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Multilinear almost diagonal estimates
and applications

by

ARPAD BENYI and NIKOLAOS TZIRAKIS (Amherst, MA)

Abstract. We prove that an almost diagonal condition on the (m + 1)-linear tensor
associated to an m-linear operator implies boundedness of the operator on products of
classical function spaces. We then provide applications to the study of certain singular
integral operators.

1. Introduction. The study of multilinear operators has been moti-
vated by their natural appearance in many aspects of harmonic analysis
and partial differential equations. The multilinear point of view in the study
of certain singular integrals, such as Calderén commutators, paraproducts
or pseudodifferential operators, was pioneered and extensively pursued by
Coifman and Meyer in the 1970s. Their ideas have had far reaching conse-
quences and have led to an important development of the multilinear theory.
We refer the reader to the work by Grafakos and Torres [8] and the refer-
ences therein for more details about the more recent progress experienced
in this theory.

One of the core ideas intensively used in the study of operators is to
discretize them by decomposing the functions on which they act into el-
ementary pieces. The study of the infinite-dimensional matrices obtained
in this way usually yields information about the associated operators. This
approach was carried out in the bilinear setting in [7]. There, the authors
have quantified sufficient almost diagonal conditions on the corresponding
trilinear discrete tensors that imply boundedness of the bilinear operators
on two-folds of Lebesgue and other function spaces. The main results were
then used to study the boundedness of certain bilinear pseudodifferential
operators.
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The methods in [7] were inspired by the earlier work of Frazier and Jaw-
erth [4] in the linear case. We wish to point out, however, that the bilinear
almost diagonal estimates in [7] cannot be recovered from the linear ones
by a mere freezing of one of the variables argument. As a simple mean to
check the rather intricate bilinear almost diagonal estimates, the authors
of [7] have introduced the notion of bilinear smooth molecule. Relying on
this concept and certain atomic decomposition techniques, as well as a new
notion of bilinear weak boundedness, Bényi has obtained in [1] a charac-
terization of bilinear Calderén—Zygmund operators as being precisely those
singular integral operators which map pairs of atoms into bilinear molecules.
Using this fact, he has then established a reduced bilinear T'1 theorem in
the context of Triebel-Lizorkin spaces.

Motivated by the previous works, we asked the following natural question
in the m-linear setting, m > 1:

Are there any sufficient conditions on the (m + 1)-linear discrete tensor
associated to an m-linear operator that imply continuity results on appro-
priate products of function spaces?

We answer this question in the affirmative in Theorem 1. Our approach
is to first appropriately extend the definition of smooth molecules to the
general m-linear setting, and then infer the corresponding m-linear version
of the almost diagonal estimates on the tensor. These in turn will guar-
antee the boundedness of the operator defining the tensor. Our arguments
will follow closely those in [7]. Nevertheless, in this general setting, some
additional technical difficulties need to be overcome. In particular, a care-
ful management of the combinatorics of the problem becomes very impor-
tant.

In the last section we outline some applications of our results to the study
of certain multilinear pseudodifferential operators, and discuss a reduced
m-linear T'1 theorem in the context of Triebel-Lizorkin spaces.

2. General notation and preliminaries. We summarize here the
common core of the notation used throughout this work, as well as some
preliminary results. We will define the rest of the mathematical notation
needed as it is introduced.

We will be working on the n-dimensional space R™. We let D = D(R")
and & = S(R™) be, respectively, the subspaces of C* = C*°(R") of com-
pactly supported functions and of Schwartz rapidly decreasing functions,
with their usual topologies. Their duals are D’ = D/(R"™), the set of all dis-
tributions on R", and &' = S'(R"), the set of all tempered distributions
on R".
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The Fourier transform of a tempered distribution f in n-dimensional
euclidean space is defined as
F&) =\ fl@e "¢ da.
Rn
The inverse Fourier transform is given by f(&) = f(—g)

We denote by LP = LP(R") the classical Lebesgue spaces of measurable
functions whose modulus to the pth power is integrable, with the usual
modification when p = oco. For 0 < p,s < oo and arbitrary real «, the
homogeneous Triebel-Lizorkin spaces Fpa * are defined by the quasi-norms

