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Elliptic functions, area integrals and the
exponential square class on B;(0) CR", n > 2

by

CAROLINE SWEEZY (Las Cruces, NM)

Abstract. For two strictly elliptic operators Lo and L1 on the unit ball in R™, whose
coefficients have a difference function that satisfies a Carleson-type condition, it is shown
that a pointwise comparison concerning Lusin area integrals is valid. This result is used
to prove that if Liu; = 0 in B1(0) and Su; € L°°(S"_1) then ui|gn-1 = f lies in the
exponential square class whenever Ly is an operator so that Loug = 0 and Sug € L™
implies ug|gn-1 is in the exponential square class; here S is the Lusin area integral.
The exponential square theorem, first proved by Thomas Wolff for harmonic functions in
the upper half-space, is proved on Bj(0) for constant coefficient operator solutions, thus
giving a family of operators for Lg. Methods of proof include martingales and stopping
time arguments.

The subject treated here is the exponential square class for elliptic oper-
ator solutions in the unit ball in R”. The main result is given in Theorem 4,
where it is proved that if solutions for one operator Loug = 0 in B;(0) sat-
isfy the exponential square result (i.e. if the Lusin area integral Swug is in
L>(0B1(0)) then uolsp, ) = f lies in the exponential square class) then
solutions u; to Liu; = 0 in B1(0) will also satisfy the exponential square
theorem if the coefficients of L; satisfy a Carleson-type condition with van-
ishing trace with respect to the coefficients of Lg. The main ingredient in
the proof is to establish a comparison of area integrals by methods similar
to those of Fefferman, Kenig and Pipher [FKP] in their proof of Dahlberg’s
preservation of BY for elliptic measures.

In order to ensure that the result is not vacuous, the exponential square
theorem is proved on Bj(0) for harmonic functions. The martingale argu-
ment of Chang, Wilson and Wolff [CWW] can be adapted to the geometry
on B1(0). This result is established in part I in detail, using spherical co-
ordinates. To establish the formula that served in place of the Calderén
reproducing formula, and to establish the martingale proof, it seemed bet-
ter to use spherical coordinates. A similar formula shows that solutions
to constant coefficient equations also satisfy the exponential square result.
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2 C. Sweezy

Part II contains the proof of Theorem 4. This is done by using rectangular
coordinates, since there is no particular need for this result to be proved
in spherical coordinates, and the formulas in rectangular coordinates are
much simpler. The cone formulas are somewhat different for the two coor-
dinate systems, but are shown to compare with each other in the appendix.
The Main Lemma used to prove Theorem 4 establishes a local pointwise
comparison of area integrals for the two operator solutions, a result that
may be of some independent interest. The other key estimate used in the
proof of Theorem 4 is that if F(x) is the difference of the two solutions,
F(x) = ui(x) — up(x), then (§R|F(x)\2dx)1/2 < Ce(diam R) M, Su1(qo)
for any qo € proj R|sp, (0), where R is a Whitney-type region in B;(0) and
e(diam R) is the Carleson coefficient with an appropriate rate of decay as
diam R — 0. This estimate can be used to prove a version of the good-A
inequality in Lemma 2.16 of [FKP]. There is a similar proof for a version of
Lemma 7 in [CS2].

I. Exponential square on the unit ball in R"™. Suppose u(y) is
defined on B;(0) C R™ so that

Au=0in Bi(0), ulpp ) =f €L (5",

The Lusin area integral for wu is
) PR 1/2
A F(0:) = Au(6:) = § [Vyuly)P(dist(y, 1) " dy)
50 (0)
where
2 (0,) = {(r,0) : 6o <7 < 1,0 — 0| <~v(1—7)}.

Then the following result is valid:

THEOREM 1. Forwu and f as above, suppose A f(0) € L>=(S"1). Then
there are constants Cy,Co > 0 independent of Q and f so that if £(Q) <

(Qo) then
1 Cl\f—fQ’2> d )1/2 C
(IQ! gexp( 4f ) Y) =T

Here @ is a surface cube on Sl of limited size; it will be the image of
a cube Q in R"~! under the projection map P defined below.
Theorem 1 can be proved by using a martingale result similar to the one
in [CWW] along with other estimates as in [BM]. In fact, one can obtain a
version of the Calderén reproducing formula so that
| u(re,) P (6. —0,)db,
r=1—¢
equals a sum of eight integrals—three boundary integrals and five integrals
over a solid spherical shell region R in B;(0). (See Lemma 1 below; P;_, is
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defined after the statement of Theorem 2.) Then P;_, () being an approxi-
mation to the identity implies that, as r — 1, § _, __u(r6,) Py (0, —0,) db,
— f(0). This happens because u converges non-tangentially to the bound-
ary function f.

So it suffices to prove that { _, _u(r6,)Pi_.(6, —0,)df, is in the expo-
nential square class. This can be shown by the following steps. First all three
boundary integrals I;, i = 1,2, 3, in Lemma 1 can be dominated by the area
integral, i.e. |I; — I; g| < c|[|A, f|loc a.e. Next two of the integrals over R can
be bounded directly by cA, f(f,) also. The remaining three integrals over
R can be replaced by “dyadic” martingales with an error of c||A, f|/~ a.e.
These martingales have their dyadic square functions bounded by ¢|| A f||
for a.e. 6., and so Theorem 2 below shows that the martingales are expo-
nentially square integrable.

Note that each function bounded by c|[A,f|l« is in the exponential
square class and any finite sum of exponentially square integrable functions
is also exponentially square integrable; this implies that 87:1_5 uPy_, is in
the exponential square class. The constants will be shown to be independent
of €, so f(f;) is in the exponential square class also.

The steps of this proof are well known by now ([CWW], [BM]). The
intention in this paper is to make clear the elements of the proof that change
for B1(0) € R", n > 3, and to show that the standard proof works in this
slightly new setting.

To begin, a version of the dyadic martingale exponential square result
must be established. To create o-algebras F,, on "~ !, with F,,_1 C Fp,,
let Sp be a fixed polar cap on the lower hemisphere of S?~1. The cap must
be large enough to contain 3¢) for any surface cube @), where 3Q) is the image
of 3Q) under the projection operator P defined by

. ~ o\ 12
P(x) = P(z1,...,xp_1,—1) = (xl,asg,...,xn_l,—(l — sz> )
i=1

so P maps R"~! x {1} onto the lower hemisphere of "1

Now Q will denote a dyadic subcube of an initial cube BQO, where Qo
is a cube of fixed size centered at (0,...,0,—1) in R"! x {1}, and 3Qy is
the cube concentric with Qo and Wlth 51de length £(3Q0) = 30(Qo).

