtayllidv <6+ <20
Eq Y\Ea

Hence |(Taf, ha)| = |(f, T ha)| = [I£]12/2. Also,
l

(Tt hadl = | 32§ €5(0) § Tuf -5, duy av|
Y

X

!
Taf-gjduy‘dy_zx B(Twf ;| V)| dv.
j=1Y

IN
= —
< —
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Since IP-lim, . z() §y [E(9Twf | Y)|dv = 0 for any g € L*(X, X, ), it follows
that ||f|| =0 and thus f =0. =

PROPOSITION 4.8. We have f € L*(X,Kp(X |Y), 1) if and only if for
any € > 0 and any IP-ring F@ = FU({a; }ien) € FW, there is M € N such
that for every o € F@ with o > ayy there exists E, € Y with v(E,) < &
satisfying, for any y & E,,

inf Tof =T <e.
seruip ) ITof = Tsflly

Proof. Let f € L*(X,Kp(X |Y), ). By Remark 4.5(2), for any € > 0
there exist g1,...,9; € L®(X, X, ) and o € F@ such that for any o €
FU) with a > ag, there is E!, € Y with v(E!,) < £/2 satisfying

4.7 inf ||Twf — g4lly <e/2
(4.7) inf ITaf = gjlly <</
for any y ¢ E!. Without loss of generality, assume a; < ay < ---. Let

M € N be such that ay, > ag.

For j € {1,...,l} let E; = {y € Y : |[Tof — gjlly < €/2 for some
o € F@}. Then we can assume that v(E;) = 1 for all 1 < j < [, otherwise
we may modify g; so that g; = T, f on Tr_l(E;) without affecting (4.7).

For j e {1,...;l} let E;, ={y € Y : |[Taf — gjlly < /2 for some (3 €
FU({a;}? )} Then v(U,,»; Ejn) =1 for all 1 < j <[. Thus there is M, €
N such that u(ﬂzzl E;n) > 1—¢/2for any n > M. Let M = max{M;, M>}.
Then for any o € F?) with o > ays (that is, o € FU({a;}isar))
™ ITaf=Tofly < 0 Taf =gyl I Tf gl <2
for all y not in E, = E/, U (ﬂé’:l E; p)¢, which has measure less than e.

Now we show the converse. If f & L?(X,Kp(X|Y), 1), then f = f1+ fa,
where f1 € LY X,Kp(X|Y),n) and fo € L*(X,Kp(X|Y),p)* with fo
non-trivial. One deduces that there is & > 0 such that || f2[|2 > 3¢ for any y
in a set £ € )Y of measure greater than 2e¢.

By Theorem 4.7, IP-lim . ra) §y |[E(¢Taf2|Y)|dv = 0 for any g €
L*(X,X, ). Fix any IP-ring F® = FU{a;}ien) € FO and M € N.
Since

P lim | [E(TsFoTfs | V) dv = 0
ae]—'(l)y

for any 3 € FU({oy}M,), there is apy € FP, M’ > M, such that for any
a € F@ with a > ayy, there exists A, € Y with v(Ay) > 1 — e such that
(T f2,Tpf2)y| < € for any y € A,. Then

ITafe = Tofally = ITafelly + | T 2l — 2Re(Tafz, Tpfa)y > € > €
for any y € T, 'E N A,, the measure of which is v(T,'E N A,) > ¢.
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So for any o € F® with o > apyr, one has

{yeY: inf Tof — Tsf|]? < &2
ev: |t T =Tyl < e
<v{yeY: inf |Tofz2 — Tsfol2 <e?} < 1—¢.
BEFU({ai} ) oy

This contradicts the assumption of the proposition. m

DEFINITION 4.9. Let {n4}acr be an IP-set and F() and IP-ring. Any
subset having the form

(4.8) {ng, tien € {natacro
with #; < B2 < --- is called an F-monotone subset of {nqa},ecr0)-
A proof similar to that of Proposition 4.8 yields the following corollary.

