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Isometries between groups of invertible
elements in Banach algebras

by

OsaMU HATORI (Niigata)

Abstract. We show that if T is an isometry (as metric spaces) from an open subgroup
of the group of invertible elements in a unital semisimple commutative Banach algebra A
onto a open subgroup of the group of invertible elements in a unital Banach algebra B,
then T(1)™'T is an isometrical group isomorphism. In particular, T(1)'T extends to an
isometrical real algebra isomorphism from A onto B.

1. Introduction. A long tradition of inquiry seeks sufficient sets of con-
ditions on (not only linear) isometries between Banach algebras in order
that the algebras are algebraically isomorphic. The history of the problem
probably dates back to a theorem of Banach [1, Theorem XI. 3], which is
the original form of the Banach—Stone theorem. The latter states that the
Banach spaces C(X) and C(Y) of complex-valued continuous functions on
compact Hausdorff spaces X and Y respectively are isomorphic as Banach
spaces if and only if X and Y are homeomorphic to each other, therefore
if and only if C'(X) and C(Y') are isomorphic as Banach algebras. One can
say that the multiplication in the Banach algebra C(X) can be recovered
from the Banach space structure in the category of C'(K)-spaces. Jarosz [3]
generalized the theorem in the sense that the multiplication in a uniform
algebra can be recovered from the Banach space structure in the category of
unital Banach algebras (cf. [10, 4, 5]).

In this paper we consider a problem in the same vein. Suppose that B
is a unital Banach algebra. We say that the metric group structure of the
group B! of all invertible elements in B can be recovered from the metric
structure in the category of unital Banach algebras if B~! is isometrically
isomorphic as a metric group to By ! whenever Bj is a unital Banach algebra
and B~ is isometric to By 1 as a metric space. In this paper we show that
the metric group structure of the group of invertible elements in a unital
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semisimple commutative Banach algebra can be recovered from the metric
structure in the category of unital Banach algebras (Theorem 3.3). In this
case the multiplication in the unital semisimple commutative Banach algebra
can also be recovered. On the other hand, there exists a unital semisimple
commutative Banach algebra whose multiplication cannot be recovered from
the Banach space structure in the category of unital Banach algebras (see
Example 3.2).

Throughout the paper we denote the unit element in a Banach algebra
by 1, and for a complex number A, Al is abbreviated by A. The maximal
ideal space of a unital semisimple commutative Banach algebra A is denoted
by ®4. We may suppose that f € A is a continuous function on @4 by
identifying f with its Gelfand transform. The spectral radius of f € A is
equal to the supremum norm of f on @4 and is denoted by || f||co-

2. Lemmata. Let By and Bs be real normed spaces. The theorem of
Mazur and Ulam [9, 11| states that if they are isometric as metric spaces,
then they are isometrically isomorphic as real normed spaces. Applying an
idea of Viiséld [11], we prove the following local version.

LEMMA 2.1. Let By and By be real normed spaces, and Uy and Us non-
empty open subsets of By and Bo respectively. Suppose that T is a surjective
isometry from Uy onto Us. If f,g € Uy satisfy (1 —r)f +rg € Uy for every
r with 0 <r <1, then

(L9 _TU)+T(9)
2 2 '

Proof. Let h,h’ € U;. Suppose that € > 0 is such that |h — h'||/2 < ¢,

and

{u€ By :||lu—h|<e, |lu—H|<e} CUn,
{a€ By:l|la—T(h)| <e, |la—TR)| <e} C Us.

We will show that 7 (25 ) = TOETW) get - — ||p — #/||/2 and let
Ly={u€By:|lu—hll=r=]u-h}
Ly={a€By:la—Th)|=r=a-T(H)}

Set also ¢1 = (h+h')/2 and ¢ = (T(h) +7(R'))/2. Then T(L1) = Lo,

c1 € L1 C Uy, and ¢y € Ly C Us. Let

Pi(z)=h+h -z (x € By),
ba(y) =T(h)+T (M) -y (y€Ba)

Then we see that 1#1(61) = cq, ’(ﬁl(Ll) = L1, and ¢2(L2) = Lo. Let Q =
Y1 0T Loy oT. A simple calculation shows that

2/|lw = el = [[¢r(w) —wll  (we L)
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and
l1(2) —w]| = 1 0 Q7H(z) — Q)| (2w € Ly).
Applying these equalities we see that
1Q% " (e1) — 1]l = It 0 Q% (e1) — e
= [¢1 0 Q¥ (e1) — Q¥ (1) = 2/1Q% (c1) — el

for every non-zero integer k, where Q2" denotes the 2"-fold composition of Q.
By induction we see that for every non-negative integer n,

10 (c1) — e1ll = 2" ez — T (er) .