7l = || (@i o) ]

VEZ

Lp(R")’

where ¢ € S is a fixed function such that qg(f ) is supported in the annulus
1/2 < |¢] < 2 and ¢(§) is bounded away from zero on the smaller annulus
3/5 < [¢] <5/3. Here ¢, (x) = 2""¢(2"x). In particular, for &« = 0 and s = 2,
we recover the LP spaces, [P = Fpo 2,

Forv e Z and k = (ki,...,ky) € Z™, let Qi be the dyadic cube having
the lower left corner x,, = 27"k and side-length I(Q,x) =277,

Quk = {(:El’ .. 'axn) eR": 27"k <ux; < 2_V(ki + 1), 1< < n}

We let x,, denote the characteristic function of the dyadic cube and xq,, =
ovn/ 2XQ,, its L? normalization. Define also

bur(x) = 222"z — k).
The Triebel-Lizorkin spaces admit almost orthogonal wavelet decompo-
sitions, that is, one can select a function ¢ such that for f € F;"°,
1 < p,s < oo, we have

(1) f - Z<f’ ¢Ul€>¢llk'

v,k

The convergence of the series above is in Fjy*°. Furthermore, the coefficients
involved in the series (1) belong to appropriate spaces of sequences that
characterize the Triebel-Lizorkin norm of f. More precisely (see [5, Ch. 5]),

1] s 2 IHCSs Dok H] povos

where f,"° are spaces of sequences {s,x} with norms given by

(2) {sun} jors = H (Z (Z ,Syk,QVa%ka)S)l/s
v k

The bilinear form (-,-) is the pairing between a distribution and a test
function. The symbol = refers to two positive quantities that have compa-
rable size with constants independent of the parameters involved.

Lr(®R")
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The Triebel-Lizorkin spaces can also be characterized in terms of other
basic objects, such as smooth atoms or molecules. For further details about
Triebel-Lizorkin spaces as well as their relation to other classical function
spaces, see Triebel’s monograph [10], or the book of Frazier, Jawerth, and
Weiss [5].

In this work we study m-linear operators T : S x --- x § — & and
their continuous extensions to various products of function spaces. These
operators are linear in each entry and therefore have m formal transposes.
The jth transpose T of T is defined via

<T*](f1>afm)7g> = <T(f1>'"7fjflvgvfj+1>'"afm)afj>

for all f1,..., fm,gin S.

Let T be a continuous m-linear operator from Sx- - - xS into §’. A version
of the Schwartz kernel theorem shows that any such T must be given in the
form

3 T(fr---s fm)(@)

= S K(xaylv--wym)fl(yl)"'fm(ym)dyl"'dymv
(Rn)™

m+1

where K(x,y1,...,Ym) is a tempered distribution on (R™) and the inte-

gral in (3) is interpreted in the sense of distributions, i.e.,

Here ¢ ® f1 ® - -+ ® f,, denotes the function

(@ Y1y ym) = (@) fr(yr) - fn(Ym)-

One can easily check that if T" has the kernel K then its jth formal transpose
T* has the kernel K*7 given by

K9z, g1, Ym) = KUy Yts e oy Y1 Ty Yty - > Ym)-

We will be interested in finding sufficient conditions to extend m-linear
operators T defined a priori on products of test functions to products of
Triebel-Lizorkin spaces. We will do so in our main results, Theorem 1 and
Theorem 2. In the proofs we will make use of the so-called vector-valued
maximal theorem of Fefferman and Stein [3] that we state below.

