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On the vector-valued Fourier transform
and compatibility of operators

by

IN Sook PARK (Taejeon)

Abstract. Let G be a locally compact abelian group and let 1 < p < 2. G’ is the dual
group of G, and p’ the conjugate exponent of p. An operator T between Banach spaces X
and Y is said to be compatible with the Fourier transform FC if FC @ T : Ly(G)®@ X —
Ly (G')®Y admits a continuous extension [FG, T] : [Lp(G), X] — [Ly (G'),Y]. Let .7-'7';(,}
denote the collection of such T’s. We show that fT;l,%XG = ]:T,Z,XG = ]:T%"XG for any
G and positive integer n. Moreover, if the factor group of G by its identity component
is a direct sum of a torsion-free group and a finite group with discrete topology then
FTS = FTL.

1. Introduction. A locally compact abelian group means a topological
abelian group whose topology is locally compact Hausdorff and which is
equipped with a Haar measure. The real line R, the discrete group of integers
Z and the circle group T are important examples. Further information can be
found in [3], [5] and [13]. Let G be a locally compact abelian group and G’ its
dual (character) group. Then the Haar measure of G’ can be determined so
that Parseval’s identity holds with constant 1. For 1 < r < oo, we denote by
[L,(G, ug), X] the Banach space of all ug-measurable functions f : G — X
such that ||[f|L.(G)| = (§ [If(s)|]" dug(s))Y/" is finite.

Let G be a fixed infinite locally compact abelian group and 1 < p < 2.
Then F® denotes the Fourier transform from L,(G) into L, (G'). For a
bounded linear operator T' between Banach spaces X and Y,

n n
FCRT:> fioxp— > FEfeTx,
k=1 k=1
yields a well defined map from L,(G) ® X into L, (G") ® Y. The operator T
is said to be compatible with F©, or have G- Fourier type p, if the operator
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F®®T:L,(G)® X — Ly(G') ®Y admits a continuous extension
[FC,T): [Lp(G), X] — [Ly(G), Y.
For such T, we let
ITIFT,| = IF®, T] : [Lyp(G), X] — [Ly(G), Y]]

The norm defined above is invariant under changing the Haar measure of G.
The class of these operators is a Banach ideal, denoted by F7° g’. The defi-
nition and notation follow those of [11].

It is known that 77 = FT,, = FT, (see [11]), but the problem whether
the operator ideal F7 S depends on G or not is unsolved. There are several
results about FT?, the class of Banach spaces whose identity operators are
compatible with F¢. These are immediately extended to the case of FT g’
by replacing the identity operator on a Banach space X with T'. Peetre [10]
who introduced the concept of Banach space of Fourier type p proved that
X belongs to FTE if and only if the dual space X’ belongs to FTE. In fact,
T belongs to .7-"’]';(;" if and only if the dual operator 7" belongs to .7-"’]'5’/, ie.
|T|F ’Z’g” =||T"|F T§/|| for any locally compact abelian group G. Bourgain
[2] showed that FT, C FT, and Kénig [8] modified Kwapien’s argument
[9] to show that FT§ = FTE and extended this to FTE’ = FTE if G is
one of R™ and T"™, where m is a positive integer. Garcia-Cuerva, Kazarian
and Torrea [4] and Andersson [1] showed independently that FTS = FT%
whenever G is one of T™, T*°, R™, Z™ and Z*. Andersson [1] also proved
that ||IX|]-"T£;H|| < HIX|.7-"TS’H when H is an open subgroup of G, and that
FTE = FTIZ) if E is a nontrivial torsion free abelian group with the discrete
topology.

In this paper we characterize ]:’Z'S partly as follows. In Section 2, we
show for every locally compact abelian group G that ||T'|F T%XGH is equiva-
lent to HT]}"T%XGH, and HT!.’FT%”XGH = HT\}"T%XGH. The cartesian prod-
uct means the direct product. By applying these, we easily obtain some
results in the above paragraph and the relation F TEkXZlXTmXG =F T%XG
for any nonnegative integers k, I, m with &k + [+ m > 1. In Section 3,
we combine the results of Section 2 with the properties of locally compact
abelian groups to show that f’]’EkXZZXF =F ’Z'% for any compact abelian
group F with finitely many components. Moreover, we show that if G =
R* x [torsion-free group with discrete topology] x [compact group with finitely
many components] then F ’Tg =F TIZ). If the factor group of a locally com-
pact abelian group G by the identity component is in the form of [torsion-free
group| x [finite group] with the discrete topology, then we have F TS’ =F TIZ).

