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Joint subnormality of n-tuples and
Co-semigroups of composition operators on L*-spaces, 11

by

P1oTrR BUDZYNSKI and JAN STOCHEL (Krakow)

Abstract. In the previous paper, we have characterized (joint) subnormality of a
Co-semigroup of composition operators on L2-space by positive definiteness of the Radon—
Nikodym derivatives attached to it at each rational point. In the present paper, we show
that in the case of Co-groups of composition operators on L?-space the positive definite-
ness requirement can be replaced by a kind of consistency condition which seems to be
simpler to work with. It turns out that the consistency condition also characterizes sub-
normality of Co-semigroups of composition operators on L*-space induced by injective
and bimeasurable transformations. The consistency condition, when formulated in the
language of the Laplace transform, takes a multiplicative form. The paper concludes with
some examples.

1. Introduction. The notion of a subnormal operator was introduced
into Hilbert space operator theory by Halmos [18], who himself gave a two-
condition characterization of it. This characterization was successively sim-
plified by Bram [3], Embry [11] and Lambert [22]. It6 [21] extended the
notion (as well as Bram’s characterization) of subnormality to the context of
commutative families of bounded operators. Embry’s and Lambert’s criteria
for subnormality were adapted to the context of families of operators by Lu-
bin [26]. It6 [21] proved that a Cy-semigroup of subnormal operators is auto-
matically jointly subnormal and as such has an extension to a Cp-semigroup
of normal operators. As noted below, this is still true for Cy-groups of sub-
normal operators (cf. Proposition 2.1). Itd’s theorem enabled Nussbaum [29]
to prove the subnormality of the infinitesimal generator of a Cy-semigroup of
subnormal operators. The interested reader is referred to the monograph [7]
for the foundations of the theory of subnormal operators.

Composition operators, which play an essential role in ergodic theory,
turn out to be interesting objects of operator theory. The questions of bound-
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edness, normality, quasinormality, subnormality, hyponormality etc. of such
operators are the subject of intensive research (cf. [10, 35, 28, 42, 37, 36,
20, 39, 23, 24, 25, 9, 6, 14, 15, 41, 30, 31, 32, 5]; see also [12, 13, 27, 40, §|
for particular classes of composition operators). Our main goal here is to
continue the study of (joint) subnormality of Cp-semigroups of composition
operators on L2-space initiated in [4]. The main result of the paper, Theorem
6.5, offers a new criterion for subnormality of Cy-semigroups of composition
operators on L2-space induced by injective and bimeasurable transforma-
tions; it enables us to replace positive definiteness requirements appearing in
[4, Lemma 4.4] by the consistency condition (b*). As shown in Theorem 8.4,
the consistency condition characterizes subnormality of general Cy-groups
of composition operators on L?-space; the injectivity and bimeasurability
assumption is then superfluous. Another possibility of employing the consis-
tency condition is elucidated in Propositions 7.3 and 8.5, where the Laplace
transform approach is exploited. We conclude the paper with examples of
Co-semigroups and Cy-groups illustrating our considerations.

In a subsequent paper we will continue the study of subnormality of Cp-
semigroups of composition operators on L?-space paying special attention to
the case of Cy-groups.

2. Preliminaries. In what follows, C (respectively, R, Ry, Q) stands
for the set of all complex (respectively, real, nonnegative real, nonnega-
tive rational) numbers. We also use the notation N = {1,2,...} and Z; =
{0,1,2,...}.

We say that a sequence {t,}72, of real numbers is a Stieltjes moment
sequence if there exists a positive Borel measure 1 on Ry such that

ty, = Ss"du(s), n=0,1,...;
Ry

such a p is called a representing measure of {t,} > . Note that a Stieltjes
moment sequence which has a representing measure with compact support is
determinate, i.e. the representing measure is uniquely determined (within the
class of all Borel measures not necessarily compactly supported, cf. [2, 17]).
A bounded linear operator S on a complex Hilbert space H is called
subnormal [18, 7| if there exists a complex Hilbert space K D H (isometric
embedding) and a bounded normal operator N on K such that S C N (i.e.
Sh = Nh for all h € H). A family {S,,: w € 2} of bounded linear operators
on H is said to be jointly subnormal if there exists a complex Hilbert space
K 2 H (isometric embedding) and a family {N,: w € 2} of commuting
bounded normal operators on K such that S, C N, for all w € (2.
According to the Itd theorem (cf. [21, Theorem 4|), a Cp-semigroup
{St}ter, of bounded linear operators on H is jointly subnormal if and only
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if each operator S; is subnormal. Because of this, we shall abbreviate the
expression “a Cp-semigroup is jointly subnormal” to “a Cy-semigroup is sub-
normal”.

We now state a Cy-group counterpart of [21, Theorem 4].

PROPOSITION 2.1. Suppose that {S}ier is a Co-group of bounded linear
operators on a complex Hilbert space H. Then the following conditions are
equivalent:

(i) the Co-group {Si}ier is jointly subnormal,

(ii) each operator Sy, t € R, is subnormal,
(iii) the Co-semigroup {St}ier, is jointly subnormal,
(iv) each operator Si/ks k €N, is subnormal.

Moreover, if (i) holds, then there exists a Co-group {Ni}ier of bounded
normal operators on a complex Hilbert space K O H such that S, C N, for
every u € R.

Proof. The implications (i)=-(ii), (i)=-(iii), (ii)=(iv) and (iii)=(iv) are
obvious.

(iv)=-(i). Arguing as in the proof of |21, Lemma 5|, we see that

n
(21) ) (Suhy, Sphi) >0, ti,..ty €Ry, by, by € Hon €N
ij=1

Take finite sequences r1,...,7, € R and ¢1,...,9, € H. Then there exists
u € R such that t; :=r; +u >0forall j =1,...,n. Set h; = S_,g; for
j=1,...,n. Then g; = Syh; for j =1,...,n. Hence, by (2.1) we have

Z <Srlgj7 STjgi> = Z (Stlh]7 Stjhi> Z 0.
1,7=1 i,7=1

An application of [21, Theorem 1| gives (i).
The “moreover” part can be proved just as [21, Theorem 4]. m

Because of Proposition 2.1, we shall abbreviate the expression “a Cjy-
group is jointly subnormal” to “a Cy-group is subnormal”.

REMARK 2.2. It is easily seen that if {.S; };cr is a group of bounded linear
operators on a Banach space X' (i.e. Sy, = SyS, for all u,v € R and Sp is
the identity operator on X) and its restriction {S;}er, is a Cp-semigroup,
then {S:}ier is a Cop-group.

3. Composition operators modulo their symbols. Suppose that
(X, X, ) is a o-finite measure space. Put

Yy={o€X: ulo) < oo}
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Denote by L?(p) the complex Hilbert space of all square integrable complex
functions on X. Let ¢: X — X be a X-measurable transformation of X.
Denote by p o ¢~ the measure on X defined by po ¢~(0) = u(¢=1(0))
for o € X. If po ¢! is absolutely continuous with respect to p (briefly,
po ¢t < p), then the operator Cy: L%(u) 2 D(Cy) — L*(p) given by

D(Cy) ={f € L*(w): foo € L* ()}, Cysf=fo¢ forfeD(Cy),

is well-defined and linear. Such an operator is called a composition operator
induced by ¢; we also say that ¢ is the symbol of Cy. Set

Be — dpo (¢")~!
where ¢" denotes the n-fold composition of ¢ with itself for n € N and

#° = Ix = the identity transformation of X (as usual, dv/du stands for
the Radon—Nikodym derivative of a measure v with respect to a measure p).