THEOREM A. Let M denote the Hardy—Littlewood mazimal operator
on R™. Then, for 1 < p < oo and 1 < s < oo, there exists a constant C
such that for all sequences {f;} of locally integrable functions,

IS3107) o =l (S 150

LP(R"™)
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3. Multilinear molecules and almost diagonal conditions. Given
an m-linear operator T'(f1,..., fm), the associated (m + 1)-linear discrete
tensor 7(T) = {7(v1,l1, ..., Vm+1,lm+1)} is the infinite array of numbers

(5) T(Vl) lla ceoy Um41, lm-i-l) — <T(¢V1l17 sy QSlem)) ¢l/m+1lm+1>a

where {¢,;} is a fixed family of almost orthogonal wavelets, v; € 7Z, and

l; eZ" fori=1,...,m+ 1. Conversely, an (m + 1)-linear discrete tensor 7
defines an m-linear operator
T(f1,--s fm)

= Z T(Vh Ly U, lm+1)<f17 ¢V1l1> T <fm7 ¢l/mlm>¢l/m+llm+l
Vi,li
for which the corresponding tensor is 7(7') = 7. It is important to observe
that the wavelet representation (1) reduces the study of m-linear operators
T on products of Triebel-Lizorkin spaces Fji'»"' x - - - x Fg™*™ to the study
of tensors 7(T') on products of spaces of sequences fo"*' x - x fom®m,

We now introduce the notion of m-linear smooth molecule by extending
the definition given in [7] in the case m = 2.

Let K € Z. A collection of functions {1, 1y ... um.lm } = 1% (i 1s) }> Where
wi € Zand l; € 2" fori = 1,...,m, is called a family of m-linear K-smooth
molecules if for all integers N > n and all multi-indices vy with |y| < K,
there exist constants Cy, such that

2(n/2) X2 Hi max, 2#il]

i <
and
(7) Vo (@) dz =0

for all p;,l;, i =1,...,m.
To emphasize the importance of this concept for our discussion, we re-
call that bilinear operators that map pairs of wavelets into bilinear smooth

molecules are known to be bounded. The following theorem was proved
in [7].

THEOREM B. Let T be a bilinear operator so that for a wavelet
family {Cb,ul} the three families {T(gbmluﬁbuzlz)}? {T*l(d)mlla@buzlz)}? and
{T*%(ppur1y > Dusts)} are families of bilinear 1-smooth molecules. Then T can
be extended as a bounded operator from Ey™ x FO* into Fy", where
1 < pgr <oo, 1/p+1/qg=1/r; 1 < 81,80 < 00, 1 < 83 < o0 and
1/s1 4+ 1/s9 = 1/s3.

Theorem B is implied by a more general result, which states that a

bilinear operator is bounded provided that certain bilinear almost diagonal
conditions on the associated trilinear discrete tensor hold. We have (see [7]):
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THEOREM C. Suppose that the tensor {T(u1,l1; p2,la; 13, l3)} associated
to a bilinear operator T satisfies the almost diagonal estimates

‘T(:ul’ llv K2, 127 H3, l3)’
C - 9—(max; pi—min; p;)e9—(n/2) max; pi9(n/2) med; pi 9(n/2) ming p;

<

B (P(Mlallvﬂ27l27ﬂ37l3))N
for some C' >0, N >n and € > 0, where
P(pr, i, o, la, g, Ig) = (14 20002 278, — 97Kz,

x (1 + 2min(u2na) |9=H2 1, _ 9= H34])(] 4 2min(ksin) |9 =Ha, _ 9=k ),

Then the corresponding operator T can be extended to be bounded from

Fpo’sl X qu’” into F**, where 1 < p,q,r < oo, 1/p + 1/q = 1/r,
1<s1,80<00,1<s3<00and 1/s;+1/sy=1/ss.

For three real numbers a, b, ¢ such that a < b < ¢, the medium number

is defined as

med(a, b, c) = b.
Under the hypothesis of Theorem B, it is easy to check that the associated
tensor 7 satisfies the bilinear almost diagonal estimates in Theorem C and
the conclusion of the former theorem follows immediately.

