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Embeddings of finite-dimensional operator spaces
into the second dual

by

ALVARO ARIAS (Denver, CO) and TIMUR OIKHBERG (Irvine, CA)

Abstract. We show that, if a a finite-dimensional operator space F is such that X
contains E C-completely isomorphically whenever X** contains E completely isometri-
cally, then E is 2'°C"'*-completely isomorphic to R., ® C,, for some n,m € N U {0}.
The converse is also true: if X** contains R, & C,, A-completely isomorphically, then X
contains Ry, ® C,, (2A + €)-completely isomorphically for any € > 0.

1. Introduction. Local reflexivity of Banach spaces was first discovered
by J. Lindenstrauss and H. Rosenthal in [12]. Later, W. Johnson, H. Rosen-
thal, and M. Zippin [9] improved on this result, and obtained:

THEOREM 1.1. Suppose X is a Banach space, E and F are finite-dimen-
stonal subspaces of X** and X*, respectively, and € > 0. Then there exists
an operator u : E — X such that ||u| < 14+¢, u|pnx = Ignx, and (ue, f) =
(e, f) foranye € E and f € F.

This immediately implies the result of [12]:

COROLLARY 1.2. Suppose E and X are Banach spaces, E is a finite-
dimensional space, and E is contained in X** C-isomorphically (that is,
there exists E' — X** such that d(E,E") < C). Then E is contained in X
(C + e)-isomorphically for any e > 0.

In the non-commutative case, the results quoted above do not hold in
general. It is well known that an infinite-dimensional operator space need
not be locally reflexive. Moreover, for every n > 2 the space ¢} (equipped
with the maximal operator space structure) is contained in B = K**, while,
by Theorem 21.5 of [16], dcp (¢}, E) > n/(2¢/n —1) for any E — K (here
and below, B and K denote the spaces of bounded and compact operators
on {9, respectively).
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In this paper, we show that a “non-commutative” analogue of Corol-
lary 1.2 holds for a finite-dimensional operator space E if and only if F is
completely isomorphic to a direct sum of row and column spaces (Theo-
rem 1.3). We say that X contains E C-completely isomorphically (C-ci) if
there exists F' — X such that d.,(E, F) < C; and X is said to contain E
C+-ci if it contains F Ci-ci for every C; > C. A finite-dimensional oper-
ator space E is said to be C-bidually representable (C-BDR, for short) if
an operator space X contains E C-completely isomorphically whenever X **
contains a completely isometric copy of F; and F is said to be C+-BDR if
it is C1-BDR for any Cy > C.

Below, R,, and C,, stand for the spaces spanned by the first row and the
first column of n X n matrices, respectively. @ means @ (the o, sum of
spaces), unless specified otherwise.

THEOREM 1.3.

(1) If E is A-completely isomorphic to R,, ® C,, for some m,n € Z,
then E is 2)\>+-BDR.

(2) If E is AM+-BDR, then, for some m,n € Zy, ds,(E, Ry, @ Cp,) <
915 )11

THEOREM 1.4. An operator space is 1-BDR if and only if it is 1-dimen-
stonal.

The rest of the paper is organized as follows: in Section 2, we gather some
essential facts about non-dual local reflexivity, and prove item (1) of Theo-
rem 1.3. The proof of Theorem 1.3(2) proceeds in two steps. First, we show
that E embeds “nicely” into R @ C (Section 3). In Section 4 we complete
the proof of Theorem 1.3(2). Section 5 is devoted to proving Theorem 1.4.
Finally, in Section 6, we consider our problem in the setting of C*-algebras.

The notation used in this paper is, by and large, either standard, or ex-
plained above. The minimal (also called injective, or spatial) tensor product
of operator spaces is denoted by ®. If T': X — Y is a finite rank operator,
T stands for the corresponding element of X* ® Y (then ||T||s = [|T])). We
often use M,,, B, K, and Kop—the spaces of n x n matrices, of bounded
operators on fo, of compact operators on £o, and of compact operators with
matrices having finitely many non-zero entries, respectively.

In the proofs, we use the notion of exactness of an operator space, and
the notion of a complete M-ideal in an operator space.

We say that an operator space Z is C-ezxact (C' > 0) if, for any finite-
dimensional subspace £ — Z, and every £ > 0, there exist N € N and
F — My with de,(E, F) < C +¢; and Z is said to be ezact if it is C-exact
for some C. The ezactness constant of Z (denoted by ex(Z)) is the infimum
of all the C’s with the above property. It is easy to see that the row space R,



Embeddings of finite-dimensional operator spaces 183

the column space C, and the space of compact operators K are 1-exact. On
the other hand, it is known that B is not exact. The reader is referred to
[15], Chapter 17 of [16], or Chapter 14 of [6] for more information.

A subspace X of an operator space Y is called a complete M -summand if
Y =Y @u Z for some Z — Y; and X is a complete M -ideal in Y if X1 is
a complete M-summand in Y**. We refer the reader to [5], or to Section 4.8
of [2], for information about complete M-ideals. For the theory of M-ideals
in Banach spaces, see [8].