(31) , nec Z+,

Note that hg =1 a.e. [p]. Since D(Cyp) equipped with the graph norm of Cy
coincides with the Hilbert space L?((1 + h(f) du), we see that the operator
C, is closed. Recall that Cy is bounded on L?(p) if and only if h(f € L>™(u).

If ¢ is a Y-measurable transformation of X such that the mapping L?(u) >
f = for € L*(u) is well-defined, then p o4~ < p and

(3.2) ICyll = IAY 112,
where || - oo stands for the L>°(p)-norm. The interested reader is referred to

[10], [28] and [38] for further information on composition operators.

If Y is a nonempty set and f,g: X — Y are arbitrary functions, then
“f =gae [p]” (or “f(x) = g(z) for p-a.e. x € X”) means that there exists
a set o € X such that u(X \ o) =0 and f(z) = g(x) for all x € 0.

Henceforth by a X-bimeasurable transformation of X we mean a X-
measurable transformation ¢: X — X such that ¢(o) € X for every o € X.
Note that if ¢ is an injective Y-bimeasurable transformation of X, then the
mapping X > o — u(¢(o)) € [0,00], denoted by p o ¢, is a measure. The
following simple lemma is stated without proof.

LEMMA 3.1. Suppose that ¢: X — X is a X-measurable transformation,
Y is a nonempty set and f,g: X — Y are arbitrary functions.

() If poop ' < pand f=g a.e. [u], then fod=go¢ a.e. [u].

(i) If ¢ is injective and X-bimeasurable, po ¢ < p, u(X \ ¢(X)) =0

and fop=god a.e. [u], then f =g a.e. [pu].

We now investigate under what conditions on ¢ and 1 the equality
Cy = Cy holds. Recall that it is not true in general that Cyy = Cy implies
¢ = 1 a.e. [u]; note also that the set {x € X: ¢(z) # 1 (x)} may not belong
to X though ¢ and v are Y-measurable (cf. [4, Example 3.2]).
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LEMMA 3.2. Suppose that ¢, ¢’ ¢,y : X — X are X-measurable trans-
formations of X.

() If 6= ae. [, then o gt = oy,
(i) If ¢ = a.e. [u], ¢ =" a.e [u] and po o=t < u (equivalently,
pop~t < ), then ¢' o p =1’ otp a.e. [u].
(iii) If ¢ = a.e. [u] and po¢p™t < p, then poyp™! < p and Cy = Cy;
moreover, ¢" = " a.e. [u], po (¢")t = po (¥™)~! and hy = hY
a.e. [p] for every n € Zy.

Proof. (i) Suppose that ¢ =1 on Y, where Y € X and u(X \Y) = 0.
Then

wo (o)) = p(Y N6~ (0)) = u(Y NY~H(0)) = u(¥ ' (0)), o€

(i) If ¢’ =4 on Z, where Z € ¥ and pu(X \ Z) =0, then ¢/ op = ¢)' 0 9)
on Y N¢1(Z). Since po o™t < pu, we get ¢ o =’ 09p ace. [u].

(iii) By (i), po¢! < p and Cy = Cy (because fo¢p = fo onY for
all f € CX). It follows from (ii) that ¢" = ¢™ a.e. [u] for all n € Z. By (i),
this completes the proof. =

The following useful fact extends [4, Lemma 3.1|. Below, A stands for
symmetric difference of sets.

LEMMA 3.3. Suppose that ¢ and v are X-measurable transformations of
X inducing bounded composition operators on L*().

(i) If Cy = Cy, then po (¢")™t = po (™)~ and he = h¥ a.e. [p] for
every n € Z4.
(i) Cy # Cy if and only if there exist Y,Z € X such that Y NZ =)
and (6~ (¥) Ny 1(2)) > 0.
(iii) Cy = Cy if and only if u(¢= (o) Ap~1(o)) =0 for every o € Xy,
or equivalently if p(¢~t(o)N7)=p@=t(o)NT) for all o,7 € X,.
(iv) Cg = Cy if and only if for every X-measurable function g: X — C,

(3.3) gop=gotp a.e [y

Proof. (i) and (ii) follow from [4, Lemma 3.1].
(iii) If Cy = Cy, then the characteristic function x, of every o € X, is
in L2(p) and X, 0 ¢ = X0 09 a.e. [u]. Hence

(34)  ue o) ayp o) = Ieod—xoo¥Pdu=0, o€,
X

Conversely, if (3.4) holds, then Cy = C, on a dense subset of L?(u) consisting
of simple functions and consequently Cy = Cy. Since Cy = Cy, if and only
if (CyXo»X7) = (CypXo, Xr) for all o,7 € X, we get (iii).
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(iv) It is enough to show that Cy = Cy implies (3.3). Since p is o-
finite, for each X-measurable function g: X — C, there exists a sequence
{gn}2%; C L?(u) such that lim, . gn(z) = g(z) for every x € X (e.g.
Gn =g XY,, Where Y, = o, N {z € X: |g(z)| < n} and {o}}32, € X, is an
ascending sequence such that X = (J;2, 0%). As Cy = Cy, for each n € N
there exists Z,, € X such that

w(X\Z,) =0 and g¢n(o(x)) = gn((x)) forallxz € Z,.

Letting n tend to oo, we get g(¢(z)) = g(¢(x)) for every x € Z := (72, Zp.
Since Z € X and u(X \ Z) = 0, the proof is finished. =

4. Injectivity. Proposition 4.1 below is folklore. For the reader’s conve-
nience we sketch its proof.

PROPOSITION 4.1. Assume that ¢ is a X-measurable transformation
of X inducing a bounded composition operator Cy on L?(p). Set Zy =

{reX: h‘f(az) =0} and X(Zy) ={o € X¥: 0 C X\ Zy}. Then:
(i) poo ™ < pand plgz,) < pod sz,
(i) N(Cy) = xz, - L*(1), where N'(Cy) stands for the kernel of Cy,
(iil) N(Cy) = {0} if and only if the measures po¢—t and p are mutually
absolutely continuous, or equivalently if hqf >0 a.e. [y,
(iv) if ¢(X) € X, then h? =0 on X \ ¢(X) a.e. [,

(v) if ¢ is injective and X-bimeasurable, then Cy(L*(n)) is dense in
L2(p),

(vi) if ¢ is injective and X-bimeasurable, and po ¢ < p, then
(4.1) R o™ Y =1 on ¢(X) a.e. [y,

where hfl = dpo¢/du,

(vii) if ¢ isinjective and X-bimeasurable, po¢ < p and p(X\p(X)) =0,
then N'(Cy) = {0}, the operator C(;l is closed and densely defined,
and Cy' = Cyr.

Note that the set Z; (and hence X(Z,)) is determined up to a.e. [p]
equivalence.

Proof of Proposition 4.1. The conditions () (i)-(iii) can be deduced from
the definition of h(f and the well-known equality (which in turn is a conse-
quence of the measure transport theorem [19, Theorem C, p. 163])

ICof17 = Y 1f PR dp, | € LP(w).
X

(*) The condition (iii) also follows from [38, Theorem 2.2.2].
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(iv) is a consequence of the equalities

0=ple " (X\¢(X)) = | hidp.
X\6(X)

(v) According to [20, p. 126] (see also [38, Theorem 2.2.6|), the closure of
the range of Cy consists of all ¢~ !(X)-measurable members of L?(y). This
fact combined with the equality f = f o ¢~! o ¢, which is valid for every
f € L?(u), gives the conclusion of (v).