Since Q(L1) = Ly and L is bounded we see that co = 7 (¢1), i.e., ’T(]”Thl)
_ T(M+T(R)
= S .

For f and ¢ as in the statement, let
K= {(1=nf+rg:0<r<1}.
Since K and 7 (K) are compact, there is € > 0 with
d(K,B1\Uy) >e, d(T(K),B2\Us) > ¢,
where d(+,-) denotes the distance of two sets. Then for every h € K we have
{ueBi:|lu—h|<epclU, {beBy:|b—T(h)|<e}CUs.
Choose a natural number n with || f — g||/2" < e. Let

k
hy = on (g—H+f
for each 0 < k < 2™. By the first part of the proof we have
(k) T (hy) + T (hit2) = 2T (hi41) =0

for 0 < k <2" —2. For 0 < k < 2" — 4, adding the equations (k), (k + 1)
multiplied by 2, and (k + 2) we have

T (h) + T (hypssa) — 2T (hypsn) = 0,

whence the equality

r(f8) - T0 T

by induction on n. =
Let B be a unital Banach algebra. The exponential spectrum for a € B
is
Oexpp(a) ={A € C:a— X &exp B},
where exp B denotes the principal component of B~'; it is the set of expa

for all a € B when B is commutative, and the set of all finite products of
elements of the form expa for a € B in general. A complex-valued function
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@ on B is said to be a selection from the exponential spectrum if p(a) €
Oexp B(@) whenever a € B.

To prove Theorem 3.3 below, we apply a lemma concerning complex-
linearity of real-linear selections from the exponential spectrum, which is a
version of a result due to Kowalski and Stodkowski [8, Lemma 2.1].

LEMMA 2.2. Let B be a unital Banach algebra. Suppose that ¢ : B — C
s a real-linear selection from the exponential spectrum. Then ¢ is a complex
homomorphism.

Proof. A proof is similar to that for [8, Lemma 2.1]; however, in [8] the
spectral maping theorem is applied, which is not suitable for the exponential
spectrum, so we apply an alternative. For = € B, let

v1(z) = Rep(z) —iRep(iz), ¢a(z) =Imep(iz) 4+ ilmp(x).

As in the proof of [8, Lemma 2.1], ¢; and ¢3 are complex-linear selections
from the exponential spectrum, hence they are complex homomorphisms by
the original proof of the Gleason-KahaneZelazko theorem [7, 12] (cf. [6]).
We will show that 1 = @s, which will force that ¢ is a complex homomor-
phism. Suppose not. Then there is a € A with ¢;(a) = 1 and ¢a(a) = 0.
Let

h(a) = exp(mia/2) — 1.

Since ¢1 and 2 are continuous, we see that
p(h(a)) = Repi(h(a)) +ilmpa(h(a))
= Reh(p1(a)) +iImh(p2(a)) = —1.

Since ¢ is a selection from the exponential spectrum, —1 € oexp B(R(a)). On
the other hand, h(a) + 1 € exp B, so that —1 ¢ 0exp(h(a)), which is a
contradiction proving that ¢; = 2. »

3. Main results

THEOREM 3.1. Let A be a unital semisimple commutative Banach alge-
bra, B a unital Banach algebra, and

Qa={feA:||f —r| <r for some positive real number r},

Np={a€ B:|a—r| <r for some positive real number r}.