Let us make some further comments about the statements of the theo-
rems above. Granted one agrees to our definition of a multilinear smooth
molecule, generalizing the statement of Theorem B is an easy task. However,
one should not forget that Theorem B is a consequence of Theorem C, and
we do not know just yet what the m-linear versions of the almost diagonal
estimates look like. Moreover, it is not completely obvious how to generalize
the bilinear estimates to get, say, the trilinear ones. By this we mean that
the statement in the case m = 2 solely is not conclusive about the outlook
of the general estimates. For example, should one worry about defining the
medium number of four or more real numbers? Or, how many terms are
needed in general when dealing with the multilinear version of the product
P above? It seems reasonable to believe that to extend the previous results
properly one should examine more closely how the bilinear almost diagonal
conditions arise in the first place. The goal of the three lemmas below is to
provide an explanation of the following

CrAaM. The proper m-linear almost diagonal estimates satisfied by the
(m+1)-linear discrete tensor associated with an m-linear operator T should
be of the following form:

(8) ‘T(/’thla”'aum-‘rl?lm-‘rl”
¢ . 9—(max; pi—min; p;)eg—(n/2) max; p; 9(n/2) isi Hi
<

T hicicjemp (T min(uisig) [2=mil; — 27 Hil ;)N
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for some C > 0, N > n, € > 0, where ig denotes the index for which
Mig = MaX; fhi.

A first convincing indication that our claim is correct is provided by the
estimates on integrals of products of m + 1 wavelets. We have:

LEMMA 1. Suppose that the functions ¢, defined on R™ satisfy, for all
x € R", N >mn, and some x,, and Cn > 0, the following estimates:

9 c o(n/2)pi , )
¢ < = “ e .
< ) ‘¢ﬂz($)’— N(1+2/’L1’[1}'—$M1DN7 2 5 ,m+
Then
m—+1 _ o (n/2 S
.92 (n/2) max; MZQ( / )Zz;éz Hi
(10)  § TT I (o)l < > L
R™ i=1 [icicjampr (L + 200kl — 2, [)

Proof. The proof is adapted from its bilinear counterpart in [7]. For
the sake of completeness, we outline the main points of the argument here.
Due to symmetry and a suitable change of variables we may assume that
M1 = 0 2 iy 2 fme1 = 0 and z,,, = 0. In this case, we can bound
the integral on the left hand side of (10) by a suitable constant times the
integral

m 2(”/2)M 1
I= . d
Qﬂmwx—mw T+ D7

where M is some integer larger than mN. A convenient choice of M will be
given later. Note that

(11) T = 2(/2) 2% wi i i 9—M 3t S 1 de.
i=1t;=0 R:

Here, the region Ry, ., of integration is given by

Ryt ={2 €R" |z —2),| ~ 21 Hi for all 1 <i<m},

and |z — x| ~ 27# means 2071 < |z — x| < 217K for ¢t > 1, and
|z —x,| <27# for t = 0. Next, observe that, as long as Ry, .. 4, is nonempty,
for 1 <i < j <m we have

(12) 142 |z, — x| < 8max(2%,2Y),
while for 2 < ¢ < m we can write
(13) 1t |2, | < 8(1+ |2y, |) max(2",2%).

Due to the choice of M, and the estimates (12) and (13) above, from
Lemma 1 in [7] we get the following sequence of inequalities:
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dzr <
(1 + =)™ (1 + |y, )N

S 1 C'lrnax(Q(tl_l“)”7 Q(tl—m)mN)

C 2 tl /1,1 2(t17,u1)mN m
S maX( = ) H(max(?tl ’ 2t1))N
L2, (1 + |xm|) e
C’max(Q t1—p1)n (tl—m)mN) H1§i<j§m(max(2ti7 Qtj))l(z‘)N
- OILL (1 + ‘1’#1’) H1§z’<jgm<1 + 2min(kits) |, — )N

where (i) = 2 if i« = 1, and [(i) = 1 if 2 < ¢ < m. Going back to the
integral I, we note that we can bound it by

1< 20/2) X% b Z Z o— MYt
=1 t;=
maX(Q(“*“l) 72(1&1 m)mN) H1<i<j<m(max(2ti7 2t]~)>l(i)N
X — —=
IT (1 + Jzu, )Y [licicjem+ gmin(ui-pis)|g; - — 2, )V