From now on, X and Y are Banach spaces and T': X — Y is a bounded
linear operator. We denote the dual group of G by G’. We use the fact
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that R’ = R and Z' = T. We use the abbreviation LCA for “locally compact
abelian”. The term “isomorphic” means “topologically and algebraically iso-
morphic”. The integral of a vector-valued function is the Bochner integral.

2. Classifying J:TS via direct product. First we observe that the
proof in [4] of the fact FTE = FT% can be modified to yield the following:

PROPOSITION 1. For any LCA group G, we have the inequalities
T
ITIFTC | < (| TIFT5C || < §||T|fT§XGII,
and hence ]—"TRXG ]—"TZXG
Proof. For arbitrary § > 0, let

f(s,t) = ZX[&(m—l/?),d(m+1/2)](S)gm(t)a

where the summation is over Z, g, is an X-valued simple function on G
and g,, = 0 except for finitely many m. Note that the set of all X-valued
functions f as above is dense in [L,(R x G), X|. We compute

(1) ML R < G = (] || D Xson 12150 1/21(5)gm(t)]| ds )
RxG m

=5 (1S lgmrar) "

G m

1/p

Since S?Tﬁ% exp(i3s) ds = exp(imds) =2 sin(%/2) ' we have

o
Tf(s t SSZTgm X[5(m—1/2),8 (m+1/2)]( s) exp(iss) (t,?) dsdt
GR m
SZTgm (t,t) exp(idm3) sm((;#
Hence
I(F=CT)e|”
S S SZTgm (t,t) exp(idm3) sin(95/2) dt ialfs*dt~
5/2 T
¢R'G m
o sin(ds/2) i o~
=9 S S SZTgm (t, 1) exp(idm3) ——=—- 552 dt 7ralsdt
¢R'G m
e sin(3/2) |7
=0 S S 5/2
G'R
-~ ) [
X H > (ZTgm(t)X{m}(k)) (t,7) exp(ik3) dt|| o d5di
G k m
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_ 71 S TSF Z H [FZXC T (ngX{m}> v

G'—m n

< HTFTE (J X lnolF ) ”

sin(3/2) |V

1 ~
= —dsdt
5/2 —nw o

= IITIfTI%XGIIp'IIfILp(R x G)|IP" by (1),

where we have used the inequality >, \% " <1 for any real 5 # nm and
2 <p < oo (see [7]).
Therefore we have \|T|fT;I§XG|\ < ||T|fTZZ)XG|| and FT;Z)XG - J’:TEXG.
For the right inequality of the proposition let f(k, ) = > gm(t)x{m}(k),
where g, is an X-valued simple function and g,, = 0 except for finitely
many m. By a density argument it is enough to consider f of the above

form. Now we have

@ el = (|2 Zenonm| ar) "
G
= (12 e ar) "
G m
and
TEGED) = U (3 Tom(®)xqmy (k) ) exp(ish) (¢, ) dt
G k m
= S ZTgm(t) exp(ism) (t,t) dt
G m
We use the identity
. _s/2 .
exp(ims) = S sin(3/2) X[m—1/2,m+1/2)(8) exp(iss) ds
R

to obtain the following inequality (we abbreviate X[,—1/2,m+1/2] t0 Xm):

II[FZXG il

- i 3/2 —~ [
- 27r & _SW H ZTgm (¢, t S s1n(~/2) Xm (s) exp(iss) d3 df
= %é,_s sin 5/2 ‘ H S S ZTgm xXm(s) (t, t)exp(zss) dgdf

(because} ns/2 ‘ < G5 for —m <5< )
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%(E) [ 513 T () xom(s) (0,7) exp(is)

G'R GR m

P asdr

IN

ol 3

) i (S|

g) |T|FTE<E | Hzgmxm(L (R x G)H
(since || 2,,, 8mxm|Lp(R x G| = ({5 32,,, llgm(t)[|P dt)'/?)

p/
T / /
B <§> ITIFTE P I£]L,(Z x Q)P by (2).