Finally, Z, = NU {0} is the set of non-negative integers.

2. Some remarks on bidual representability. To prove Theorem
1.3(1), we begin with

PropPOSITION 2.1. Suppose E and F are finite-dimensional operator
spaces, X is an operator space, u : B — X** and v : X** — F are linear
maps, and € > 0. Then there exist linear maps uy : E — X andvy : X — F
such that ||uillen|lvi]lep < (14 €) ex(E*) ex(F)||ullebl|v||lcb and viug = vu.

Proof. Pick biorthogonal systems (e;, €;);_; and (f;, f7)72; in E and F,
respectively. Write u =}, ef ® 27" and v = >, f; ® 27 with z}* € X**
and x7** € X***. By Proposition 3.2.1 of [6], (Mn(X))"™ = My (X™) iso-
metrically, hence v € X***® F' can be “approximated” by v; = Z]- fi®z; €
F® X* in such a way that (1) |[o1]| < VI +eex(F)|[?]|, and (2) (2}, 27*) =
(z3**, x;*) for any pair (i, j). Similarly, there exists u1 = >, ef ® 2; € E*®X
such that [|[u1| < 1+ eex(E*)|[al|, and (z}, ") = (2}, 2;) for any pair
(4,7)-

Now go back from tensor products to c.b. maps w3 : £ — X and
v1 : X — F. By the above, |luie < V14 ecex(E*)|uller and [Jv1]lea <

V1+ eex(F)||v]leh. Moreover, for any 1,
viwre; = Y (@ @) f = Y (27, 27) f; = vues.
J J
Therefore, vu = viu; and ||ug|eh||v1]|cb < (1 +¢) ex(E*) ex(F)||u/|cbl|v||ch. =

Proposition 2.1 implies:

COROLLARY 2.2. Suppose X is an operator space, and § > 0. Then:

(1) If X** contains a A-injective finite-dimensional operator space E C-
completely isomorphically, then X contains E (AC ex(E) ex(E*)+9)-
completely isomorphically.

(2) If X** contains Ry, ® Cyp, (n,m € Zy) C-completely isomorphically,
then X contains R, ® C,, (2C 4+ §)-completely isomorphically. Con-
sequently, R, ® C,, is 24+-BDR.
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(3) Suppose E = Ry, Cpy, £2, C Do Ry, or C oo Ry, (m € N). If
X* contains E C-completely isomorphically, then X contains E
(C + 0)-completely isomorphically. Consequently, E is 1+-BDR.

Proof. (1) Consider a subspace E’ — X** for which there exists a com-
pletely contractive isomorphism uE — E’ with |u™!||q, < C. As E is M-
injective, there exists v : X** — E extending u~! (that is, v|p = u™!) of
norm not exceeding AC'. By Proposition 2.1, for every € > 0 there exist u :
E — X and vy : X — E such that |Jug||epl|v1]lep < (1 + €) ex(E) ex(E*)AC
and viu; = vu = Ig. Therefore, de,(E,ui(E)) < (1 + ¢) ex(E) ex(E*)AC.
Since € can be arbitrarily small, we are done.

(2) The space Ry, ® C,, embeds into M,,,1,, as a l-completely com-
plemented subspace, hence ex(R,, ® C,) = 1. Moreover, (R,, @ C,)* =
C,®1R,, is 2-completely isomorphic to C,, &R, hence ex((R,,,®C,,)*) < 2.
An application of part (1) yields the desired result.

(3) Reason as in the proof of part (2), and recall that ex(F) = ex(E*) =1
for any E from the list (see Chapter 21 of [16]). m

REMARK 2.3. We return to the connections between injectivity, exact-
ness, and BDR in Section 5. Meanwhile, note that by Theorem 1.4, C is the
only 1-BDR space. Hence, the condition of being 1-BDR is much stronger
than being 1+-BDR.

The next result shows that bidual representability is an isomorphic prop-
erty.

PROPOSITION 2.4. Suppose X is an operator space, E is a finite-dimen-
sional subspace of X**, dep(E, F) = Cy, and ex(F) < Cy. Then there exists
an operator space Y such that de,(X,Y) < C1Cy and Y** contains a com-
pletely isometric copy of F'.

Proof. Suppose the map u : E — F is such that [julls, = C1 and
|lu=Y|ep = 1. By renorming X, we shall construct a space Y and a map
T : X — Y such that |T|la, < C1Cs, and T~! is completely contractive.
To this end, find a subspace F; — My and a map v : F; — F such that
lo™Ylep = 1 and |[v]|ey < C2. Embedding F into B completely isometri-
cally, and applying Stinespring’s extension theorem, we obtain an operator
v : My — B such that v|p, = v and [|0]|cp = ||v||cb- Let FF =0(Mpy).

Extend w = v~!u to w : X** — My such that ||w||e, = ||w|le, < C1 and
w|p = w. Let C] = C1C2/||v||cb- The unit ball of X* @ My is weak* dense
in the unit ball of X*** ® My, hence there exists an operator wy : X — My
such that ||wi|c, < C] and wi*|p = w.