Suppose that U is an open set such that 24 CU C A~ and (C\{0})U C U,
and that V is an open set such that 25 C V. C B~%, (C\ {0})V C V, and
VQp C V. Let g€ B™L. If T is a surjective isometry from U onto gV, then
T extends to a real-linear isometry from A onto B.
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Proof. Applying Lemma 2.1 we see that

r(f+9) _TH+T()
2 2
for every pair f and g in {24 since {24 is convex.
We will show that limys p—0 T(f) = 0. Since 7! is an isometry, the limit
u = limgy 5,0 T~(a) exists by a routine argument on Cauchy sequences.
Then o(u) = {0}. [Suppose not; let 0 # A € o(u). Then —\ € U since
Al € 24 and (C\ {0})U C U. Let T(=\) = ¢x € ¢gV. The inequality
(1-s)(1—=r)+sr>0forall0<r<1and0<s<1,hence
(I =s){(1 =7r)er} + srex € gV
Applying Lemma 2.1 with f = (1 — r)cy, g = re) we have
() =t (U e T o) 77
2) 2 B 2

Letting » — 0 we have
1) —Atu
2) 2 7

which is a contradiction since T-*(c)/2) € U C A~ and (=A+u)/2 ¢ AL
for A € o(u).|] Since A is semisimple and commutative, we see that u = 0,
that is, limgys,—0 T*I(a) = 0. It turns out that

(3.1) Sl T(f) =0

since T is isometry.
Next we will show that T'(—f) = —T(f) for every f € U. Let f € U.
Then —f € U, and for every integer n, —f + (i/n)f € U. Moreover,

(1—r)f+r<—f+;f) eU
for every 0 < r <1 and every integer n. Then by Lemma 2.1,
(2 7) —p(fH I EDY TN TS + i)
2n” ) 2 B 2

Letting n — oo we have T'(—f) = —=T'(f) by (3.1).
Next we will show that

(3.2) T(f> A

2 2
for every f € U. Let f € U. Then for every 1 > ¢ > 0 and every 0 <r < 1,
(I—=r)f+refel.
Hence T(fzsf) = T(f)gT(Ef) by Lemma 2.1, and letting e — 0 yields (3.2).
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Let f € U. Suppose that T'(kf) = kT(f) for a positive integer k. Then

T<f+kf> _ TN +TES) _ (k+DT(S)
2

2 2 ’
and by (3.2),

TEC I )

hence by induction T'(nf) = nT(f) for every positive integer n. Then for
any positive integers m and n,

mT@ f> _ T<m u f) — T(nf) = nT()),

so T(5f) = =T(f). By continuity of T', T(rf) = rT'(f) for every f € U

and r > 0. Hence

(3.3) T(rf)=rT(f)

for every f € U and any non-zero real number r since T'(—f) = =T'(f).
Applying Lemma 2.1 and (3.2) we see that

(3.4) T(f+9)=T()+T(9)
for every pair f and g in U whenever (1 —7r)f +rg € U for every 0 < r < 1.
In particular, (3.4) holds if f,g € £24.
Define the map Ty : A — B by Tyy(0) = 0 and
Ty(f) =T(f +2[lf1)) = T[]

for a non-zero f € A. The map Ty is well-defined since f+2||f|| and 2| f|| are
in £24 for every non-zero f € A and T is defined on U D §24. If, in particular,
f € 2, then T(f 42| 1) =T(f) + T2 1), so that Ty (f) = T(f).
We will show that Ty is real-linear. Let f € A\ {0}. Then f+1r € £24
for every r > 2||f||, whence by (3.4),
T(f+20f)+T0r) =T +20f1+7) =T +7r)+ T,
so that
(3.5) Ty(f) =T(f+r)=T(r)
for every r > 2||f||. Let f,g € A. Then Ty (f +g) =Ty (f) + Tu(g) if f =0
or g = 0. Suppose that f # 0 and g # 0. Then by (3.4) and (3.5) we have
Tu(f+9) =T(f +g+2l 711+ 2lgl) =TI+ 2lgl)
=T(f +2f1) +T(g +2lglh) = TCIfI) = Tlgl)
=Tu(f) +Tu(g).
If f=0o0rr=0then Ty(rf) = rTy(f). Suppose that f # 0 and r # 0. If
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r > 0, then by (3.3),