Therefore we have || T |FT5*%|| < $||T|FT ;"¢ and FT,*¢ C FTL*C. u

According to Theorem 6.3 of [4], for any LCA group G and operator T,
IT|\FTS|| = HT’\}"TG/H By applying this property, we have the following:

PROPOSITION 2. For every LCA group G, fTRXG ]-"TTXG

Proof. By Proposition 1 we have

ITIFTEC| = |7 FTRC | < | T\ FT2C || = |TIFTEE].
Similarly
ITVFT )| < S ITIFTC). m

From Propositions 1 and 2, we conclude that ]:TEXG = ]:TIZ)XG =
F TTXG for every LCA group G. We also have the following two corollaries.
COROLLARY 3. ]:’]'R fTZn ]:Tgn for every integer n > 1.
Proof. By Proposition 1 we have
]_-TR" ]_—TRXR" b ]_—TZXR" !
We continue this to obtain
RXZXR"=2 _ ZXZXR™2 _ "
Similarly we apply Proposition 2 n times to obtain
R _ ™
FT, =FT, .=
COROLLARY 4. fT%nXG = fT%nXG = ngnXG for every LCA group G.
Proof. The proof is similar to that of Corollary 3. =
f P y
LEMMA 5. For every LCA group G and every positive integer n,
IT|FTE>C) = | TIFT
and therefore fT%nXG = FT%XG.
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Proof. 1t is enough to prove this statement for n = 2. Proposition 1.2 in
[1] can be extended by replacing Ix by T to the following statement: For
given LCA groups G and Go,

|T|FTE| ([ Ie| FTE2|| < || T|FTE*C|),

where Ic is the identity operator on C. We have ||I<C|.7-"Tg’2|| = 1 when Gy
is compact or discrete. Hence if we let G1 = Z x G and Go = Z then

IT|FTEC|| < || T|FTE>C.
To show HT].’FT%QXGH < || T|FTL*®|| we consider
f(k1, ko, t) = Zgh,lg (Oxqy (k1) X103 (k2),

l1,l2

where the summation is on a finite subset of Z x Z, and k1, ks € Z, gy, 1, (t) €
[Ly(G), X]. Then

1/p
(3) 1612522 % G) | = (| lew (7 de) ™.
Gly,la
Since
[FZ*%C TIf(3,, 5,1 S Z Tg, 1,(t) exp(i31ly) exp(isals) () dt
Gly,la
we have
2 /
I[F=E, T)f|P
~ o~ e pl |~ |~ >
= S S S H S Z Tg, 1,(t) exp(isili) exp(isala) (t,1) dsy dsg dt
G'TT Gly,l2
- S S S H S ZTgl1 1, (t) exp(is1ly) exp(isaAla) (t,t~) g d3y d3s dt,
G'TT Gly,l2

where we have let A := 2max{|l1]|} + 1. Since the Haar measure is trans-
lation-invariant we obtain

[[FZ**C, T)f ||’

~ . [~ ~ p, |~ |~ >
= S S S X Z:Tglhl2 (t) exp(isily) exp(i(s1 + s2)Ala) ( dsy dsy dt
G'TT Gly,l2
= S S S X Z Tgll 12 exp ’le(ll + Alg)) eXp(iggAlg) (t, t~) P dgl dgg d;
G'TT Gly,l2
- —~ P~
= VU D T(e 0, (1) exp(i52Al,) ) exp(isy (1 + Aly)) (£, £) dt || dsy dE d3a.

TG'T Glylo
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Since (l1,l2) — I3 + Al is a one-to-one correspondence, the above equals

SH[FZXG,TK > (8un) eXp(i§2Al2))X{zl+A12}
T 11+Als

< JIMFTEe (1 Sl @) exp(izan) P ar)| ds
T Gl +Aly

p
d82

/ p'/p
= I TIETECN (§ 3 g (b)) dt)
G l1+Als

/ p'/p
= ITIETECN (] e (DI dt)
Gly,l2
= IT|FT |7 ||| Lp(Z* x G, X)|P" by (3),
s it follows that ||T|FTZ*C| < |T|FT2%C|. =

REMARK 1. In fact, every dissipative group A has the property that
HT\]—"TﬁnXGH = ||T|.7-"TﬁXG|| for any positive integer n and for any LCA
group G. The definition and properties of dissipative groups are found in [4].