Define a new operator space structure Y on X by setting, for x € X K,

[zllyex = max{[|z| xek, (Vw1 @ Ik)z| Fok }-
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Denote by T the formal identity map from X to Y. Clearly, T~ is a complete
contraction, and ||T'||¢p, < [[owi]|er, < C1C2. Moreover, for ** € X** @ Ky,

[ [y ek = max{||lz"™||x ek, [[(w)" @ Ik)x™ || ek}

which implies that, for e € E ® Ko, |le]ly=gk = ||[(u® Ik)e||rgk. =

PROPOSITION 2.5. Suppose the space E is C+-BDR. Then E is C-exact.
Proof. Apply the definition of BDR to X = K. =

COROLLARY 2.6. Suppose E and E’ are operator spaces of the same
(finite) dimension, E is C-BDR, de,(E, E") = X\, and ex(E) < . Then an
operator space X contains E CAp-completely isomorphically whenever X**
contains E' completely isometrically. Consequently, E' is CA\>u-BDR.

Proof. Suppose E' is contained in X**. Consider a map v : £/ — E such
that ||ulle, = A and ||u=!|lq, = 1. By the proof of Proposition 2.4, there
exists an operator space Y and a map T : X — Y such that ||T|e, < Ay,
IT Y, < 1, and T**(E') = E. There exists a subspace F' — Y with
dep(E,F) < C. Let F' = T71(F) — X. Then

den (B, F') < dep(E, F)deo(F, F') < dep (B, F)||T)|en || T lep < CApe
Therefore, de,(E', F') < dep(E', E)den(E, F') < CA\2p. =

3. Proof of Theorem 1.3(2): E is a subspace of R @ C. In this
section, we make the first step toward proving Theorem 1.3(2) by showing
that every C-BDR space embeds “neatly” into R & C. More precisely, we
prove:

THEOREM 3.1. For every N €N, there exists a separable operator space X
such that:

(1) X** contains B as a complete M -summand.

(2) Suppose E is a finite-dimensional operator space such that de,(E, E")
< C for some E' — ls(Mpy), and X contains E c-completely iso-
morphically for some ¢ < C. Then E is 4v/2C3-completely isomor-
phic to a subspace of R & C.

Consequently, any C+-BDR space is 4/2C3-completely isomorphic to a sub-
space of R & C.

We start the proof by constructing the space X. At the Banach space
level, let X = (€,,» 5 My)c be the space of all sequences whose elements
are n X n matrices, and which have a limit (in K). Denote by P,, (once again,
n > N) the canonical “truncation” from X to (3 ;_ni; Mg)oo. Let X, =
MAX,, (3 h—n41 Mi)oo) (see [13] or [11] for the definition and properties



186 A. Arias and T. Oikhberg

of the functor MAX,,), and set, for z € X ® Ky,
(3.1) ]| = sup [|(FPn ® Tk )zl x,0K-
n

It is easy to notice that the Banach space structure of X is as described
above. Denote by Y the space (D,,- y Mn)¢,, with the operator space struc-
ture inherited from X.

For further use, we state the following easy consequence of (3.1).

LEMMA 3.2. Suppose x is an element of X @ My, (m € N). Write x =
(zi)i>N with x; € M; ® M,,,. Then

lzllxem,, =max{llzli(s,,  Mo)eny max ([(Po ® Iv, )2 xem, -

LEMMA 3.3. Y is a complete M-ideal in X.
Proof. For n > N, define the map T,, : X — Y by setting
T.((zi)isn) = (®N41y- -+, T0n, 0,0,...).
We need to show that the sequence (7)) is an M-complete approximate
identity (see Definition 1.1 of [1]). Clearly, T,,y — y for any y € Y. Moreover,

suppose = = (x;) and z = (z;) are elements of X ® M,,,. By Lemma 3.2, for
n>m,

(T @ Ing,, ) (@) + (1 = T) @ Ing ) ()] = (2841505 %y 2015 2oz |

= ma,X{H({]}'NJ’_l7 . 7.'1:7“ Zn+1, zn+27 .o )”(En>NM”)C®Mm7
NRax [(TN+15 - o) | X oM,

= maxe{ oyl sup ) max [(@ven oz xeom,)

ax
<k<m

IN

max{||z|[, [|z[]}.

Thus, (T,,) is indeed an M-completely approximate identity, and therefore,
by Theorem 1.1 of [1], Y is a complete M-ideal in X. =

LEMMA 3.4. The quotient X/Y is completely isometric to K.

Proof. Define the map U : X/Y — K by setting U([(x;)i>n]) = lim; z;.
To show that it is a complete isometry, fix m €N, and consider x = (x;);>nN
€ X ® My,. By Lemma 3.2, ||[z]||x/yem,, = lim; [|2i|| = [|[U]7][kem,,- =

Conclusion of the proof of Theorem 3.1. Part (1) of the theorem follows
from Lemma 3.4. Suppose E is a finite-dimensional operator space as in
part (2), u: E — X is a complete contraction, F' = u(E), and ||u™}||ep < C.
Let F,, = P,(F') be a subspace of X,, (here, P,, and X,, are as in (3.1)), and
let u, = Pyu. By the definition of MAX,,,

H('rN-‘rla o 7xn)||Xn®MN = NIE%}S(H ||.Tk||,
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hence there exists n > N such that ||(u, ® Inmy)el| > C71|le| for any
e € E® My. By Smith’s lemma, [ju, !l < Cllu,! ® Iv, | < C>.