(vi) It follows from the measure transport theorem that

po) = (@1 0) = [ xo0d-h? 06 0 pdu
b'e
= S Xa.hdil ogb_lduod)_l
B(X)
={h 067 hidu, o€X 0Co(X)
By o-finiteness of p this implies (4.1).
(vii) Injectivity of Cy is a direct consequence of Lemma 3.1(ii). Since Cy
is closed so is its inverse. The operator C;l is densely defined due to (v).
In turn, because (X \ ¢(X)) =0 and po ¢ < p, the composition operator

Cy—1 is well-defined. Finally, the equality C’(;l = Cy—1 can be proved in a
standard way. =

It follows from Proposition 4.1(iii) that a bounded composition operator
Cy on L?(u), which is induced by a bijective and X-bimeasurable trans-
formation ¢, is injective if and only if pu o ¢ < p; moreover, if this is
the case, then, by Lemma 3.1(i) and Proposition 4.1(vi), (vii), we see that
hfl =1/ h‘f o ¢ a.e. [u|, the operator C’djl is closed and densely defined, and

-1
Cd) = Cdjfl.

EXAMPLE 4.2. Let X be an infinite countable set. Decompose it into
a disjoint countable union X = || | X, of infinite sets. Consider a
bijection ¢: X — X such that ¢(X_1) = X_; U Xp and ¢(X,,) = Xpt1
for all n > 0. Put ¥ = 2%. Let u: ¥ — R, be a measure such that
u(X_-1) = 0 and p({z}) > 0 for all z € X \ X_;. Then ¢ is X-bimeas-
urable, po ¢t < pu, poo < p, h(f(:n) = 0 for z € Xy and hf(x) =
w(et{x})/p({z}) > 0 for z € X \ (X_1 U Xp). Assume that ¢ induces
a bounded composition operator on L?(uz) (by (3.2) this assumption has
no influence on whether p is finite or not). Clearly p(Z4) > 0. In view of
Proposition 4.1(ii), dim N (Cy) = oo. By Proposition 4.1(v), the range of Cy
is dense in L?(p).
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5. Subnormality and almost surjectivity. Suppose that

(5.1) (X, X, p)is a o-finite measure space with 1 # 0 and ¢ = {¢; }ier, is
a family of Y-measurable transformations of X such that every ¢, in-
duces a bounded composition operator C, on L*(p), and {Cy, }rer,
is a Cp-semigroup.

Set
(5.2) he =

Note that (cf. [4, Section 4])
(5.3) hgs =1lae [u, h%= hft a.e. [u] for all t € Ry and n € Z4.

It is clear that for each ¢ € R4 the function hf’ can be redefined on a set of
measure zero (depending on t) without affecting the validity of (5.2), which
may improve the properties of the function ¢ — hf’(w) (cf. [4, Theorem 4.5]).
By (5.3) and Lambert’s criterion (cf. [24]), the operator Cy, (with ¢ fixed)

is subnormal if and only if for py-a.e. x € X, there exists a unique probability
Borel measure 9, on R, such that

o
(5.4) he(z) = | smdvl(s), neZ..

0

In fact, for p-a.e. z € X, the closed support of 9% is contained in [0, ||Cy,||?].
Moreover, according to (5.3) and (5.4), for p-a.e. x € X the closed support
of 99 equals {1}. If the Cp-semigroup {Cy, }ser, is subnormal, then by [4,
Lemma 4.4] we have

(5.5) V5({0}) =0 for p-a.e. x € X and for all s € Ry.

We now show that under certain circumstances the family {¢:(X)}ier,
may have a kind of monotonicity property. Below, u, stands for the inner
measure induced by p, i.e.

() =sup{p(o):c€e ¥, 0 C 71}, 17CX.

PRrROPOSITION 5.1. If (5.1) holds, t € Ry and p(¢i(o)) = 0 for every
o € X such that ¢¢(0) € X and p(o) =0, then

(5.6) px(Pe(X) \ 05(X)) =0, 0<s<t.
Proof. Take o € X, such that 0 C ¢4(X)\ ¢s(X). Then x, € L?(u) and
1Cs, (xo)II” = p(65*(0)) = 0,
which implies that
(5.7) (1 (0) = 1Cs (xo)II” = 11Cs,—, (Cp, (xo)) > = 0.
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Since o C ¢4(X), we get 0 = ¢(¢; (o). Hence (5.7) and our assumption
on p imply that (o) = 0. Thus, by o-finiteness of u, the proof of (5.6) is
finished. =

In the case when the operator Uy, is subnormal for some ¢ > 0, all the
transformations ¢,, © € Ry, have to be “almost surjective”.

PROPOSITION 5.2. Suppose that (5.1) holds. Then

11+ (X \ do(X)) = 0.

If Cy, is subnormal for some real t > 0 and ¥%({0}) =0 for p-a.e. z € X,
then
(5.8) (X \ 9 (X)) =0,  ueRy.
In particular, (5.8) holds if the Co-semigroup {Cgy,}scr, is subnormal.

Proof. Clearly, Cy,, being the identity on L?(u), is subnormal and
¥2({0}) = 0 for p-a.e. * € X. Thus, the proof reduces to showing that
(5.8) holds for each u € Ry of the form u = st, where s,t € Ry, Cy, is
subnormal and ¥ ({0}) = 0 for p-a.e. z € X.

Take 0 € X, such that 0 C X \ ¢4 (X). Then

(5.9) [Cou(xo)I* = (95" () = 0.
Let n be an integer with n > s. Then (5.9) leads to
i it = 11Ci0u (o) I2 = ICo e (Con xo )P = 0.

e
This in turn implies that

hfft(x) =0 for all integers n > s and for p-a.e. x € 0.

Hence, by (5.4), 9%((0,00)) = 0 for p-a.e. x € o. Since ¥%,({0}) = 0 for p-a.e.
r € X, we see that ¥, (Ry) = 0 for p-a.e. z € 0. As V. (Ry) = 1 for p-a.e.
x € X, we conclude that (o) = 0. Hence the o-finiteness of p implies (5.8).
Because each subnormal Cp-semigroup {Cy, }scr, satisfies condition (5.5),
the proof is complete. =

COROLLARY 5.3. Suppose that (5.1) holds and that the Cy-semigroup
{Co, }ier, is subnormal. Assume moreover that

(1) Ps1t(X) = ds(e(X)) for all s,t € Ry,
(ii) ¢n(X) € X for all n € N.

Then (Vier, ¢+(X) € X and p(X \ [Nieg, ¢:(X)) = 0.
Proof. By (i), ¢+(X) C ¢5(X) for all s,t € Ry such that s < ¢. Hence
(ii) implies that

(5.10) M @(X) = () 6u(X) € 5.

teR4
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By Proposition 5.2, u(X \ ¢,(X)) = 0 for all n € N. Thus, (5.10) yields

[e.9]

(XN ) aX)) = UE N\ 6u(x)) = 0.

t€R+ n=1

EXAMPLE 5.4. Let X = R4, Y be the o-algebra of all Borel subsets
of R4, u be the Lebesgue measure on Ry and ¢y(s) = s+ ¢ for s,t € R;.
Then {Cy,}icr, is a contractive Cp-semigroup of composition operators.
By Corollary 5.3, it is not subnormal. Moreover, for every t € R, the
transformation ¢, is injective and Y-bimeasurable, and p o ¢y < p.

