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Fourier transform of Schwartz functions
on the Heisenberg group

by

FRANCESCA ASTENGO (Genova), BiANcA D1 Brasio (Milano),
and FuLvio Riccr (Pisa)

Abstract. Let H; be the 3-dimensional Heisenberg group. We prove that a modi-
fied version of the spherical transform is an isomorphism between the space Sy, (H1) of
Schwartz functions of type m and the space S(X,) consisting of restrictions of Schwartz
functions on R? to a subset %, of the Heisenberg fan with |m| of the half-lines removed.
This result is then applied to study the case of general Schwartz functions on H;.

1. Introduction. One of the most important properties of the Fourier
transform F in R™ is that F(S(R")) = S(R™), and F is an isomorphism.
The relative closeness between the Heisenberg group H, and R™ in many
aspects of harmonic analysis raises the question whether a similar property
holds in the Heisenberg group setting. A characterization of the image of the
Schwartz space S(H,,) under the group Fourier transform Fp, was given by
D. Geller [6] in terms of “asymptotic series”.

Taking n = 1 for simplicity, the Fourier transform Fp, f of an integrable
function f can be viewed as a scalar-valued function of several variables.
The main variable, denoted by A € R, defines a character on the center.
Two further variables then come out, varying in R if A = 0 and in N if
A # 0; the latter will be denoted as (j, k). Most of the work concerns the
description of Fp, f on the set where A # 0, since the case A = 0 follows by
combining density with our previous result in [I] (see Remark 4.6).

The deep study developed by Geller [6] showed that the “Schwartzness”
of the image Fp, (S(H1)) relies on a set of rapid decay estimates holding
when appropriate differential-difference operators are applied to Fg, f.

This type of analysis emphasizes a preliminary decomposition of the
function f into m-types, i.e. f =3 _; fm, where fm(e?2,t) = ™ f(2,1)
for every e € T, z € C, t € R.
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Functions which are radial in the variable z, i.e., with m = 0, play a
special role, and their Fourier transform is supported (for A # 0) on the set
of triples (A, j, k) with j = k. Functions of type 0 form a commutative alge-
bra, and their Fourier transforms coincide with their spherical transforms,
according to the general theory of Gelfand pairs.

The work of C. Benson, J. Jenkins and G. Ratcliff [3] on the character-
ization of spherical transforms of K-invariant Schwartz functions on H,, for
general Gelfand pairs (K x H,, K) is a considerable refinement of Geller’s
results in the presence of different kinds of invariance.

More recently [2], we have obtained a description of spherical transforms
of K-invariant Schwartz functions, of a completely different nature than that
of Benson, Jenkins and Ratcliff, and more reminiscent of the original result
on R™. Restricting again ourselves to type-0 functions on Hj, the variables
(A, j) are parameters describing an intrinsic object,

Tr={EN eR A0, E=[N|(27 + 1), j € N},

whose closure X' is called the Heisenberg fan. The set X' is, at the same time,
the Gelfand spectrum of the algebra of type-0 L'-functions, and the joint L?-
spectrum of the sublaplacian £ and the symmetrized central derivative i =17

The main theorem of [I] says that, regarding spherical transforms as
functions defined on the Heisenberg fan Y, the image under the spherical
transform of type-0 Schwartz functions is the space of Schwartz functions
on X (meant as restrictions of Schwartz functions on R?).

In this paper we give an extension of this result to general Schwartz
functions on Hj.

We first consider Schwartz functions of type m (Section and show that
a modified version G,, of the spherical transform is an isomorphism between
Sm(Hp) and S(X),), where X, is obtained from X' by removing |m| of the
half-lines in X*.

In Section [4f we associate to a general function f € S(H7) the sequence
{G fimYmez, where f,, is the m-type component of f.

This leads to introducing the space & of sequences G = {Gy, }mez with
Gm € S(X),). We introduce a Fréchet space structure on & which makes it
isomorphic to S(H7). The family of norms on & that gives this isomorphism
does not look as a natural combination of quotient norms of the various
components, but it brings together features that are already present in [3]
and [1].

It would be natural to ask if the various entries (¢, of an element G of &
admit Schwartz extensions G, to R2 such that Y (ret? 1) = eimeG#b(rQ, t)
are the m-types of a single Schwartz function ¥ on C x R. In this case,
a single Schwartz function would subsume all information about the Fourier
transform of a given Schwartz function on Hj.
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The result in Theorem [£.3] below goes in this direction.

Even though we have restricted ourselves to Hi, we do not expect major
difficulties in extending these results to H,, with the m-types (m € Z")
defined in terms of the action of the torus T™ and the Heisenberg fan replaced
by the Heisenberg brush in R™*!.

