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Combinatorial inequalities and subspaces of L,
by

JoscHA PROCHNO and CARSTEN SCHUTT (Kiel)

Abstract. Let M; and Ms be N-functions. We establish some combinatorial inequal-
ities and show that the product spaces £}y, ({3r,) are uniformly isomorphic to subspaces
of Ly if My and M; are “separated” by a function t", 1 < r < 2.

1. Introduction. The structure and variety of subspaces of L is very
rich. Over the years, tremendous effort has been put in characterizing sub-
spaces of Ly. Although there are a number of sophisticated criteria at hand
now, it might turn out to be nontrivial to decide for a specific Banach space
whether it is isomorphic to a subspace of L.

Using the theorem of de Finetti it was shown in [3] that every Orlicz
space with a 2-concave Orlicz function embeds into L;. Consequently, all
spaces whose norms are averages of 2-concave Orlicz norms embed into L.
In fact, this characterizes all subspaces of L1 with a symmetric basis. The
corresponding finite-dimensional version of this result was proved in [7],
using combinatorial and probabilistic tools.

Although this characterization gives a complete picture of which spaces
with a symmetric basis embed into L;, it might not be easy to apply. This
becomes apparent when one considers Lorentz spaces [12] (see also [11]).

Here we study matrix subspaces of Li, i.e., spaces E(F) where E and
F have a l-symmetric basis (e;);; and (f;)7_;, and where for all matrices

(Tij)i s

1(i5)i.5 =

=[S
=1 j=1
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Our main result is the following:

THEOREM 1.1. Let 1 < p <r < 2 and M and N be N-functions with
M (t)/t? pseudo-decreasing, N(t)/t" pseudo-increasing and N(t)/t? pseudo-
decreasing. Then there is a constant C > 0 such that for all n € N there is
a subspace E of Ly with dim(E) = n? and

d(B, 04 (6%)) < C.

Here, d denotes the Banach-Mazur distance. A function f : [0,00) —
[0, 00) is pseudo-increasing if there is a constant ¢ > 0 such that for all s < ¢
we have f(s) < c¢f(t). A pseudo-decreasing function is also defined in this
way.

As far as the hypothesis of Theorem [1.1]is concerned, by a regularization
(4, Theorem 1.6], [5] and [10]) we can pass to N-functions M and N such
that M (t)/t? is decreasing, N(t)/t" increasing and N (t)/t? decreasing.

To prove Theoremwe first show that £}, (¢;') are uniformly isomorphic
to subspaces of L. To do this, we develop some technical combinatorial re-
sults related to Orlicz norms and use techniques first developed in [7] and [8].
These combinatorial inequalities, used to embed finite-dimensional Banach
spaces into L1, are interesting in themselves. Using a result of Bretagnolle
and Dacunha-Castelle [3], that £ is a subspace of L, if N(t)/t" is increasing
and N (t)/t? decreasing, we obtain our main result.

In some sense the conditions that M (t)/tP is decreasing, N(t)/t" is in-
creasing and N (t)/t? is decreasing, are sharp. This is a consequence of [8]
Corollary 3.3]. Kwapien and Schiitt proved that

1
Il < d(E(). ).
where Id € L(E,F) is the natural identity map, ie., Id(}°" | aje;) =
Z?Zl a;jfj, and E, F are n-dimensional spaces with a l-symmetric and
1-unconditional basis respectively. For 1 < p < r < 2 they find that for
any n’-dimensional subspace G of L1,

1
A gn’G > 1/p71/7“'
(€(5).6) 2 ¢

Therefore, the conditions are sharp.

The technical difficulties that occur are that in general, Orlicz functions
are not homogeneous for some p, i.e., M (At) # NPM (t).

Furthermore, since our results are of a very technical nature in many
places, we tried to make this paper as self-contained as possible and therefore
easily accessible.