6. The bimeasurable case. The reader should be aware that if (5.1)
is valid, then for every u € R, the density function h® is determined up to
a.e. [u] equivalence. Since o ¢; ' < pand po ¢yl od; ! <« p, also he o ¢y
and h o ¢ 0 s are determined up to a.e. [u] equivalence for all s,t,u € R

The same holds for x — V%, z — ﬁgt (@) and z — ﬁgt (s (2))" These facts will

be used without further comments throughout the paper.
We begin by showing a kind of semigroup property for {¢;}cr. -

LEMMA 6.1. Suppose that (5.1) holds and s,t,u € Ry. Then
(6.1) hlopsopy=hPopsrs ae [p]
Moreover, if the composition operator Cy, is subnormal, then
(62) 0és(¢t(1)) = ’19;55_“&(%) fOT‘ u-a.e. & S X.

Proof. Since Cy o9, = Cy,Cy, = Cg ,,, we infer (6.1) from Lem-
ma 3.3(iv). If Cy, is subnormal, then (6.1) yields

h® (¢s(d1(x))) = h® (psyt(x)) for all m € Z, and p-ae. z € X.
Together with (5.4), this implies that for p-a.e. x € X,

(6.3) S r’m dﬁés(d)t(z))(r) = S rm dﬁésﬂ(‘r)(r) for all m € Z..
0 0

Since for p-a.e. z € X, the Borel measures 19&3 (60(2)) and 19;35H () BT€ com-
pactly supported, we infer (6.2) from (6.3). This completes the proof. =

Next we describe the relationship between hf+t, h? and h?.

LEMMA 6.2. Suppose that (5.1) holds and t € R. If the transformation
¢ is injective and X -bimeasurable, then for every s € Ry,

(6.4) ey (6r(x) = hf(¢i(x)) - hP (@) for p-a.e. w € X.
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Proof. Fix s € Ry. Applying Lemma 3.3(i) to the equalities Cy,0p, =
Cy,Cy, = C¢S+t, we get
(6.5) (9541(0) = w5 (6 (), o €.
According to our assumption, ¢¢(X) € X and ¢;: X — ¢(X) is a bijective

J)-bimeasurable transformation. Hence the measure transport theorem yields

Shf+to¢tdu: S Xoo(ﬁt_lhfﬂdﬂo@:_l

o ¢e(X)
= S XUO¢;1hf+th§bdM: S Xao¢;1hz?dﬂo¢;it
¢e(X) be(X)
(6.5)
= | xeodr ' hPduogtodt = \hfopdpo !
b+(X) o

=\nfophPdu, oex,
g
which, together with o-finiteness of u, completes the proof. =
We now distinguish two necessary conditions for a Cy-semigroup of com-
position operators to be subnormal. As will be shown in Theorem 6.5, they
are also sufficient provided the Cp-semigroup in question is more regular.
For t € R, we define the function &: Ry — Ry by

&(s)=s', seRy (with 0" =1).
LEMMA 6.3. Assume that (5.1) holds and the Co-semigroup {Cy, }ser,
s subnormal. Then
(a) 9L({0}) = 0 for p-a.e. v € X.
Moreover, if t € Ry and the transformation ¢, is injective and X -bimeasur-
able, then
(b) & d791 = hf’((ﬁt(w))dﬁ; for p-a.e. z € X.

Proof. (a) Apply [4, Lemma 4.4(v)].
(b) It follows from [4, Lemma 4.4(vii)] that

o

(6.6) he(x) = S s"dyl(s) for p-a.e. ¥ € X and every r € R
0

Hence Lemma 3.1(i) implies that for p-a.e. z € X,

[e.9]

6.7) | 5™ (on(x)) dvl(s)

0

(6-6)

¢ @h(én(2)) 2 hS, (61()

he
©6) T
=\ smGu(s) di), 0 (5),  m € Ly

0



40 P. Budzyniski and J. Stochel

Since for p-a.e. z € X, the measures d. and & dﬁ(lz)t () A€ finite and com-
pactly supported, we can infer (b) from (6.7). =

REMARK 6.4. Regarding Lemmata 6.2 and 6.3, note that if (5.1) holds
and the Cy-semigroup {Cy, }ucr, is subnormal, then for every t € R, the

following two conditions are equivalent (we do not assume that the transfor-
mation ¢, is injective and X-bimeasurable):

(i) & d791 hf’(gbt(af)) dy} for p-ae. x € X,
(ii) SH(@( 2)) = hP(¢u(z)) - he(z) for prae. € X and for every s €
R,.

For the idea of the proof see Lemma 7.1. That (ii) implies (i) is essentially
shown in the proof of Lemma 6.3(b).

We are now in a position to state a new criterion for subnormality of Cy-
semigroups of composition operators induced by injective X-bimeasurable
transformations. It seems to be simpler to use (though less general) than the
criterion given in [4, Lemma 4.4]. The reason is that we do not impose any
requirement of moment type on the operators {C¢>1 /k}ZC’ZQ, assuming instead
a kind of consistency condition.

THEOREM 6.5. Assume that (5.1) holds and for every k € N, the trans-
formation ¢, is injective and X-bimeasurable, and po ¢y, < p. Then
the Co-semigroup {Cgy, }ier, is subnormal if and only if the operator Cy, is
subnormal, condition (a) of Lemma 6.3 is satisfied and

(b*) &usm d19¢1/k(x) = h‘f/k(¢1/k($)) d¥} for y-a.e. x € X and every k € N.

Proof. In view of Lemma 6.3, it is enough to prove the “if” part. We split
the proof into three steps.

STEP 1: There is no loss of generality in assuming that for every t € Q,
the transformation ¢; is injective and X-bimeasurable, p o ¢ < u and
¢o = Ix. _

Indeed, if this is not the case, then we define a new family {¢;}icr, of
Y-measurable transformations of X by

Ix for t =0,
(6.8) b = (¢1/k)j for t = j/k where j, k € N are relatively prime,
¢t fOI’ te R+ \Q+

Note that qbl/k = ¢1/k for all k € N. It is easily seen that for every | t e Qy,

the transformation ¢, is injective and X-bimeasurable, and p o gf)t < .
According to (6.8) and (5.1), we have

= C(d)l/k)j =Cj

o C¢j/k for all j, k € N relatively prime,

C3n
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which, together with Lemma 3.3(i), implies hf = hf a.e. [u] for all t € Ry.
This means that the Cy-semigroup {Cgt}teﬂg . has all the desired properties.

We now strengthen condition (b*).