COROLLARY 6. ||T|FT, "¢ = |T|FT,*®|| and so FT, *© = FT*C.
Proof. This follows from Lemma 5 and a duality argument. »

PRrROPOSITION 7. Let H be R, Z or T, and G be an LCA group. Then

H"XG _ ZXG - : HY _ Z
FT, *% =FT,*" for any integer n > 1. In particular, FT, = FT,.

Proof. Tt follows from Corollary 4 and Lemma 5 that F TIH',HnXG =FT ;Z, xC,
And if G is the trivial group then we have F ’Tf;ln =F ’T% ..

Notation: From now on, when H is R, Z or T we denote ]-'TIH;H by FT .

COROLLARY 8. FTE*Z"xT* —
with a +b+c > 1.

FT, for any nonnegative integers a, b, c

Proof. Without loss of generality we assume a,b,c¢ > 0. By applying
Proposition 7, we have

f-T]R’lebx’ﬂ‘C _ fTZb+1xTC j:TZxT j:TZQ _ .7_—7—2' .
THEOREM 9. Let G be an LCA group. Then fTRaXZbXTCXG fTZXG’
for any nonnegative integers a,b,c with a + b+ ¢ > 1
Proof. By Proposition 7 we have

b 14+b 2+4b
FT]EGXZ XT¢xG _ ]_—TZ XTexG fTZ xG ]:TZXG .
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3. Search for G satisfying F7T S’ =F ’T% and further classification.
We notice that to solve the problem of deciding whether F7T° g’ depends
on G, we should solve that problem for the compact abelian groups since
any compactly generated LCA group is a product of a finite number of R’s
and Z’s and a compact group [5]. The dual group of a compact group has
the discrete topology [13]. Moreover if G is a compact abelian group then G
is connected iff G’ is torsion-free [5]. This fact gives a clue to the results in
this section.

First, we introduce Weil’s formula which factorizes integration on G into
double integration on a closed subgroup and its factor group.

THEOREM 10 ([12]). Let G be an LCA group and H a closed subgroup.
Then there are Haar measures ug, pim and pg/m such that

(4) FE) dus () = § (TG + 1) s (1)) o (5 + H)

G G/H H
whenever f is a compactly supported continuous Banach space-valued func-
tion or a nonnegative lower semicontinuous function on G.

In Theorem 10 if any two of ug, um and pgy are given then the third
can be determined so that the statement holds.

Andersson [1] obtained the inequality ||Ix [F7, | < HIX]]-'TSH, where
H is an open subgroup of an LCA group G and [x is the identity operator
on a Banach space X. By replacing Ix with a bounded linear operator
T :X — Y in the proof of [1], we have the following:

PROPOSITION 11. Let H be an open subgroup of an LCA group G. Then
(5) IT|FT, | < |ITIFT].
Now we consider torsion-free LCA groups with the discrete topology.

COROLLARY 12. For any nontrivial torsion-free LCA group E with the
discrete topology,

(6) ITIFT | = | TIFT.

Proof. The proof is similar to that of FTE = FTIZ) in [1]: Since Z is
isomorphic to an open subgroup of E, by applying (5) we have ||T|F T%H <
|T|FT]||. On the other hand, for any X-valued simple function f defined
on E which has finite L,-norm, f is nonzero only on a subset of an open
subgroup which is isomorphic to Z* for some positive integer k. Therefore
we have

I[F=, TIEly _ IF™, TIE ]y
[£]Zp(E)]] £ Lp(Z5)|

k
< |ITIFT ||
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and hence
k
|IT|FT,|| < sup ||T|FTL || = |T|FT5|.
k

Thus equality (6) follows. =

LEMMA 13. Let H be a closed subgroup of an LCA group G such that
G/H is finite. If n is the cardinality of G/H then

H G 1/p! H
(7) |IT\FT| < |TIFTS| < n'/P|T|FT],
and hence fTS = fT;}DH.