2. Preliminaries and combinatorial inequalities. A convex func-
tion M : [0,00) — [0,00) with M (0) =0 and M (t) > 0 for ¢ > 0 is called an
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Orlicz function. An Orlicz function (as we define it) is bijective and contin-
uous on [0, 00). We define the Orlicz space £}, to be R™ equipped with the
norm

el =int{p>0: > M(lail/p) <1}
=1

Given an Orlicz function M, we define its conjugate function M* by the
Legendre transform, i.e.,

M*(z) = sup (at — M(t)).

te(0,00)
An N-function M is an Orlicz function with
limm = and lim Mi(t) =00
t—0 ¢ t—oo

The conjugate function of an N-function is again an N-function. For all
N-functions M and for all 0 < ¢ < oo we have

(2.1) t< MY H)M*L(t) < 2t

See [1] and [2, formula (6)]. We say that two Orlicz functions M and N are
equivalent if there are positive constants a and b such that for all ¢ > 0,

M(at) < N(t) < M(bt).
For N-functions M and N this is equivalent to
aN71(t) < M7(t) <bN7L(2).

If two Orlicz functions are equivalent so are their norms. Notice that it is
enough for the functions M and N to be equivalent in a neighborhood of 0
for the corresponding sequence spaces £y and ¢y to coincide [9].

Let X and Y be isomorphic Banach spaces. We say that they are C-
isomorphic if there is an isomorphism I : X — Y with ||I| |[I7!]| < C. We
define the Banach-Mazur distance of X and Y by

d(X,Y)=inf {||T| |77 : T € L(X,Y) an isomorphism} .

Let (X,,)n be a sequence of n-dimensional normed spaces and let Z be also a
normed space. If there exists a constant C' > 0 such that for all n € N there
exists a normed space Y,, C Z with dim(Y,,) = n and d(X,,Y,,) < C, then
we say that (X,), embeds uniformly into Z or for short, X,, embeds into Z.
For a detailed introduction to the concept of Banach—Mazur distance, see
for example [13].

We will write a ~ b to mean that there exist positive absolute constants
c1, o such that cija < b < coa and similarly use a < b or a 2 b.

We need the following two results by Kwapien and Schiitt [7, [§].

LEMMA 2.1 ([7, Lemma 2.1]). Let n,m € N with n < m and let y € R™
with y1 > -+ > ym > 0. Furthermore, let M be an N-function such that for
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allk=1,....,m
b k
(2.2) M (Z y) ==
=1
Define |||l by

ol = max. Z(Zyg)\m

=1 j=1
Then, for all x € R™,

1
slelly < llzllar < 2fjzlly.

Note that there is always an N-function M satisfying : We extend
M* affinely between the given values. Moreover, M* is extended in a neigh-
borhood of 0 and beyond the last point by a quadratic function. Then M* is
finite everywhere and takes the value 0 only at 0. So, M* is an N-function.
Its conjugate function is the desired M.

LeMMA 2.2 ([8, Lemma 2.5]). Let M be an N-function. Then, for all
xr € R™,

2 (3- 25 el
2\2 n-1
1 zin - (M*—1<”7(j)> - M*_1<7r(i31_1>)’ < 2|zl ar,

< — max
where the sum is over all permutations ™ € Sy,.

- n! 1<i<n
v

LEMMA 2.3 ([8, Corollary 1.7]). For alln € N and all nonnegative num-
bers B(i, k f) 1<4,k,4<n,

4 n
6 2" S 2, e B-m(D00) < 550 oo
a=1 T,0ESy a=1
where s(1),...,5(n3) is the decreasing rearrangement of the numbers

B(i, k,0), 1 <i,k,{ <n.
From Lemmas and we obtain the following result.

LEMMA 2.4. Let a € R™ with ap > --- > an, > 0 and let M be an
N -function. Furthermore, let N be an N -function whose conjugate function
N* satisfies, for all ¢ =1,...,n?,

N (é) _ ;isaﬂ)



Combinatorial inequalities and subspaces of L1 25

where s(1),...,s(n?) is the decreasing rearrangement of
, q
n<M*—1 (j) —M*_1<])>, hj=1,...,n.
n n
Then, for all x € R"™,

cllzlly < — ZH (Tian(i))iza e < 2[z]|n,

where ¢ > 0 is an absolute const(mt.

Furthermore, one can choose N so that N*~' is an affine function be-

tween the values {/n?, £ =1,...,n>.

