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Abstract. Given a vector measure m with values in a Banach space X, a desir-
able property (when available) of the associated Banach function space L'(m) of all
m-integrable functions is that L'(m) = L*(|m|), where |m/| is the [0, co]-valued variation
measure of m. Closely connected to m is its X-valued integration map I, : f — S f dm for

felLl (m). Many traditional operators from analysis arise as integration maps in this way.
A detailed study is made of the connection between the property L' (m) = L'(|m|) and the
membership of I,,, in various classical operator ideals (e.g., the compact, p-summing, com-
pletely continuous operators). Depending on which operator ideal is under consideration,
the geometric nature of the Banach space X may also play a crucial role. Of particular
importance in this regard is whether or not X contains an isomorphic copy of the classical
sequence space £1. The compact range property of X is also relevant.

1. Introduction. Let X be a Banach space (with closed unit ball B[X]
and dual space X*) and m : X' — X be a vector measure, i.e., m is o-additive
on the o-algebra X' (of subsets of some non-empty set {2). The variation
measure |m| : X — [0,00] of m is defined analogously to that for scalar
measures [14, Ch. I, Definition 1.4]. Then the classical space L!(|m|) delivers
a certain collection of integrable functions associated with m. There are also
others. Namely, a 2-measurable function f : 2 — C is called m-integrable if

(11) §o, If|d[{m,z*)] < oo for all z* € X*, and
(I2) for each A € X there is SA fdm € X satisfying

(Vrdma*) = fdm,a%), v e X°
A A

[25], |26]. Here, for each z* € X*, the scalar measure A — (m(A),z*), for
A € X is denoted by (m,x*). The space of all m-integrable functions is
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denoted by L'(m); it is identified with its quotient space modulo m-null
functions, where an m-integrable function f is m-null if | 4 fdm =0 for
all A € Y. These two spaces of integrable functions associated with m are
related via

(1.1) L(|Im]) € L'(m)

[38, Lemma 3.14]. If a set A € X' is called m-null whenever x 4 is an m-null
function, then one can also form the Banach space L>°(m) of all (equivalence
classes of) bounded X-measurable functions, equipped with the essential
sup-norm || - || sy in the usual way, in which case L>°(m) C L'(m) [26]
p. 161]. Of course, the family sim X' of all X-simple functions is contained
in L°°(m). The space L'(m) is known to be complete with respect to the
lattice norm

(1.2) fllpiomy = sup  {Ifldi(m, 2%,  Vf € L'(m),
z*EB[X*] ()

i.e., L'(m) is a (complex) Banach lattice, the space sim X is dense in L (m),

and the integration map I, : L'(m) — X defined by

(1.3) Iy : f— S fdm, YfeL'(m),

2
is linear, continuous and has operator norm ||I,|lop = 1 [38, p. 152]. Its
restriction I}, : L'(Jm|) — X is also continuous because |(m,z*)|(4) <
|m|(A)||z*|| for all A € ¥ and z* € X* implies that

(14 I (Dlx = § fde ifldiml,  f & Li(m,

The inclusion (1.1)) may be proper, even if m has finite variation, i.e.,
Im|(£2) < co. Since L!(|m|) is a classical L!-space, it is surely more tractable
than L!(m) in general. So, there is some interest in the situation when
is actually an equality. For an arbitrary vector measure m, G. P. Curbera
showed that L'(m) = L!(|m]) iff the integration map I,, is positive 1-
summing (also called cone absolutely summing) [8, Proposition 3.1]. It was
recently shown that I, is positive p-summing for some 1 < p < oo iff
L!(m) is isomorphic to an AL-space [5, Theorem 2.7]. Combining this with
[38, Lemma 3.14(iii)] it follows that L'(m) = L(|m|) iff I, is positive
p-summing for some 1 < p < oo. However, given a specific vector measure
m of finite variation, it is not always easy to identify the space L'(m) ex-
plicitly, although this is needed to test directly whether L'(m) = L!(|m]|)
or whether I, is positive p-summing. Moreover, even if equality in is
established, the positive p-summing nature of I, alone reveals little about
its possible finer structure, i.e., whether it is maybe weakly compact, or com-
pact, or completely continuous, etc. Our aim is to provide new results and
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techniques which can be used in practise to decide when equality holds in
and which also allow for a finer analysis of I,,,. We begin by formulat-
ing a general “Operator Ideal Principle” (cf. Proposition below), which
reduces the question of equality in to determining solely whether or
not m has finite variation. First some notation and terminology.

Given Banach spaces X and Y, let £(X,Y) be the Banach space of all
continuous linear operators from X to Y. An operator ideal A is a method
of assigning to every couple (X,Y) of Banach spaces a linear subspace
A(X,Y) C L(X,Y) which contains the finite rank operators and such that
RoSoT e A(W, Z) for every pair (W, Z) of Banach spaces and all choices
of operators T € LW, X), R € L(Y,Z) and S € A(X,Y) [13, p. 131].
Some examples relevant for this paper are when A is all compact, or all
p-summing, or all completely continuous operators. We point out that the
collection of positive p-summing operators, which require a Banach lattice
as domain space, does not form an operator ideal.

Let A be an operator ideal. A Banach space X is called A-variation ad-
missible if |m/| is a finite measure for every X-valued vector measure m whose
integration map satisfies I, € A. For instance, if A, is the operator ideal of
all compact operators, then every Banach space is A-variation admissible
[36, Theorem 4]. Or, if A, is the operator ideal of all p-summing operators
for some 1 < p < oo, then every Banach space is A,-variation admissible.
This result was already presented in [39]; its complete proof will be given in
Section 2.

The following result is a useful tool for establishing equality in (1.1]).

PROPOSITION 1.1. Let A be an operator ideal and X be any A-variation
admissible Banach space. Then L'(|m|) = L'(m) for every X -valued vector
measure m whose integration map satisfies I, € A.

The Banach sequence space ¢! turns out to play a central role. Recall
that a continuous linear map between Banach spaces is completely continu-
ous if it maps weakly convergent sequences to norm convergent sequences.
Such operators are also called Dunford—Pettis operators. Let A.. denote the
operator ideal consisting of all completely continuous operators [13| p. 49].

THEOREM 1.2. Fvery Banach space X with an unconditional basts and
not containing an isomorphic copy of £* (briefly, £* <+ X) is Aqc-variation
admissible. In particular, L'(m) = L*(|m|) whenever m is an X -valued vec-
tor measure such that I, € Aec.

According to a classical result of H. P. Rosenthal [2| p. 247]|, all non-
reflexive, weakly sequentially complete Banach spaces X have the property
that ¢! — X. If m is any vector measure of infinite variation with values in
such a space X (such measures always exist as X is infinite-dimensional),
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then necessarily L!(|m|) € L'(m). Restrict X further to come from the
subclass of all infinite-dimensional Banach spaces with the Schur property
(i.e., weakly convergent sequences are norm convergent or, equivalently, rel-
atively weakly compact sets are relatively norm compact). Then, in addition
to L'(Jm|) € L'(m), we also automatically have I,, € A.. Examples of
such vector measures m also exist with finite variation; see Section 4. These
comments show that the requirement ¢! <= X cannot be omitted from The-
orem

The class of Banach spaces covered by Theorem [I.2]includes all reflexive
spaces with an unconditional basis, the sequence space ¢y, and many more.