If we now choose M = (3m — 1)N and the constant C' = C'y appropriately,
then the last geometric series converges and we can estimate I by

)

Cy - 2~ (/2ug(n/2) iy ps
[T, (1 + [z, )Y [li<icjem@+ amin(uins) g, — 2, )N

which proves (10). m

)

REMARK 1. If we pick z,, = 27#; and ¢,, = ¢,,;;, with ¢ as in the
almost orthogonal wavelet decomposition (1), then it is easy to see that
condition (9) is satisfied. Moreover, we have

2(n/2)pi 9Lyl
(1 + 20 |x — 271, )N”
for all multiindices v and all positive integers N. Note also that in this case
there is a strong resemblance of the right hand sides of the inequalities (8)
and (10).

The estimate of the integral of a product of wavelets does not explain,
however, the appearance of the term 2~ (maxipi—mini pi)e (8). Let us as-

sume for the moment that if a multilinear operator 1" maps wavelets into
multilinear molecules,

(14) 1D ¢pit:| < Cny

T(¢/J1117 ) ¢umlm) = w(,u,i,li%

then an estimate like (8) holds on the tensor 7 defined by (5). This suggests
that, before moving any further, one should examine the interaction between
a wavelet and a multilinear molecule. This analysis yields the results out-
lined in the following two lemmas. It shows, in particular, why our previous
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assumption is true. For a proof of these lemmas in the case m = 2, see [7].
The details of the proof in the general case are left to the interested reader.

LEMMA 2. Let ¢y, 11, be a wavelet and Yy, ...y 1, a0 m-linear
0-smooth molecule such that maxi<j<m i > fm+1.- Then for all positive
integers N > n there exists a positive constant Cy such that

‘(wul,lhm,um,lm? ¢Hm+1lm+l >|

—+1
Cy - 9—(maxi<i<m pi—Hm+1)9—(n/2) maxi<i<m Mi2(”/2) T i M

- H1§i<j§m+1(1 + Qmin(ui,pg)|2—pil; — 271l [)N

)

where 1y denotes the index for which [1;, = maxi<j<m -

LEMMA 3. Let ¢y, 11,4, be a wavelet and Yy, 1y ..y 1, a0 m-linear
1-smooth molecule such that maxi<i<m i < fm+1. Then for all positive
integers N > n there exists a positive constant Cy such that

‘<¢u1,ll,--~7um,lm7 ¢um+1lm+1 >‘
Cy - 2~ (mer—maxi<i<m 1) 9= (n/2um+19(1n/2) 132y pi

- H1§i<j§m+1(1 + Qmm(ﬂivﬂj)p—ﬂili _ Q—Mjlj’)N ’

4. Boundedness of multilinear operators. The main results are
stated and proved below.

THEOREM 1. Suppose that the (m+1)-linear discrete tensor {7(p1,l1,. ..
ey lm+1, lmy1)} associated to an m-linear operator T' satisfies the almost
diagonal estimates (8). Then T' can be extended as a bounded operator from

EDSU oo B ingo B for 1 < pop1y... Pm < 00, 1/p1 4+ 1/pm
=1/p,1<s<o0,1<s1,...,8n<occand 1/s1+---+1/sy, =1/s.

Proof. If {¢,;} is a fixed family of wavelets, for fi,..., f,, € S we can
write

T(fl’ c afm)
= Z T(Mlv ly,... y Bm+1, lm+1)<fl’ ¢,u1l1> T <fmv ¢Mmlm>¢ﬂm+llm+l
Hisli
= Z Sum+1lm+1 ¢Mm+1lm+17
PmA41,lm+1
where

S}Lm+1lm+1 - Z T(Mla l17 ey bm41, lm+1)<f1) ¢N1ll> e <fm7 ¢lem>'
pioki, imA1



84 A. Bényi and N. Tzirakis

Let vy, = (fi, ¢M'Lli>' Note that

()
|‘S’Mm+1lwwr1|S Z ’SMm+1lm+1”