Proof. From Lemma [2.2] we know
1 ) ) —1
cllzf|ar < 72 max xm<M*—1("(Z)) - M*_1<U(Z)>>' < 2| ar-
n! n n
Thus

1<i<
1 n
e ZH(%‘%(i))i:l (| a1

< E max
n'2 1<7,<n

i (50) ()
< 25 zﬂ:H(fEiaw(i))?:lHM-

Applying Lemmas [2.1] and [2.3] yields the desired result. =

Now we are able to develop the combinatorial ingredients that we need
to prove Proposition These results are extensions of the results proved
in [7] and [8] respectively.

LEMMA 2.5. (i) Let1 <r < oo anday > --- > an, > 0. Then there exists
an N-function N whose conjugate function N* satisfies, for all{ =1,...,n,

(2 3) N*_l é _ C l i - g 1/7"* l i ’ '|7,. 1/7‘
' n)— "\n¢< @i n n_ @i
=1 1=0+1
< 8N*! <€>
n

(2.4) N*1<ng> <0~ <£)1/r (Zm ) < oN*L (é)

where Cy, = rY/" ()Y Purthermore, for all z € R™,

1 n 1/r
clally < - S (D lwiaal7) T < 2lely.
=1

s



26 J. Prochno and C. Schiitt

(ii) Let 1 < r < oo. There exists ng € N such that for all n > ng, all
ap > -+ > ayp >0 and all Orlicz functions N satisfying, for all ¢ =1,... n,

25) e <ﬁ> < Cr<i§;ai+ <£>1/r* (i Zn: |a¢|r> l/r>

1=0+1
- l
< 8N*—1 _

and affine on the intervals [¢/n,({ + 1)/n], £ =0,...,n—1, we have, for all
x € R™,

1 ” AT
arllelly < =D (D lwianl") " < bl
T i=1

where a, and b, just depend on r and C, as in (i).

By part (i) there is indeed an Orlicz function as specified in (ii): The
N-function of (i) can be modified so that it is affine on the intervals
[l/n,({+1)/n], £=0,...,n—1.

Proof. (i) From Lemma we obtain
1 .
cllelly < - Y M @@an))icalla < 2)12ly,

where M(t) =1t",

1 < l
* _ _ 2
N <n2 g 8(k)>_n2’ £=1,...,n%

k=1

and s(1),...,s(n?) is the decreasing rearrangement of the numbers

| o
am<M*—1 <~7> _ M*—1(3)>, 1<ij<n.
n n

Obviously M*(s) = (1/r)Y"(1/r*)/™"s™ and M*~1(t) = #1/7(r*)V/r ¢/,
We choose C,. := r1/7(+*)1/7" For all £ < n? we have

)4 n 4 . .
1 o 1 - x—1(J w—1(J — 1
26) 5> s() = x>0 <M <n> M (n
k=1 Zfiﬁn =1 j=1
1 - x—1 gl
= Z’(Ilnagffz ﬁ g ainM <n

=1
l;i<n 1
1 n £ 1/7‘*
= max C,— a;|—
Srhli=t N n
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We now show the right inequality of (2.3). We consider the case { = mn,

1 <m < n. Then
- m 1 nm
N (R) = o,

and by (Z),

m 1 @ A
N+t <> =(C, _max —Zai =
n i li=mn N n
6i<n i=1
For m = 1 we deduce from Lemmathat N*~1(1/n) is of the order ||al|.
Now we consider m > 2. We choose {1 = --- =¥, =nand {11 = -+ =

£, = 0 to obtain

(2.7) N*1< >>c Za,

We consider
) 1
- M* 1< J > —M*1<‘7>, 1<j<nm.
nm nm

From Lemma 2.1 we get

1
gl <llall, = _ ma zaz(zy])

i=1 ,—mn

=, max Z a;| —
S li=mn P mn
This holds if and only if
—mY"all, < C, max a;| —
2 H H B Z?lﬂlmn; ‘I'n
The inequality also holds for the modified vector a with a; = -+ = @, = am
and a; =a; fori=m+1,...,n, ie.
* o~ ~ (3
28 g G 2
_ —