2. Preliminaries

2.1. Notation and basic facts. We regard the Heisenberg group H;
as C x R with the product
(z,t) (2, t) = (2 + 2/, t + ' — 1 Im(22")).
The left-invariant vector fields

X:@x—gat, Y:8y+gat,

Z=3%3X-iY), Z=3iX+iY)
satisfy the commutation rules [X,Y] = 9 = T and [Z,Z] = iT/2. The
vector field 7" is central.
The sublaplacian £, defined as £ = —(X?+Y?) = —2(ZZ+Z7), satisfies

the commutation rules
[£,Z]=2iTZ, |[L,7Z)=—-2iTZ.
The basics of Fourier analysis on H; are developed, e.g., in [9]. The

relevant aspects needed below can be condensed in the inversion formula
and in the Plancherel formula,

[e.o]

1 -

(2.1) —oogkeN
1 c
1715 == § D FO G RPN dA,
R j,keN

where
FOSIK) =\ F (2, )8 (2, 1) dz dt

and the matrix-valued functions &*(z,t) = (@;‘k(z,t))j,k are defined for
A # 0 and represent the infinite-dimensional irreducible representations of
Hj in a convenient orthonormal frame in the representation space (the Her-
mite functions in the Schrédinger model, the monomials in the Bargmann—
Fock model).

The functions @ﬁ ;. have the following properties:

() B:2(2,t) = B (5 1)
(ii) for A >0, @%k(z,t) = @}’k(\r)\z, At);
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(iii) with L,gm) denoting the Laguerre polynomial of order m and degree k
(cf. []),
elt —||/4—] kLJ k) 2 P>k
@]k(z t) k— k(|j| / ) ]._ ’
eite P2k LED(22/2), G <k;

(iv) L&), = |M(2k + 1)@}, and TP}, = iAD),;

v
o, { —VEN2®), _ L A>0,
ik —
J VE+DN/283,,,, A<,
J0, — {\/k:+1 i A>0,
]’ VE/29Y, A < 0.
For f € S(H}), the following identities follow from (iv) and (v):

and, for every positive integer r,

(2.3)
0, A>0,k<r-—1,
r—1
= l)\(k—g)f()\,j,k‘—T), )\>0,]€ZT,
Z7F (M k) = e
(=17 [ TI 3Nk +0) f(N\d.k+7), A<0,k>0,
/=1
(2.4)
(1) H%(kzM)f(A,j,km, A>0, k>0,
?f(A,j,k:): 0, A<0,k<r-—1,
r—1 .
[T3IN(k—0) F(N 4.k —1), A<0, k>
=0

2.2. Schwartz spaces. On the Schwartz space S(R") (for us R™ will
be either R? or C x R, the latter meant also as the underlying space of H)
we consider the following family of norms, parametrized by a nonnegative
integer p:
(2.5) 1fll oy = max - sup (1 + ) ¥10% f ().

+taspgcRn

LEMMA 2.1. Let A(z,t) = |2|?/4 + it. Then the family of norms on

S(Hl))
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(2.6) 1/ g,y = L IL°A%fll2,  pEN,

is equivalent to the family {|| | p.cxr)}peN -

Proof. Tt is well-known that on R™ the family (2.5)) can be replaced by
the equivalent family

2.7 a 9 flla, eN.
(2.7) 1l = o [z*0°fll2, P

It is known as well that, on a nilpotent group, the partial derivatives in
can be replaced by products of left-invariant vector fields in some basis of
the Lie algebra [5]. This reduces matters to showing the equivalence of the
family (2.6)) with

2.8 S A AL N.
@8) Il =, max [P o pe

On the other hand, by the L?-boundedness of the Riesz transforms as-
sociated with £, the family (2.6) is equivalent to

2. Eo = ASAUKIT .
(2.9) o,y =, oax, I Afll2,  peN

We show that, for each p € N, the pth norm in (2.8) is equivalent to the
pth norm in (2.9).
Using the identities
(Z, Al =z%2/2, [Z,Al=0, [T, A =i,
[Z,2) =[T,2] =0, [Z,z]=1,
it is easy to verify that the pth norm (2.9) is controlled by the pth norm

(2.8).

To show the converse, we proceed by induction. The cases p=0,1,2 are
obvious. Assume that for p > 2 even, the pth norm is controlled by
the pth norm . Consider one of the quantities H |z |€ZmZ”quH on
the right-hand 51de of . with 2k +20+m+n+2¢g=p+ 1.

If m+n+2q =0, i.e., there are no derivatives, it is sufficient to observe
that |z|2*[t]¢ < CpAk”. Suppose therefore that m + n + 2¢ > 0.

Assume first that ¢ > 0. Applying the inductive hypothesis to T f, we

obtain @

lleP*ezrzrrifl, <C,,  max, 127 20T AT S

(2.10)

It is then sufficient to apply the identity [A“l, T) = —id A%=1 which follows
from (12.10)).