To define the g-algebras, let F,, be the o-algebra generated by the col-
lection P(Qyn), where Q,, is a dyadic subcube of 3Qy C R™™! x {—1} of
side length E(@m) = 27¢(Qq). The projection function P is 1-1 on 3Q
and maps U@m onto ﬁ(B@o) in Sy, for each m. In this way the F,, are

simply the usual dyadic o-algebras in R"™~ ! mapped to Sp by P. The distor-
tion produced by P in Sy is bounded, so that K(P(Q)) =0(Q) ~ E(Q) and



4 C. Sweezy

|Q| ~ |Q]. Here £(Q) can be taken to be the diameter of @, and |Q| denotes
the Lebesgue surface measure of Q).

It is easy to see that F,,,—1 C F, for all m > 1. Given the sequence
{Fm}oo_, of o-algebras, martingales are defined in the usual way, being
a sequence {fp,}oo_, of functions defined on Sy, so that each f, is F,-
measurable and E(fp+41|Fm) = fm, m = 0,1,2,.... If limy,— o0 frn(02)
= f(0,) a.e. O, then f is the martingale limit function. Also any L' function
f(0) can be taken to generate a martingale. By a mild abuse of terminology

the term dyadic will continue to be used here; this dyadic martingale is

Qi

where |Ql,] = SQ% df,. The {fn}°_, have f(0,) as their martingale limit
function.

The dyadic martingale square function for any dyadic martingale {g,,}
is defined by

Q7 are generators of Fp,

n 5 \1/2
Sm = Sgm(0) = (D ldixa, %) di=g;— g5
j=1
If g,, has a martingale limit function g then

> /
S90) = (3 i, 1 12) "
j=1

But Sg(6) is well defined even if g is not known.

THEOREM 2. If {fm}_y is a dyadic martingale as defined above on

Q C Sp C S™ 1 with limit function f(0,.), suppose Sf € L>=(Q). Then there
are constants C1,Cy > 0 independent of @ and f so that

L Cl’f(eac)_fQP
@ ép{ 15712

The proof is the same argument used in [CWW] and [BM] to establish
this result for dyadic martingales in R™.

To establish the result of Theorem 1 using Theorem 2, an essential ingre-
dient is to find a form of the Calderén reproducing formula. The following
calculation uses the Laplacian on a sphere; the spherical form of the Lapla-

cian is o o2 5
1 n—1

A= oSSy, 9

o2 72 0% p0.86, T ar

1 2 n—1 0
N2 T iNTy, 2
+72239]2, 2 Z kagk

}d@x<Cg<oo.
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The sums are all taken from 1 to n — 1 for each index. Here y; = r8; for
j=1,...,n,0;=cosy;forj=1,...,n—1and 0, = (1—2?:_110?)1/2. The
angles 1); are the angles with respect to each coordinate axis. (See Helm’s

book [H].)

To produce a substitute for the Calderén reproducing formula, following
the method in Bafiuelos and Moore [BM], take k() defined on S™~! to be

smooth, radial, of compact support, with {%(#)df = 1, and let

1 0
ki_,(0) = k .
=0 = Ty <1—r>
Then define

P (0) = %{ (1 —1)”—2 k<1ﬁr>} e —1')"‘1 P(

This gives
0

P(0) = (n—2)k(0)+ > _ 0 e

as long as (Hka%kk(@))

k(0)

, is understood to be

1 0; Ok(O/(1—r))
Q1=—rt1—r00;/1—-r))

1—

Then
OP_, ~ 0 1 0, —0,\\ _ n-—1 0, — 0,
o @ =l = () = e (0
Lo 9 (05— 0y, 0P(0)
(1—r)n-t or 1—7r aé\j
n—1 _ ~ 1 ~ OP(0)
= P(f 0, ——
(1—=r) ©) (1—7")”Z T 06;
1 0 ~ _~
=T 255 PO
where
~ 00, o~ 0,0,
b5 = 1—7r b= 1—r "

Notice that

Voo r(0z = 60,)d0, =1, \Pr_p(0, —0,)db, =1

and { 2Py, df, = 0.

)
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Integrating from r =1 — € to r = §p gives

608

S uwP_, — S uP_, = S — S u(rﬁ)Pl_T(g) do dr
r=d&p r=1—¢ 1—¢ or supp P1—r
% ) OP_,
= § {;P”Jr — }d@dr

1—¢ supp P1—,
ou 0 1 ~
= XRS > o <7(1 i k(&)) do dr

1 0 ~ ~
R J

where
R={(r,0):1—ec>r>dp, 0, € Qo},
and 3 > 1 is chosen so that supp ki, (6, — *) lies inside
{(r,0): 6 <r<1,0€pQp} if by € Qo.

Here ¢ is a fixed radius, but g depends on the cube @@ under consideration.
For all cubes @, § < §p/2. For the purpose of Lemma 1 below, consider Qg
to be fixed.

Next, to produce integrals in forms that can be dealt with by the mar-
tingale replacement method (as in [BM]), or that can be estimated directly,
integration by parts is used on both terms. The first integral becomes

1= § G (aet@)
§ <3_ )( - :)n gk(5)> d9—“<§—;uw0)>ﬁk(0)dedr
I

—e R
(5 () (s @)

) < — k(§)> o — §
S
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The expression substituted for — g—;u(rH) has been taken from the Laplacian
as given above.

Now using integration by parts again on the two integrals in the last
expression that involve second derivatives in u gives

= 1, (@) (@) o 1 () (empest®)

r=1—¢

1 1/0 ~

1 1 0 Op; — 0y 0
-\ — k| 2 ) ——u(rf) df d
S 1—r)n—2 7“2( 00, < 1—r ))80 u(r) r

R(
1 1 9
+”“mr2 )Y Ok - 20, u(r) do dr
R
e 9 (i =04} g5, 2
+S}_.§(1—7“)"2 r2zz<aejk< 1—r >>939’“69k“(7"9)d9d7"
1
_(”_1)5 (1—r)n— 2,r2 Zek—u (r6) do dr

~ L@ o) e § (o))

Rl 1_171 33 (aa (Tfy’j»a%u(re)dedr
Sl_i)n 2T222< <7a>>9 ek;; w(r6) db dr

R

1 1/ \ -~
t(n—1) %71—7*)71 . 70<8r )kz(@)d&dr

1
+§R§(1 <Ze’“aeku r9>d0dr
All sums are from 1 ton -1, 0 =0, and 0; =0, ;.