Proof. Since G/H is finite, H is open and by (5) we have the left inequal-
ity. The proof of the right one is as follows. Choose s1, ..., s, in G such that
G/H = {s1+H,..., s,+H}. The measure of G/H is the Haar measure of unit
mass. By applying Weil’s formula, for any compactly supported continuous
X-valued function f on G we have

®) VI ducls) = § (I8 + )P dsh)) di (5 + )

G G/H H

}:%SMsHJMW%M>

and

(9) F,T)E(0) =Y %( [ 7(si + h)o(s; + ) d,m(h))
i= H

1
_yals) (ng si +h)o (h)dum(h))

for 0 € G'. The dual group of G/H is isomorphic to the closed subgroup
H+ = {x € G' | x(h) = 1 for all h € H}, and G’/H" is isomorphic to H'.
Here the cardinality of H' is n, the measure of H' is the counting measure,
and we write H as {71,...,7,}. Now [F® T](f) belongs to [Co(G'),Y], so
the Y-norm of [F'¢, T|(f) is continuous and by Weil’s formula we have

ILFS, T
(1%
"11/p

< [(]HSI Z: (Z: %H HS{Tf(sZ’ + h)o(h) duH(h)Hp>p//pduH, (o + HL)>W]

> alsini(si) § TE(si + h)o(h) dy(h)

1/p
dy (o + HJ‘))
i=1 H

1
n




104 I. S. Park

( n HSTf (si +h)o(h)dy,(h) p/d#H/(UJrHL))”/pJ 1/p
Fi=l o W =1 H

M

—_

p/p' /P
dp, (0 + Hl)> ]

/

P

3

SR

|

p/l)’( S H STf(sl- + h)o(h) dy,(h)
Li—1 H H
< 2”: % np/p’||T|77;‘j[||p(ﬂ§I £ (si + h)de,uH(h))] "

- =1

= 0P| T\ FTH| £ Lp(G)|l
We have used Minkowski’s inequality in the third inequality above. =

PROPOSITION 14. If F is an infinite, compact and connected LCA group
then for any nonnegative integers a,b, there exist c(a,b),C(a,b) > 0 such
that

(@, ) |ITIFTE) < |TIFTEE7F| < C(a, b)|TIFTE).
Therefore f’Z’EaXZbXF =FT,.
Proof. If a = b = 0 then by applying (6) we have ||T’\}"TE/H =||T"|FT75||,

where F’ is the dual group of F and hence a nontrivial torsion-free group
with the discrete topology. It follows that

(10) IT|FT | = |T'|\FT,| = |T|FT,| and FT,=FT,.
If a + b > 1 then by applying Theorem 9 and Corollary 4, we have
FTROXZXF _ - TxF
P P
and in fact
a b
c(a, )| T|\FT, || < |TIFT, 5| < Cla,b) | T|IFT, |

for some positive reals c(a, b), C(a,b). Here c(a,b) = (2/7)%, C(a,b) = 1.
Note that T x FF is connected and compact. Thus we again have
IT|FT,* | = IT|FT,] by (10). =

If F has only finitely many components and Fy is the component (maxi-
mal connected set) of the identity element (briefly, the identity component),
then F/Fy is finite and we have the following result.

THEOREM 15. Let F be an infinite compact LCA group with n compo-
nents. Then for any nonnegative integers a, b, there ezist c(a,b), C(a,b) >0
such that

e(a, DITVFTT)| < |TIFTEEF|| < nl/¥' O(a, b)|TIFTY),
and therefore fT%aXZbXF =FT,.
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Proof. Let Fg be the identity component of F. Then the factor group
(R® x Zb x F)/(R* x Z" x Fy) is a finite group with n elements. Thus by
Lemma 13,

Hﬂ]—"TEaXZbXFOH < ||T|J’ET§QXZ6XF0H < nl/p’||T|FT§abexF||

and
RO XZPxF __ R® x Zb x Fo
.7-"Tp = ]—"Tp .

Then the statement follows from Proposition 14. =

This theorem cannot say anything about the case when F has infinitely
many components, because of the factor n/?’.

Theorem 15 can be extended beyond the scope of compactly generated
LCA groups.

THEOREM 16. Let E be a nontrivial torsion-free group with the discrete
topology and F an infinite, compact and connected LCA group. Then for
any LCA group G,

||T|~7:TEXGH = ||T|~7:T%XGH7 HT\}—TEXGH = ||T|.7'-TEXGH,

If Fisa compact LCA group with n components then for any nonnegative
integer k there exist c(k),C(k) such that

k Ly m ’
(W) TIFTy C| < |TIFTy =G| < n™P (k)| TIFT, €,

and hence -

RFXE! XF™xG _ TG

f/]'p XX X _f-,]-px ,
where l,m =0 or 1 and k+1+m > 1. In particular if G is the trivial group
then -
RF XE! xFm

FT, = =FT,.