(1) We shall use C' to denote a positive constant which may vary from line to line.
When it is relevant, dependence of such constants upon parameters of interest will be
indicated through the use of subscripts.
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If ¢ = 0 and n > 0, we apply the inductive hypothesis to Zf and (2.10)
to obtain

H]z]Qk\t\meZ"fHQ <C max |Zz™
2a’+m/+n'+2q¢'<p

=)

ZVHITT A% flo < 1 o1, 210

In the last case, ¢ = n = 0 and m > 0, we apply the inductive hypothesis

to Zf. By (12.10)), we have

1212t/ 2™ f|, < C© max 2™ 27T A Z |5
2a’+m/+n'+24¢'<p

<C max (|Z2™ 2V T ZAY flla + o' | 2™ Z7 TT 2AY 71 f|2)
2a’+m’+n'4+2q¢'<p

* m' Zn' g’ 5 a0’ —1
< Ol prrimy + €, s 127 27T A

By (2.10), for g € S(H2),

2V VT 5 = 22 2V T g+ 0! Z™ 27V 1T g
Therefore, if a’ > 1, we can again use the inductive hypothesis with g =
.Aa/_lf. (]

REMARK 2.2. It is easy to verify that, when p is even, the norms ([2.6))
and ([2.9) are equivalent. Moreover using the commutation rules of the vector
fields Z and Z, it is easy to show that for every nonnegative integer p,

Coll Flir,ery < WFllppery < Collfllper, VF € S(Hy).

Therefore, arguing as in the proof of Lemma [2.1| we deduce that for every
nonnegative integer p there exist positive constants C, and CI’, such that

1 b qa < b qa < ! b qa )
(2.11) Cp%lfg;;pllﬁ A fll2 < 253%3%;7”5 A fll2 < G, 2@11%}9!% A fll2

2.3. Functions of type m. We say that a function f of z € C (or of
(z,t) € C x R) is of type m € Z if f(e2) = ™0 f(2).

We need the following version of Hadamard’s division lemma. For its
proof we refer to [4, Lemma 5.3].

LEMMA 2.3. Let s be a positive integer and u be a function in S(R?)
such that Ogu((), A) =0 for everya =0,...,s—1 and for every real \. Then

there exists a function v in S(R?) such that
u(€A) =€0(EN) V() ERY

PROPOSITION 2.4. For F in S(C x R) and m in Z, denote by

2
(2.12) OmF(C,\) = % | F(e¢, N do
0
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the m-type component of F. Then O, F is in S(C x R) and the following
properties hold:

(1) 1OmFllpexr) < Ce(l+ [m]) " ||Fllraecxry for any nonnegative
integers p and £, so that the series )  OpF converges to F in
S(C x R);

(2) for every integer m there exists a function Fy, in S(R?) such that

mFm 27 A ) > )
OnF(C.A) = {€ ey, m=o
¢l F([¢?, ), m <.
Proof. Tt is easy to check that when m # 0,
. 2m
(—im)~t 70 d i0 —imf
OmF((N) = — (S) g F(e7¢N)e™ds V(¢ A) € C xR,

from which the estimate in (1) follows easily.
As for (2), suppose that m > 0 and denote by w,, the function ©,,F
restricted to R?, i.e.

27
un(62) = OnF(EN) = - | F(e%e e ™ ds (&) € B>
0

It is easy to verify that 0%u,, (0, A) = 0 for every o =0, ..., m — 1 and every
real \. Thus by Lemma [2.3| there exists v,, in S(R?) such that

OmF(E,2) = um(§,A) = Mo (€,0)  V(E,N) € R%
On the other hand, for real &,
OmF (€€, 0) = e™u (6, 1) = €™M v, (€, N).
In particular if § = m we obtain
Um (=& A) = vm(€,0) V(€ N) € R

By the Whitney—Schwarz Theorem (see [2, Theorem 6.1] for the case of
Schwartz functions) there exists a function F, in S(R?) such that

vm (&, A) = Fin(€%, ).
Therefore if ¢ = &%, then |¢|? = €2 and
O F((A) = O F (76, X) = €™M 0,(8,X) = (" F(IC1%, )
as required. =

LEMMA 2.5. Let F be in S(C x R) and let {Fy, }mez be the sequence of
functions in S(RT x R) such that

F(GA) =) OnF (N =Y C"Fn(C3N) + ) CMEn(ICN).

m>0 m<0
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Then for all nonnegative integers o, B, N,

sup  EMV2(1 4 N+ ON|OJOEFn (€, N)] < CpllOmFllpoxry  Ym € Z
(&, N)ERL xR

with p=2a+ 4+ 2N.
Proof. Obviously

21+ N+ OV (&N = A+ N+ KN OmF (S, )]
< CN||OmF || 2n,cxRr)-

Note that
{ag@mm A) =M OEER (¢ ), m >0,
020 F(¢,A) = (M 92 Fy(IC2, ), m <0,
and denote
o 8“ m >0,
g { 9¢, m<O.
Thus

[<I"™110g Fon (¢, ] = 1¢17%10% OmF (G A)]
When [(] > 1 there is a trivial estimate
[<I™ 08 (I )] = [ 0% Om (¢, M| < [0% OmF (S, V),
while when |¢| < 1 we can use Taylor’s expansion to conclude that