The boundary terms can be dominated by the Lusin area integral for u
and the first two integrals over R in the last expression can be estimated by
using the method of replacing them by a martingale with an error bounded
by a constant times the Lusin area integral of u. The essential properties

for doing this are that the kernels ik(@ ) have S k:(@) df, = 0 and that

the dilation factors, 1/(1 —7)"~2, are the right magmtude for domination
by the area integral.

)

_|_
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However, the last integral can be bounded directly by A u(6,). Break-
ing R={(r,0): 1 —¢ >r > d, 0 € BQo} into dyadic approach regions
To (annular segments of approximately the same geometric shape as R,
whose dimension compares with their distance from S"~!), one easily sees
that

~ du
§B§ — ”T (9)8—d0dr

3 ( Lo ®amar

_(1=r)2r or
Qcsn—t ToNsupp k(6)

> (0

QCS™ ! “Tonsupp k(0)

() we)

ToNsupp k(0)

oul?

1/2
.\ 2-n
o (1—=r)"""do dr)

IN

In Ty we have (k:(%))2 < ¢, and 1/7? < 1/62, so this implies that

1 1 0. —0,\)> 1/2
I S () o)
ToNsupp k(0) 1o
= ¢ 62 inf (1 — r)n—2 < @)

since |T| compares with (1—7)" if 70 € Tg. The inf (1 —7)""2 is also taken
over 10 € TQ. So

1 ~ Ou
u 2 1/2
< Z < SS % (1—r)2™ d9dr> Q)

QCS™! *Tynsupp k(9)
du |?

SCII( Z SS 5 (1_r)2_nd0dr>1/2< E(Q)2>1/2

QCS" 1 Tynsupp k(0) TQNIS0 (0,)£0

< 0(50)( | IvuP@—r)?made dr>1/2 ~ Au(6y)

r3e.)

as long as 0, € Qg since 3Qq stays well inside the lower half of S"~! (see
the Appendix).
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For the integral 11, integration by parts gives

17 = - ﬁ 3 <8%u(r9)>§jp(§)

=) = 3 (g0 )7 @)

where 5] and 0§ are as before. The latter integral should be easy to esti-
mate using the martingale method, described above. @}P(é\ ) is odd in the
0; variable so that S@P(é\) df, = 0. Also in this integrand 1/(1 — )"~ ! is
the correct dilation for later estimations by Lipschitz norms.

The Lusin area integral equals

At = (§ 19,uP st ) dy)

I3 (6.)
(5 {8 () ()
n—1 1/2
x(limdrda(eg

in spherical coordinates, where
I2(0,) ={(r,0) : 6 <7 <1,[0— 0, <~(1—7)}.

Fg (0;) is not a Euclidean cone, but it can be compared with Euclidean cones
of different apertures as long as § > 0 is fixed. Here, as above, 6 < §p/2.
Moreover, A,u(f,) can be shown to compare to

( S {(37') TzZ(% )}#;l_mw)m

I8(0)
by using the elementary estimate

o \? o \2 ,
. < — 1 _
< E 0; 80ju) < a(n) E (GOku> , where a(n)=1-0; <1,

because the region on S™~! under consideration will always be well inside
the lower hemisphere. Also do(0) = df/|0,| ~ df in the region under con-
sideration.

Altogether the formula for approximating the boundary function f(6),
using the non-tangential convergence of u(rf) to f(6,), is given in Lemma 1:
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LEMMA 1.
\ u(rb,) P (6. —0,)d6, = | u(r,)Pi_.(0, — 6,)do,
1

58 o) § () (nna)

B

1
b ({5 L
+SW%ZZ( ( Ty>>9(9k; u(r0) do dr
+(n—1)| %%(%u) k(0) do dr

+§§1_TMZ< ) 0)do dr.

The last integral over R has been shown to be dominated by cA., f(0.).
The three boundary integrals will be proved to have the same upper bound.
The remaining two integrals over R can be shown to differ from dyadic mar-
tingales by an error that is bounded by CA, f(6;); the dyadic martingales
have square functions that are bounded by C'A, f(6;). The constants C' are
independent of € and 6,. The method that will be used to prove these facts is
essentially the one in [CWW] and [BM], with some relatively minor changes
due to the geometry of B1(0).

To estimate the boundary terms in the formula of Lemma 1, first
ST:(SO uPy_p — (Sr:(so uPi_,)q is bounded by c||Ay f||« because

| u(ro,) i _1)n_1 P<09{ _f ) do,

r=0do

5 | ulro,) P (0. — 0.,) do,, do.
Qr=do

Q

= (letting 0, =0, — 0, and 6, =0, — 0,,)

L0l= 1 w0, — 02)Pro(62) dbs
Q]
Q

+ S u(r(0, —0,)) - Pi—.(0,)do,

r=0g

r=dp r=0do

r=0do

db,
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S P (02)[u(r (02 — 02)) — u(r(6= — 6-))| df- df.

0, .
S o 1P(1;T>|veu<0>||ex—ez+@z—exy

|
ol

IN

sup !Veu(9*)\ el(Q) < CllAy flloo-
0*eQ
The last inequality follows from an estimate for harmonic functions that
appears in Stein [S]. The result is stated here (Lemma 2) for derivatives in
spherical coordinates.

The second to the last inequality is valid since supp P(6, — 6,) C 3Q
when 6, € Q and also [0, — 0, — (0, — 0.)| = [0y — 0| < cl(Q) < (1 — o)

by definition of dg, taking dg = 1 — (M v"_1)5(62) as below. Here ¢ is a

To7Y

bound for the distortion produced by P

LEMMA 2 (Stein). If w is harmonic in ij(@x) then for any point 0, €
r2(0,) both

|1—7“\

AL =7 |Vou| < cAyf(0z), c=c(a).

Proof. Use the mean value property of the harmonic functions du/0r
and Ou/00;, j =1,...,n— 1, and Cauchy-Schwarz. m

Lemma 2 and the fact that {k,_,.(0)dd = 1 give an upper bound of
c||Ay f||oo for both boundary integrals ST:Q(l - T)%kl,r(&r —-), 0= 0o and
1—e.