COROLLARY 4.10. f € L*(X,Kp(X|Y), ) if and only if for any any
e > 0 and any F-monotone subset {ng, }ien C {na},cra) there exists M €
N such that for every n € N with n > M there is E, € Y with v(E,) < &
satisfying, for any y & E,,

inf || T, f — T, :
(o T, f =T flly <e

4.3. Conditional sequence entropy and rigid algebra Krp(X |Y). As in
the previous section, in this subsection we study relations between condi-
tional sequence entropy and the rigid algebra Cp(X |Y'). The main result is
the following.

THEOREM 4.11. Let (X, X, u,T) be a system and (Y,Y,v,T) one of its
factors. For any IP-set {nq}acr there exists an IP-ring FO of F such
that for any IP-ring F@ C FO) there exists an F-monotone subset A C
{natacre such that

(4.9) WU (T, €1Y) = Hu(§| Kp(X |Y))

for all measurable partitions & of X with H,, (£ |Y) < oo, where F'={nq} e r)-
In particular, for any IP-set {nqy}acr there exists an IP-ring FO of F
such that
(4.10) max{hﬁ(T,f | V) : ACF is F-monotone} = H,(§ | Kp(X|Y)),
where F' = {na} qcrm) -
REMARK 4.12. The reason why we need to consider the given IP-set
on an IP-ring F(!) comes from the fact that in our proof we strongly use

Theorem 4.3 and its consequence stated in (4.1). In fact, the theorem works
for any IP-ring F(!) such that condition (4.1) holds.

By Theorem 4.11 with ) trivial, one obtains the following result imme-
diately.
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COROLLARY 4.13. Let (X, X ,u, T) be a system and {nq}tacr be an IP-
set. Then there exists an IP-ring F) of F such that for any IP-ring F? C
FW) there exists an F-monotone subset A C {na}oecre such that

(4.11) hia(T,€) = Hy(§ | K (X))
for all measurable partitions & of X with H,(§) < oo, where F' = {”a}ae}‘“
In particular, for any IP-set {ny}acr there exists an IP-ring FO of F
such that
(4.12) max{hﬁ(T,@“) : A C F is F-monotone} = H, (¢ | Kp(X)),
where F = {nq},cr0) -
Theorem 4.11 will follow directly from the following four lemmas.

LEMMA 4.14. Let {nq}tacr be an IP-set. Then there exists an IP-ring
D of F such that for any IP-ring F@ C FO) there exists an F-monotone
subset A C {nqa},ecr such that

iy (T,€1Y) > Hu(€ | Kr(X |Y)
for all measurable partitions £ of X with H,,(£ | V) < oo, where F'={nq},cr0)-

Proof. The proof is similar to that of Lemma 3.6. We only point out the
differences.

Let (1) be the IP-ring such that (4.1) holds. Consider K = Kp(X |Y)
to be the o-algebra associated to I' = {nq},cra). All the results in the last
subsection hold for this factor.

Let Gr be the family generated by {{na},cre : F@ is an IP-ring of

(1)}, that is, the family of all IP-subsets of F'. Then by Hindman’s Theorem
Gr is a filter.

CLAM. For any measurable finite partitions £ and n of X and € > 0,
there exists a sequence S € Gr such that for any m € S,

(4.13) VHy(T™7¢ ) dv(y) > Hu(€|Krp) — .
Y

Proof of Claim. 1t is easy to verify that G, = {S C Z, : there exists
ap € FO such that n, € S for any a € FU) with o > ap}. For any
A,B € X, since 14 — E(14|Kr) € L*(X,Kp, u)*, from Theorem 4.7 one
deduces

IP- lim SHTa 1A —E(14|Kr)) - 1Bduy)du_0
ae]—'(l)y X

Equivalently,
G- lim | ‘ [ 7714~ E(La|Kp)) - 1Bd,uy‘du—0
Y X
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Let & = {Ay,..., Ay} and n = {By,...,B;}. Since Gy, is a filter, for any
fixed 61,02 > 0 there exists S € G such that for any m € S there is a set
E,, € Y with v(E,,) > 1 — §; satisfying

(4.14) py (T~ A; NV By) — | TE(1, | Kp)1p, dpy| < 6
X

forall 1 <i <k, 1<j<landy € E,. One concludes as in the proof of
the Claim in the proof of Lemma 3.6.