11" 188 Fr (12, M) = 1¢17°10% @mF (G, N)]

<C, sup |628g/8mF((,)\)|.
cl<1
Y+ L2

Putting together these two estimates we obtain

M1 A+ )N 02 Fr (€, )]

<C, sup (2+ \A\)N\ﬁfazagIQmF(Ca Al
ICI<1, AeR
Y+ <20

+ sup (1+ ||+ [¢[)N]070% OmF (¢, V)]
¢1>1
AER

< CpllOnF | (pcxr)-

In the remaining part of this section we describe some properties of
m-type functions on the Heisenberg group. Note that the function ¢? G 1S of
type k —j if A > 0, and of type j — k if A < 0. Therefore a funct1on fin
S(H,) is of type m if and only if f()\ j,k)=0for j —k # msgnA.
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For f € S(H1) and m € Z, let ©,,f be the m-type component of f
defined as in (2.12). Then ©,, f belongs to S(H;) and

1T I —
12 S > FOS G, k)P (2, 1) A dA.

—00 j—k=msgn \

me(za t) =

LEMMA 2.6. Let f be in S(Hy). Then for all nonnegative integers p and ¢,
1Omfllp,rr) < Cpe(l + Im|)~* I £l (pae,mr,), s0 that the series ) . Omf
converges to f in S(Hy).

— 2
Proof. Since d% =12/ —1zZ7 — %T, we have

2
- a dﬁ %
1Om fll gty < Co(t+|m) ™0 sup | | L0A 7 ()| o
2a+2b<p 0 2

< Cpe(L+ )Nl e,y m

The Gelfand spectrum of the algebra of type-0 integrable functions may
be identified with the Heisenberg fan X = X¥* = X* U (R4 x {0}), where
R4 =[0,00) and

T ={EN ER*NA£0,£=[N(2j +1), j € N}

Let f be an integrable function on Hi. For every integer m we define the
following functions on X*:

(213) G f(IM(27+1),A)

LYY A<0,jEN
_ ) L vamgem S g D, mA S0, 7€ R,

ilml

\kz\l\/mf()‘?] + ’m‘7])7
Note that Gg f is the Gelfand transform of ©@qf relative to the Gelfand pair
(H1,U(1)). Moreover G,Onf = Gnf and Gy, is injective on the space of
m-type Schwartz functions on Hi. Indeed,

mA >0, 7€N.

m|

10mf13 = 5 S (T G+ 8) [1GmOm F(IA@5 -+ 1), MEEAN™ ] dA

jeEN k=1 R
If g is a type-0 function in S(H;), then for every (£, A) in X%,
Gnl(212)g)(€, 1), m >0,
Gn[(212)M™g](§,A), m <0,
where x; denotes the positive part of the real number zx.

210 Ggle+20m)0) = {

The purpose of the next proposition is to give an analogue of Proposi-
tion (2) in the case of the Heisenberg group.
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PROPOSITION 2.7. Let f be a Schwartz function on Hy. For every integer
m, there exists a type-0 function g, in S(Hy) such that

{ (2i2)" g, m >0,
mf = .
(2i2)"™lg,,, m <O0.

We will prove this proposition working on the Fourier transform side and
we shall use the following result.

LEMMA 2.8. Let m be a positive integer and suppose that H in S(RQ)

vanishes on the half-lines X\ > 0+ (\(2j + 1), A) for all j = 0,. - 1.
Then there exists H in S(R?) such that H|2* = H|2* and H vamshes on
the full lines A € R — (A(2§ + 1), A) for all j =0,. -1

Proof. Let 1 be a nonnegative smooth function on the real line such that
¥ (0) = 1 and whose support is contained in (—1/2,1/2). Define

m—1
H(EN) = g%wﬂx 2k + 1))HA2k + 1), 1), A#0,

H(&,0), A=0.
It is easy to show that H satisfies the required conditions. m

Proof of Proposition |2.7. We will focus on the case where m > 0. The
case of m < 0 follows easﬂy from the previous one, since @,,f = O_,,f and
Zf=7f.

So suppose that m > 0 and let hy, = (2i2)™(O,,f). Then h,, is a type-0
Schwartz function on H; and by [I] its Gelfand transform Goh,, can be
extended to a function H,, in S(R?). Note that by ,

(=)

_4m¢§@m@+@MQwJ+W7A<QJZQ
I1(

NG — L+ 1) f(N G, 5 —m), A>0,5>m,
=1

and H,, vanishes on the half-lines A > 0 — (|A\|(2j + 1),\) when j =
0,...,m-—1.
By Lemma we may suppose that H,, vanishes on the full lines, i.e.,
H,,(6,\) =0 whenever {=A2j+1), AeR, j=0,...,m—1