Recall that a Banach space X has the weak Radon—Nikodym property
(briefly, WRNP) if, whenever (£2, X, u) is any complete probability space
and m : X — X is any p-continuous vector measure of finite variation,
then m has a Pettis p-integrable, X-valued density. Of relevance to this
paper is that a Banach space X satisfies £! < X iff X* has the WRNP [I5]
Theorem 6.8, [41], Corollary 7.3.8]. A Banach space X has the compact range
property (briefly, CRP) if every X-valued vector measure of finite variation
has relatively compact range [30, Definition 2|. If X has the WRNP, then X
has the CRP [30] Proposition 4]. Also, in any weakly compactly generated
Banach space (hence, in all separable spaces and in all reflexive spaces), the
WRNP and the Radon—Nikodym property (briefly, RNP) are equivalent [29]
Corollary 3|. The same is true in arbitrary Banach lattices [I7, Theorem 5|.
In particular, every reflexive Banach space has the CRP [I4], p. 218]. Such
spaces, even if separable, need not have an unconditional basis [27) p. 27].

The following “converse type” result should be compared with Theo-
rem

THEOREM 1.3. For a Banach space X the following assertions are equiv-
alent:

(i) X has the CRP.
(ii) Every X -valued vector measure m with L*(m) = L'(|m|) satisfies
Im € Acc-

It is worth noting that the condition L'(m) = L!(|m|) in part (ii) of
Theorem[I.3|cannot be relaxed to the requirement that m has finite variation.
Indeed, in Example 3.69 of [38] there is a vector measure m taking its values
in the reflexive space /P, 1 < p < oo (hence, has the CRP), such that m
has finite variation and L'(|m|) € L'(m). Since its integration map I, :
L'(m) — ¢P is an isomorphism onto /7 (and " does not have the Schur
property), I, is surely not completely continuous. For a non-atomic example
(in the reflexive space L"([0,1]), 1 < r < co) which exhibits the same features
we refer to the L"([0, 1])-valued vector measure m, induced by the classical
Volterra kernel operator, namely m,(A) is the function in L"(]0,1]) given
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by t +— Sé xa(s)ds for t € [0,1] and every Borel set A € B([0,1]) [38|
Example 3.26 & Proposition 3.52|. In this case I, is not an isomorphism
but still fails to be completely continuous.

Suppose that I, is p-summing for some 1 < p < oo [13, Ch. 2|, in
which case L'(m) = L(|m]). Then I, is also weakly compact and com-
pletely continuous [13, Theorem 2.17]. In general, neither the weak com-
pactness of I,,, alone implies that L'(m) = L'(|m|) (cf. the Volterra mea-
sures m, : B([0,1]) — L"([0,1]) for 1 < r < oo, mentioned above), nor
does complete continuity of I,, alone imply that L'(m) = L!(|m|); consider
?*-valued measures as discussed after Theorem [1.2l We construct several
non-trivial examples of vector measures m (mostly arising in classical anal-
ysis) which show that I,,, may belong to A. \ Aj, or to A; \ A, or even to
(Mp<reoo Ar) \ (Ap U Ac) for every 2 < p < oco.

2. Operator Ideal Principle and p-summing integration maps.
Let m : ¥ — X be a Banach-space-valued vector measure and let L0(X)
denote the space of all C-valued, Y-measurable functions on {2. Given f €
L' (m), its indefinite integral is the vector measure my : X — X given by

(2.1) mf:AHSfdm, VA e X
A

the o-additivity of my follows from (I1), (I2) and the Orlicz—Pettis Theorem
[14, Ch. I, Corollary 4.4].

LEMMA 2.1. Let m: X — X be a Banach-space-valued vector measure.

(i) A function f € L*(m) belongs to L' (|m)|) iff its indefinite integral ms
has finite variation, in which case || f| 11y < Il L1 (my)-

(ii) Let f € L'(m). As an equality of vector spaces we have

(2:2) L'(my) ={g € L°(%) : gf € L'(m)}.
Moreover, for each g € L*(my),
(2.3) Sgdmfzggfdm, VA e X,
A A
and also
(2.4) 19l m sy = 1191 L1 (m)-

The multiplication operator My : L'(my) — L'(m) defined by g — gf for
g € LY(my) is a linear isometry onto its range in L'(m) and
(2.5) Ty = I o Mj.

Proof. (i) See Lemma 3.14(i) in [38].

(ii) To establish (2.2)), let g € L'(my). By Theorem 3.5 of [38] applied
to my there exists a sequence {s,}72; C sim X' such that s, — g pointwise
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and limy, o0 § 4 sn dmy = {, gdmy for A € X. Since also s, f — gf pointwise
and { , s, dmy = §, s,fdm for n € N and A € ¥, again by Theorem 3.5 of
[38], now applied to m, we can conclude that gf € L!'(m) and holds.
So, g belongs to the right side of .

Conversely, let g belong to the right side of . Choose a sequence
{sn}o2; C sim X with s,, — ¢ pointwise and [s,| < |g| pointwise for each
n € N. Then |s,f| < |gf| pointwise for n € N, with gf € L'(m). The
Dominated Convergence Theorem for vector measures [38, Theorem 3.7(i)]
then yields s,f — gf in L'(m). In particular, $ysnfdm — §,gf dm for
A e ¥ [38, p. 112]. Since {,s,fdm = §, sp,dmy for A € X and n € N,
we can conclude from Theorem 3.5 of [38] that g € L'(my) and that
holds. So, is valid. At the same time we have established (2.3)).

The formula follows from the identities

[((mp 2 |(A) = | [f|d](m,a")|, Va" € X", AeX
A
(cf. (I2) and (2.1))) together with the definition

19l (mpy == sup | |gld|(my,z").
z*€B[X*] ()
Then (2.2) and (2.4) ensure that M; is a linear isometry from L*(my) onto
its range in L!(m). Finally, (2.5) follows routinely from the definitions in-
volved. =

We can now establish the Operator Ideal Principle.

Proof of Proposition 1.1. Let A, X and m : X — X be as in the state-
ment of the result. Fix any f € L'(m). Then the composition I, = IpoMjy :
L'(mys) — X (cf. (2.5)) belongs to A because I, € A (by assumption).
Since X is A-variation admissible, we can conclude that m has finite vari-
ation, and hence, by Lemma (i), that f € L'(|m|). This establishes that
L'(m) C LY(|m|) and, via (L.1), it follows that L'(m) = L'(jm|). =

The following result, presented in [39], will now be established. The tech-
niques in the proof are of independent interest.

THEOREM 2.2. Let 1 < p < oo and A, be the operator ideal consist-
ing of all p-summing operators. Then every Banach space is Ay,-variation
admissible.

Proof. Let X be any Banach space. Fix an X-valued vector measure m
defined on a measurable space ({2, X). Select any positive finite measure
p: X — [0,00) which has the same null sets as m, written briefly as m ~ p
[14, Ch. I, Corollary 2.6]. So, L>(u) = L°°(m) is continuously embedded,
via the natural embedding, say «, into L!(m). The proof is in several steps.
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STEP 1. If I, o v : L®() — X is g-summing for some 1 < q < oo,
then there is g, € L'(n) with gqo(w) > 0 for every w € 2 such that, with
continuous inclusions,

(2:6) L>(p) € L(gqdp) C L' (m).