We show that without loss of generality, ¢; < n, ¢ <n. We have ¢ > --- >
by > --- > L, > 0. Obviously, ¢; < n for all ¢ = m,...,n, as otherwise
>, ¢; > mn, which cannot occur. Therefore, it suffices to show that we
can choose £q,..., ¢, < n. To do this, we construct ¢;, i < m, such that
; < n, and such that the maximum in is attained up to an absolute
constant (we take f; = £; for i = m+1,...,n). Now, let £1,..., £, be such
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that the maximum in (2.8]) is attained. Then we define, for i < m,
1 m
b= | — |-
L
7=1
(|| is the greatest integer smaller than z.) We may assume
1 m
R
m -
7=1
because from |m~! > ity 4j] < 2 we deduce immediately that limy1,..., 4,

< 1, and therefore mn = 377, £; < 2m + (n —m) = n + m. Since m > 2
and we may assume that n > 3 we get a contradiction. Hence, for all i < m,

Now we have

. Zz 1/r* m 1 11 m 1/r
o =Yg (7w
i=1 =1 =1
1 /18 N\
1r 15
S (n;&)

From Hélder’s inequality we get

m / 1/r* ™y 1/r* 1 1/r*
~ | % 7 2 :
E Qg ﬁ = Am E - S amml/r (n ‘ ez)
=1 =1 =1
Thus
m ) Ez 1/r* 1 m ) gl 1/r*
a’Z - Z * a'Z - ’
Z n o1/r n
=1 =1

and therefore

1/r* 1 n 1/r*

"4 l;

~ 1 ~ 3
L I YL
1=

Inequality (2.8 gives us

n
Cr &z
i=1

1/r*

ally.

So we have

11 e =
o1/ ;M lall» < C an@x Zai

i=1 ST

;<n
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11 ml/T*
*—1 ~

n 1/r _
(> al”) ™ <1l
i=m—+1
and ([2.7) we obtain the right inequality of ([2.3)).
Now we estimate the left hand side of (2.3)). By ([2.6]), for a suitable choice
of EZ‘,

i.e.,

and because of

mn n 1/r*
) =Gy Y
k=1 i=1

Since ¢; < n, we obtain

;gs(k)gCrnl/T <Zan1/r + Z ail, o )
k=1

1=m+1

Hoélder’s inequality implies

nlzgs(k) {Zaz-i-n_l/r ( Z ‘air)l/r( i €i>1/r*}7

i=m+1 i=m+1
and with > 7" | ¢; = mn,

1 mn 1 m 1/r* n ., I/T
a2 2250 <G (M aitm (37 Jad) ).
k=1 i=1 i=m+1
Therefore, we obtain the left inequality of (2.3, i.e.

w5 soigee () (5 0"

i=m-+1
Now we prove ﬂ Because m < n, from (2.6)) we get

1 n g 1/'7'*
max C,— a;|—
1 m 1/T n g’b 1/T
=C,— max Zai —
n\n Sy i=m i M

Form =1,...,n, using Holder’s inequality, we get the left inequality of (2.4]),

~ L& L\ i
N 1<n2):7ﬂ;s(k)g@n(’:> (;]ai\) .
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From Lemma we obtain for m = 1,...,n the right inequality of (2.4)),

1/m\Y"" & A\ LT 2 . (m
n<n> (;"“’) <&V 1(n2>

(ii) Let N be an N-function as given by (i). We will show that for all ¢
with 1/4"n <t <1,

1 - .
(2.9) W N*Ht) < N*7Ht) <3247 N*7L(¢).
From this it will follow that for all x,

1 -
(2.10) 33 1elly < llolly < (48 -47 +16)][z]ln-

We show (2.9) first for 1/n <t <1, and then for 1/4" n <t < 1/n.
For 1/n <t <1, we have

1 _
(2.11) EN*’l(t) < N*Ht) < 16N*1(2).
Indeed, there exists an £ € {1,...,n —1} such that {/n <t < ({+1)/n. By

and (2.5),

N*_l(t) < N*—l <£+1>
n

41 1/r n 1/r
1 £+ 1 1

< *E R - E "

_C’T{niﬂaﬁ—( - ) (n la| > }

i=042
1 4 v 1/r* 1 & 1/r
T
e () G X))
i=1 i=0+1
_ / _
< 16N*! <> < 16N*71(2).
n
The inverse estimate is obtained in the same way.