STEP 2: &j/p dv!

j€Zy and k € N.
Indeed, fix k£ € N. Since the case j = 0 follows from Step 1 and (5.3),

we can assume that j > 1. In view of Lemma 3.1(i), we see that for u-a.e.
x € X,

boe) = WY (6k(x)) AV} for prae. @ € X and all

1 (6.2) 1
EikdVs @) = EG-0/m kg, (60 1)

(b™)
= f(j_1)/k(h(f/k(¢1/k(¢(j—1)/k($)))d%w,l)/k(x))

(6.1) , ¢
= hl/k(¢j/k($))(§(j—1)/kdﬁé(jfl)/k(x))'

Iterating the above procedure, we deduce that

(6:9)  &m Dy oy =T (05 k(@)Y (DG 1)k (@) - - B (D1 () dI

for p-a.e. x € X. We now use an induction argument on j to prove that
Aj(x)

(6.10) K (@s/m(@)hT (S -1y (@) - BT (S10(@) = hY (0 k()

for p-a.e. © € X. Clearly (6.10) is true for j = 1. If (6.10) holds for a fixed
j > 1, then by Lemma 3.1(i) we see that for p-a.e. x € X,

Aja(@) = hY (b (@) 4 (x) WY1 (10 k(@) (65/(2))

I he ) Gr(b())

which completes the induction argument. Therefore Step 2 follows from (6.9)
and (6.10).

(6.1)&1(6.10)

(6.1)
- h3+1)/k(¢<j+1>/k(fr)),

STEP 3: Fix k € N. If n € Z, then there are j,m € Z, such that
n =mk+ j and 0 < j < k. Employing Step 1 and the measure transport
theorem, we see that for p-a.e. y € X,

(6.11) 12, (i) = b (D) = 1Y, (6L W)

(54) Ste 200 n
=Y (65 w)) ddy(s) TP A (s)
0

= | 5"}, () © &)(s)-
0
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It follows from condition (a) of Lemma 6.3, Step 1 and Proposition 5.2 (with
t = 1) that u(X \ ¢;/,(X)) = 0. Step 1 and (6.11), when combined with
Lemma 3.1(ii), now lead to

hf/k(x) = S s"d(Vh o &) (s) forallm € Zy and p-ae. x € X.
0

Summarizing, we have shown that for py-a.e. x € X and each k € N, the
sequence {hf:/k(x) o o 1s a Stieltjes moment sequence. Therefore, by [4,
Lemma 4.3|, the Co-semigroup {Cy, }icr, is subnormal. m

REMARK 6.6. It is worth noticing that under the assumptions of The-
orem 6.5, if the Cop-semigroup {Cy, }uer, is subnormal, then each operator
Cy, is injective and has dense range. Indeed, in view of Steps 1 and 3 of the
proof of Theorem 6.5 we can assume that for every s € Q. , the transforma-
tion ¢, is injective and X-bimeasurable, p o ¢ < p and u(X \ ¢5(X)) = 0.
It follows from Proposition 4.1(vii) that

(6.12) Cy, is injective and has dense range for all s € Q.
In turn, the semigroup property of {Cy, }uer, implies that
(6.13) if 0 <t <s, then N (Cyp,) CN(Cyp,) and R(Cy,) € R(Cy,),

where N (Cy, ) and R(Cy, ) stand for the kernel and range of Cy,, respectively.
Combining (6.12) and (6.13) completes the proof.

7. The Laplace transform approach. Our next goal is to show how
condition (b) of Lemma 6.3 can be translated into the language of the Laplace
transform. Given a finite positive Borel measure { on R, , we define the
function £(¢): Ry — Ry, called the Laplace transform of {, by

o
L)) = [ e di(s), teR,.
0
Denote by B(R;) the o-algebra of all Borel subsets of R... If (5.1) holds and
the Cop-semigroup {Cy, }ier, is subnormal, then by [4, Theorem 4.5] there
exists a function P: X x B(R4) — [0, 1] such that:

1° for every x € X, P(x,-) is a probability Borel measure on R,

2¢ for every o € B(Ry), P(-,0) is Y-measurable,

3° for every t € Ry, the function X 3 x — L(P(z,-))(t) € Ry is
X -measurable,

4° for p-a.e. # € X and every t € Ry, h(x) = e**L(P(x,-))(t), where
5 = 210g | Co .

Since L2(u1) # {0}, Proposition 1 of [29] implies that § € R and e = ||C,||?
for all t € Ry.
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LEMMA 7.1. Assume that (5.1) holds and the Co-semigroup {Cg, }uer,
is subnormal. Let P: X x B(Ry) — [0, 1] satisfy conditions 1° to 4°. Then
for every t € Ry, the following conditions are equivalent:

(i) ﬁ(il(ap(@(m)w)))((t) = L(P(¢e(x),))(t) P(x,0) for all 0 € B(Ry)
and p-a.e. x € X,
(ii) hg’+t(¢t(1‘)) = hf(gbt(x)) . hf(w) for all s € Ry and p-a.e. x € X.

Proof. Set HP(z) = e™L(P(x,))(u) for z € X and u € Ry. Fix
t € R;. Denote by vl (o) (respectively, vX(o)) the left-hand (respectively,
right-hand) side of the equality in (i). Clearly, v> and v are finite positive
Borel measures on R .

(i)=(ii). Let Xo € X be a set of full p-measure such that h(z) =
HP(z) and v& = vR for all u € Ry and 2 € Xo. Integrating the functions
R, >uw e € Ry, s € Ry, with respect to v/L and v}, we see that
ngrt((ﬁt(x)) = th’(gbt(a:)) . Hﬁ’(a:) for all s € Ry and = € Xy. This implies
that h?+t(¢t(a:)) = hf’(qﬁt(x)) -h@(z) for all s € Ry and z € XN b7 (Xo).
Since p o qﬁt_l < p, we deduce that Xy N qSt_l(Xg) is a set of full y-measure.
Summarizing, we have shown that (ii) holds.

(ii)=(i). Let Xo € X be a set of full y-measure such that h?(z) = HE (x)
and h?+t(¢t(m)) = hf(qﬁt(aj)) - h@(z) for all s € Ry and = € X,. Then
H? (¢u(x)) = HY (64(z))-HE (z) for all s € Ry and z € Yy := XoNe; 1 (Xo).
This implies that e*L(vL) = L(H{z’(gﬁt(a:))P(x, 1)) for every z € Y;. Conse-
quently, e%vl = HP(¢,(x))P(x,) for every z € Yy (cf. [43]). Since Yy is a
set of full y-measure, the proof is finished. =

Now we rewrite condition (b) of Lemma 6.3 in terms of the Laplace
transform. The reader should be aware of the difference between conditions

(6.4) and (7.2), which lies in the order of the quantifiers “for every s € R}”
and “for p-a.e. z € X7,

PROPOSITION 7.2. Assume that (5.1) holds, the Co-semigroup {Cg, }ier.,
1s subnormal and each transformation ¢, is injective and X-bimeasurable.
Let P: X xB(R4) — [0, 1] satisfy conditions 1° to 4° preceding Lemma 7.1.
Then for every t € Ry and p-a.e. x € X,

(7.1) Lo P(¢e(x),))(t) = L(P(de(x),)(t) P(z,0), o€ BRy),
(7.2) e (0e(x)) = b (dn(x)) - hP(x), s € Ry

Proof. First we justify (7.1). By [4, Theorem 4.5], we have for p-a.e.
T € X,

(7.3) P(z,0) = 9w (o)), o€ B(R),
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where w: (0,¢°] — [0,00) is defined by w(s) = § — logs. Fix t € R,.
Lemma 3.1(i), the measure transport theorem and Lemma 6.3(b) imply that
for p-a.e. x € X,

(73) T s _
L(xoP($e(x), )(t) =" | xo(s)e ™ d (9}, 0w™")(s)
0
=% S Xo O W - §td191 (@)
(0,¢9]
© e0h2(g,(2)) | xo 0 wddl
(0,9)

L(P(¢(z),))(t) P(z,0), o€ BR).
Applying Lemma 7.1 completes the proof. m

(73)

Motivated by Lemma 7.1 and Proposition 7.2, we propose yet another
criterion for subnormality of Cp-semigroups of composition operators written
in terms of the Laplace transform.