To verify this, observe that L>°(u) is a (complex) AM-Banach lattice with
unit xp. By the Kakutani Representation Theorem [40, Theorem 7.4 &
p. 138, there is an isometric Banach lattice isomorphism 3 of L>(u) onto
C(K) with 8(xn) = Xk, for some (extremely disconnected) compact Haus-
dorff space K. Since (| f|) = |B(f)], it follows that B(] f]?) = |B(f)|? for each
f € L>®(u). By assumption, the composition I,, oo 7! : C(K) — X is
g-summing so a factorization theorem of Pietsch [13, Corollary 2.15| implies
that there exists a finite regular Borel measure A : B(K) — [0, 0o) satisfying

@1 Unoaosw)lx < (Jrerar) . v e o).
K

Let & € L>®(u)* denote the positive linear functional corresponding to A €
M(K) = C(K)* via %, i.e., £ := "(\) where 8* € L(C(K)*,L*™(n)*) is
the dual operator of 5 € L(L*>(u), C(K)). Then (2.7) implies that

(2.8) (T 0 @)(N)llx < (I FI%E)Y9 Vf € L=(n).

Define a finitely additive set function ne : A — (x4,&) = {;- B(xa) dX €
[0,00) for A € . Whenever A € X' is p-null we have x4 = 0in L*>°(u) and so
B(xa) =01in C(K), i.e., n¢(A) = 0. So, there exist a positive finite measure
n X — [0,00) and a purely finitely additive set function 7y : X — [0, 00)
such that n¢ = m1 + 72 on X |46, Theorem 1.23]; for the definition of a
positive purely finitely additive set function see [46, Definition 1.13]. Apply
[46, Theorem 1.22] to find a decreasing sequence {B(n)}>°; in X' such that
lim,, oo (B(n)) = 0 and m2(B(n))) = n2(£2) for all n € N. Consequently,
with A(n) := 2\ B(n) for n € N, the increasing sequence {A(n)}°° ; in X has
the property that 2\ U2, A(n) is p-null and 72(A(n)) = 0 for each n € N.
For each A € X which is p-null it follows from 0 < 71 (A)+n2(A) = n¢(A) =0
that n1(A) = 0 = n2(A). In particular, n; is absolutely continuous with
respect to g, and hence there is 0 < h € L'(u) such that 1 = hdy, i.e.,
m(A) = {,hdp for A € X. Via Theorem (20.33) of [20], the set functions
11,7M2 correspond to positive linear functionals &1,&, € L% (u)* such that
ni(A) = (xa,&) for A € X and j € {1,2}. Of course, & = & + &2, as
ne = m + 12 and sim X' is dense in L ().

Fix f € L*(u). The claim is that

(2.9) (o) (Dllx < ( 1R ) "

2
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In fact, given n € N, we have (| f|?xa(n),&2) = 0 because {2 > 0 implies that

0 < {If1"xam): &) < A 2o uyXxam): €2)
= [T 00 () Xa(n)s 62) = [0y n2(A(R)) = 0.
This and with fXA(n) In place of f give, for each n € N,

(L ooz)(fom))II%( < F19%a@m): €) = (1 xa@m, &) = | [f|*hdp.
A(n)

Since f € L>®(m) C L*(m), we know that m (cf. (2.1))) is a vector measure
and it is clearly absolutely continuous with respect to u as m ~ u. Hence,

Jim [|(Ln 0 @)(f = fxam)lix = lim [[mg(2\ A(n))] x
= lim_ [jm(B(n))[x = 0.
This gives because x 4(n) T X p-a.e. and
1(Tm 0 ) (NI = T {|(Tm 0 @) (Fxam)lk

< lim | [f|%hdp =\ |f|%hdp.
n OOA(n) 0

Define g, := h+xgo € L*(p)*. It follows from (2.9) that ||(Imoa)(f)|lx <
(S 1f1794 du)Y/9 for each f € L>(p). In other Words I o admlts a continu-
ous linear extension T : L9(gq dpu) — X because g4 > 1 pointwise everywhere
implies that L>(u) = L*>(gqdp) € L9(gydp) continuously. Moreover, the
continuous inclusion L9(g, du) € L'(m) holds by [38, Theorem 4.14] because
T(xa) =m(A) for A € X and because m ~ g, du.

STEP 2. If I, is p-summing and L>®(u) C Li(g,dp) C L*(m) contin-
wously for some 1 < q < oo and some everywhere strictly positive function

gq € L' (1), then I, o a: L®°(p) — X is max {1, p+q} summing.

To prove this, let ay : L>(u) — L9(g,dp) and ag : LI(ggdp) — LY(m)
denote the corresponding natural embeddings. Then «; is q—summing [13
Example 2.9(d)]. So, [13, Theorem 2.22] gives that I,,, o oy is max {1, -2
summing, and hence so is I, o a = (I, 0 1) 0 aa.

’ p+q

STEP 3. If Iy, : L'(m) — X is p-summing, then there is g1 € L'(u) with
g1 > 0 pointwise everywhere such that L'(g1 du) C L'(m) continuously.

Indeed, since I, o « is p-summing, Step 1 with ¢ := p gives L>=(u) C
LP(gpdp) C LY(m) continuously for some g, € L'(u) with g, > 0 pointwise
everywhere. By Step 2 with ¢ := p we know that I,,, o  is max{1l,p/2}-
summing. Again Steps 1 and 2, now with ¢ := max{1,p/2}, give that I,, o«
is max{1, p/3}-summing. We can continue this process to conclude that I,,oc
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is max{1l, p/n}-summing for all n € N. Selecting n € N with n > p shows
that I, o « is 1-summing. Now apply Step 1 with ¢ := 1 to obtain Step 3.

STEP 4. If I, is p-summing, then m has finite variation.

By Step 3, we have the continuous inclusion L!(g; du) € L'(m) for some
g1 € L'(u) which is positive everywhere. With C denoting the operator norm
of this continuous inclusion, we have

[m(A)llx = [m(xa)llx < lIxallLrm)

SCSXAgld,U:CSgld,Ua VA€ X,
2 A
which implies that |m|(£2) < oo. This establishes Step 4.
Since m is an arbitrary X-valued vector measure, Step 4 implies that X
is A,-variation admissible. This completes the proof of Theorem @ "

COROLLARY 2.3. Let m be a Banach-space-valued vector measure. Then
the integration map satisfies I, € A1 iff I, € As.

Proof. Since A; C Az [13, Inclusion Theorem 2.8], we only need to con-
sider the case when I, is 2-summing. Suppose that m is X-valued. According
to [13, Corollary 2.16|, there is a probability measure p and continuous lin-
ear maps « : L'(m) — L?(u) and B : L?(u) — X such that I,,, = 3o a.
But L'(m) = L*(Jm|) by Theorem and so Grothendieck’s Theorem [13],
Theorem 3.4], [44, p. 202] implies that o : L'(|m|) — L?(p) is 1-summing.
Hence, also I, = foa € A;. u

Proposition [I.I] and Theorem [2:2] show, for any vector measure m with
Iy, € A, for some 1 < p < oo, that L*(m) = L!(|m|). In certain situations a
converse is possible.