For any IP-ring F® C F) & = {na}ocre is an IP-set and hence
S € Gp. Thus one can complete the proof in much the same way as the
proof of Lemma 3.6. We omit the details. n

The following lemma is well known (see for example Lemma 4.15 in
[W1]).

LEMMA 4.15. Let r > 1 be a fized integer. For each € > 0 there exists
0 > 0 such that if ¢ = {A1,..., Ay} andn = {C1,...,C,} are two measurable
partitions of X with Y ;_; p(A; A C;) < 6 then the Rokhlin metric satisfies

pu(&m) = Hu(€|n) + Hu(n]§) <e.

LEMMA 4.16. Let {nqo}tacr be an IP-set and B € X. Then there ezists
an IP-ring FO) of F such that B € Kp(X |Y) if and only if

A c _
for all F-monotone subsets A C F, where F = {na},cr0)-

Proof. Let (' be the IP-ring such that (4.1) holds. Assume B €
Kr(X|Y). Let A= {ng,}ien be an F-monotone subset of F' = {nq},cr0)
and £ = {B, B°}.

Observe that |[T"1p — T™1p|2 = p,(T""B A T-™B). Since 1 €
L*(X,Kp(X |Y),u), by Corollary 4.10 there is M € N such that for any
n > M there exists F,, € Y with v(E,,) < § satisfying, for any y & F,,

(o W1 =T 18]l <o,

where 0 is chosen, as in Lemma 4.15, so small that p,(£,n) := p,, (&, 1) <€
for r = 2.

Hence for any n > M thereis 1 < j(n) < n—1 such that py(T e B( )5)
< e. S0

n—1
Hy(Tﬁ—nlf) MT@?{)SH( T g() §) < py(Tp, 57 g(n)f)<€.
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For any y € Y, Hy(Tﬁ_nlﬂTﬁ_jlf) < log 2. Therefore

hA(Tfly)—hmsup S <\/T §> dv(y

n—oo

~timsup 2 |37 1, (2 | y 7;,'¢) du(y)

n—oo T

Y =2
—hmsupn(SZH (T 5‘\/T g)du
e B, i=2
+ | ZH (T §’\/T §>du )
Y\E, i=2
<dlog2+e.

Since ¢ and § are arbitrary, it follows that h;‘ (T, ¢|Y) =0.
Now we show the converse. If BZCp(X |Y)then H,({B,B°} |Kp(X |Y))
> 0. So by Lemma 4.14 there exists an F-monotone subset A of F' such that
hy(T.{B, B} |Y) = H,({B, B} |[Kp(X |Y)) > 0.

LEMMA 4.17. Let {nqo}tacr be an IP-set. Then there exists an IP-ring
) of F such that for any finite measurable partition € of X and any
F-monotone subset A C F,

(4.15) hA(T,€1Y) < Hy(€|Kp(X |Y)),
where F = {na}qcrm) -

Proof. Let ) be the IP-ring such that (4.1) holds. In the proof of
Lemma 3.8, replace K(X |Y) by Lr(X |Y) and use Lemma 4.16. =

4.4. Rigid and mildly mizing extensions. Let (X, X, u,T) be a system
and (Y, Y,v,T) one of its factors.

DEFINITION 4.18 ([FK]). Let {ng}acr be an IP-set and F1) an IP-

ring. The system (X, X,u,T) is Y-mizing along FO if for each f,g €
LX(X x X, X ® X, p xy u),

(4.16)
1P tim { | g:(TxT)af duxy = Elg| ) (T T)aB(f|Y)dv} =0

a€FM %y ix Y
REMARK 4.19. It is easy to prove [Z2, Theorem 2.5.] that (X, X, u,T)
is V-mixing along F(1) if and only if for each f,g € L*(X, X, u),

IP- lim | |E(gZ0f|Y) — E(g| V)TLE(f | V)] dp = 0.
acF) X
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PROPOSITION 4.20. Let {ns}acr be an IP-set and FO an IP-ring as
in (4.1). Then the following conditions are equivalent:

(1) (X7X7M,T) 18 V-mizing along FQ)
(2) For any f € LQ(X,)), M)J‘ and g € LQ(X,X,M%

IP- lim | [E(gTaf|Y)|dv =0.
acF1) v

(3) Kr(X|Y) =Y, where F' = {na} crq)-
Proof. This follows from Theorem 4.7. u
DEFINITION 4.21.