Since X is l-exact, by [17] there exist operators v : E — R @& C and
w:R®C — X, so that ||ve|lwla < 4v2C and u, = wv. Let G = v(E).
Then de,(E, G) < ||v]|eb|uy, twl|a, < 44v/2C3.

To prove the last assertion, note that, by the reasoning above and Propo-
sition 2.5, any N-dimensional C+-BDR space E embeds into Ry @ Cy
44/2(C + €)3-completely isomorphically for any £ > 0. Letting & approach 0,
and applying a classical compactness argument, we complete the proof. m

4. Proof of Theorem 1.3(2): E is R,, ® C,. In this section, we
complete the proof of Theorem 1.3(2). For the convenience of working with
Hilbert spaces as much as possible, we use the sum @o: if X and Y are

operator spaces, and z and y are elements of X®Kj and Y Ky, respectively,
define

(4.1) 1z ® yll(xeov)ex = max{[lz|, [y, |z © yllmiNn(xe.v)ek }-
Clearly, Ruan’s axioms are satisfied, so X @2 Y is indeed an operator space.

Note that any NN-dimensional subspace E of R &9 C is contained in
Ry @2 Cy. In view of Theorem 3.1, the proof of Theorem 1.3(2) follows
from:

THEOREM 4.1. Suppose E is an N-dimensional subspace of Ry @3 Cn
which is \-BDR. Then de,(E, Ry, @2 Cy,) < 32v/2)\ for suitable m,n € Z,.

Denote by Ar and Ac the orthogonal projections from E on Ry and
Cy, respectively. By polar decomposition, there exists an orthonormal basis
(ei)i]\il in F such that Are; = aER)eER), with 0 < ag\ft) <. < agR) <1

and e(R) being an orthonormal basis for Ry. Then, for 1 <i < N, Ace; =

E ) Z(»C), where egc) is a unit vector and aZ(C) =4/1- (aER))Q. Note that,
for i # j,
e ) = @V 1 o0, ) o
Moreover,

0= (ej,ej) = (a(R)egR) + agc)ez(. )
C) (C), (C) (C
© ( )<e( )’eg )>’

=a; 'a;

())

a®) (R) ( )(©)

(2

and therefore, the vectors (e; /), form an orthonormal basis in Cy (cer-
tain minor changes to this construction need to be made if agc) = 0 for

some 7’s). One can also show that (e;, eg.c)> =0 for i # j.

LEMMA 4.2. (e;)Y, is a 1-completely unconditional basis in E.
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Proof. Suppose Ai,..., Ay are complex numbers of absolute value not
exceeding 1. We have to show that the operator A = diag((\;)Y,) is com-
pletely contractive. To this end, consider an operator Aon Ry ®2 Cn map-
ping e( ) (or e(C)) into )\Z-el(»R) (resp. )\iel(»c)) for 1 < i < N. By the discussion
preceding the statement of this lemma, the restrictions of A to Ry and Cy
are contractive, hence completely contractive (row and column spaces are
1-homogeneous). Thus, by the homogeneity of minimal spaces, and by (4.1),
Ais completely contractive. To complete the proof, observe that the restric-
tion of A to E coincides with A. u

This lemma, together with (4.1), yields:

COROLLARY 4.3. Suppose I is a subset of {1,...,N}. Let Ef =
spanfe; |i € Z], and Ef = spanle;|i ¢ I]. Then the formal identity map
id : E — Er @3 Ef is completely contractive, and |[id™" ||, < V2.

Proof. For simplicity, denote the space E7 @2 EIl by F. Consider z =
Ziei®xi € F® K. Then

N
Jollpex = max{ | 3 (a{™)2aia: 12 )Z O]
i=1
H Z ¢ ® MIN eN)®K}
while
Jolpex = max{ | 3 (a{™)2aia: V2 S (e 12
1€
(©y2,, .|| o2 [
HZ;(% Jaiz ’ gjy @ Zez MIN(@N)@)K}

Comparing the two displayed expressions yields the result. =

Turning back to the proof of Theorem 4.1, denote by m the largest
number i for which aR > 1/v2 (if a < 1/v/2, set m = 0), and let
n=N-—m. LetER—span[eZH <1 gm],EC = spanfe; |[m < i < NJ. For a
compact operator T' € B(H, K) (H and K are Hilbert spaces), we denote by
| T||2 its Hilbert-Schmidt norm. That is, || T|j2 = (3, t2)/2, where t; >ty >

- > 0 are the singular numbers of T'. Equivalently, HT||2 = Zw (Tes, f)]%,
where (e;) and (f;) are orthonormal bases in H and K, respectively.