PROPOSITION 7.3. Assume that (5.1) holds and for every k € N, the
transformation ¢y, is injective and X-bimeasurable, and p o ¢y < .
Suppose also that pu(X \ ¢1(X)) = 0 and there exists § € R and a family
{Ca}eex of probability Borel measures on Ry satisfying the following two
conditions for p-a.e. x € X:

(i) hf/k( ) = /RL(C,)(1/k) for all k € N,

(ii) (XUC¢1/k(x))(1/k) = L(C@ﬁl/k(x))(l/k) (x(0) for all o € B(R;) and
k e N.

Then the Co-semigroup {Cgy, }ier, is subnormal.

Proof. Set Hg’(x) = e (¢)(u) for € X and u € Ry. By (i), we have
(7.4) h‘f/k = d;k ae. [u], keN.
As in the proof of Lemma 7.1, we infer from (ii) that

(7.5) Hﬁl/k o bk = Hf/k odi - H® ae [u, keN, seR,.

s

We now show that for all k € N and n € Z,

(7.6) (X \ (X)) =0 A B, = H?, ae. [u])

o _ g%
= h(n+1)/k = H(nJrl)//lC a.e. [u].
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Indeed, by Lemma 3.1(i), we have

(6.4)
h?;LJrl)/k Pk = h(lb/k ° Pk hf/k

(7.4) (75)

Hﬁko¢1/kH§)/k = H(¢T)L+1)/k‘o¢1/k a.e. [/,[/]
Applying (X \ ¢1 /(X)) = 0 and Lemma 3.1(ii), we get hzt;ﬂ)/k = H(?H—l)/k
a.e. |u.

It follows from (7.4) and (7.6) via an induction argument that
(7.7) h® = H® ae. [u, neZy,

the case n = 0 being covered by (5.3). Thus, by the measure transport
theorem, we have

o0

(7.8) he(z) = S(ea—syL dCa(s)
0
— | " d(God )t ae i, neZy,
(0,¢4]

where @: R, — (0, €9] is given by &(s) = 9~° for s € R,. This means that
for p-a.e. x € X, the sequence {h%5 (x)}22, is a Stieltjes moment sequence
whose representing measure (, o ! has compact support. Hence, by Lam-
bert’s criterion, the operator Cy, is subnormal and V9L = (0 @7 for p-ace.
x € X. This in turn implies that ¥1({0}) = 0 for y-a.e. z € X, which, when
combined with Proposition 5.2, leads to

(7.9) WX\ 61u(X)) =0, KeEN.
Using again induction, (7.7), (7.6) and (7.9), we obtain
(7.10) he=H?, aelu, keNneZ

Analogously to (7.8), we infer from (7.10) that for p-a.e. x € X and all
k € N, the sequence {hf:/k(a:)};f:o is a Stieltjes moment sequence (with
the representing measure (; o @;1, where @;: Ry — (0,e%/*] is given by
P, (s) = el®=5)/k) Hence, by [4, Lemma 4.3], the Cy-semigroup {C, }icr, is
subnormal. m

Yet another way of proving Proposition 7.3 is to first establish subnor-
mality of Cp, and equality 91 = ¢, o #71 a.e. [y (as in the proof above),
and then to apply Theorem 6.5.

8. Cp-groups. In this section we investigate subnormality of Cy-groups
of composition operators on L?(p). It turns out that the criterion for subnor-
mality of Cp-semigroups given in Theorem 6.5 (as well as the other results
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of Section 6) remains valid for Cp-groups without assuming that the trans-
formations ¢, ;. are injective and X-bimeasurable, and that po ¢/, < p.
Consider the following general situation:

(8.1) (X,X,u) is a o-finite measure space with p # 0 and ¢ = {¢; }1er is
a family of Y-measurable transformations of X such that every ¢
induces a bounded composition operator Cys, on L?(u) and {Cy, }er
is a Cy-group.

As in (5.2), we define

1
= 0% 4eR

Since Cy, = Cry and Cy,,, = Cf = C(g,)n for n € Z,, Lemma 3.3(i) leads
to

82) hE=1 ae [u, h¥=hr% aec [uforalltcRandnecZ,.
Let us formulate Cy-group analogs of Lemmata 6.1, 6.2 and 6.3.
LEMMA 8.1. Suppose that (8.1) holds and s,t,u € R. Then
RO (64(60(2))) = h2(6y11(x)) and h2(do(x)) = hE(x)  for p-a.e. o € X.
Moreover, if the composition operator Cy, is subnormal, then
(8.3) 19;8(@(1)) = ﬁésﬁ(x) and 19%(33) 9L for p-ae. v € X.
Proof. Argue as in the proof of Lemma 6.1. =

LEMMA 8.2. Suppose that (8.1) holds. If s,t € R and n € Z,, then for
p-a.e. x € X,

(8.4) he(x) = b () - hE (o (@),
(8.5) he 4 (1(2)) = h (¢u(@)) - h¢(x),
(8.6) 1= 02, (@) - h{(du(2)),
8.7 he (z) = .
&7 ) he(dn(x))

Proof. We argue essentially as in the proof of Lemma 6.2. As there, we
see that (6.5) is valid for all s,¢ € R. Fix s,t € R. Since Cy_,04, = C4,Cy_, =
Cr,, we infer from Lemma 3.3(iv) that
(8.8) hlog tops=h® ae. [y
Thus, the measure transport theorem yields

1 (65) L
[hpdn = §xodpo oty = §xodpo ot o 6!

g

S

Xo © $rdpodit = | xo 0 h? dp
X

e X
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[ed]

.8 _
:)SXaoqbth;ﬁoqb*toqbtd'u:Sh’?oqsftd/loqst1
X o

:Sh?hg)o(b—td/*% 0_627

g

(

which, together with o-finiteness of u, gives (8.4). The equality (8.5) fol-
lows from (8.4) via Lemma 3.1(i) and (8.8). In turn, the equality (8.6) is a
consequence of (8.2) and (8.4). Finally, (8.7) follows from (8.6). m

LEMMA 8.3. If (8.1) holds and the Co-group {Cy, }ter is subnormal,
then

(a) 9L({0}) =0 for p-a.e. v € X,
(b) & d??l hf’(gbt(x)) diL for p-a.e. x € X and every t € R,

Proof. Argue as in the proof of Lemma 6.3 using Lemma 8.2 in place of
Lemma 6.2. u

We are now in a position to prove a Cy-group analog of Theorem 6.5.

THEOREM 8.4. Assume that (8.1) holds. Then the Co-group {Cg, }icr is
subnormal if and only if the operator Cy, is subnormal and

(b*) &usn d19¢1 (@) = hf/k(gbl/k(ac))d??}c for p-a.e. z € X and every k € N.