PROPOSITION 2.4. Let 2 < p < 0o and m be an fP-valued vector measure
satisfying L'(m) = L*(|m]). Then I, € A, for all p < r < 0o.

Proof. By a result of P. Saphar, every operator from L(¢',¢P) is r-
summing for all p < r < oo (see [12, p. 321, Corollary]|, for example). By the
local technique lemma for operator ideals [12, p. 301], the same statement
holds if we replace ¢! with any L;-space, in particular, by L!(|m|) (see also
[38, Example 2.61(ii)]). Since I,,, € L(L'(m), ) = L(L*(|m|), ¢P), it follows
that I,, € A, forall p<r <oo. m

From the proof, it is clear that the condition L!'(m) = L'(|m]) in the

statement of Proposition [2.4] can be replaced with the requirement that
L'(m) is an Li-space.

REMARK 2.5. The method of proof of Theorem relies on three clas-
sical results, namely the Kakutani Representation Theorem, the Yosida—
Hewitt Decomposition Theorem and a factorization theorem of Pietsch. We
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point out that this argument can be adapted to provide a completely differ-
ent proof of the result mentioned in Section 1, namely that L'(m) = L!(|m]|)
iff the integration map I, is positive p-summing for some 1 < p < oo [5].
The proof given in [5] is based on p-concavity arguments.

Concerning a proof via the methods of this paper recall, for 1 < p < oo
and X a Banach space, that an X-valued, continuous linear operator T
defined on a (complex) Banach lattice W is called positive p-summing if
there exists C' > 0 such that

(Z!!ijllp)/p<0 sup (Z\wj, w) "

w*EB[W*]

whenever {wj} ', is a finite set of positive elements in W and n € N [4]
Definition 1]. For such an operator T' : W — X and for any W-valued positive
operator S defined on a (complex) Banach lattice, the composition T o S
is again positive p-summing [3 Proposition 1(d)]. Fix an X-valued vector
measure m defined on a measurable space (£2, X)) and let u : X' — [0,00) be a
finite measure such that m ~ p. The natural embedding of L (u) = L (m)
into L'(m) is denoted by o. When referring to Steps 1 to 4 we mean those
in the proof of Theorem [2.2]

STEP 1. If I, o : L™ () — X is positive g-summing for some 1 <
q < oo, then there is g, € L' (n) with go(w) > 0 for every w € §2 such that
(2.6]) holds with continuous inclusions.

To establish Step 1’ let 3 : L>(u) — C(K) be the isometric Banach
lattice isomorphism as in the proof of Step 1. Then 87! : C(K) — L>®(u) is
a positive operator and hence, as noted above, (I, oa)o 37! : C(K) — X
is then positive g-summing. According to [4, Proposition 3| we see that I, o
a o 37! is actually g-summing, and hence so is I, oa = (I, cao 371 o3
as [ is a positive operator. Thus, Step 1 can be applied to obtain with
continuous inclusions.

STEP 2'. If I,, is positive p-summing and (2.6 holds continuously for
some 1 < g < 0o and some everywhere strictly positive function g, € L' (u),
then I, o o : L (p) , p+q} summing.

To see this, let ay : L®(u) — Li(gydp) and ag @ Li(ggdp) — LY(m)
denote the respective embeddings determined by . As noted in the proof
of Step 2, ay is g-summing, and hence so is « := as o 1. An examination
of the proof of the Composition Theorem 2.22 (and Lemma 2.23) in [13]
shows that it can be adapted to show that the composition I, o « is positive
} -summing.

’p+q
SteP 3. If I, is positive p-summing, then there is g1 € L'(u) with
g1 > 0 pointwise everywhere such that L*(g1 du) C LY (m) continuously.
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The proof of Step 3’ is similar to that of Step 3, by applying Steps 1’ and
2’ repeatedly.

STEP 4'. If I, is positive p-summing, then m has finite variation.

The continuous inclusion L!(g;du) € L'(m), guaranteed by Step 3/,
establishes Step 4’ as in the proof of Step 4.

It remains to show that L!'(m) = L'(Jm|) whenever I, is positive p-
summing for some 1 < p < 00. Since the positive p-summing operators do
not form an operator ideal, we cannot appeal to Proposition Now, by
Lemma (1) we have L(|m|) € L'(m). To prove the reverse inclusion, let
f € L'(m). Select non-negative functions fU) € L'(m) for j = 1,...,4 such
that f = fM) — f@ 44(fB) — f4)), For j fixed the continuous multiplication
operator M) : Lt (mf<j)) — LY(m), as given in Lemma [2.1(ii), is positive,
and hence the composition Imf(j) =InoM () 1s positive p-summing. Via
Step 4/, with mg() in place of m, it follows that mg() has finite variation.
Since ||mg(A)||x < Z?Zl [m i) (A)||x for A € X, it follows that my also has
finite variation. So, f € L!(|m|) (cf. Lemma(i)). Thus, L'(m) C L(|m)).
This establishes that L'(m) = L(|m]).

As already noted in Section 1, the operator ideal A. has the property
that every Banach space is A.-admissible [36, Theorem 4]. According to
Theorem the same is true for the operator ideal A,, 1 < p < co. We

now show that there exist vector measures m for which I,,, € A, \ A, and
others for which I,, € A, \ A..

EXAMPLE 2.6. Let GG be any infinite compact abelian group with nor-
malized Haar measure p. For each 1 < p < oo and each regular, complex

Borel measure A € M(G), the linear operator C’ip ) of convolution with A
belongs to L(LP(G)) where, for f € LP(G) := LP(u), we have

C)(\p)<f) T S flx—y)d\(y) p-ae xze€QG.
G
Indeed, ||C§\p)||0p < |A|(G). The operator C)(\p) induces the vector measure
mP) . B(G) — IP(G) defined by

mP A CP (xa) = xax), VAEB@G).

It is known that mg\p )~ w (provided A # 0) and, with continuous (natural)

inclusions, that LP(G) C Ll(mf\p)) C LY(G). Moreover, the integration map

I ) : Ll(mg\p)) — LP(G) is also given by convolution, i.e.,
A

(2.10) L) =*A VfeL'md).
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For A < p, i.e., there exists g € L'(G) such that \(A) = SAgdu for A €

B(G), we write gdp for A and ngp) (resp. mgp)) for Cgp) (resp. mg\p)) All of
the above claims can be found in [38, Ch. 7, §7.4], for example. The following
characterization occurs in Theorem 7.67 of [3§].

FACT. Let1 <p < oo and A € M(G)\{0}. The following assertions are
equivalent:

(i) There exists g € LP(G) such that A = gdu.
(ii) The integration map I m® Ll(mg\p)) — LP(G) is compact.

(it}) L'(m{”) = L'(Im{"]) = L'(G).
Concerning 1-summing operators we require the following result.