To complete the proof, it suffices to show that

max{[|Ac|pg [l2: [|AR| poll2} < 16v2A.
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Indeed, this would imply that Fr and Ec are 32A-completely isomorphic to
R,, and C,, respectively. An application of Corollary 4.3 would then yield
the result. Thus, it remains to prove:

PROPOSITION 4.4. In the above notation, |Ac|egll2 < 16v/2).

Proof. If m = 0, there is nothing to prove. If m > 1, denote Ac|gg, by
A for simplicity of notation. Let

X = ( 3 MAXn(ER)> . Y = ( 3 MAXn(ER)> . X =X, & Fc.

n>N ¢ n>N «©
By Proposition 3.2 of [1], Y is a complete M-ideal in X;. Imitating the proof
of Lemma 3.4, one can show that X;/Y = Egr completely isometrically.
Therefore, X7* contains ER as a complete M-summand. Finally, M (X™**) =
(Ms(X))* for any s € N, hence X** = X{* &y Fc, and therefore, X**
contains E y/2-completely isomorphically. By Corollary 2.6, X contains E
V2 +-ci.

Pick C' > A, and consider a complete contraction v : £ — X satisfying
lu=|ley < v2C. Denote the “natural truncation” of u to Ec (or the nth
summand of X, n > N) by ug (respectively, u,). More precisely, we view
ug (resp. up) as a map from E to Ec¢ (resp. MAX,,(ERr)). In this notation,
F = keruyg is an M-dimensional subspace of E (M > m). Let v be an
isometry from Rjs onto F'. To complete the proof, it suffices to show that

(1) vllen = max{1, [|All2/2},

(4.2)
(2) |unv|lcp <8 for any n > N.

Indeed, then ||uv||cp = sup,, [|unv]|er < 8. On the other hand, v = u~!o (uv),
hence the above inequalities imply

14]12/2 < o]l < V2C]uvlle, < 8V2C.

Since C' > A is arbitrary, we conclude that || As|lz < 16v/2).

We start by proving (4.2(1)). Denote by @ and Q* the orthogonal pro-
jections from F' onto Fr and Ec, respectively. Reasoning as in the proof of
Lemma 4.2 (see also the discussion preceding it), we can find an orthonor-
mal basis (f;)M, in F such that (Qf;, Qf;) = (Qf;,Qf;) = 0if i # j.
By changing the numbering if necessary, assume that ||Q*f;|| > 1/v/2 for
1<i<l and |Qfi] > 1/v2 forl <i < M. Let F} = span[f;|1 < i <],
Fy = span[f; |l < i < M], and G5 = v~ (F) for s = 1,2. We can identify
G1 and G9 with R; and R, respectively. Note that

[ollen = max{|[vle, llebs |0]6sllen} = (loles 2 + lvles l2) 2/ V2.

However,

L L
lvlG, lleb = 1Q vl leBmi,ca) = 1@ Va2 > VI1/2.
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Similarly,

M 1/2
lolaslien = 14QuIcallcnmay 1 cu = 14QulGsl = (3 14QI2) ™
i=l+1
To evaluate ||A[|2, introduce the vectors f] € Er (1 < i < M) in such a
way that g = span[f/ |1 < i < M], and, for each 4, || f/|| equals 0 or 1, and
Il =Qfi/||Qfill provided Q f; # 0 (this is possible, since M > m = dim ER).
Since A is a contraction, we have

M M
AN =D IASIP <142 Y [AQSN < 2(lvley 12+ l[v]culIzy) < 4llvllZ,-
=1 i=l+1

Moreover, v is an isometry, thus we obtain (4.2(1)).

Next we tackle (4.2(2)). Fix n. By [17], there exist operators T : F' —
Ry, Tc : F — Cyy, Sr : Ry — MAX,(ER), and Sc : Cyy — MAX,(ER)
so that un|p = SrTr + ScTc and max{[|Tr/[cb[Srllcb; [Tc el Sclleb} <
2+/2. Then

1SeTrVleb < [|SRebl|TRY|lb = || SR lebl| TRV < 2V2.

Moreover,

1Sclleb > |ARSclleBcy Ry) = IARSC|l2 > |1Scll2/V2,
hence
|ScTcv|ler < [[ScTcvll2 < ||Scll2l|Tcv] < 4.

Thus,
[unvller < [|SRTRVlb + [|ScTcv]en < 8.

This establishes (4.2(2)). m

Proof of Theorem 1.3(2). Suppose an N-dimensional space E is A+-
BDR. Pick C > \. By Theorem 3.1, there exists a subspace F' of Cn @2 Ry
such that de,(E,F) < 8C3. By Corollary 2.6 and Proposition 2.5, F' is
26C8-BDR. By Theorem 4.1, F is 223/2C8ci to Ge = Ryyc) B2 Ch(c)-
Thus, dep(E,Ge) < 2292011 Find a sequence (C}), decreasing to A, such
that m = m(C;) for any j (then n = N —m(C;) = n(C})). Clearly, we have
der(E, Ry oo Cp) < 215010, o

5. Proof of Theorem 1.4, and similar lower estimates. This sec-
tion is devoted to the proof of Theorem 1.4. Clearly, C is 1-BDR. A series of
lemmas helps us rule out other spaces. The first lemma seems to be partly
folklore.
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LEMMA 5.1.