The three integrals

1 n—lau ok n—1 n—1
SRSW._ 90; 00;° “7«21—7«7122 ae J’“aek
j=1 k=1 j=1

and

n—1
1 ou - _ -
1 2 g P 0)
SRS (1 — T)” 1 = 80] J

are left to deal with. These will be replaced by dyadic martingales.
First each integral is written as a sum of smaller parts:

1 ou Ok 2 1 ou Ok
SRSTQ(I_T)TL—Q 00, 00;, 2; Z SS )= 2 90, 00;
i=1 QeQ Ty

where Q is the collection of all dyadic subcubes @@ C P(3Qo) C Sp with
supp ki—r(0;—-)NQ # 0. The regions Ty are segments of spherical shells that
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are obtained by projecting @ radially into the region ¢/2¥! < 1 —r < ¢/2%;
here ¢ depends on 3 and ro, and {(P~1(Q)) = 1/2F .
Now each }_ocg Aq is further subdivided into sums

m m

22 A=) Al

i=1 QeQi i=1

where QF = Qf"' is a collection of cubes from Q. These cubes are chosen so
that if @ € Q' then there is a dyadic cube Q" € Q so that 3Q C Q" + z;
and £(P~1(Q")) = 23¢(P~(Q)). The construction of the Q' is accomplished
in R"~! dealing with the (truly) dyadic cubes P~1(Q) that were originally
used to define the “dyadic” surface cubes. The following Lemma 3 guarantees
that such a subdivision of Q exists:

LEMMA 3 ([CWW], [BM]). There are a finite set of points {x;}}, in
R™ 1 and a disjoint collection Q% of cubes so that

() Ui Ugegr: P71(Q) = Ugeo P(Q) = P(3Q0).
(ii) For each Q € Q" there is a cube Q" € Q so that (PHQ")) =
230(P~YQ)) and P71(3Q) C P HQ" +0.,) = P~HQ") + z;.
(iii) If Q1,Q2 € Q% and Q1 # Q2, then Qf # QF.

The lemma is proved exactly as in [CWW] dealing with the P~1(Q),
13*1(62” ) and the proof is consequently omitted.

There are three crucial properties that hold for the integrals Ao =
STQ I;(0, — 6,) drdf, and these properties are the ones that allow the mar-

tingale square functions to be bounded by cA, f. They are

supp A\g C 3Q, S Ag =0,
So

1/2
IP@lipa €@ < e § [Vu2(1—r)2) .
Tq
The first property of dyadic cubes in S”~! means supp Ag € 13(3@) if
Q CR*" ! and @ = P(Q). To have this hold one needs supp ki_, (65 — 0,)
C @ together with all neighboring dyadic surface cubes of Q. For this the

distortion produced by the projection operator P must be taken into ac-
count. This is accomplished by taking

supp k(0) = supp P(0) C {# € Sy : 16 —(0,...,0,—1)| < B},

where § = rgy/(ro + 124/n —1). This choice of § in relation to v is also
designed for the proof of Theorem 3 below. Here rg is a constant such that
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rol(P~1(Q)) < 4(Q) < (1/r0)¢(P~1(Q)) for all cubes Q € Q and

o~ {ny0e0 M1 L\, AP

for any Q € O.

The regions Tg with (PHQ)) = (P (Qo))/Qk are not of uniform
volume. However, for Q1, Q2 with ¢(P~ (Ql)) ((P7HQ2)), | T, | ~ |To,|
with constants depending on the function P( ). Also the T cover a region
in the lower hemisphere of B;(0) so for any € > 0 the region R in Lemma 1
will be contained in Jgeg To-

@)= D )= D (ho+Arqe)

QeQ! {(Q)=1/2m+2
where 1/2m73 < ¢ < 1/2"%2 and A\ = STQm{r>1—e} It.(6) (1f €= 1/2m+2,
A, disappears). By using the shifted grid of cubes in Q', A, can be

Now,

approximated by the function F(A, | F,,_1), the conditional expectation
of Aé . With respect to the o-algebra F,, 1. Notice that

E(Azek ’frin—l) = E(Azi/2m+2,k |‘7:;in—1)
because Smel Ao, = 0 for any Qy,—1 in the generating set for F ;. This

happens because supp A\ . C some Q-1 € Fi 1 by Lemma 3.
. /
NOW, with ZQ = ZC(§Q)>Z(1§71(Q))>1/27R+2’

Z AZ |Qm 1| S Z,)\ZQ

< % m | W'me) — Xo(6-)| db.

AL 4 (02) — B(ALy | Froa)

Qm—1
gek (‘91:2 )—%( 1_3 ) dr df,, do,
< Yoo Qé;@gﬁ 57, 7%
’vg gek (6] - @{f dr dfy, do,
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< OZ S !VWI sup 10, — 0.
< CZE(Qm_l)( S Voul2(1 — r)2—n)1/2( S W)m
To 7
= C(%/TS [Voul*(1 — r)2—n) 1/Q<%/ (%)2> 1/2 _ CAif(ew)‘
Q

The last inequality follows because the cone I 3 (0;) contains any T where
supp)\"Q NQm-1 # 0 and 0, € Q1. Taking v = (1 + 12y/n — 1/r¢)3 is
enough to guarantee this.

A similar calculation shows that each integrand in A, , k = 4,5,6, has
the same upper bound for |A27k(0m) - E(/l;k |FL D, i=1,...,M.

The last result of Part I is Theorem 3. To see that the dyadic martin-
gale square function for the dyadic martingale { E(AL, | F},_1)}p=; can be
bounded by CHA‘;fHOO a.e., it is helpful to notice that for a fixed Q € Q' if

Qm-1 2 3Q and £(P~1(Qm_1)) = 23¢(Q), then e A =0s0djxq; , =0

if j > m. When j = m, we have
ldnX@n illo = sup | § 2g— § 2o
ngmel Qm Qm—l
if 0, € Qm—1. The estimate for this term in the dyadic square function only
involves Vu(ré,) for rf, € Tg and the most extreme case will be that @

lies in the 2"th section of Qy,—1, Qm, that is farthest from 6,. Then at most
the region in ||dmx@,,_,[lcc Will involve 5 cubes beyond the cube @ such

that 6, € suppTp, i.e. at a distance 6y/n — 1(1/70)¢(P1(Q)), so one needs
v > B(1+12v/n — 1/rg).