Ty(rf) =T(rf+2|rfI) = TC[rfl)

=T(r(f+20/1)) = T(r2)f1)
=rT(f+2[F1) = rTCIfI) = rTu(f)-
If r < 0, then
Ty(rf) = (=r)(T(=f +2 1) = TCIfI))-
Since —f + 2||fl, f + 2|/ f|l € 24 we have
T(=f 271D —TCIfD = =T + 2[f1) + TIFD-
It follows that
Ty(rf) = (=r)(=T(f +21£1) + Tl f1)) = rTu(f)-
We now show that Ty is surjective. Let a € B. Then
(T()) la+repcV,

S0

a+T(r)=a+rT(1) e T(1)25 C gV 2B C gV
whenever ||(T(1))"a| < r and ||a|| < r for T(1) € gV. We also have

1T a+T(r)) = vl = lla+T(r) = T(r)] <,
thus T-Ya+ T(r)) € 24. Let f =T Ya+T(r)) —7 € A. Then f +7r =
T~ Y(a+T(r)) € 24. Hence by (3.4) we see that

T(f+r)+ TN =T + 20/ +7) =T + 271D +T(r),
so we have
a=T(f+r)=T(r) =T +2|f1) - TCIfI) =Tu(f)
We next show that Ty is an isometry. Since Ty is linear, it is sufficient

to show that ||Ti7(f)]| = ||f|| for every f € A. If f =0, the equatlity clearly
holds. Suppose thatf # 0. Then

1To (O = 1T+ 201D = TIFIDI = 1F + 2011 = 2[A 1 = 1LA1-

Finally, we show that Ty is an extension of T', i.e., Ty (f) = T'(f) for every
feU.PuwP=T; 0T :U— A Let f € U. Then P(f+2||f||) = f+2|| /|
since f + 2||f|| € 24 and T = Ty on 4. Thus we have

2 f1F=NTCf + 2111 = TN
= If +2fll = POI = [I1P(f) = f =201 £ oo,

so that the range of P(f) — f on the maximal ideal space @4 is contained
in the closed disk in the complex plane with radius 2| f|| and center 2| f]|.
Applying P(—f +2||f||) = —f + 2|/ f|| in the same way yields

2071 = 1PC) = £+ 2011 oo
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since T(—f) = =T(f), so that the range of P(f) — f is in the closed unit
disk with radius 2||f|| and center —2||f||. It follows that o(P(f) — f) =
(P(f)— f)(®4) = {0}. Since A is semisimple and commutative, we see that
P(f) = f for every f € U; hence Ty (f) =T(f) for every f € U. =

Two unital semisimple commutative Banach algebras which are isomet-
rically isomorphic to each other as Banach spaces need not be isometrically
isomorphic to each other as Banach algebras.

ExaMPLE 3.2. Let W be the Wiener algebra,
oo

w={recm:ifl= Y 1fm) <o},

n=—oo

where T is the unit circle in the complex plane and f(n) denotes the nth
Fourier coeficient, and let

Wy ={feW: f(n)=0 for every n < 0}.
Then

(Tw ())(e”) = Z f(n)e*? 4 Z F(—n)eln=Di0
n=0 n=1

defines an isometrical Banach space isomorphism from W onto W,. On the
other hand, W is not isomorphic to W, as a complex algebra since the
maximal ideal space of W is T and that of W is the closed unit disk, which
is not homeomorphic to T.

Novertheless, isometries between two groups of invertible elements in
unital semisimple commutative Banach algebras induce isometrical group
isomorphisms.

THEOREM 3.3. Let A be a unital semisimple commutative Banach alge-
bra and B a unital Banach algebra. Let A and B be open subgroups of A~
and B~ respectively. Suppose that T is a surjective isometry (as a map
between metric spaces) from A onto B. Then B is semisimple and commu-
tative, and (T(1))™'T extends to an isometrical real algebra isomorphism
from A onto B. In particular, A~' is isometrically isomorphic to B~ as a
metric group.