(1) Suppose (Ey)32, is a sequence of Banach spaces, and E is a finite-
dimensional subspace of (3 Ex)cy- Then there exists N € N such
that E is isometric to a finite-dimensional subspace of (Zivzl Ei)oo-

(2) Suppose (E)32, is a sequence of operator spaces, and E is a finite-
dimensional subspace of (3 Ex)c,- Then there exists N € N such
that E is completely isometric to a finite-dimensional subspace of

(C=1 Bi)oc-

Proof. We prove part (2), since (1) can be dealt with in a similar man-
ner. Let n = dim E. Suppose (e;)!"_; is an Auerbach basis in E—that is,
max; |o;| < || D2, aieil] <Y, || for each sequence (a;) of scalars. In partic-
ular, the projection R; : E — E : ). a;e; — «je; is contractive for every j.
Since it is a rank one projection, it must also be completely contractive.
Thus, for any (a;)i—; C K, ||, a; ® ;]| > max; ||a;]|.

Now write e; = (eir)5>, with e, € Ej. There exists N € N such that
lleix|| < 1/n for any 1 < i < n, and any k > N. For such k, and for any
(@) CK, || >, a; ® ejx]| < max; ||a;||. Therefore,

H E a; @ e; ZSI;PH E a; Q ek :1I§nka§XNH E a; Q e
3 7 7

which implies that E is completely isometric to a subspace of (> Ek)]kvzl,
spanned by the vectors & = (ej)_; (1<i<n). =

Y

We next apply this lemma to our situation.

LEMMA 5.2. Suppose a finite-dimensional operator space E is 1-BDR.
Then, for some N € N, E embeds into (X isometrically, and into My
completely isometrically.

Proof. For n € N, find ej,,...,€}, , € E* of norm 1 so that, for any
eel,

* > o )
g [(efel] > (1= 27" fe]

Define the operator space E,, by setting, for e € F ® K,

Jellenc = max{(L =2~ lellperc, | max (e © rc)elxc)

Note that, for e € F,

(5.1) lells, =  max |(ef,e)l

Let X = (3721 En)e,- Then the map

[ee)
u:E— X" = (ZlEn)ﬁoo rer (ee,...)
n—=
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is a complete isometry. On the other hand, if £ embeds into X isometrically,
then, by Lemma 5.1, it must embed into (Zle E,)s for some K € N. By
(5.1), E, embeds isometrically into ¢2/». Therefore, E embeds isometrically
into /N for N =K M,

Next test 1-bidual representability with X = (377, Mg)¢,. The space
X** = (3°72 1 My )oo contains B, hence it also contains E. Therefore, X con-
tains F. By Lemma 5.1, E embeds into (224:1 M}, ) oo for some M. A fortiori,
E embeds completely isometrically into My with N = M(M +1)/2. =

COROLLARY 5.3. If a 1-BDR space E has dimension at least 2, then E
is not strictly convex.

Recall that a Banach space E is called strictly convez if, for any e, eq
in E, the equality |le1 + e2|* = 2(]|e1]|? + |le2]|?) implies e; = es.

Proof. By Lemma 5.2, there exist linear functionals fi,..., fy € E* such
that ||e]| = maxi<i<n |[(fi, e)| for any e € E. Therefore, there exist i and two
distinct elements e, eo of the unit ball of E satisfying

lexll = lle2ll = [(fise1)| = [{fi, e2)| = 1.

Then 4 = |le1 + e2]|?> = 2(|[e1]|? + [|e2]|?). =

Proof of Theorem 1.4. Suppose, for the sake of contradiction, that dim £
> 1, and F is 1-BDR. By Lemma 5.2, F embeds into M completely iso-
metrically. We then construct an operator space X, isomorphic to co(My),
which is strictly convex (hence, by Corollary 5.3, X cannot contain E iso-
metrically), but such that X** contains My completely isometrically.

To this end, find a dense sequence (f;)52; in the unit ball of MY For
Tr = ($1,$2, .. ) € Co(MN), set

(5.2) llz||x = sup||z|ln, where
n

e (netd 1/2
Il = (llzal? + D= 107049 g a)]?)
j,k=1

Observe that

S 107 ) 2 < 107D 3 1070 = 107D 3 107
Pyt G k=1 =0

- 10—<"+1>( * < 1.95. 10 (D),

1_—11/10)

SO

(5.3) [l < [lznll + 107" ||y vy ),
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hence | - ||x is well defined. To show that || - ||, is a norm, note that ||z|, =
“Jnx”MNGBQEQ(NXN)’ where

Jn CO(MN) — My Do EQ(N X N) T (xn, (10_(n+j+k)<fj,$k>)j’k).
By (5.3), limy, || J,z|| = 0 for any z, hence (5.2) describes X as a subspace of
O (Mn®202))ey, and ||| x is @ norm. Thus, X** is isomorphic to £oo(My),
and the norm is also given by (5.2).