TEPm+1
where P, 41 denotes the set of all permutations of {1,...,m + 1} and
(m) —
SMm+1lm+1 - Z T(M].?ll?"’ 7Hm+1’lm+1)vu111 o '/Uumlm'
:u“rr(l)g"'g'u“/r(m-‘—l)
l;, 1<i<m

Furthermore, using the wavelet characterization of Triebel-Lizorkin
spaces (2), we have

(15)  IT(froe . f) o

<o Y (S (80 Kam )

TEPm+1 Hm+1 I
Our goal is to estimate the sums inside the LP norms on the right hand
side of (15). In order to do so, we will first estimate appropriately the terms

S(”)

Pm41lm1
orem A

Let us consider first the term S

r

and then use the vector-valued maximal inequality stated in The-

(m)
m+1lm+1
identity permutation, 7(i) =, 1 < z < m+ 1; that is, we would like to find

a bound on

in which m = Id represents the

(Id) _ § :
Sﬂm+llm+1 - T(Ml’ llv <oy HmA1, lm—‘rl)vulll e /Uumlm-
p1< <41

llv---vlm

The almost diagonal condition (8) implies

(16) |T(/L17l17"'7um+1ylm+1)|
Cpy - 2~ (ms1=n1)eg—(n/2nmi19(n/2) 3y pi

T hicicjmsr (1 +2mnam)|[2=m; — 27051 )N
From (16) we 1mmed1ately obtaln the following bound on § (1d)

Hmt1lmyr”
m ooy Y Yy Y

1< <pma1 k=1 =0 l1,....L;m
9~ (bm+1—p1)e9—(n/2) pm+19(n/2) 3oL | —igN

X
RS el VOO

where the indices ig, 1 < k < m, range over the sets in Z” for which
QMR |27 R — 27 HmAL ] |~ 2% Let

(18) MW = M(Z ”Umli‘)Zle)?
]

where M denotes the Hardy—Littlewood maximal function.
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If we now use (17), a similar argument to one in [7] will show that we
can bound S

Hmt1lm1

Z Z Z 9= (Hm+1—p1)eg—(n/2)pm+19(n/2) 3%y pi

1< <pm41 k=11=0 m m
« H 9=tk No(n/2)pu H 9(ik—p)n p rik (z)
k=1 k=1

by a constant (depending on N) multiple of

for all x € Q.4 11,4, (for the definition of these dyadic cubes and the rest
of the notation, see again Section 2). By choosing N > n conveniently (so
that we can sum the infinite series over the indices ix, 1 < k < m), we see
that the latter inequality implies

m
(1d) - 1 —
‘Sﬂm+1lm+lXQ“m+llm+l‘ <C Z 9~ (tmt1—p1)e H MHE

1< <41 k=1

This immediately yields the following sequence of inequalities:

a9 (> (Z\ ffjlllmﬂWQMHIWH)S)I/S

Hm+1 'm+1
m+1

SC(Z< Z . Z H2 (15 ul)a/mHMuk>>1/s

Hm41  pm <pm+1 p1<pg j=2

m+1
— CH . 9—(wj—p1)e/m M
RS o | ERC | I
Pm Spm41 Hisp2 g
m m
< CH 2—(uj—u1)€/mX . . Mk
].E[Q {lu‘jflgiu’]} kHI ls(ula---yum)

< O TT M} s -
k=1

In the transition from the third to the fourth line we used the fact that the
operator in question is of convolution type with the {! kernel

m
K (fmi1s fi1s - -+ s flom) = 9~ (Mm+1—p1)e/m H Xty 1<}
j=2
In the transition from the fourth to the last line we used Holder’s inequality
with 1/s1 +---+1/sy, =1/s.
Take LP norms in (19) and apply Holder’s inequality with 1/p = 1/p; +
-+ + 1/py, to obtain
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e (X2 (s Kenn))

Hm+1 It

Lr

< I |(Som=)™

If we recall the definition (18) of M#*, and use Theorem A and once again the
wavelet characterization of Triebel-Lizorkin spaces, we conclude from (20)

that
s\ 1/s
H( Z < | Mm+llm+1|XQHm+llm+1> )