Now, we show that for all ¢ with 1/4"n <t < 1/n,

1
8.4

By (2.3) for £ =1,

- 1 a 1 1/r* 1 n . 1/r
) < k) _ — . .
N (n <G+ n;m

(2.12) N*7L(t) < N*7H(t) < 32-47 N*7L(1).
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For n with n > 2-4"" we have 2-4" [n/4""] > n. By Hélder’s inequality,

YA I AN s

[n/47"]
< 07«21/r*2 ‘47,*%( Z ’ai‘r)l/r
=1

< C 21/7‘*2 . 4T*N*—1([n/4r*]>

n2

* * ].
1 x—1
< G272 47N <4T*n>
< C2YT 2 4T N,

The function N*~! takes the values N*~1(¢) = tnN*~1(1/n) on the interval
[0,1/n)]. Hence, for all t with 1/4" n <t < 1/n,

_ 1 _ _ 1
N*1 < N* () = tnN* 1 =
(M) < NN D) = N (o

< N*fl (1> — 4T‘*N*1< 1 >
n 4" n
Thus, we have

Nty < N (i) <C, (al/n+ (i)l/r* (ii\ai\r>1/r)

=2

_ 1 .
< 8N*_1<> <8-4" N*L(t)
n

_ _. (1 al 1 1/ 1 <& r
N* 1 ) < N* 1( = < = - - § iT

1 * *
< 8N*1<> < C2Y7716 - 47 NFT (1),

n

and

Hence, (2.12)) follows.

Furthermore, we have

1 2 1 _ 1 1 - 1
(214) N* ' —— ) <ZN* ' =) and N* ! =) =-"N1=).
47" n 3 n 47" n 4r n

Indeed, the equality is obvious. We show the inequality. By ([2.4]) we get, for
0=[n/4"],
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32
Lo 1 1o ([n/47]+1
_ < LA N
C'TN <4’”*n> - C’TN < n?
: pe /441
1/ [n/a"]+1\" S\ LT
= n( n ) ( z; o ) '

By (2.4), for £ = n and sufficiently large n we get
1 1 I r 2 1
7N*71 <7< .r> < = *~1( = )
Cy <4T n> ~ 3n ;‘Cm - 3C n
Now we show (2.10). Let x € R™ with ||z||y» =1and z1 > --- > 2, > 0.
Furthermore, let t € R” be such that z; = N*71(¢;). Let g be such that

1
t 2 2 g > o S i 2 2 s
Then )", t; = 1. We choose
t=(t1, .., ti,0,...,0), t=1(0,...,0,tig11,---,tn),
= (x1,...,2,0,...,0), Z=1(0,...,0,Tigt1,-,Tn).

We will prove that ||Z||x+ < 2/3 and
[l e < (12 5 < 48 - 47 [|Z]| -

$ (1)1}

i=19+1

1
2.1
(2.15) 32 47"
Indeed, we have
1] e = inf{p >0

By (2.14),
n N*—1 i N*—1(1 4r* aIN*1(1
3 e () ¢ e (VAT e (N L)
i—igt1 p p p
and thus .
2] 5+ < 2/3.

Therefore, ||Z||n+ > 1/3. From (2.12) it follows that
16 - 47" N*~ (¢ )>

S (M) < (8

Thus, we have
]| 5 < 1647

Using this and ||Z||x+ > 1/3 we obtain
2] 5+ < 4847 [|2]| v--

Hence, the right inequality of (2.15)) is proved.



Combinatorial inequalities and subspaces of L1 33

Now we show the left one. By (2.9),

() S0 ()

Thus |||y« > 1/32-4"". Using ||z||n+ = 1, we obtain the left inequality of
@.15):
1
=324
Now, the left inequality of (| 1mphes the left inequality of .
The right inequality of implies

2] e >

Izl 5 < 1215 + 1] 5+ < 4847 (1] + 2] -
It is left to estimate the second summand. By (2.11),
n *—1 *—1 NTx—1
> (M) ¢ e (MY o (108 Y,
i=19+1 p p
Hence, ||Z|| 5 < 16 and
]l - < (4847 +16) ]|~ w

LEMMA 2.6. Let 1 <p <r < oo and a € R" withay > --- > a, > 0.
Then there exists an N-function N whose conjugate function N* satisfies,

foralll=1,....n
(2.16) %N*_l <€>

n
/ 1/p* 1 L 1/p / 1/r* 1 n 1/r
< z - |P h : T
<ef(n) Gxer) + () GXer) )
< 9~ l/pgN*-1 <€>7

n

and for all x € R™ we have

1 - , AP/ 1/p
anslielly < (2 (X letianor)"") " < gl

i=1
where oy, and B, are constants, just depending on r and p.