Finally, note that the supremum in (5.2) is attained. Indeed, if
[Zllcomy) =1, find K € N such that [|z,]* + 107" < 1/4 for n > K.
For such n, ||z||, < 1/2, while ||z|x > 1. Therefore Hx||X = maxp<x ||Z||n-

To show that X is strictly convex, suppose ||z + 232 = 2(||=M |2 +

[|2(?)]|?) for some (1), 2(?) € X. By the observation above, there exists n € N
such that ||z + 2@ || = ||z 4+ 23)]|,,. Therefore (writing z(*) = (x%));’le),
0 > 2(Ja M7 + l2®7) = [z + 2@

—2(||:U(1)H2—|—Ha: 1) = ll2f) + 2P|

(ni 1 2 1 2
30 10 ) (7)) — (ol + 2P
Gok=1
But, by the triangle inequality,
2([|lz MNP + [&2]1%) = el + 237,
and (1) (2) (2)
214F5 2+ 15 2P > (o2 + 2

In the last display, equality holds if and only if a;,(€ ) = x,(g
(D) = 22,

Define the operator space structure on X by setting, for x € X ® K,

) for every k. Thus,

2] = max{||z[ MmNk 1] eoMy)oKo I+

In other words, the operator space structure on X is generated by its “natu-
ral” embedding into MIN(X) @ co(My). Then X** embeds into MIN(X**)®
loo(Mpy), and, for z € X** @ Ko,
(5.4) ]| = max{[|z]lvNxekos 1]l ee vMy) Ko -

Define U : My — X* ta+— ((1—107")a)?® ;. By (5.2) and the discus-
sion following it, and by (5.4), U is a complete contraction. Furthermore,
for any a € My ® Ko,

(U @ Ix)a| x=ex > sup(l = 107")|lallmyex = [lall;
n
hence U is a complete isometry. =

REMARK 5.4. In a similar way one can prove the commutative version of
Theorem 1.4: if a finite-dimensional Banach space E is such that a Banach
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space X contains F isometrically whenever X** contains E isometrically,
then F is 1-dimensional. Indeed, one can imitate the proof of Lemma 5.2
to show that such an E embeds into £ for some N. Then, as above, one
constructs a strictly convex Banach space Z whose dual contains £%.

Next we investigate the smallest C for which the given space E is C-BDR.

THEOREM 5.5. Suppose E is a finite-dimensional C-injective operator
space which is A+-BDR. Then \ > ex(E*)/(C ex(E)).

Proof. Suppose, for the sake of contradiction, that A <ex(E*)/(C ex(FE)).
Pick C; > ex(FE), Cy < ex(E™), and C3 > X such that Co/(C1C3) > C. Fol-
lowing the proof of Theorem 3.1, find E; < My such that dg,(E, Eq) <Ch.
Also, define the spaces X,, (n > N) and X as in the proof of that theo-
rem. We know that X** contains B as a complete M-summand. Suppose
X contains E Cs-ci. As in the proof of Theorem 3.1, we conclude that,
for some n > N, X,, contains E C1C3-ci. That is, there exists a subspace
F — X, and a complete contraction u : F — E with [[u™!||s, < C1C3.
Since E is C-injective, there exists a map u : X,, — E such that u|p = u
and ||ulle, < C.

As ex(E*) > (5, there exists an operator v : E — B such that |[v]|., > Co
and ||[v® I, || < 1 (to see this, apply Theorem 18 of [15] to £*, and dualize).
Note that

[vllew o C2
lu=Hlep — C1C3
On the other hand, by definition of X,
[vulleb = lva @ Ing,, || < [lo @ Ing, || [[ulfer < C.

This contradicts our assumption that Cy/(C1C3) > C'. =
COROLLARY 5.6. If (2 is C-BDR, then C > n/(2y/n —1).

Proof. We know that E = (2 is 1-injective and 1-exact. Moreover (see
Theorem 21.5 of [16]), ex(E*) > n/(2y/n —1). We complete the proof by
applying Theorem 5.5. »

[vt]len > flvullen >

6. C*-algebras and bidual representability. Passing from operator
spaces to C*-algebras, we obtain:

PROPOSITION 6.1. Suppose X is a C*-algebra, and n € N. Then the
following are equivalent:

(1) X** contains M,, completely isometrically.

(2) X** contains M,, as a sub-C*-algebra.

(3) X contains M, completely isometrically.

(4) X** contains M, c-completely isomorphically for some c<n/(n—1).
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(5) There exists an irreducible representation of X into B(H) with
dim H > n.

REMARK 6.2. J. Roydor [18] proved a related result: if a C*-algebra X
embeds into C'(£2, M,,) (for some §2) completely isometrically, then X is a
C*-subalgebra of C'(£2',M,,) for some set {2'.

Below, we denote by (Ej;);;_; the canonical matrix units in M,,.

LEMMA 6.3. Suppose n > m, and T : M,, — M, is a complete contrac-
tion. Then

n
fre i ($5550 80, <5
1=
COROLLARY 6.4. If T is a set, m < n, and E is an n?-dimensional
subspace of lx(Z,M,,), then de,(M,, E) > n/m.