Proof. Since 2 (resp. B) is an open subgroup of A~! (resp. B~1), exp A
C 2 (resp. exp B C B), whence 24 C 2 (resp. 25 C B). Applying Theo-
rem 3.1 with U =2, V =9, and g = 1, we obtain a surjective real-linear
isometry Ty from A onto B which is an extension of 7.

We now show that |7;;'(1)| = 1 on ®4. Since Tj;' is a linear isometry,
we have ||T;;*(1)|| = 1, hence |T;;'(1)| < 1 on @ 4. Suppose that there exists



Invertible elements in Banach algebras 301

x € ¥4 such that |T;;*(1)(x)| < 1. Since Ty is an isometry,
L> T (W) ()] = 1T (1) — (T (1) — (T W) (@)
= |1 = To(T5 (1) — (T (W) (@),

so that TU(Tgl(l) = (Tgl(l))(a?)) € expB C *B. Since Ty = T on B we
have
Ty (1) = (T () (@) e A C AT,

which is a contradiction since (7;;'(1) — (T;;*(1))(2))(x) = 0. Hence

(3.6) 1T (1) =1 on ®y4.
Siimilarly,
(3.7) IT;' (i) =1 on®a.

Define S : B — A by S(a) = (T7'(1))"'T;;'(a) for a € B. Then S is a
bounded real-linear bijection from B onto A such that S(B) = 2. Let a € B.
Then

(38)  IS@I =T OI T~ W) 5 @l = 175 (@) = Jall.

Next we show that (S(i))(®4) C iR. Let € ¢ 4. For every r > 0 we see
that

[+ (S(0)) ()] = [r(T7H(1))(2) = (T (0)) ()]
= (T (r£0) (@) < T (r £ 0)]| = |r £
since T, ! is real-linear and (3.6) holds, hence (S(i))(®4) C iR, so that
(S(@))(@a) C {i, —i}
by (3.6) and (3.7).
Let
P ={x€Ps:S0)(x) =i}, Pa_={zedys:S()(x)=—i}.

Then @44 and &4 are (possibly empty) closed and open subsets of @4
respectively and

Py =P UDy_, @AJFOQA,:@.
Define a function ¢ : C(®4) — C(P4) by
[ f(=), x€Pay,
W@ = {Fo T

Then ¢ is a real-linear bijection. Note that ¢(S(i)) = i and ¢(A) is a complex
algebra. Define the norm || - ||+ on ¢(A) by

()l = maxc{[| Il [ 1] -,



302 O. Hatori

where .

[fll+ =inf{l[gl: g € A, g=f on Pai},

Il = inf{|hll : h € A, h = f on @a_}.
Applying the Shilov idempotent theorem and a routine argument we see that
t(A) is a unital semisimple commutative Banach algebra with respect to the
norm || - [[+. Define S : B — «(A) by S(a) = «(S(a)) for a € B. Then S
is a bounded real-linear bijection from B onto A such that S(1) = 1 and
S(i) = i.

Let ¢ € @,(4). We now show that ¢o S is a real-linear selection from the
exponential spectrum oexp, g, where
Oexpp(a) ={A € C:a— \¢&expB}
for a € B. We only need to show that ¢ o S(a) € oexp p(a) for every a € B.
Let a € B and put A = ¢ o S(a). Then S(a) — A & (1(A)) ! since ¢ € B,4).
Suppose that A\ € oexp g(a). Then
S(a—\) € S(expB) € 1(A) C o(A7h).

Note that t(A~") = ((4))~". Since S(1) =1, S(i) = i, and S is real-linear,
S(a—\) = S(a) — X,

so S(a) — A € (1(A))~!, which is a contradiction.

By Lemma 2.2 we see that ¢ o S is a complex homomorphism. It follows
that S is a (complex) algebra isomorphism from B onto (A). In particular,
B is semisimple and commutative.