THEOREM 3. For Ai(6,) the martingale limit function of the dyadic
martingale

{E<Ail/2m+1,k | Frne1) Y=t

with Ai,k defined above, the dyadic martingale square function satisfies

SAL(0,) < C’Agf(@z) with C independent of 0, and f.

Proof. Notice that it is obvious that {E(A§/2m+17k | FL_ 3o, is a
dyadic martingale. The rest of the proof will actually show that each dyadic
square function S,, is uniformly bounded, with constant independent of m.
This implies that the family of martingale functions is uniformly integrable
and so has an L' limit function A;k Actually the uniform bound on 5, is
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enough to prove Theorem 1. Now with Z’Q as in the previous proof,

SPA(0,) = Y g.z/\Q—QS Z/\Qui

QjEF?
2
= > X (Fre- § %)
Q EF? Q Qj Qj—1

IN

SIS T Catn) - a0 ds.an|

Q;eF  Q Q;Qj-1

> (Z/S § HAQHLipaé(Qj_l)adezd9w>2

Q;eF  Q Q;Qj-1

o (Q"\?
—e Y 6@ (X lhalune s )

IN

QjeF?
1
< )2 e 2 28
<c _Ziaczj_l) (Z ) (X el @)
Q,;EF Q
=C Z E QJ 1 Q] 1 262 H)‘QHLlpa,Q] 1 (Q)ZIB
QjEF?
<C Y Polfipa U@ Z U(Qj1)* 7).
QeQ 2(Q;5-1)<234(Q)

Here T¢) is in the sum of Ag that make up A?, and 0, is near Tq as described
above. This means

S2A'(8,) <OZ||AQ||%W 0Q)*

< C’Z VIVul?- (1 =) " < CAD f(0). =
Q Tg

It is useful to extend the class of operators Ly for the application of
Theorem 4. Note that Theorem 1 is also valid for any strictly elliptic constant
coeflicient operator. Basically the same proof works for solutions to these

: _ n o .0 . .
operator equations. If L = Zi,j:l a—xi(a”aTj) in rectangular coordinates,
then in spherical coordinates

- 0 = 0
(Zawee) —<Z az‘jeiw-l- Z aijeja—g)

i,j=1 j<n,i=1 J <n,j=1

T T
r T orog; . A= T 9roe;

j<n,i=1 i<n,j=1
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9 n 1 n—1 82
_ ;( Z aij9i9j> <29l or 89l> + T_2<Zzl Qg5 8(9Z8(9]>

_rl?<j<§;1% (Zelaal%) m%:l% (Zelaelaa >>
(;%ee)(ggema@ 89> (Zaw ;“w”)
+%(”21%99)<29189> 7«2(2 u)(zj%e)

The fact that the a;; are constant and satisfy MNEP? < szzl §iaii;
< A7 1€]? means that one can substitute for 92u/0r? as in the proof of The-
orem 1. The formula is much longer; however the same kinds of estimations
will work here to give the exponential square result, using direct estimation
on the drift terms and integration by parts along with replacement by mar-
tingales on the principal order terms. To estimate the boundary terms the
device of averaging replaces using Lemma 2 ([CS1]).

II. In this part of the paper S,u(f) = (SFa(e) (Vu(y)|?0(y)2 " dy)/? is
used to devoted the Lusin area integral of u(y) over the cone I'y(8) = I'9(6),

a Euclidean cone as defined in the Appendix. The following result will be
established:

THEOREM 4. For Lo, Ly strictly elliptic divergence form operators with
coefficients satisfying the condition (Cc) below, suppose the solutions to
Loug = 0 in B1(0) satisfy the exponential square theorem. Then solutions u
to Lyu; = 0 in B1(0) also satisfy the EST.

DEFINITION (EST). For L a strictly elliptic divergence form operator
on B;(0), a solution to Lu = 0 on B1(0) satisfies the exponential square
theorem if Su € L*°(0B1(0)) implies that u|sp = f lies in the exponential
square class.

(Cc) Forall g € 9B1(0) and 0 < r < 7o there is a coefficient e(r) so that

1 a(y)?
(2w | S ) <<

Tr(q)

with e(r) — 0 as 7 — 0 and in fact £(2/r) < 2777 where v < a,
« is the coefficient of Holder continuity at 0B;(0) for solutions of
Lou = 0 that vanish locally on 0B;(0).
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Here wg = wg is the elliptic measure associated with Lg; wf is this mea-
sure evaluated at the point x in B1(0); Go(z;y) is the Green function for
Lo; Ar(q) = Br(q) N 0B1(0) and T;(q) = Br(q) N B1(0) for ¢ € 0B;1(0);
0(y) = dist(y,0B1(0)) and a(y) = SUDLe By, a() le(z)|, where g(z) =
sup; ; |€ij(2)| and €;5(x) = bij(z) — a;j(z). Moreover, the operators

"0 0 "9 0
=Y g (st ) 0= 3 g (o)

ij—=1 ij=1
satisfy )\_1|f|2 < 510”5] < >\|€|2 for Cij = Qyj and bij and for some A > 0.

DEFINITION. f € exp L?(du) if for any surface “cube” Q C 0B1(0) there
are constants C'1, Cy > 0 independent of @ so that

<@ S exp{C1|f — f“(Q)|2}du(y)) < Oy < o0,
Q

where f,Q) = w(@)~t SQ f(y) du(y).

In this paper p will be taken to be surface (Lebesgue) measure on 0B (0),
and the elliptic measure associated to Ly will be assumed to satisfy dwg €

B2(du), i.e.
(v (o) o) " 2508

The measure in Theorem 4 and in the EST will be surface measure. It is
crucial that the results of [FKP] hold for the measure dwy, given the Carleson
condition (Cc).

In order to prove that the Carleson condition with vanishing trace is
sufficient to guarantee that the exponential square theorem will hold for
solutions of one operator whenever it holds for solutions of a given operator,
one can obtain a pointwise comparison of area integrals. This is done by
using arguments similar to those in [FKP]; the solution u; behaves like a
perturbation of ug when the coefficients satisfy (Cc).