Proof. According to Lemma 8.3, it is enough to prove the “if” part of
the conclusion. We preserve the notation from the proof of Theorem 6.5.
Arguing exactly as there (skipping Step 1) and employing Lemma 8.2 in
place of Lemma 6.2, we see that for p-a.e. y € X,

he (b)) = § " d9}, ) 0 &)(s),
0

where n = mk + j (the case j = 0 follows from (5.4) and Lemma 3.1(i)). By
Lemmas 3.1(i) and 8.1 this implies that for py-a.e. x € X,

W (@) = he) (65/k(0— k() = (S) S A9y, 6 ey © E0)(8)
= S s"d(9L o &)(s).
0

Summarizing, we have proved that for p-a.e. x € X and every k € N, the
sequence {hf/k(x) ™ o Is a Stieltjes moment sequence. Thus, by [4, Lem-
ma 4.3, the Co-semigroup {Cy, }ser, is subnormal. An application of Propo-
sition 2.1 completes the proof. m

The next result is a Cy-group analogue of Proposition 7.3. Its proof is
shorter, even though we assume much less about the transformations ¢y .



48 P. Budzyniski and J. Stochel

PROPOSITION 8.5. Assume that (8.1) holds and there exists 6 € R and a
family {(z}zex of probability Borel measure on Ry satisfying the following
two conditions for p-a.e. x € X:

(i) hY (@) = /%L (&)(1/k) for all k €N,
(i) L(xoC)(1/k) = L(C)(1/E) - C¢71/k(x)(a) for all o € B(Ry) and

k e N.

Then the Co-group {Cy, }rer is subnormal.
Proof. As in the proof of Proposition 7.3, we see that (7.4) holds and

89)  H?

_ g®
s+1/k H

l/k-HfogS_l/k a.e. [p], keN, seRy.

Using induction on n, we now show that (7.10) holds. Indeed, the case n =0
is obvious. If (7.10) is valid for a fixed n € Z,, then by Lemma 3.1(i) and
the induction hypothesis, we have

¢ B¢ ¢
My =" Pags P © -1k
(74) o @ (8.9) . ¢
= Hi,)-Hypooyk = Hiiqyy ace ], keN,

which completes the induction argument. As in the proof of Proposition 7.3,
we deduce from (7.10) that the Cp-semigroup {Cy, };cr, is subnormal. We
finish the proof by applying Proposition 2.1. =

Below we show that conditions (i) and (ii) of Proposition 8.5 are always
satisfied by a measurable family {P(z,-)},cx of probability Borel measures
attached to a subnormal Co-group {Cy, }+cr via conditions 1° to 4° preceding
Lemma 7.1.

PROPOSITION 8.6. Assume that (8.1) holds and the Cy-group {Coy, }1er is
subnormal. Let P: X x B(Ry) — [0, 1] satisfy conditions 1° to 4° preceding
Lemma 7.1. Then for every t € Ry and p-a.e. x € X,

(8.10)  L(xoP(x,)(t) = L(P(x,))(t) P(¢p—t(z),0), o€ BRy),
(5.11) W) = BP() - h2(6a(a)), 5 € Ry

Proof. Fix t € Ry. First note that (7.1) holds in the present context
(the proof follows that of Proposition 7.2, with Lemma 6.3 replaced by
Lemma 8.3). Using (7.3), (8.3) and Lemma 3.1(i), we see that

P(¢t(¢—t($))7 ) = P(xa ) for pra.e. x € X.

Making the substitution z ~» ¢_¢(z) in (7.1) for p-a.e. z € X (which is
possible due to Lemma 3.1(i)), we get (8.10). Then, arguing as in the proof
of the implication (i)=-(ii) of Lemma 7.1, we infer (8.11) from (8.10). m
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9. Examples. In what follows, K stands for either R or C. Let || - || be
a norm on K* (s € N) induced by an inner product (accordingly, real or
complex). Denote by R the class of all (density) functions g: K* — [0, c0)
of the form

o0
o(z) = Z am|z|®™, 1z € K*,
m=0

where the a,, are nonnegative real numbers and ag > 0 for some k > 1. A
function ¢ € Ry, is said to be of polynomial type if there exists k > 2 such
that a,, = 0 for all m > k. Denote by v£ the Lebesgue measure on K*. Note
that vl = v .

We begin by characterizing subnormality of Cp-semigroups of composi-
tion operators on L?(pdv¥) induced by Cp-semigroups of linear transforma-
tions of K*.

THEOREM 9.1. Let || - || be a norm on K* induced by an inner prod-
uct, ¢ be a member of R, and A be a linear transformation of K* such
that for every t € Ry, the composition operator Cgua is bounded on
L2(odv) (respectively, on L*((1/0) dvy)). Then {Ceatier, and {C% 4 her,
are Co-semigroups. Moreover, the Cy-semigroup {Ceeatier, (respectively,
{Ca}ier, ) is subnormal if and only if A is a normal operator in (K*, ||-|).

Proof. By [4, Corollary 5.2 and Remark 5.3|, {Cqta}ier, is a Co-semi-
group. Together with [33, Corollary 1.10.6], this implies that the family
{Ca}ier, is a Cp-semigroup as well. In view of [40, Theorem 2.5 and Sec-
tion 3|, the Co-semigroup {Cyta }ier, (respectively, {C7 4 }ier, ) is subnormal
if and only if e*4 is a normal operator in (K*, || - ||) for every t € R;. The
latter holds if and only if A is a normal operator in (K*, || -||) (this is a very
particular case of the Stone theorem [34, Theorem 13.37]). m

Our next goal is to determine when {C.ia }scr is a Co-group on L?(o dv¥)
(respectively, on L2((1/p) dv¥)).

PROPOSITION 9.2. Let ||-]| be a norm on K* induced by an inner product,
o0 be a member of R, and A be a linear transformation of K*. Denote by
w any of the measures o dvy, or (1/0) dvy.

(i) If o is of polynomial type, then {Cgia}icr is a Co-group of bounded
operators on L?(1).

(ii) If o is not of polynomial type, then {C.iaticr is a Cy-group of
bounded operators on L*(u) if and only if A+ A* =0 (A* is defined
in (K*,|[-1])), or equivalently if {Cta}ier is a Co-group of unitary
operators on L?(j).

Proof. (i) Apply [40, Proposition 2.2 and Section 3|, [4, Corollary 5.2 and
Remark 5.3] and Remark 2.2.



50 P. Budzyniski and J. Stochel

(ii) As in (i), we see that {Cyia }1er is a Co-group of bounded operators
on L?(y) if and only if

(9.1) e <1, teR.
If (9.1) holds then
lz]l = lle” e el < lleal| < llzfl, = €K teR,
which implies that e*4 is a unitary operator in (K*,|| - ||) for every t € R

(equivalently, A+ A* = 0, cf. [16, Section 1.3.15]). It is now a routine matter
to verify that {C,:a}ser is a Cp-group of unitary operators on L?(p). m

EXAMPLE 9.3. Let | -| be the Euclidean norm on K*, ¢ be a member
of Ry, and A be a linear transformation of K*. Consider first the case
when the density function ¢ is not of polynomial type. If A is given by a
nonzero diagonal matrix with nonnegative real entries, then [e~*4|| < 1
for all t € R, and |le”*4|| > 1 for all real ¢t < 0. Hence, by [40, Propo-
sition 2.2 and Section 3|, [4, Corollary 5.2 and Remark 5.3] and Theo-
rem 9.1, {Ceea}ier, is a subnormal Cyp-semigroup of bounded operators on
L?(odv¥) and Cia = C;_lt 4 1s an unbounded closed densely defined operator
in L?(p dv¥) for all real t < 0 (use Proposition 4.1(vii)). In turn, if s = 2
and A is given by the matrix [ '], then by Proposition 9.2(ii), {Cea }ter
is a Co-group of unitary operators on L?(gdvX).