LEMMA 2.7. Let1 <p <2 andg € LP(G). Then Ll(mgp)) = LY (@), and
the integration map I ) : Ll(m(gp)) — LP(Q) is 1-summing iff g € L*(G).
g

Proof. Inview of (2.10) and the above Fact we see that Ll(mép)) = LY(G)
and that [ ) is pre(nsely the bounded operator C( P : LY(GQ) — LP(G) of
convolutlon Wlth g.

Suppose that g € L?(G). Let J?P) : L2(G) — LP(G) denote the natural
inclusion and 051’2) : L1(G) — L*(G) be the bounded operator of convolu-
tion with g. Since 051’2) is necessarily 1-summing [I3] Theorem 3.4], so is
the composition Img‘” = ngl’p) = JP o 055172).

Conversely, suppose that C'g(,l’p ) is 1-summing. Since g € LP(G), the set

S(g) :={y €I :g(y) # 0} is countable, where I" is the dual group of G and
g is the Fourier transform of g, i.e., g(v) := {5 (z,7)g(x) du(z) for v € T,
with (z,7) denoting the value of the character v at x € G. The trigonometric
monomial x — (z,7) on G is denoted by (-, 7). Since 3 cg) [{(7); o) =
> ves@) (@) 1y )2 < oo for each ¢ € L*®(G) = LYG)* C L*(G), the se-
quence {(-,7) : v € S(9)} C L'(G) is weakly 2-summable in L'(G) (cf. [13]
p. 32| for the definition). But C’él’p ) is also 2- summing [13, Inclusion Theo-

rem 2.8|, and hence Cgl’p) maps {(-,7) : v € S(g)} to a norm 2-summable
sequence in LP(G) [13, Proposition 2.1], i.e.,

Y@= >0 MGy = D I (D e < oo
Y€5(9) v€5(9) v€5(9)
Hence, g € £2(I), i.e., g € L*(G). =

It follows from the above Fact and Lemma [2.7] that, for every 1 < p < 2
and g € LP(G) \ L*(G) (such functions g exist as p is non-atomic [38,
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Lemma 7.97]), the integration map I ) is compact, but fails to be 1-
summing. !

Consider now p := o0, i.e., X = L*(G), and the finitely additive L*°(G)-
valued set function mf\oo) A — C/(\OO)(XA) for A € B(G), where Cﬁ\oo) €

L(L>*(@Q)) is again the operator of convolution with A € M (G). Then mg\oo) is

norm o-additive (i.e., a vector measure) iff A = g du for some g € L'(G) [34)

Theorem 1|, in which case the integration map I () is compact iff g € C(G)
Mg

[34, Corollary 3]. On the other hand, I e is 1-summing iff g € ¢X(I") [34,

Proposition 4], i.e., iff g € A(G) in the notation of Example [3.5[(ii) below.
So, I (e is compact but fails to be 1-summing whenever g € C( )\ A(G).
g

That the inclusion A(G) C C(G) is always proper is known [19, Theorem
(37.4)]. =

In the proof of Lemma it was observed that the integration map
I LY(G) — LP(G) is the continuous convolution operator C’g(,l’p) s fe
9

fxg from L'(G) into LP(G). A detailed study of those convolution operators
belonging to £(LP(G)) and to L(LY(G), LP(G)), for 1 < p < oo, and which
are 1-summing appears in [37]. For the latter case, i.e., for L(L'(Q), LP(Q)),
such convolution operators always arise as the integration map of an LP(G)-
valued vector measure.

We now present some examples of m with I, € A; \ A..

EXAMPLE 2.8. (i) Let (£2, X, ) be a finite positive measure space for
which there exists an infinite partition {A(n)}>2; C X of 2 with p(A(n))
> 0 for n € N. Let X be any infinite-dimensional Hilbert space. According to
Lemma 2.5 in [36] (see also its proof), there exists a sequence {z,}7°; C X
of unit vectors which is not a relatively compact subset of X and a finite set
F C X* such that

(2.11) 1=aallx < > [{@n,2%)], VneN.
z*eF

Define H : 2 — X by H(w) := Y2 | Xam)(w)zy, for w € 2, in which case
H is strongly measurable (its range is separable) and bounded, as || H (w)|| =
Y ome1 Xam)(w) = 1 for w € 2. Hence, H is Bochner p-integrable and so the
vector measure m : X — X defined by m(A) := {, H dy for A € X has finite
variation. Indeed, |m| = p since |m|(A) = {, [|[H(w)| du(w) for A € X [14,
Ch. II, Theorem 1.4]. For each z* € F and A € X' we have

o0

[(m, 2*)|(A) = | [(H (w), z")| du(w len, ) u(AnA(n)),

A

and hence
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> lm, 2| Z“ ANAM) Y [an, 2| =Y anp(AN An)),
*eF z*eF n=1
where ay, := > .o r [(Tn,2*)| > 1 for all n € N (cf. (2.11)). Accordingly,

|m|(A ZMAHA Zan,uAﬂA Z|mz
n=1 z*eF
for each A € X, and so L'(m) = L*(|m]|) = L*(u) [36, Lemma 2.6(i)].
Observe that {u(A(n (n) } CB[L'(p)]=B[L'(|m|)] with B[L!(|m|)]

n=1—

C B[L'(m)] (see Lemma (1)) Since

1 1
It a) = A= e

and {z,}72 is not relatively compact, it follows that the integration map
I, fails to be compact. However, since L'(m) = L'(u) with equivalence of
norms, I, : L'(m) — X is surely l-summing by Grothendieck’s Theorem
[44, p. 202]. So, Iy, € A1 \ A..

(ii) Let the measure space ({2, X, ) and the partition {A(n)} 2, of 2
be as in (i) above. Define a vector measure m : X — ¢! by

(2.12) m(A) = p(A) fr + > (AN An)) fur1, VAEZ,
n=1

where {f,,}22, is the canonical basis of £!, and observe that m is precisely
the vector measure of Example 3.7 in [33]. According to Proposition 3.5 of
[33] we have L'(m) = L'(u), in which case L*(m) = L!(|m|) with equivalent
norms [38, Lemma 3.14|. As noted in Example 3.7 of [33] the integration map
I, : L'(m) — ¢! is not compact. Since ¢! has the Schur property, I, also
fails to be weakly compact, and hence is not 1-summing [I3, Theorem 2.17].

For 2 < p < oo, let j(IP) : ¢! — ¢P be the natural embedding. Then
my = j (1P) o m is an ¢P-valued vector measure on X. It is clear from
that m,m, and p all have the same null sets. Since 71P) is injective, it
follows that L'(m) C L'(m,) [38, Lemma 3.27]. Suppose that f € L'(m,).
For e} := (1,0,0,...) € (#*)* we have {,|f|du = {, |f]d|(mp,e})| < oo,
and so f € L'(u) = LY(m). Accordingly, L'(m) = L'(m,) = L'(u) with
equivalence of norms, for each 2 < p < 0.

Now, I, : L'(mg) — ¢? is 1-summing by Grothendieck’s Theorem
(see (i) above). Let j(3P) : ¢2 — (P be the natural inclusion. Then I, =

2P o Iin,, and so I, is 1-summing for every 2 < p < oo.