Proof. For all x € R™,

n

- Z (2 W(l k= %Z(Z(‘x(iﬂp’aﬁ(i)|P)r/p)P/7“.

™ =1
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Using Lemma we get the existence of an N-function M with

arpll (12 (@) P)iza | < 'Z(z; |2(7) [Plax) |P)7’/P>p/r

s

< by pll(f(9)[7) i [ s

and

(217) M- 1< ) { Z‘(mp <>1p/r<71li2::+1ai|r>p/r}

<ApM*t (“g)
n
n 1/p

(ar/p)l/p||(|x( )P 1||1/}7 (;Z(Z(|1’(i)|p|aﬂ_(i)|p)T/p)p/T>

T =1

< () 1 (2 @) PYE [

It follows that

Furthermore, we have

12O Pl = Il arcr,

since

We choose N = M o tP. Then

1 “ , o\p/r\ P
(@) el < (o (S UaPlas Py )" ) < b Pl

T =1
Inequality (2.1]) gives, for all u > 0,
u < M7 u)M* " (u) < 2u.

Hence

N*L(t) > > 2 U/pg ==L ()P,

N-I(t) ~ (M-1(t)/

< tlfl/p(M*—l(t))l/p.

t
(
1 . t
VO v T Gy
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Using (2.17)), we get

1 ¢ NP1 Ve s NV 11 & Lr
SN - ) <G (= - il? - - i|"
() <) Goer) () (G2 er)

i=0+1
< 2~ 1/p *—1 <£> . m
n

The vector (a;), = (n/i)"/? (1 < p < 2) generates the £,-norm, i.e., for
all x € R" we have

n

1/2
(218) cllally < Ave (Y friar[?) " < Cllally,

i=1
where ¢, C' > 0 are absolute constants just depending on p. This follows from
Lemma

3. Embedding of /},(¢%,) into L. To embed ¢},(¢) into L; we have to
extend the combinatorial expressions by another average over permutations.
We use the term

1/2
(3.1) 7‘/};’% ( Z |44 (i) Yo J)Zn(1)|2> ,

which is, as we will show, under appropriate choices of x,y, z € R", equiva-
lent to

101z ) G=1 ] -

Since (3.1)) is equivalent to the Lj-norm, we obtain an embedding into L.
Using z = ((n/])l/”) _1, 1 <p<r <2, we “pass through” an ¢, space to
obtain the result.

PROPOSITION 3.1. Let 1 <p <r < 2. Let y € R"\ {0} withy; >--- >
> 0, ()i = (/)0 and (2)ey = ((n/3)VP),. Then, for ali
matrices a = (a;;)};_1,

1/2
(32)  arp|[(l(aij)izallr)j=1ll g, < n.gZ(Z!% >yo<j>zn<j>!2)

mom ij=1

< b | (I(aij) iy [Ir) ?=1HMy7

/ 1 & NPT 2 ) 1/p

i=0+1

where

In particular, 73, (Z”) is isomorphic to a subspace of L.