HPm+1 m

Pk

Lr

<c]] 1446, Smuti) H poon < ckf_[1 il o

To finish up the proof, we 1;se (21) to bound all the sums appearing
on the right hand side of (15). We start by observing that if a tensor 7 is

bounded from f5;* x --- x fyf™ into fy* with 1/p; + o+ 1/pm = 1/p,
1/si+-+1/spm = 1/5, then the jth formal transpose 7'*3 is bounded from
DS fr it f;j,’sl X fpri s ftm into f , where the indices

J
now satisfy 1/p1 +---+ 1/pj—1 + 1/p + 1/p]+1 + 4+ 1/pm = 1/pj and
1/si+---+1/sj1+1/s+1/sjp1+--+1/sm = 1/sj. By interchanging the
roles of the indices 1, ..., un, (that is, by looking at all the permutations
in P, as elements of P,,+1 with the last component fixed) we obtain the
same bound as in (21) for a number of m/! of these sums. The same argument
applied to each of the m formal transposes of the tensor 7 (which amounts
to composing permutations in P, with transpositions in P, 1) gives us the
bounds for another m - m! of the sums, to a total of m!+m-m! = (m+1)!

distinct sums of the form '™ Lo
Hnt1lm1

Prt1 is precisely (m + 1)!, we are done. m

T € Pmy1. Since the cardinality of

THEOREM 2. Let T be an m-linear operator so that for a wavelet fam-
Zly {qbul} the famdws {T(¢Mlll7 "7¢,umlm)} and {T*Z(¢u1l17 "a¢umlm)}
1 = 1,...,m, are families of m-linear 1-smooth molecules. Then T can
be extended as a bounded operator from Fpls1 - X anfm into F forl<
P P1s -y Pm <00, I/pr+--4+1/pp =1/p, 1 g s<00, 1 <81,y 8, <
and 1/s1+ -+ 1/sy, =1/s.

Proof. This follows immediately from Theorem 1 and Lemmas 2 and 3. =

REMARK 2. If we let s; = 2 for all 1 < ¢ < m, we see that under the
hypothesis of either Theorem 1 or Theorem 2, the m-linear operator T' can be
extended to be bounded from LP! x---x LP™ into F0 2/m But FO 2/m F£’2
for m > 1, hence we also get the boundedness of T from Lp1 X oo X LPm
into LP as long as 1 < p,p1,...,pm <00, 1/p1+ -+ 1/pm = 1/p.
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REMARK 3. Trivial embeddings between Triebel-Lizorkin spaces allow us
to sharpen the main results to obtain boundedness from F;,(,]l’s1 X e X Fg;,f m

into Fomm(sl’ »Sm) , where 1 < p,p1,...,pm <00, 1/p1+ -+ 1/pm =1/p,
and1<31,...,sm§oo.

5. Applications

I. Let us consider the class of m-linear multiplier operators (a priori
defined on products of Schwartz function spaces)

To(fis- o fm) ()
= | o6, G F(&) - FGn)e™ @ T dgy - dgy,

(R )™
with Fourier multipliers o ({1, ...,&n) satisfying Marcinkiewicz type esti-
mates
(22) 1050 ol6r, . Em)l < gy a7 71O
for all nonzero &1,...,&, in R™ and all multiindices (1,...,8mn. A result

of Grafakos and Kalton [6] shows that, in general, Marcinkiewicz multilin-
ear multipliers do not give rise to bounded operators on products of, say,
Lebesgue spaces.