Thus S = (T~1(1))~'T;;' is a real algebra isomorphism from B onto A.
Since B is semisimple and commutative, we see similarly that (7°(1))~ Ty is
a real algebra isomorphism from A onto B such that

(3.9) I(T@W) Tu ()] = |If]

for every f € A.
‘We now show that

(3.10) (T~ W)~ ) = (1) Ty
Let f € A and put
a= (T Q)5 ).
Then a = Ty (T~*(1)f). On the other hand, since (771(1))7!7}; ! is multi-
plicative, we see that

T)TY(T (1) f) = Ty (T
— (171

('@

Ty(T~t

DT~ 1) HTu(T 1))
)T THET O)THATTH W) T T )T
) Tty

A~ ~— ~— —~
~— —
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Hence

(TW)) "' Tu(f) =TT~ W) f) = (T~ W) 'T5 ) H(S)
for every f € A, that is, (3.10) holds. Then by (3.8) and (3.9) we see that

I(T@W) Tu (N = /]

for every f € A. Thus (T(1))~!Ty is an isometrical real algebra isomorphism
from A onto B, hence (T(1))"'Ty(A~!) = B~!, and we see that A1 is
isometrically isomorphic to B~! as a metric group. =

Theorem 3.3 shows that the metric group structure of the group of in-
vertible elements in the unital semisimple commutative Banach algebra can
be recovered from the metric structure in the category of unital Banach
algebras.

PROBLEM. In which unital Banach algebras can the metric group struc-
ture of the group of invertible elements be recovered from the metric structure
in the category of unital Banach algebras?

The conclusion of Theorem 3.3 does not hold if A is commutative but
not semisimple as the following example shows.

ExaMPLE 3.4. Let

[ 0 a b
Ag = 0 0 ¢|:abceC
0 00
Let
a a b
A= 0 a c|:a,a,b,ceC
0 0 «

be the unitization of Ay, where the multiplication (in Ag) is the zero multi-
plication: M N = 0 for all M, N € Agy. Let B = A as sets, while the multi-
plication in B is the usual matrix multiplication. Then A and B are unital

Banach algebras under the usual operator norm. Note that A is commuta-
aab

tive, but not semisimple. Note also that A~=! = {<8 a c) cEA:a# 0} and

5= {(§50) B aro) Pu F = (§81). Define T: 41 — bt
by T(M) = M + F. Then T is well-defined and surjective (affine) isometry

from A onto B. On the other hand. A~! is not (group) isomorphic to B~

Acknowledgments. The author was partly supported by the Grants-
in-Aid for Scientific Research, The Ministry of Education, Science, Sports
and Culture, Japan.



304

1]
2]

3l

(4]
(5]

(6]
(7]
(8]
9
(10]
[11]

[12]

O. Hatori

References

S. Banach, Theory of Linear Operations, North-Holland, Amsterdam, 1987.

A. M. Gleason, A characterization of mazimal ideals, J. Anal. Math. 19 (1967),
171-172.

K. Jarosz, The uniqueness of multiplication in function algebras, Proc. Amer. Math.
Soc. 89 (1983), 249-253.

—, Isometries in semisimple, commutative Banach algebras, ibid. 94 (1985), 65-71.
—, Perturbations of Banach Algebras, Lecture Notes in Math. 1120, Springer, Berlin,
1985.

—, Multiplicative functionals and entire functions, II, Studia Math. 124 (1997),
193-198.

J.-P. Kahane and W. Zelazko, A characterization of mazimal ideals in commutative
Banach algbebras, ibid. 29 (1968), 339-343.

S. Kowalski and Z. Stodkowski, A characterization of multiplicative linear function-
als in Banach algebras, ibid. 67 (1980), 215-223.

S. Mazur et S. Ulam, Sur les transformations isométriques d’espaces vectoriels nor-
més, C. R. Acad. Sci. Paris 194 (1932), 946-948.

M. Nagasawa, Isomorphisms between commutative Banach algebras with an appli-
cation to rings of analytic functions, Kodai Math. Sem. Rep. 11 (1959), 182-188.
J. Viisala, A proof of the Mazur—Ulam theorem, Amer. Math. Monthly 110 (2003),
633-635.

W. Zelazko, A characterization of multiplicative linear functionals in complex Ba-
nach algebras, Studia Math. 30 (1968), 83-85.

Department of Mathematics

Faculty of Science

Niigata University

Niigata 950-2181 Japan

E-mail: hatori@math.sc.niigata-u.ac.jp

Received March 24, 2009
Revised version April 1, 2009 (6575)