Proof. Consider a complete contraction 7' : M,, — F. By Lemma 6.3,
|T®In, (321, Eij®Eij)|| < m. However, || 327, Eij @ EijllMm,om, = n.

Proof of Lemma 6.3. Consider a complete contraction 7" : My, — M,.
By Stinespring’s representation theorem, there exists a Hilbert space H,
a unital representation 7 : M,, — B(H), and contractions U € B(I;T,Egn),
V e B(4y, H) such that Ta = Un(a)V for any a € M,,. Note that, for each i,
pi = m(Ey;) is a projection. Denote its range by H;. Then 7(Ej;) is a partial
isometry, with initial and terminal projections H; and Hj, respectively. Let
H = H; and v; = n(E;1) : H — H; (once again, 1 < ¢ < n). Then ¢5(H)
can be identified with H via (&), — 327" uiéi.

For 1 <i < n,let Uy = Uu; € B(H,¢3") and V; = u;p;V € B({5', H).
Then we can identify U with Y " | Ey; ® U; (viewed as an operator from
03 (H) to £5"). Similarly, we identify V with Y ;" | E;; ® V; € B(45',05(H)).

Then
" " 1/2
Vi=| Y e =X vv|" <1
i=1 i=1
- r 1/2
w1 =3 Ewou] = | v <1
i=1 i=1

Moreover, T'E;; = U;V; for any i and j. Therefore,

HT ® Iw,, ( Zn: Ei; ® Eij) H

4,j=1

n
oo, = H ”z_: U;V; ® Ejj

IS m) Sk os)]|
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However,

H ZUz’ ® Ei

1/2

I 7. 3 i) )2
= H;U u| " < (Tr(;UZ Ui))

" A 12 n -
e
and similarly, || 32, V; @ Eyj|| < v/m. Thus,

n
HT® IMn< Z Eij ® Eij) H < H ZUZ' ® Ein
ij=1 i
REMARK 6.5. In a similar fashion, one can show that

n
HZEﬂ@Eil =V/n,
i=1 "

<vm,

HZVJ@EUH §m ]
J

CL®C
and

n
"T®IC”(ZEi1®Ei1)" <vm
g M, &Ch

whenever T : C,, — M,, is a complete contraction. From this, one concludes
that dp(Cy, E) > y/n/m for every n-dimensional subspace E of (o (Z, M)
(provided n > m).

LEMMA 6.6. Suppose m : Y — B(H) is an irreducible representation
of a C*-algebra Y on a Hilbert space H of dimension at least n. Then Y
contains M,, completely isometrically as an operator system.

Proof. If p is a projection of rank n on H, then, by the transitivity of ir-
reducible representations (Theorem I1.4.18 of [20]), 7(Y)p = B(H)p. Denote
by A the set of all y € Y satisfying 7 (y)p = pr(y) (= pr(y)p). Clearly, A is a
C*-subalgebra of Y, and 7(A) can be identified with B(p(H)) ~ M,,. More-
over, A has a separable subalgebra (call it A;) such that m(A;) can again
be identified with M,,. In other words, M,, = A;/J, where J = ker mN A; is
a closed two-sided ideal. By Theorem 3.10 of [3], M, lifts to A; completely
positively. Thus, A; contains M,, completely isometrically. =

REMARK 6.7. A similar lifting technique was used in [7]. Earlier, lifting
methods were used in [19, 21] to prove that a C*-algebra which is not (n—1)-
subhomogeneous contains a completely positive copy of M,,.

Proof of Proposition 6.1. The implications (2)=-(1)=-(4) and (3)=-(1)
are clear.

(1)=(2): By Section 6.4 of [10], we can decompose the von Neumann
algebra X** into a direct sum of components of type I (kK € NU {oo}), I,
and III. By Lemma 6.4, at least one of the summands of type I (k > n),
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II, and III is non-trivial. All such summands contain M,, as a subalgebra
(see e.g. comparison theorem for projections in a von Neumann algebra,
Theorem 6.2.7 of [10]).

(1)=-(5): Suppose, for the sake of contradiction, that (5) fails to hold.
Viewing X** as the enveloping algebra of X, we embed it into o (Z, M,,_1)
for some set Z. Therefore, by Lemma 6.4, X** cannot contain M,, ¢-com-
pletely isomorphically with ¢ < n/(n —1).

(4)=(1) and (5)=-(3): If there are no irreducible representations of X**
(or X) on Hilbert spaces with dimension > n, then X** (respectively, X)
embeds into o (Z,M,,_1), hence, by Lemma 6.4, X** cannot contain M,,
c-completely isomorphically when ¢ < n/(n — 1). Otherwise, X** (or X)
contains M,, completely isometrically, by Lemma 6.6. =

REMARK 6.8. By Lemma 6.6, items (1) and (4) of Proposition 6.1 guar-
antee that X (or X**) contains M,, as an operator system. However, X need
not contain M,, as a subalgebra. Indeed, let X be the left regular algebra
of a free group on two generators. By [4], X has no non-trivial projections,
hence it cannot contain M,, as a subalgebra.
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