One reason for proving Theorem 1 in Part I was to guarantee that The-
orem 4 is not vacuous. Theorem 1 shows that for Ly = A, the EST is true;
so Theorem 4 then shows that EST will also hold for solutions to Liu; =0
when L is a mild perturbation of A (or of any strictly elliptic constant
coefficient operator). This result extends the class of elliptic operators for
which the EST is known to be valid. It is a start towards proving an EST
for solutions to more general elliptic operators in the upper half-plane. In
[CS1] a result for a restricted class of elliptic operators was established for
the upper half-plane. The coefficients were assumed to match the Laplacian
in the vertical direction, i.e. an; = 6,5, j = 1,...,n. Theorem 4 removes
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this restriction, replacing it by the broader Carleson condition. R. Banuelos
and C. Moore [BM] note that an exponential square result for any opera-
tor L on R?fl whose pull-back by a Lipschitz map is A would open the
way for an easy proof of good-\ inequalities for the nontangential maximal
function and the Lusin area integral of a harmonic function with sharp con-
stants. Theorem 4 does not accomplish this much, but it is a step in that
direction.

There are other facts that can be deduced from the proof of Theorem 4.
The comparison of area integrals obtained in the Main Lemma below may
be of interest in itself. As a major step in proving the Main Lemma the key
estimate

1/2
(5 17 dy) " 3 (0B, e S5 ()
Rj
is shown to be valid for any fixed dilation R} of a Whitney type region
R; C B1(0). Here F(y) =u1(y) —uo(y), {(R;) ~diam R} ~ dist(R}, 0B1(0)),
qo is any point on 0B (0) that lies in the radial projection of R; onto 0B;(0),
e(L(Rj)) is the Carleson coeflicient and

1 ~ ~
Maagla) = s sy ATS@ 19(@)] duwo(@)
is the Hardy—Littlewood maximal function with respect to the elliptic mea-
sure wq of Lg.

It is worth noting that the above key estimate for (SR*, |F(y)\2 dy)l/2 can
be used to prove the good-\ inequality in [FKP, Lemma 2].16]. With suitable
modifications this condition and proof also give the good-A inequality in
[CS2, Lemma 7).

Let

M (qo) = max (M., Spu1 (o), [MaySpu(q0)]/?).
Theorem 4 will follow from the

MAIN LEMMA. Suppose Loug = 0 = Lyuy in B1(0), where Ly and Ly are
as in Theorem 4. If uilap, o) = f = wolo, (0), where f € BMO(9By, dwy),
then there is a constant C' = C(\,n, || f|lBmo, o, B) so that

Satg(q) < CM(q)  for dwy a.e. g € 0B1(0).

Before proving the Main Lemma, it is easy to see that if Sgu; €
L*>°(0B1, dwp) then

M, Spui(q) < ||Sputlloow, for dwp a.e. gq.

The Main Lemma says that if Sgu; € L*(0Bi,dw;) then Saup €
L*°(0B1,dwp) and by the hypothesis of Theorem 4, ug satisfies EST, so
f € exp L?(0By). The reason that the assumption f € BMO(9B1, dwy) is
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not needed for Theorem 4 is the following: the fact that the coefficients of L
and L satisfy (Cc) means that the B? result of [FKP] is valid so wy € B?(o)
= w1 € B?(0). This fact is enough to guarantee that

Sgul S L“(@Bl, dwl) = fe BMO(dwo),

because one can use the following theorem of C. Kenig ([K, Chapter 1,
Theorem 1.5.18], quoted below for clarity) to see

S’ﬁul S Loo(@Bl, dwl) = f S BMO(dwl).

Then dw; € B?(dwy) = dwy € BY(dw;) for some ¢ > 1 so this is sufficient
to have f € BMO(dwy).

THEOREM (C. Kenig). Let Lu =0 in B1(0). Then
uz) = | k(x:0)f(q) dw(q)

9B1(0)
with f € BMO(0B1,dw) if and only if
1
— G(0;y)|Vu(y)|?dy < C.
SAD) | GOy Vuly)? dy

Tr(q)

If Sgu € L*>°(dw) then the basic estimate, for y* the projection of y onto
Snfl’

w(As(,) (y*))
G0y) ~ —————

00 = =5y
shows that
1

S Yy dy

1 Sw(ﬂa(y)(y*))
(A7) 2 oly)n—?

< L1 [ IVu@) o) dyde(q)

} G(0)[Vuly) P dy < —
T

A5 (q)
1
= < .
S ) Soule) (@) < [1Ssulle

Ay
So Sﬁul S L”(@Bl,dwl) = f € BMO(&Bl,dwl).

To prove the Main Lemma, an argument similar to that of [FKP] in their
proof of Lemma 2.9 can be employed. Here, however, all estimates will be
kept local, both for §Rj |6(y)VF(y)|? dy and for (SRJ_ |F(y)|? dy)"/? until the
very end of the proof. Then instead of taking sups, the local estimates will
be added to show S, F(q) X M(q) for a.e. ¢ € 9B1(0).

It is easy to see this implies Squp(q) < ¢M(q) also. Start with the
inequality
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9 30(R;)/2
V16 VE@)* dy < ) | ( | |6VF|2> dx
R, 77 0(R;) R
52
S5 8 IFWIAVFG) A4S [ I Ve
TENY N ©OR;) 7 N(OR;)
- - 0\ /2 o\ 1/2
+ | IVF| \EVm]) <com( §IFR) 7 ( § 10vEP)
" 1/2 " K 1/2 1/2
+€j< S !F!2> ( S \(Wul,?) +aj< S \(WF\?) _ ( S \5VU1\2>
; ; ; &

as in [FKP, p. 87|, with ¢; = ¢(¢(R;)) replacing &o.
Now the key estimate (§,. |F(y)|?dy)'/? < ;M.,Su1(qo) along with
J
IVFE| < |Vui| + |Vuol| gives

[ IVEQ) (0 "dy S &M Spun(ao) - ( § s0)2VF@)?) "

R; R

+€?MWOS/3U1(Q[)) . ( S' |(5VU,1|2>1/2
R

e § yava)m(g 6T+ § \5Vu1]2)1/2.