Proof. First, Z is isomorphic to an open subgroup of E, and so Z x G
is an open subgroup of E x G. By applying (5) we have HT!]—"T%XGH <
||T|.7:T%XGH. Conversely, for any simple X-valued function f which is de-
fined on E x G and has finite Ly-norm, the support of f is a subset of
Z* x G for some positive integer a. Therefore Lemma 5 yields ||T'|F TEXGH <
supg | TIFT, O\ = | T|IFTC|l.

Second, from the duality argument it follows that

ITIFTC| = 1T FTy *C || = |T|FTC || = (ITIFT, .

The rest follows by applying the above two results, Propositions 1, 2 and
Lemma 13. =

REMARK 2. If G is an LCA group and Gy is the identity component of
G then Gy is a closed normal subgroup of G and the factor group G/Gy is
totally disconnected and Hausdorff. From (24.45) of [5], if Go is open then
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G is isomorphic to Gg x (G/Gy). In particular Gg is open when G is locally
connected. Hence to answer the question, denoted by (P), whether || T'|F7T SH

is equivalent to ||T|F7 || or not, it is useful to find Gy and G/Gy. Since
Gg is isomorphic to R™ x K, where n is a nonnegative integer and K is a
compact connected group (see Theorem 9.14 of [5]), the answer to (P) is
affirmative when G/Gy is good.

THEOREM 17. Let G be an LCA group with n components. Then there
are positive real numbers ¢ and C' such that

T G 1/p' T
(11) o|T|\FT|| < ||T|\FT5| < n'/PC|T|FT},
and hence .7-"’]'5’ =FT,.

Proof. Let G be the identity component of G. Then G/Gg is a fi-
nite LCA group. Hence by Lemma 13 we have |T|FT5°| < |T|FT5| <

nl/p/HT]fTSOH. Moreover, Gy is isomorphic to R¥ x K, where k is a non-
negative integer and K is a compact connected group. Now, K is trivial or
infinite. If K is trivial then from Proposition 2 it follows that

k k
c|TIFT, || < |TIFT°| < CITIFT, |l
for some ¢, C' > 0. Moreover, by (10), ||T|.7:Tgk|\ = ||T|.7-'Tg||. Thus we have
(12) c| TIFT,|l < |TIFTR° |l < CITIFT ).

If K is infinite, we also have (12) by Proposition 14. Therefore the inequality
(11) follows, and FTE’ =FTp

THEOREM 18. If Gg is the identity component of an LCA group G and
G/Gy is the direct sum of a nontrivial discrete torsion-free group and a finite
group with cardinality n, then ||T|.7:’T§’°H < HT|]-"T§’|| < nl/p/HT]]:TSOXZH

G
and FT, = FT,.

Proof. G is isomorphic to Gy x G/Gq because Gy is open. The direct sum
of a nontrivial discrete torsion-free group and a finite group is isomorphic
to the direct product of the two. We can apply Proposition 11, Lemma 13
and Theorem 16 to obtain the assertion. m

As for the class of Banach spaces which have Fourier type p for an infinite
LCA group, we have the following:

COROLLARY 19. (i) Under the assumptions of Theorem 16,
RF xE! xF™
FTE EXE" _ P,
(ii) Under the assumptions of Theorem 18,

G
FTS = FT,,.
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Hinrichs and Lee in [6], by combining the results of Propositions 1, 2

and Lemma 5 of this paper with the structure of LCA groups, prove that
F T(g’ =F T(g’ for any LCA group G and 1 < p < 2. They derive the general
statement:

Let Gy, G2 and H be LCA groups and 1 < p < 2. If there exists
a constant ¢ such that HT|.7-“T§’1H < cHT|.7:’]'(§2|| for all opera-

tors T € FT5? then also ||T|FT 3 M| < ¢||T|FT5>*H| for all
operators T € ]:TS’QXH.

This statement, combined with the inequalities

™
ITIFT < |ITIFTI = ITIFTLN < 5 ITIFT ],

where F is a torsion-free group, implies Propositions 1, 2 and Lemma 5.
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