Observe that {M(A(n) XA(n )} . € B[L'(1)], and so {M(A XA(n)}Zozl
is also contained in a multiple of B[Ll(mp)]. It follows from the formula
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L, (1) = (Ve § fdp, § fdu,...), vfer(m),

0 A1) A(2)
that I, (mXA(”)) = e1+ept for n € N, where {e,, }°° ; is the canonical

basis of /P. Since {e; + e, }52; is not relatively compact in /7, we conclude
that I,, is not compact, for each 2 < p < oo.

EXAMPLE 2.9. Let (£2,X,u) be a finite positive measure space and
{A(n)}52, be a partition of £ as in Example 2.§[i). Fix any 2 < p < co. We
exhibit a vector measure m : ) — P such that

(2.13) Ime( N Ar>\(ApUAC).

p<r<oo

The canonical unit basis of ¢! (resp. ) is denoted by {f,}5%; (resp.
{en}22). Select any operator T € L(¢',¢P) which is not p-summing [23]
Lemma 4.1]; a concrete construction of such a 7" is presented in [24], §4]. Since
P is a separable Banach space, there is a surjective operator Q € L({!, (P)
[27, p. 108]. In particular, @ is not compact. By the lifting property of £*
[27, Proposition 2.£.7], we have T = @Q o S for some S € L(¢1). So, Q is not
p-summing as 7' is not p-summing. On the other hand, @ is r-summing for
all p < r < oo because every operator in L(£},¢P) is r-summing for such r
[12, Corollary 24.6]. The surjective linear operator P : L'(u) — ¢! given by
P(h):=>> (SA(n) hdp) f, for h € L(u) is continuous, and hence Qo P €

n=1
L(L' (), P) is r-summing for all p < 7 < co. But, being a surjection, Q o P
is not compact. Also, Qo P is not p-summing because, with J € L£(¢', L*(u))
denoting the injection ¢ — Y2 (o(n)/p(A(n)))xa@m) for ¢ € ¢', we have
Q=Qo(PoJ)=(QoP)o.Jas PoJ is the identity operator in L£(¢!).
Let R € L(¢P) denote the forward shift operator, i.e., R(>.>7 | anen) :

n=1

S apent1 for Y00 ane, € fP. Since Ro Q o P is continuous and L' (u)

n=1 n=1
has g-order continuous norm, it follows that m : X' — ¢P defined by

m(A) = p(A)er + (Ro Qo P)(ya), VA€,
is a vector measure. Observing that the range of RoQo P lies in span({e, }72 5)

C (7, it follows that m ~ u. Moreover, L'(u) C L'(m) as

[ rdm = (| fdu)er+(RoQoP)(fxa), VfeL'(n), Aex.
A A

Let e} denote the continuous linear functional Y 2 | 1 (n)e, +— (1) on 7.
Then L'(m) = L*((m,e})) = L'(n). Hence, L'(m) = L'(u) as isomorphic
Banach spaces with

Ln(f) = L(fler + (Ro Qo P)(f), VfeL'(m).
Since f — I,(f)e1 is a rank-1 operator in £(L'(m),¢?) and R is a linear
isometry onto its (closed) range span({e,},>y) C ¢, it follows that I, is
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r-summing for each p < r < oo, but I, is neither p-summing nor is it
compact. That is, (2.13]) holds.

To conclude this section, let us point out that there exist vector measures
m satisfying L'(m) = L(|m|) and I, is neither compact nor I-summing.

For 1 < r < oo, consider the Volterra vector measure m, : B([0,1]) —
L"([0,1]) (see Section 1). Then m, has finite variation with L!(|m,|) €
L(m,) |38, Example 3.26]. Moreover, I, is not compact [38, p. 154]. Since
I,,,, fails to be completely continuous [38, Proposition 3.52|, it fails to be p-
summing for every 1 < p < oo [13, Theorem 2.17|. Consider now r € {1, 00},
in which case the Volterra measure m,. is defined by the same formula as for
1 < 7r < oo given in Section 1. According to Example 3.26 in [38] we have
LY(mq1) = LY(Jma]) and L'(|meo|) = L (meo), which implies that I,,, € Ac.
Indeed, the range m,(B([0,1])) of m, is relatively compact because the clas-
sical Volterra integral operator V. from L"([0, 1]) into itself is compact [38]
pp. 113-114]. Since L (m,.) = L*(|m,|), the complete continuity of I,,,, = V;.
follows from |38, Corollary 2.42]. However, since both I,,,, and I, fail to
be weakly compact [38, Example 3.49(iv)], they also fail to be compact and
fail to be p-summing for every 1 < p < oo [13] Theorem 2.17].

Or, let 0 < a < 1 and consider the Sobolev vector measure m : B([0,1]) —
L*°([0,1]) defined by

1
(2.14) m(A):t— SXA(S)S*O‘ ds, Vtel0,1], A€ B(]0,1]).
t

Then L'(m) = L'(|m|) |11, Proposition 2.1|, and the integration map I,,, :
LY(m) — L>([0,1]) fails to be weakly compact [IT, Proposition 2.2]. By an
argument as for the Volterra measures with r € {1, 00} we can conclude that
L, is not compact and not p-summing, for every 1 < p < co. Suppose that X
is any rearrangement invariant Banach function space on [0, 1] which is not
isomorphic to L*°([0,1]). Since L>°(]0,1]) imbeds continuously into X, the
same formula specifies an X-valued vector measure, denoted by mx,
which has finite variation [II], Proposition 3.1], and whose integration map
Ly : LY(mx) — X is not compact [L1], Proposition 3.6]. If X happens to be
a Lorentz A -space with ¢ an increasing concave function on [0, 1] such that
¢(0) = 0 (and with the norm [/ f[|4, := Sé f*(s)de(s), where f* is the de-
creasing rearrangement of f), then actually L'(ma,) = L*(|my,|) and I, o
fails to be weakly compact [IT, Proposition 3.8 & Corollary 4.3]. Arguing as
above we can conclude that I, Ay is not p-summing, for every 1 < p < oo.

Finally, consider the vector measure m : ¥ — (' occurring in ([2.12)
in Example (ii), where it was observed that L'(m) = L'(Jm|) and I,, :
L'(m) — ¢! is not weakly compact. Hence, I,, is not compact and not
p-summing, for every 1 < p < oo.
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3. Proof of Theorem The proof of Theorem [I.2] proceeds via a
series of lemmata. We begin with a result from the realm of Banach space
theory. Sometimes we will express sequences of scalars (i.e., elements of CY)

as functions defined on N. Vectors from the finite-dimensional space RY are
denoted by (&,)0_;.

LEMMA 3.1. Let X be a Banach space, K,, C B[X]| for n € N be a
sequence of non-empty compact sets, and § > 0 be such that

N N
(3.1) 62\%\ Ssup{HZanxn
n=1 n=1
for all choices of N € N and {a, : n =1,...,N} C C. Then there exists
x§ € B[X™] such that
(3.2) limsup ( sup |{(z,z5)|) > 0.

n—oo  x€Kj,

:xneKn,nzl,...,N}
X

Proof. Define a set of real sequences by
W= {(en|(zn, ")), eRYN : 2" € B[X ], £, € {—1,1}, 2, € K,,, VnEN}.
Then W C B[¢*°] and the convex hull co(W') of W in £*° also consists of real
sequences belonging to B[¢>°]. Clearly co(W) # 0.
STEP 1. For each N € N, there exists pn € co(W) satisfying
en(n) >46/2, Vn=1,...,N.