* * R*

J J J

The terms involving §p. [§Vug|* can be handled by using
J

1 wo(A%)
2 < 2 2—n < . J 2
RS*IWUM NRS*IVuo(y)I 5(y) Nb§* &) ) Vo (y)]
J J J
1
< - : 2dy <
S 1§*. Go(0;y)[Vuo(y)|“ dy < C| fllBMO

J
according to Kenig’s theorem, because R}‘f C T, (qo) and wyp is a doubling
measure, so wo(4;) ~ wo(A7), where AT = proj|gp, R}, rj = diam R;.
Thus §,. [0Vug|? < C = C(|| f]lBmo) and this gives
J

\ IVF()I?6(y)*> " dy < &5 M, Spu(q0)
B 0\ 1/2
+ 25 MaSgun(a) - (§ 16Var2) "+

K

+ sszwOSgul(q) . ( S ](5Vu1]2>1/2 + Ej(
R;

e

1/2
16V 12)

R

yavw?).

*

o)

<
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Summing over j with R; N I',(go) # 0 on both sides gives
SaF(90)? S C(MuySpui(go) + M2, Spui(go))

using ) e; < go and (> z—:?)l/ 2 < g, Cauchy Schwarz and the fact that
Sgui(qo) S M, Spgui(qo). Taking square roots gives the required inequality.
To prove

(§1F@Pdy) " < (B M Sur(a0), a0 € proi(R).
R,

the stopping time argument that [FKP] use to prove that N(F)(q) <
e0MySui1(q) a.e. do actually gives this estimate. The notation is that
of [FKP].

Dividing the potential F(z) = SBI(O) VyG(z;y) - ([eij(y)]Vu) into the
same regions as in [FKP],

RS TS SR S S S

Bsy/a(z) 20 J=162;0I(q0) J=162;0I'(q0)¢ Bi(0)\B1/2(q0)
one has only to notice that in
| Vi,Gy) - i) Vuy),
Bis(z)/4(%)

the estimate on e(y) actually gives €(6(z)) because y € Bj(yy/4(). So one
has
1/2

( § |F1($)|2d$)1/2 < 5(5(."5))( S |VU1(y)\25(y)2—n)

R; R

For § o the stopping time argument uses the Carleson condition on the

term
a(y) .
> (y)QG(O,y)dy,

Iel, 1+

[\

[«

where [ is a “dyadic” cube in Ag, I} is the collection of cubes in Ag with side
length ~ 27%§(x), and It is the upper half of the Carleson box associated
with I. So

2

S a(y)

5(y)?2 G(0;y) dy < e(£(I))wo(I) < e(d(z))wo(l)

I+

because of the definition of £y = Bj(,)/2(q0) N B1(0). So one has the estimate

| | VGG - 3] Vuly)| < 2(0@)Me, Sur(go).
20
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For the integrals over §2; N I"(qo), condition (Cc) is used on

a(y)? IR . "
<Qjm;(q0) (y)? GO(O’y)> < e(2é(x))wo(4;)

to give
[ VGolw,y)leu ()] Vus(y) dy| S 277°2(26(x)) - Sus(ao)
£2;0I(qo)
with every other part of the argument the same as in [FKP]|. Now since
£(276(x)) < 277(6(z)), we have
S VG - [Eij]vul‘ < 27(0477)]'(5(1’)’y - Sug (q())
£2;N0I'(qo)

and as 7 < «a, one can sum over j to get

N
IS § VG )V £ 6 Sui (@)
7=1£2;0I'(q0)

Similar estimates on the Green function Go(x;y) along with the stopping
time argument imply that

N
> § V6o [)Vur| S £(0(w) MuySua (a0).
J=1£2;nI'(q0)°

Finally, the fact that
| VGo - [e45]Vus dy‘ <C | Sui(q) dw”(q)
B1(0)\B1/2(q0) 9B1\A(q0,1/2)

shows that this part of the potential is bounded by Cé(x)*M,,Sui(go) by
using the estimate
dw® < 2- ) < o
dwO(Q) N wO(Aj) lfquj\Aj_l, Aj :{q: |q—qO| S 2 (5(33)}

For N such that 2V6(z) = 1/2 we have

M
| Sw(@de(g)= D | Sui(q)dw’(q)
dB1\A(go,1/2) j=N-1R;

o0

27
<D oy | S e <€ 2NN S (@0) £ 0(2)" May St ().
j=N 17 A

This finishes the proof of the Main Lemma. m

Finally, we prove a version of the good-A inequality (see [FKP, Lem-
ma 2.16]) as a result of independent interest.
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Let
E ={q € A :SaF(g) > fol, Fj(q)MuySgrur(g) < (v1)%,
Ny (0VF)(q) - Muy Sprun () < (vA)*}-
Then for A, a Whitney cube in the decomposition of {q : SoF(q) > A} one
has
Nw(EnA) S | | IVE@)I?5(y)* " dy dwo(q)
ENA: I'77(q)

since SoF(q) > A = ST"F(q) > A\/2on E, = ENA, for any 0 < 7 < 1,
r = d(x), if v is chosen to be small enough (see [DJK]).

As in [FKP], with A = [a;;] the coefficient matrix for Ly,

| (STF@) danla) 5 § (5 2oF? - FLoF ) Go0sn) dy
ENA, 9]

1
< | F)Go(0;9)AVEF -ii — 5 | AVF?. VG,
ofn 0
— | FGoleyj]Vur(y) -7t + | V(FGo) - [ei5]Vur ()
ofn 2

= | F(y)Go(0;9)AVF(y) -7 — | §F2Avao.ﬁ

o a1
+ | %F(?J)2L0Go — | FGoleyj]Vun -7
2 082
+ | VF - [ej]Vur (1) Go(y) + | F(y)VGo(y) - [ej]Vur (y)-
2 02
Now
0= e
geENA,

so0¢ £ and {, F(y)* LoGo = 0.