36 J. Prochno and C. Schiitt

Proof. We start with the upper bound. By (2.18), z generates the £,-
norm. Thus

(3.3)

;/}X‘; ( i | @i (i)Yo () 0 ()] 2) e Ave <Z Yo(s) (Zlam’%(i) |2)p/2) ”

1,7=1

By Jensen’s inequality,

éﬂ‘t]fe <]ZZ:1 yg(j) (g’ai]’xﬂ(i) ’2)7”/2) 1/p

ve (Z yg(j)A;/e <§‘aij$ﬂ'(i) |2>P/2> 1/p.

j=1
By Lemma for all j < mn,

(Ave (i‘%xﬂn‘?)m)w S (G
=1

where

/ ) 1/p* 1 4 1/p ) 1/2 1 1/2
*=1[ ~ [ = - p -~ - 12
GGG GG )

/ 1/p* 1 p/r\ 1/p / 1/2 1 n 2/r\ 1/2
NOMEIOREIC RPN ONE
n n 4 i n n i
=1 i=0+1
Since p < r < 2,
N*He/n) ~ (¢/m)t",

which means that the N-norm is equivalent to the £,.-norm. Hence, we have
shown the upper estimate of (3.2)), where M, is the N-function as specified
in Lemma [2.6

For the lower bound, we obtain

;}A;’% ( Z |@ij T (i) Yor () Zn ) | 2>1/2 ~ Ave <Z Yo(5) <Z|am L (i) )p/Q)l/P‘

5,5=1

Now we use the triangle inequality to get
" - p/2\1/p
av (Z Yot (Z’aiﬂwm !2) )
j=1 i=1
- - 1/2)p\1/p
(St (Sro) )"
j=1 i=1
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We know that for all j < n,

g /
ave (Y lagan ) ~ )il

=1

since ()7, = ((n/i)"/")?_,. Hence, by Lemmawe get the lower estimate

of (52).

1/2
Ave (Z laiseroy ) 2 1@V,

1,5=1

Let now € and § denote sequences of signs +1. Using (3.2) and Khinchin’s
inequality one can easily show that

o m n n!322n
!pn . EM(KT) — Ll ) al] ,] 1 = (Z alj )yU (j)gi(sj)ﬂo'né‘&?
7] 1 b A ]

embeds £}, (¢}') into L;. m

COROLLARY 3.2. Let 1 < r < 2 and 1 < p < r. Furthermore, let M
be an a-convexr N-function with 1 < a < p. Deﬁne (:(:Z)Z L= ((n/i)Vmyr_,
(Y;)i=1 = (/M1 (j/n))i=1 and (25)7—; = = ((n/j)" P)j_1. Then, for all ma-

trices a = (aij); ;-1

1/2
Ave(z lassexyotyzm2) -~ (@il Ly

0,
K i,j=1

In particular, £3,(€}) is isomorphic to a subspace of L.

Proof. We apply Proposition We have to verify that the N-function
M, of Proposition is equivalent to M. We have, for all £ < n,

0 7112 M ‘11@‘/”) o M—llw/n) e <i)
and
oo ()G Ehetl) @ ()

i=0+1

since M is a-convex and therefore (M ~1)*

£ 1/p* n 1/p
14 1 14 1 L
Z‘[*fl R R E X - - § .|P < 7\1**1 _
Y <n> L v <n> <n ~ o ) ~ <”>

i=0+1

is concave, i.e., for all £ < n,

The lower bound is trivial, since M*~! is an increasing function. m
)
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We will now prove Theorem

Proof of Theorem . It is enough to show the case N(t) = t". Indeed,
by [3], £ is a subspace of L, if N(t)/t" is increasing and N (t)/t? is decreas-
ing.

We apply Proposition We choose yi, i=1,...,n, such that

()1

We will show that M* and M;fl of Pr0p081t10n are equivalent. For all /,

we have ) '
M*_1<> > —Yp.
n n
Since
t< MY )M*L(t) < 2,
we get
< M*=1(¢/n) < 2
Y=""4m =My
Therefore,
z/n\p/r n [P/
_ i p < 210 _
Z|y| Z|M /n|p Z ]M /n’p 7
et =0+1 =0+1

Since M (t)/t" is decreasing, s/|M~1(s)|" is decreasmg. Therefore, since
r <p,

‘ p/r tp/r
MY Ml
is also decreasing. Thus
1 A N P L (AR e Gy
- Z |y P < pi Z = 72197 Z p/T
it e/ L (ML) 2
~ 9P [T lglfp/r — pr ;
| M=(e/n)lP n n [M=Y(E/n)P
Altogether,
L 1/p* 1 <& 1/p
M*~ ( ) Zyz < ) (n Z |yi|p>
i=0+1

() ()
=0 (1) 2 gy <2 ()
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