Assume now that g is of polynomial type (A is still an arbitrary linear
transformation of K*). It follows from Proposition 9.2(i) that {C,:a };cr is a
Co-group of bounded operators on L?(o dv¥). By Theorem 9.1, this Co-group
is subnormal if and only if A is a normal operator in (K*,|-|). If K = C,
» =2 and A is given by the matrix = [6 ji], then the Cy-group {Ceia }ier
is not subnormal, though C,4 is a unitary operator (because et = — [} 9]).
This example (which is based on an example due to R. Mathias, cf. [1]) was
discussed in [4, Example 5.4].

Acknowledgements. The work of the second author was supported by
the MNiSzW grant N201 026 32/1350.

References

[1] B. Aupetit and J. Zemanek, Erratum: “A characterization of normal matrices by
their exponentials”, Linear Algebra Appl. 180 (1993), 1-2.

[2] C. Berg, J. P. Christensen and P. Ressel, Harmonic Analysis on Semigroups, Grad.
Texts in Math. 100, Springer, Berlin, 1984.

[3] J. Bram, Subnormal operators, Duke Math. J. 22 (1955), 75-94.

[4] P. Budzynski and J. Stochel, Joint subnormality of n-tuples and Co-semigroups of
composition operators on L?-spaces, Studia Math. 179 (2007), 167-184.



51
G
17
]
19

[10]

1]

12

113

14

[15]

116]

17]

18]

[19]
20]

21]
[22]
23]
[24]
125]
126]
[27]
28]
[29]

[30]

Joint subnormality of composition operators 51

Ch. Burnap, I. Jung and A. Lambert, Separating partial normality classes with
composition operators, J. Operator Theory 53 (2005), 381-397.

J. T. Campbell and J. Jamison, On some classes of weighted composition operators,
Glasgow Math. J. 32 (1990), 82-94.

J. Conway, The Theory of Subnormal Operators, Math. Surveys Monogr. 36, Amer.
Math. Soc., Providence, 1991.

A. Daniluk and J. Stochel, Seminormal composition operators induced by affine
transformations, Hokkaido Math. J. 26 (1997), 377-404.

P. Dibrell and J. T. Campbell, Hyponormal powers of composition operators, Proc.
Amer. Math. Soc. 102 (1988), 914-918.

N. Dunford and J. T. Schwartz, Linear Operators, Part I, Interscience, New York,
1958.

M. R. Embry, A generalization of the Halmos—Bram criterion for subnormality,
Acta Sci. Math. (Szeged) 35 (1973), 61-64.

M. R. Embry and A. Lambert, Weighted translation semigroups, Rocky Mountain
J. Math. 7 (1977), 333-334.

—, —, Subnormal weighted translation semigroups, J. Funct. Anal. 24 (1977),
268-275.

M. R. Embry-Wardrop and A. Lambert, Measurable transformations and centered
composition operators, Proc. Roy. Irish Acad. Sect. A 90 (1990), 165-172.

—, —, Subnormality for the adjoint of a composition operator on L*  J. Operator
Theory 25 (1991), 309-318.

K. J. Engel and R. Nagel, One-Parameter Semigroups for Linear Evolution FEqua-
tions, Grad. Texts in Math. 194, Springer, New York, 2000.

B. Fuglede, The multidimensional moment problem, Exposition. Math. 1 (1983),
47-65.

P. R. Halmos, Normal dilations and extensions of operators, Summa Brasil. Math.
2 (1950), 125-134.

—, Measure Theory, van Nostrand, Princeton, 1956.

D. Harrington and R. Whitley, Seminormal composition operators, J. Operator The-
ory 11 (1984), 125-135.

T. Ito, On the commutative family of subnormal operators, J. Fac. Sci. Hokkaido
Univ. Ser. I 14 (1958), 1-15.

A. Lambert, Subnormality and weighted shifts, J. London Math. Soc. 14 (1976),
476-480.

—, Hyponormal composition operators, Bull. London Math. Soc. 18 (1986), 395-400.
—, Subnormal composition operators, Proc. Amer. Math. Soc. 103 (1988), 750-754.
—, Normal extensions of subnormal composition operators, Michigan Math. J. 35
(1988), 443-450.

A. Lubin, Weighted shifts and commuting normal extensions, J. Austral. Math. Soc.
Ser. A 27 (1979), 17-26.

W. Mlak, Operators induced by transformations of Gaussian variables, Ann. Polon.
Math. 46 (1985), 197-212.

E. Nordgren, Composition operators on Hilbert spaces, in: Lecture Notes in Math.
693, Springer, Berlin, 1978, 37-63.

A. E. Nussbaum, Semi-groups of subnormal operators, J. London Math. Soc. 14
(1976), 340-344.

S. Panayappan, Non-hyponormal composition operators, Indian J. Math. 35 (1993),
293-298.



52 P. Budzyniski and J. Stochel

[31] S. Panayappan, Non-hyponormal weighted composition operators, Indian J. Pure
Appl. Math. 27 (1996), 979-983.

[32] S. Panayappan and D. Senthilkumar, Spectral properties of p-hyponormal composi-
tion operators, Far East J. Math. Sci. 9 (2003), 287-292.

[33] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential
Equations, Appl. Math. Sci. 44, Springer, New York, 1983.

[34] W. Rudin, Functional Analysis, McGraw-Hill, New York, 1973.

[35] R. K. Singh, Compact and quasinormal composition operators, Proc. Amer. Math.
Soc. 45 (1974), 80-82.

[36] R. K. Singh and R. Davidchandrakumar, Some results on composition operators,
Indian J. Pure Appl. Math. 14 (1983), 1233-1237.

[37] R. K. Singh and B. S. Komal, Quasinormal composition operators, ibid. 13 (1982),
8-12.

[38] R. K. Singh and J. S. Manhas, Composition Operators on Function Spaces, Elsevier,
1993.

[39] R. K. Singh and T. Veluchamy, Spectrum of a normal composition operators on L?
spaces, Indian J. Pure Appl. Math. 16 (1985), 1123-1131.

[40] J. Stochel, Seminormal composition operators on L* spaces induced by matrices,
Hokkaido Math. J. 19 (1990), 307-324.

[41] T. Veluchamy and S. Panayappan, Paranormal composition operators, Indian J.
Pure Appl. Math. 24 (1993), 257-262.

[42] R. Whitley, Normal and quasinormal composition operators, Proc. Amer. Math.
Soc. 70 (1978), 114-118.

[43] D. V. Widder, The Laplace Transform, Princeton Univ. Press, Princeton, 1946.

Piotr Budzyniski Jan Stochel
Katedra Zastosowan Matematyki Instytut Matematyki
Uniwersytet Rolniczy w Krakowie Uniwersytet Jagiellonski
Al. Mickiewicza 24/28 ul. Lojasiewicza 6
30-059 Krakéw, Poland 30-348 Krakéw, Poland
E-mail: piotr.budzynski@ar.krakow.pl E-mail: Jan.Stochel@im.uj.edu.pl

Received June 17, 2008
Revised version December 24, 2009 (6374)