Then we apply Lemma m times, once for each line of the form & =
A2k +1), k=0,...,m— 1, with the corresponding change of variables. In
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this way we obtain a function G, in S(R?) such that
m—1
Hin(6,0) = ([T (€ = 2k +1)2)) Gm(€, A):
k=0
Let gm be the type-0 function such that Gogm = Gm|x. Then by [7, 10, 1]
the function g, is in S(H1). We now check that (2i2)"¢,, = O, f. Indeed,
they are both functions of type m and by , when A > 0,

Gml(212)" gm] (|AI(25 + 1), A)

= Gogm ([A[(27 + 1) +2(mA)+, A) = G ([A|(2] + 2m + 1), A)
‘ m—1 1
=Hpn (A2 +m)+1),)) 11 m

= A+ 7) = GO F(IN(2] + 1), M)
T VG ) M med) SN2 +1),0)

A similar computation shows that when A < 0,

Gml(212)" gm](IA|(2] + 1), A) = Gm[Om fI(IN[(25 + 1), A). =

3. The Fourier transform of m-type Schwartz functions. In this
section we characterize the Fourier transform of the space S,,,(H) of m-type
Schwartz functions on the Heisenberg group.

For m in Z, denote by X/, the subset of X* defined by

=2 \{(EN) ER?:mA>0,E=|N\(2j+1),j=0,1,...,|m| -1}

and note that Xy = 2™,

Let S(X,,) be the space of restrictions to X, of Schwartz functions
onR%. On §(X,,) we consider the quotient topology of S(R?)/{f : f|x,, = 0}
defined by the family {|| - [[(5.5,.,) }pen of norms given by

(3.1) G (p,5,) = IF{ |G| g2y : G € S(R?) and G|, = G}.
Let Gy, be the map defined on Sm(H1) by

THEOREM 3.1. The map Gm is a topological isomorphism between
Sm(H1) and S(Xy,).

Proof. For m = 0 the result is in [1]. Let m > 0 and let 7},, be the linear
operator from S(R?) to S,,,(H;) defined by

TG = (2iZ2)™g

where g is the function in So(H1) such that Gog = G| x-.
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We shall verify that T, is a surjective, continuous linear operator with
kerT,, = {G : Gz, = 0}. Therefore we can apply the open mapping
theorem to the operator T}, : S(X) = Sn(Hi) and obtain the conclusion
since Tnjl = ém

T, is surjective: indeed, given f in S,,(H1), by Proposition there
exists ¢ in So(Hy) such that f = (2iZ)™g and, by [1], there exists G in
S(R?) such that Gog = G|+

T, is continuous: indeed, by [I0] for every nonnegative integer p there
exists p,, such that

TGl p,111) = 1202)" gl (p,111) < Cmp

The fact that ker T),, = {G : G|x,, = 0} follows easily from the observa-
tion that Z™g = 0 if and only if 9095, =0. =

190l o, 1) < Crpll Gl R2)-

We now introduce a second family of norms on S(X,,) which will even-
tually turn out to be equivalent to the family of the quotient norms (3.1)).

Denote by My the operators acting on a smooth function ¥ on R? by
the rule

AW 2 ) - V(6N F 2T V)
= 100y +ET(EN) — 5 (FE£203) ~T(E, )

Since Ady + £0¢ is the derivative in the radial direction, the operators M
can also be applied to functions which are only defined on the Heisenberg
fan. In this case, these operators coincide with the operators My of [3].

The operators M have the following relevant property. If f is a type-0
Schwartz function on H; then [3| 6l 8]

(32) Go(Af) = My(Gof) and Go(Af) = —-M_(Gof),
where A(z,t) = |z|?/4 + it.
For G in §(X);,) define

3-3)  NGlp,z.

m—1
= sup \/ IT (€ = 2(Am)4 + [A|(2r + 1)) (€ — 2mA)°| Mgy, G(€, ).
2a+2b<p r=0
(FRVIS 2
The dependence on sgnm of these norms is justified by Proposition
formula (3.2)), and the fact that we shall need to use the identities [Z, A] = 0
and [Z, A] = 0.
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By (2.2) and (3.2)), for every f in S,,(H;1) we have
34) (|G llp, 2]

m—1
sup \/ [T (€ + N2 + 1)) [Gn(LPA“)(E N, m >0,
2a+2b<p r=0
(Erexr
m|—1
sup [ T (€4 A2 +1)) [Gn(L2A[)(E V)], m <.
2a+42b<p
(&N N)ex™

Note that here the supremum is taken over X* while in (3.3) it is taken
over X, simply because
(&, N) e X" & (E+2(mA)y, \) € X,

LEMMA 3.2. Let m be in Z. For every nonnegative integer p there exist
positive constants Cp, and C’I’, independent of m such that

CpllGrnfllip2m) < 1 lpr,m) < CollGinf lprazn) VS € SmlHr).
Proof. Let f be in S,,(H1), m > 0 and a,b nonnegative integers. By
(2.13]) we have

m—1

(L6 + e+ 1)) “gntcarp)e.n| < jehac sl

r=0
<+ A) T2l (1 + A LA .