This leaves three boundary integrals and two integrals over {2 to be
estimated. To handle the boundary integrals, which technically may not exist
since VF and VG exist as L2 (B1(0)) functions, one can use averaging over
cones as in [FKP]: Take o < 3 < /’; then

V (STF@)?dwl(e)= | | [VF@)Pa(y)* " dydwo(q)
ANE Er I'77(q)
1 B
< | B——Oés V IVE@)8(y)* ™ dy dn dwo(q)
Er Iy (q)
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B
=V | VPRS0 dy denla) d
a B I7(q)

b
3

where
2= 7@, E.=AnNE
qEEr
Now averaging over the top of {2, as well means that for I(y) > 0 each
boundary integral can be replaced by
;fsf()dd < S i[()d <SL[()d
5 a y)dydn < s (WS Y s Wy,
a 00, N(0%2,) 25

where N(9{2) is a solid neighborhood of 0427" C 27" = (23.
Obviously

B
ﬁéas \ I(y)dydn < | I(y)dy.
o (2 23
So one needs to estimate the following five integrals:
(1) § 55 1Pl Go(0:)| [P ()L
25
L 2 .
(2) gﬁ 50) [F ()" IV Go(0;9)],
3) | 557 FW1G00:0)] [e4]Tn )]
25
(4) } 1Go(0; )| IVE(y)le ()| Vua ()],
25
(5) V1) [VGo(0;9)[e(y)[Vur ().
25
For (1)

1 1
V 55 EWIGOn) [VF) [ dy= > 5() FHGl VE]
s Y I1eD(A,) ITNN2g

P if D (O Fwra)”(F eveR) iy
eD(A

I+ﬂ.Qg I+ﬂ.Qg
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S Z %WO(I)s(ﬁ(I))-Mwosgul(quI).Nﬁ((gvp)(qu)
I€D(A,)
SIS D woll)-s(UD) S 7PN w0(4A)

IeD(Ay)

since diam {23 ~ r and by hypothesis

> sy <a
6(1)::2—kr

Here qpny can be any point in ENT for §' > [ sufficiently large, and D(A,)
is the collection of all dyadic subcubes of A,..

The integral (2) can also be estimated:

SLF(y)Q\VGo(O;y)!dy= > %F2|VGO|

0, 0W) IeD(A) 4N
wo (1) 2\ /2 2.9
< S A .
- Ie;(A >£ )E(I)nl(ﬁén )
]
S Y woDFS(qean)e(C(T) My Se (qinr)
1CD(A,)
S 72)\22 Z = Cv*\2w(A,)
=2-Jr
as above.
For (3),
1
V= [F()||Go(0;9)] [e(y)| [Vua(y)| dy
0, 0W)

-y @rmame\w

1€D(A,) I+N025

s X ) (] Ewke) (] vuwe)”
IeD - Itn$2g ItNQ2g
<Y Y @ PPN < Oy o (4,).

kE p(n=2"Fr

Iﬂﬂg;ﬁ@
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For (4),
} 1Go(0;9)| [VE ()| e(y) Ve (y)]

25
< Y ( | |5VF(y)\2)1/2( } |5Vu1(y)\2)

IeD(Ar) ITNS2p ItN0g

1/2

-e(((I)) sup |Go(05y)| - €(1)" 2
yelt
S ) PNe(U))wo(I) < Cy*Nwo(Ar)  as before.
IeD(A,)
Finally, we estimate the fifth integral:

V IF W)V Go(0;9)|e(y)[Vua (y)l
25

= Y 1 IF@IIVG(059)] )] [Vur (y)]
IeD(Ay) ITNNg

S Y Fplasn-eem( § wveer) " (§ pvup) e

IeD(Ay) ItN0g ItNag

S Z Fy(genr) - Sprui(genr) - €(€(1)) sup ’G0(0§y>‘£(1)n_2
1eD(A)) velt

<22 S (UD)en(D) S Oy 2un(A).
J L(I)=2"Jr
So N2wo(E,) < Cv*X%wy(4,). Dividing by A? and summing over the Whit-
ney cubes A, gives wo(E) < Cy?wo(SE > \).
This is enough to prove

\ (SF(q)P dwo(q) S | (N(F)(q))P dwo(q)
0B, 0By

+ | (NOVF) (@) dwo(q) + | F(q)? dwo(q)
0B, 0B;

using the maximal theorem, the estimates
F*(q) < N(F)(q) +uj(q),  Szur(g) < S3F(q) + Spuo(q)

and standard arguments.

It can be noted here that the same kind of argument proves the good-A
inequality for parabolic functions also given the proper decay of the Carleson
coefficient.
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Appendix. We recall that the spherical cone is
F5( ) ={(r,0): 6 <r<1,|0—0, <~(1—r)},

and the Euclidean cone is

Fg(l‘) ={y:|ly—r"0s <~y(1—r") where

1 —r* = dist(y, R"!) and dist(y, center of S"~!) > §}.

Here R™"~! is tangent to "' at 0, = .

We will show that for « fixed there are apertures 3, 3’ so that I, (6,) C
() and I'(x) C TH(0s).

CLAIM. |[r—71*|<1—7r<1-—7* for y=rb.

It is enough to show this in R%. Take #, = = = 0 and S! centered at
(0,1).

Let (z,y) = ¢ lie on a circle of radius » = p about (0, 1), where g is
large enough to have this circle intersect I'2(0). The line y = ax intersects

the circle 22 + (y — 1)2 = ¢? at = such that 2% + (ax — 1)2 = 0?. Solving
gives

200+ \/4a? — 4(a? +1)(1 — 0?)
N 2(a? +1) '

Choosing the point on the circle nearest 0 gives

) <a—\/—1+gz(a2+1) az—a\/—1+92(042+1)> = (z,1—1")

(a2 +1) ’ (e +1)
o a? —ay/—1+p*(a?+1)
rrl=fe=(1- @2+ 1) )
r—rl _ (a2+1)@+a2—a¢—1+@2(a2+1)—(a2+1)‘
1—r (@2 +1)(1 - o)

o= D(e@®+1)+a® —ay/o*(a? + 1) —
- (e +1)(1 - o)
Using 'Hospital we obtain

(042 +1)— ag(a®41)

_ ok 2 2 _
i T R e ——
ofll 1—7r o—1 a®+1 ,/a2_|_1_1

So there is a height g so that |r* —r| <1 —rif r > do.

The fact that 1 —r <1 —r* is obvious so if y € F:f(@x) then |0, — 6, <
v(1—7), hence |10, —r* 0| < ry(1—r)+|r*0y —rOy| = ry(1—r)+|r* —r||6,]
and so |y — r*0;| < (v +16z])(1 —r*), that is, y € Fg,(a:) if 8 > 2y 4 |04
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Conversely, if y € Fg(l‘) then |y — r*0;] < (1 —r*) and
|10y — 10| < (1 —1r") + |10, — "0,

so that 0,
’Y '}/ * iy *
0, — 0, <—-(1- - (r — —|r -
0= 0ul < 20—+ L —r7) 4 2

and hence

8, — 0 < 22—+ % 1 —y < pa

0o 0o
if B> (2v +10z])/do.
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