(1) (X, X,u,T) is a rigid extension over ) if there exists an IP-set F'
such that X = Kp(X |Y).

(2) (X, X, u,T) is a mild mizing extension over ) if for any IP-set F,
Kr(X|Y)=D.

The following theorem follows easily from the work done in the previous
subsection. We leave the proof to the reader.

THEOREM 4.22.

(1) (X, X, u,T) is a rigid extension over Y if and only if there exists an
IP-set F' such that hf(T | V) = 0 for all F-monotone subsets A C F.

(2) Let {ng}acr be an IP-set and FO) as in (4.1). Then (X, X, u,T) is
YV-mizing along FO if and only if for any IP-ring F@ C FO) there
exists an F-monotone subset A C {nqa}ocr@ such that hf(T,f |))
= H,(&|Y) for all measurable partitions & with H,(£]Y) < oc.

(3) (X, X,u,T) is a mild mizing extension over Y if and only if for
any IP-set F' there exists an F-monotone subset A C F such that
hﬁ(T, £1Y) =H,(&|Y) for all measurable partitions & with H,,(§ | Y)

< 00.

REMARK 4.23. Parts (1) and (3) of Theorem 4.22 appear in [Z2], and
the cases when (Y, Y, v, T) is the trivial factor appear in [Z1], but stated in a
slightly different language. Observe that the definitions of AP(Y, {nq}, FM)
(Definition 4.4) and a rigid extension (Definition 4.21) differ from [Z2]. Also
our method is different from that in [Z2].

5. An application. In this section we give an application of Theorems
3.4 and 4.11.

THEOREM 5.1. Suppose that (Y,Y,v,T) is a factor of the ergodic system
(X, X, 1, T). Then

mjx{hﬁ(T |V)} € {logk : k € N} U {oc}.
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Proof. Denote by (K, K, k,T) the factor of (X, X, u, T) associated to the
T-invariant o-algebra K(X |Y). Since (X, X, u, T') is ergodic, by the Rokhlin
Theorem it is isomorphic to a skew-product over (K, K, x,T). Explicitly,
there exists a probability space (U,U, p), which may be a finite set with the
uniform probability measure or the unit interval with the Lebesgue measure,
and a measurable function « from Y to the automorphisms of (U,U, p) such
that (X, X, u,T) = (K xU, KU,k x p,T,), where T (xz,u) = (Txz,vy(x)u).

If & and & are finite partitions of K and U respectively, define partitions
Gand & of K xUby &= xU={BxU:Be&}and & =K x & =
{K x B: B € &}. By Theorem 3.4 for any sequence S € D*, there exists a
subsequence A C S such that

W o (Ty 61 % €2 V) = Hyoxp(E1 % &2 | K) = Hixo(€] V €] K)
= anp(gé) = Hp(£2)-

Thus, hf}(T | V) = supg, ¢, thp(TA,,& x &2|)) is log k for some k € N if U
is a finite set, and oo if U is continuous. So

W (T|Y) € {loghk : k € N} U {oo}.
In particular, one gets the assertion. =
REMARK 5.2.

(1) One can use Theorem 4.11 instead of Theorem 3.4 to prove Theorem
5.1.

(2) In fact, what is proved in Theorem 5.1 is that for any sequence
S € D*, there exists a subsequence A C S such that h;j‘(T 1Y) €
{logk : k € N} U {oo}. Similarly, using Theorem 4.11 one can show
that for any IP-set {n4 }acr there exists an IP-ring F() of F such
that for any IP-ring F) C F(1) there exists an F-monotone subset
A C {na}aere such that hﬁ‘(T | V) € {logk : k€ N} U {oo}.
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