Since by ( - we have [A, L] = 1 + 227, the first inequality follows from
and the equivalence between the families of norms and .

On the other hand, by -, and ( -, we have
1 [T [(1+£2)£bAaf]A(>\ j+m,j) [

,CbAa _ ) )
15 A%z 27r{ é; 1+ (A (25 + 1))2
0 o
-+SZ
=0

—00 7

AdA

[(L+£2)LPA7f] (A g, g +m)
14+ (JA|(27 +2m +1))?

}1/2
m—1

1/2
<0 sw [T+ M+ 1) gn((+ e 3|
Enex 2y

1 00 00 1 1/2
— - vy
¢ wi§§%ﬂ+A%%+&PﬁAA}

where

For the case m < 0 we can apply the same arguments using inequality (2.11]).
The conclusion follows. =
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COROLLARY 3.3. The families {H . H[p,Em]}pZO and {H . H(p,Em)}PZO Of
norms are equivalent on S(Xy,).

4. The Fourier transform of Schwartz functions on H;

DEFINITION 4.1. We define & to be the space of sequences G ={G\, } mez
of functions in S(X),,) such that for any nonnegative integers ¢ and p,

/
1Gllepe = sup (1 + |[m|)"[|Gmllp,5,,) < oo
meZ

Denote by G the linear operator from S(Hp) to & defined by
G:f=Y Oufr—=Gf={Gm(Omf)}mez

meZ

Our characterization of the Fourier transform of Schwartz functions on
Hy is the following.

THEOREM 4.2. The map G is a topological isomorphism between S(Hy)
and &. Moreover for every f in Sp(Hy) and p > 0 we have

1Gflleps < Cp!”f”(p+4€+2,H1) Ve >0,
||f||(p,H1) < CullG fllepree Ve > 2.
Proof. By Lemmata [3.2] and

1G flleps = Slél%(l + 1M 1Gin (Om ) fp, 5]

<Gy 51?2 (1+ |m‘)€H@me(p+2,H1)

< Cpull fll(praero,m)-

Vice versa, let G = {G, }mez be in &. By Theorem and Lemma for
every integer m there exists f,, in S(H1) such that G, f, = G, and

1l p, 1) < CopllGomonll 2, 71m)-

Therefore for every nonnegative integer p,
—L
D Ml < Cp Y NGmllps2.5,] < Coll Gllepras Y (1+m)™,
m m m

so that > fm converges in S(H;) to a function f such that Gf = G, and
the assertion follows. m

As mentioned in the introduction, it would be interesting to relate the
m-type components of a single Schwartz function F' on C x R to the m-
type components of a unique Schwartz function f on Hi. This is the result
of the following theorem, where starting from F in S(C x R) we build a
corresponding f in S(H7). However, the nature of the specific norms given
in G does not allow the reverse correspondence.
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THEOREM 4.3. Let F' be in S(C x R). Then there exists f in S(Hy) such
that for any integer m,

GmOmf(E,N) = Fn(6 —mA ) Y(EN) € T,

where F, are the functions in S(Ry x R) defined as in Proposition .
Moreover for every nonnegative integer p there exists p' in N such that

1 g,y < Coll Fllr cxm)-
In order to prove Theorem we shall use the following lemmata.
LEMMA 4.4. For all integers j =0,1,2,... and m=1,2,...,
G+1--G+m)
G-k =)

Proof. First let k = 0. Then controlling the geometric mean with the
arithmetic mean we obtain

W(j+1)~-(j+m)§%Z(j+€)zj+m—+1.

<(k+DmF, k=0,1,...,j

When k£ =1,...,7, we write

G+D-Gbm) =kt D)= k) 7
(5 —k+ =)™ (7 —k+ 2™

and we verify that

H jk:+£_ (k+ 1)m

Indeed, this estimate is trivial when m = 1, and when m > 2,

m

j+ L ﬁ( k )
[I-—— = 1+ ——
e:1j_k+£ e} j—k+4
< (1 k T
_k =
—< +j—k+1)[k

=2
< (14 k)eXr25r7
< (1 + k)ekln(j—k+m)—kln(j—k+1)

m—1

k
:(1+k)<1+j_k+1> < (14 k)ym*

For the statement of the following lemma we need to introduce some
notation. Let W denote the operator acting on a smooth function ¥ on R?
by
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W (e, \) = 2%2 (W(E 20, \) — W(E,N) — 200 0(€, )
1

= 2| 02w (& +2xt, M) (1 — 1) dt.
0

For every j > 0 let n; and V; be the function and the operator defined by
(&N =8+ @27+ 1A, Vj=0x—(2) +1)0.

With this notation, M, = Vo —noW. Note that the V;’s commute while, for
each j, the operator V; does not commute with .

LEMMA 4.5. For every a > 1,

a
(4.1) M§ = Vg + Zﬁo o N—1Dkq,
k=1

where Dy, is a polynomial in Vo, ..., Vi, W of degree a such that in each
monomial the operator W appears k times.