To see this, fix N € N, define an R-linear map &y : £*° — RY by
(1) == (Re(p(n)))X_, € RN for ¢ € £°, and set Uy := (co(W)) € RV,
Let

Vv ={(&)N eRN 1 ¢, >6/2,¥n=1,...,N}.

Now, suppose that the conclusion of Step 1 is not wvalid, i.e., for every ¢ €
co(W) we have ¢(n) < §/2 for some n € {1,..., N}, depending on . Then
UnNVy = 0. Since Uy # ) is convex and Vy # 0 is convex and open, there
exist (an)N_; € (RV)* and r € R such that

N N
(3.3) Y anbn v <D anmn, V(€)M € Un, ()il € Vv
n=1 n=1
[22, First Separation Theorem, p. 130]. We claim that also
N
(34) D lanlén <r, V()T € Un.
n=1
In fact, fix (£,)M_, € Un and select p € co(W) satisfying p(n) = &, for

n =1,...,N. Choose jyo € N, b, € [0,1] with >7° by, =1, and ¢ € W
for K =1,...,jp such that ¢ = Jkozl br. Furthermore, there exist €, €
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{=1,1} for n =1,..., N satisfying e,a,, = |a,|. For each k = 1,..., jo define
a function ¢y on N by
_ eipp(i) forie{l,...,N},
V(i) == ) :
(i)  fori> N.

It is routine to check from the definition of W that {wl, e ,@DJO} C W. More-
over, direct calculation yields 27]:[:1 lan|&n = Zn 1 lan( bk¢k)( )
Since 1 := > 7%, by, € co(W), it follows from the left 1nequahty in ,
applied to (¥(n))N_; € Uy, that 27]2[21 |an|&n < r. This establishes |D

Next we claim that

N
(3.5) sup {H nzz:lanxn .

Indeed, fix any choice of =, € K, for n = 1,...,N. For each z* € B[X¥]
it follows from the fact that (|<xn,x*>|)7]:[:1 € Uy and (3.4) that 27]:[:1 |an] -
|(zn, 2*)| < r. Accordingly,

N
H Z anTn
X
n=1

Since x, € K, forn=1,..., N are arbltrary, this establishes .

It follows from and that ¢ 25:1 |an| < 7. On the other hand,
since (36/4)(1,...,1) € Vy, from the right inequality in we have
r < ZnN:1 3dan/4 <0 27]1\/:1 |an|, which contradicts 522[:1 |an| < r. Hence,
Step 1 is established.

:anKn,nzl,...,N}gr.

< sup Z’an| l‘nv ’ <.
x* GBX*

STEP 2. Let W°  denote the closure of W in £%° with respect to the
weak-+ topology o (£, 0Y). Then (W )\ ¢y is non-empty, where cq is con-
sidered as a closed subspace of £°°.

To establish Step 2, first observe that B[¢*°] is compact for the weak-x
topology [28, Theorem 2.6. 18] Recalling that W C B[¢*] it follows that
W7 C B[], and hence W is also weak-x compact Proceeding by contra-
diction, suppose that (W )\co =0,ie., W’ C . Since the weak topology

(co, 51) on c¢g is that induced by the Weak—* topology of £°°, it follows that
W s weakly compact in cg, and hence so is its closed convex hull oo(W )
[28, Theorem 2.8.14]. Choose a sequence {pn}3_; € co(W) C co(WU ) ac-
cording to Step 1, which then admits a subsequence converging weakly in ¢
(hence also pointwise on N) to some element ¢ € ¢y [28, Theorem 2.8.6].
It follows that ¢(n) > 0/2 for each n € N because py(n) > 6/2 for
1 < n < N whenever N € N. This is impossible as ¢ € ¢g. So, we must

have (WU*) \ co # 0.
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STEP 3. There exist ¢ > 0, a vector x§ € B[X*] and an infinite subset

A CN such that
sup [(x,x5)| > ¢, Vne A.
z€K,

To see this, use Step 2 to select ¢ € w \ co. Since the Banach space ¢
is separable, its dual unit ball B[¢*°] is metrizable for the weak-x topology
[28, Corollary 2.6.20|. Recalling that W C B[¢>°] enables us to choose a
sequence {t;}32; C W which converges weak-x to 1. As 1) € £\ ¢y, there
is ¢ > 0 such that A := {n € N: [¢)(n)| > ¢} is an infinite subset of N. By
the definition of W, given j € N there exist ¢;,, € {—1,1}, z;, € K, and
z; € B[X™] such that

Yi(n) = gjnl(Tjn, z5)|, VneN.
Now, the closed subspace Y := span(|J;-, K,) of X is separable because
each set K, for n € N is compact; this follows routinely from [28, Theo-
rem 1.12.15|. Accordingly, B[Y™*] is compact and metrizable for the weak-x
topology o(Y*,Y) [28, Theorem 2.6.18 & Corollary 2.6.20]. Since the re-
strictions y; := :U;*|y for 7 € N belong to B[Y™*], there is a subsequence
{y;f(k)}z‘;l of {y;}52, which admits a weak-* limit y§ € B[Y™]. In particular,
limyg_ 0 (y, y]’f(k)) = (y,y;) for all y € Y. We claim that
(3.6) sup |(y,yp)| > ¢, VneA.

yeKn

Indeed, fix n € A. Then, K,, being also compact in Y, the bounded sequence
{y;(k)}zozl C B[Y™*], which converges pointwise on Y to yg, also converges
uniformly over K, to y; [22, Banach Steinhaus Theorem, p. 220]. In other
words, the seminorm

pa(y") == sup [{y,y")[, Wy eV,
yeKn
satisfies limy_, pn(y;(k) —y3) = 0. On the other hand, since the subse-
quence {1 } 32, converges weak-x to v, it follows that limy .o [ty (n)]| =
[9(n)| > ¢ (asn € A). Choose ko € N such that [;)(n)| > ¢ for all k& > ko.
For such k we have, as ), € K, C Y,

PaW) = 1500 0500 = 1@ 500 25000 = 50 ()] > 0.
This implies that

sup [{y, )| = pulyp) = lm pu(yjg,) =

yeKy

Since n € A is arbitrary, (3.6) holds.
Now, let zj; € B[X*] be any continuous linear extension of yg5 € B[Y¥]
to X |28, Theorem 1.9.6]. Then (3.6]) establishes Step 3.
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The proof of Lemma is thereby complete, as Step 3 means precisely

that (3.2) holds. =

We now require further preparatory results from vector measure theory.

LEMMA 3.2. Let m be a Banach-space-valued vector measure. For each
f € L*(m), the subset of L'(m) given by

(3.7) SBIL®(m)] == {f¢ : ¥ € B[L>(m)]}
s convexr and weakly compact.

Proof. Convexity is clear.

The boundedness of fB[L>°(m)] follows from the inequality (cf. (1.2]))
(3.8) 1f N L my < NPl fllLrmy, Vb € L= (m).