Therefore, to achieve boundedness one needs to impose further condi-
tions on the symbol. For example, a slight logarithmic modification of con-
dition (22) as in [6] will do. A different approach to the problem is via
almost diagonal estimates [7]. A simple argument using integration by parts
implies that, for any family of wavelets {¢u}, {T6(Ppitrs-- s Pumin, )} satis-
fies the size and smoothness conditions (6) needed to make it a family of
m-linear oo-smooth molecules. Hence, if we further impose the cancellation
condition (7), that is,

S T0(¢u1117 S 7¢Hmlm)<x) dx =0,

R’ﬂ
we do obtain a family of m-linear co-smooth molecules. An easy computation
shows that the cancellation condition above is equivalent to

o(&1,...,&m) =0

for all (€1,...,&mn) in the hyperplane I":={(&1,...,&m) 1 &1+ +E&m =0},
Recall that the multiplier of the jth formal transpose T,’ is given by

O'*j(fl, e 7§m) = J(fl, e 75]'—17 —fl — e — §m7€j+17 N ,{m) Therefore,
m additional appropriate cancelation conditions on o are required in or-
der to make all the families {7/ (¢4, - - -, Pl )} into families of m-linear

oo-smooth molecules. If we combine all these facts with Theorem 2 we obtain
the following



88 A. Bényi and N. Tzirakis

PROPOSITION 1. Assume that the Fourier multipliers o,o*t, ... o™
satisfy condition (22) and the following cancellation conditions:

J(glan-ygm):ov (51,...,§m)EF,

and
0-(51)'"aéj—lvové-j-i-la"'vgm):0 \V/],é-]
Then T, can be extended as a bounded operator from FS;SI X +ee X ngm

into Fg’s for 1 < p,p1,...,pm < oo, I/pr+ -+ 1/pp =1/p, 1 < 5 < 00,
1<s1,....,8m<ooand 1/s1+---+1/sy, =1/s.

I1. The previous application suggests that one might be able to prove a re-
duced T'1 theorem in the context of Triebel-Lizorkin spaces for a larger class
of operators. Indeed, employing certain atomic decomposition techniques, it
was proved in [1] that this is the case for bilinear Calderén—Zygmund opera-
tors. For different versions of multilinear T'1 theorems for LP spaces, see the
works of Christ and Journé [2] and Grafakos and Torres [8]. Let us consider
the class of m-linear Calderon—Zygmund operators, that is,

T(froeo fd@) = | K@y 100 - fonlin) g - di

(R7)™
whenever fi,..., f, € D(R") and & (;_, supp(f;), and where the kernel
K is some C'* function defined away from the diagonal x = y; = ... =y,

that satisfies the size and smoothness estimates

C
DYK(z,y1,- .., ym)| < .
DK,y ym)| (z—yi| + -+ |z — g )t

for all multiindices v = (V1,...,Yms1) € (Z")™! and all (x,91,...,Ym)
with o # y; for some j. One could replace the estimates above with more
general Lipschitz type conditions on K see, for example, [8].

Let N be a fixed positive integer (the exact value of N is not relevant
and will not be made explicit in what follows). Following Stein [9], we say
that a C'* function ¢ supported in the unit ball B1(0) of R™ and satisfying

D¢l <1,
for all multi-indices || < N, is a normalized bump. If f and F are functions
defined in R™ and R™ x --- x R"™ respectively, we let

£ () :f<;g;w>7 FNay, ... ) :F<$1 t_w”"’gcmt_w)

We say that a continuous m-linear operator T : D X --- x D — D’ satisfies
the Multilinear Weak Boundedness Property, or (MWBP), if there exists a
positive constant C' such that for any m normalized bumps f1,..., fm and
any g € D supported in B1(0), all w € R™ and all ¢ > 0,

(TR F). g S Otlgllee,  i=1,...,m.
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By using similar methods to the ones outlined in [1], it should be pos-
sible to extend the main results there and obtain a reduced multilinear 7'1
theorem for Calderén—Zygmund operators of the form:

If T is an m-linear Calderdn—Zygmund operator satisfying (MWBP) and
some appropriate first order cancellation conditions, then T' can be extended
as a bounded operator EJ*' x -+« x Foosm — 0%

The details of the proof of this claim are left to the interested reader.
We also remark that variants of the results above on more general Triebel-
Lizorkin spaces F},"* are possible if we allow for higher order cancellations.

Acknowledgments. The authors would like to thank Rodolfo H. Tor-
res for many valuable suggestions that improved the quality of this presen-
tation, and to the referee for several useful comments.
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