Proof. Let M; = V; —n;W and note that My = M. The proof is based
on the identity

(4.2) Mj(nj¥) = n; Mjp 0 Vj >0, ¥ € C®(R?),
which will be proved at the end. Note that by (4.2)),
My (no-me—1®) = Mo(no- - qe—1¥) =m0 - - - me—1 Mp¥, ¥ € C®(R?).

We shall prove (4.1)) by induction on a. Formula (4.1)) holds if a = 1,
since M = My = Vo + noD1,1, with D13 = —W. Suppose that (4.1]) holds
for a — 1 and let us verify it for a. We have

a—1
M =M, (VOC‘_l + Z Mo - 'nk—le,a—l)
k=1

a—1
= (Vo= oWV + > My(no- - 1th—1Dga1)
k=1
a—1
= Vg — oWV + Z no -+ Me—1 Mg Dra—1
k=1
a—1 a—1
= Vg —moWVg ' + Zno o Mk—1 Vi D a—1 — Z n0o - Mk—1MeW Dk a—1
k=1 k=1
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a—1 a
= Vg =moW Ve + > mo-- m-1ViDia—1 = Ym0 —2mk—1 WDk 1,01
k=1 k=2

a
=V&'+> 1m0 —1Dpa,
=1

where Diq = ~WVi™ + ViDig1, Daa = ~WDa-14-1 and Dyo =
ViDga—1 —WDg—14-1, k=2,...,a—1.
We now prove (4.2]). We have

W (nj®) = 0 i WW + 200 V5 > 0.
Indeed,

W(n;#) (& A)
= 2%2 [ (€ 42X, (& + 20, ) — 0 (& NP (&, A) — 200 (n; ) (€, N)]

= a6+ (27 + NP(E+203) — (€4 (27 + DAP(EN)
2N ) + (€ + (2 + DAL (E, M)

= 2—;(5 + (27 + 3)A) [P (E+ 20, X) — (£, A) — 2X00:¥ (€, )]
2AE+ (25 +3)A—€¢— (25 + 1)N)
* 2)2
=nj+1 (&AW (E,N) +20:¥ (&, N).
Moreover, since Vjn; = 0,
Mj(n; @) = Vi (@) — W (&) = nV;¥ — nnja W¥ — 1,20e¥
=iV = 20¢|% — nnj A W
=niVip¥ —nnjpW¥ =n; M.
This proves and so the lemma is proved. m
Proof of Theorem[{.3 Let F be in S(C x R) and, as in Proposition
define a sequence {F,,} by
C"Fn(IC?, ), m >0,

OnF((,N) =4 2
€9 ={ G, <0
We now introduce the change of variables

(&) = (€ —mA ) V(EN) €R?, m e Z,

eV (&, \)

so that
Tm(€ +2(mA) 1, A) = (E+[mALA) - V(EN) R, meZ.

We want to apply Theorem to the sequence {G,, = Fp, © Tin}tmez,
i.e., we show that G = {F},, o 7, } is in the space & of sequences. Since F,,
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are Schwartz functions, we have to check the required rapid decay in m of
[ Fm © Tmljp,5,,) for any fixed p. When m > 0,

[ Fim 0 Tm”[p,Em]
m—1 1/2 ) .
= sup (€= 2mrs +N(2r +1))) (6 = 2mA) M (Frn 0 7)€, V)
Exen, "0

m—1

1/2 b o
=, s (TLe+ M@+ 1)) (€ + 2mA ) M (Fy 0 7n) (€ + 21, M)
aTAOSD =
&Nex

By Lemma [4.5]
ME (Fa 0 mn)(§,A)

= Voa(Fm © Tm)(£¢ )‘) + Z 770(& )‘) T nk—l(& )‘) [Dk,a(Fm o Tm)](ga )‘)7
k=1

where 1;(§,\) = £+ (25 + 1)X and Dy is a polynomial in Vp, ..., Vi, W of
degree ¢ such that in each monomial the operator W appears k times. We
treat the two terms above separately.
Since
VilWorty)=(0x— (2] +1)0¢) (¥ o) = [0\¥ — (2] + 1 +m)0e¥] o T,
it is easy to see that

I%“(Fm o Tm)| < Co(1+m)”

> (B0 F ) o Tn.

a+pB=a
Moreover, by Lemma
m—1 1/2 )
(TTE+meEr+1))" < €+my™? ¥EN) e =7,
r=0
therefore for every (&, A) in X%,
m—1 1/2 ,
(TL €+ +1)) (€ + 2mA Ve (B 0 Tn) (€ + 2mA s, )|
r=0

< Co(L+m)"(E+mIA)™2(E+2mA)" Y |008 Fn (€ +mlA|, )]
a+pB=a
< Cap(1+m) (€ +mA)™20 3" |00 Fn (€ + m|A, M)
a+pB=a

<Cop(L+m)* Y sup  EMOJ0EF (€, )],
ot B 2 (m+1)

This takes care of the first term.
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For the second term, note that, since 0¢(¥ o 7,,) = (O¢¥) o Ty, We have

1
W (W 0 7) (&, A) = 2| 02(W 0 7:) (€ + 20, \)(1 — t) dt = (W) 0 730 (€, V),
0
so that

|[Dka(Fin © 7m)](&, M)
k
<Co Y (L+m) [ [(0J02F) 0 7§ + 228, )| dt.
a+B+k=a 0

We treat the cases where A > 0 and A < 0 separately.
First, let A > 0 and (£, \) in X*. By Lemma |4.4| we obtain

H €+ @+ 1)) €m0+ mt) Dia(Fow o 7 (€ + 2mA )

Cal§+mN)™2 3" (1+m)* (o me—1)(§ +2mA, \)

a+B+k=a
k

10702 Fon (& + mA + 20, \)| dt
0

<Co Y (LHm)(E+mA)™EE + 2mA + 2)k)F
a+pB+k=a

k
10V Fn (€ + mA + 20, V)| dt
0

<Co Y. (14+m)"”

a+fB+k=a

k
(e mA+22)™ (L4 €+ mA+ 20+ N)F|F 9P Fy (E+mA+2ME, N | dt
0
<

Ca(l+m)* > sup €214+ &+ NFOJOF T (€, ).
a+B+k=a £2A(m+1)
A>0

On the other hand, if A < 0 then n;(—A(2j +1),A) =0 and
(Mo~ Mr—1)(—=A (27 +1),\) =0 Vj=0,1,...,k—1.

So when A < 0, it is enough to consider £ = |A|(2j + 1) with j > k > 1. In
this case, by Lemma [£.4] we have
m—1

[T€+rer+1) ="

r=0

UL < (ke 1)+ 1P (€4+miA| — 2K )™
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and
m—1

(T €+ e 1)) (€ 2mi ) Do 6

<Co Y (B+1)(A+m) €+ mlN| — 2k|A)™2(€ + 2m|A|)°
a+B+k=a
k

(o me—1) (€, A) 1OJ025 2 B (€ + mI M| + 2X¢, V)| dt
0

<Co Y (X4m) TE 4 mIA] = 2k|N)™2(E + 2mlA|)
a+B+k=a

k
(€= AP 10702 F (& + mIA| + 208, \)| dt
0

k
< Cop(1+m)* D [ (€+mA[+2x)m/?
a+p+k=a0

(€4 mIA[+ 22X+ AP TFIOTOZE T B (€ + mA| + 2A8, )| dt

<Cop(+m)® > sup ML+ €+ A ROV OF (80
A<0

Putting together all these estimates, we conclude that when m > 0,

| Fon © Tin|

[P, Zm]
o ;
= sup (TT(eINI2r+1))) (€ 4206m0) )M (Fromm)](E+2(mA) 5, M)
(ga,i)e_g* r=0
< Cp(L+|m))P sup €M1 4 €+ N)P|(D]08 F) (€M)
a+B<2p
E>A|(Im|+1)

A£0

The same estimate holds for m < 0. Indeed, one can check that if T(EN) =
w(¢,—N), then M, ¥ = —[M_¥] . From this observation the estimate follows
easily.

So for every integer m, by Lemma [2.5] and Proposition
1m0 Tonllp. ) < Cp(1+m])?P sup ™21+ &+ [\)P1050¢ Frn (€, )|

a+pB<2p
({,A)€R+ xR

< Cp(1+ [m)?lOm Fll 6p,cxr)

< Cpe(L+ |m)) | Fl sp+2e,cxR);
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for every nonnegative integer p. Thus, by Theorem [4.2]there exists a function
f in S(H;) such that

||f||(p,H1) <Cp Z [ Fm 0 Tm\|[p+2,2m] < Cp||F||(8p+20,CxR)-
MmEZ

Finally, f satisfies
gm@mf(gu )‘) =Fpo Tm(g) )‘) = Fm(§ —mA, )‘)
for every (&, \) in X%, as required. =

REMARK 4.6. In this paper we never focus our attention on the repre-
sentations of H; which are trivial on the center, i.e. the characters n¢(2,t) =
¢"Re(2Q) which correspond to the horizontal half-line {(|¢|?,0) € R?: ¢ € C}
of the Heisenberg fan Y. Indeed, given f in S(H;), we define G,,f only
on X* without discussing its possible extension to the whole Heisenberg
fan X’. However, because of the equality , the smooth behavior of the
extension of G, f to all X' is guaranteed by the result in [I].

In particular, denoting

mAC) = | flz.)e ™D dzdt  Vf e S(HY),
Hy

we have

(n(2i2)"9)(¢) = ("(ng9)(Q),  ((2i2)™g)(Q) = (™ (ng)()-

Therefore if F'is in S(R x C) and f € S(H;) is associated to F' as in
Theorem [4.3] then

(nf)(¢) = F(¢,0) V¢ eC.

This equality justifies our normalization by 2i of the differential operators
Z and Z.
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