Next we show that fB[L>(m)] is weakly closed in L!(m); by convexity
it suffices to establish its norm-closedness. So, let {f¢,}22,; C fB[L>(m)]
converge in L'(m) to g € L'(m). In view of [38, Proposition 2.2(ii) & The-
orem 3.7(iii)] there is a subsequence {fvyu)}pe; such that fi,u) — g
pointwise m-a.e. as k — o0o. Since | ft, )| < (|Un)lloe ()| f] < [f] (m-a.e.)
for each k € N, it follows that |g| < |f| (m-a.e.). Define the measurable set
A= {w : f(w) # 0}, so fxa = f, and the function h € B[L>(m)] by
setting h := (g/f)xa. Since

1 fn — fhllLimy = 1 fnxa — gxallLim) < lIxallzem)ll f¥n — gllL1m)
for each n € N, we conclude that g = fh and so g € fB[L*°(m)]. This shows
that fB[L>°(m)] is closed in L'(m) and hence, as noted, its weak closedness
follows.

Let © be a finite positive measure on X' satisfying m ~ u. It follows from
(3.8) and the fact that x € B[L*(m)] that

I fxallzrgmy = sup{llf XAl L1 my = ¥ € BILZ(m)]}, VA€ X.

But L'(m) is a o-order continuous Banach function space (relative to
(2, %, 1)) |38, p. 23 & Theorem 3.7(iii)], and so Lemma 2.37(ii) of [38] yields

3.9 lim sup foxallpigny = lm || fxallpigm =0,

(3.9) N(A)*OwG]B[LOO(m)]H 21 (m) p(A)—>0H 21 (m)

i.e., the bounded subset fB[L>(m)] C L'(m) is uniformly p-absolutely con-
tinuous |38, p. 56]. It then follows that fB[L>(m)] is a relatively weakly com-
pact subset of L*(m) [38, Proposition 2.39(ii)]. Since fB[L>(m)] is weakly
closed, it is actually a weakly compact subset of L!(m). =

LEMMA 3.3. Let (£2,%) be a measurable space and m : ¥ — X be a
Banach-space-valued vector measure with relatively compact range. Fix any

feLi(m).
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(i) Ln(fB[L*®(m)]) is a compact subset of X.

(ii) There exists 1y € B[L>(m)] satisfying || fll1(m) = [ 1m(fr)llx -

Proof. (i) Let p : ¥ — [0,00) be a scalar measure satisfying m ~ pu.
As shown in the proof of Lemma the set fB[L°(m)] is bounded and
uniformly p-absolutely continuous in L'(m). This implies that its image
I, (fB[L>(m)]) is relatively compact in X because {I,(xa) : A € X} =
m(X) is relatively compact (by assumption); see Proposition 2.41 of [38]
with T := I,, there. On the other hand, fB[L*°(m)] is weakly compact in
L'(m) (see Lemma . Since I, : L'(m) — X is also continuous when
both L!'(m) and X are equipped with their respective weak topologies [28]
Theorem 2.5.11], it follows that I,,(fB[L>°(m)]) is weakly compact in X
and, in particular, norm-closed. Being relatively norm-compact in X, it is
actually norm-compact.

(ii) The restriction of || - ||x : X — [0,00) to the compact subset
I, (fB]L*°(m)]) € X attains its maximum at f1); for some ¢y € B[L>(m)],
ie.,

i (fop)llx = sup{[[Lm(fP) ]I x + ¢ € BILZ(m)]} = [|f]l 1)
where the second equality is known (see the identity (3.60) on p. 132 of
[38]). =

We recall some facts about a Banach space (X, || - || x) with an uncondi-
tional basis, say {e,}52 ; [1, Section 3.1], [28, Section 4.2]. Let {e}}o°, C X*
denote the biorthogonal coordinate functionals associated with {e, }72 ,, i.e.,
r =2 (xen)e, for v € X, with (eg,e}) = 0 for k,n € N 28, Sec-
tion 4.1 & Corollary 4.1.16]. Define

(o)
(3810) Jalx = sup{| Zlcn<x,e;>en ;
n=

H(en) € B[m}, Vz € X.

Then |len|lx = |len]lx for n € N. The function || - ||lx : X — [0,00) is a
norm on X equivalent to || - ||x, and |z| < ||y|| whenever z,y € X satisfy
l{(z,er)| < |(y,er)| for all n € N [I3], p. 344], |28, pp. 373-375]. It follows
from the definition of || - || x that

[o.¢] o.]
B1) | Y@l = || 1@ enlen
n=1 n=1
Moreover, for arbitrary choices of &, € {0, 1}, for n € N, we have
[o.¢] (0.)
(3.12) m Zlen<a:,efl>en . < H’ Zl(x,emen
n= n=

Note that {([lex]| x) ten}52 is a normalized unconditional basis for (X, ||| x)
[28], Corollary 4.2.13]. Henceforth, it is assumed that the norm of X is chosen

Ve e X.

X7

Vo € X.

X?
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to be || - || x and that {e,}72; is a normalized unconditional basis relative to

-1

Fix k € N and consider the kth natural projection
k
Pi:x— Z<$7€Z>€n, Vr € X,
n=1

necessarily continuous [28, Theorem 4.1.15], of X onto the finite-dimensional
subspace span({e,}¥_,) C X. Since Py is a non-zero projection we always
have || Py|lop > 1, whereas then implies that actually || Py|lop = 1. By
a similar argument, also ||Qg|lop = 1 where Qi := 1 — P, i.e.,

o
Qi:x— Z (x,e))en, VrelX,
n=k+1

is the natural projection of X onto its closed subspace span({e,};2 ;. )-

LEMMA 3.4. Let (X, |- |lx) be a Banach space with a normalized uncon-
ditional basis {en}o> . Equip X with the equivalent norm | - |x given by
and let Py, Qg, for k € N, be the natural projections associated with
{en}s2 ;. Let m be any X -valued vector measure, defined on a measurable
space (§2, X)), whose range is relatively compact in X and which has infinite
variation.

(i) There exist a strictly increasing sequence {k(j)}52; in N and a se-
quence {A(j)}52, € X' of non-m-null sets such that

(3.13)
1 1 .
sup 1251y (@)llx < o5 and QCSEU[I()J_ 1@k (@)llx = o5, V€N,

with k(0) := 0 and Py o) := 0, where the compact sets K; # 0 are given by

(314) K = { § fdm : ¥ € BIL=(m)]} = Ln (SBIL=(m)]), Vj €N,
2
with the corresponding non-negative functions {fj}j?";l C LY(m) defined by

(3.15) fi = lxaglzrom) "xag)y, V€N
(ii) There exists a sequence {1;}32, C B[L>®(m)] satisfying
(3.16) I (f0)lx = 1 filloimy =1, Vi €N,
and also
(3.17) I (fith5) = Im(fq¥o)llx = 1/4,  Vij,q € N with j # q.

Proof. (i) Let p: X — [0,00) be a scalar measure satisfying m ~ u. Set
A(1) := {2 and then define f; by (3.15)). The subset K; := L,,(f1iB[L>°(m)])
C X is compact by Lemma [3.3|i). Since supyey [|Qkllop = 1 < oo and
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IQk(z)||x — 0 as k — oo, for every z € X, it follows from the Banach-
Steinhaus Theorem [22 p. 220|, that Qx — 0 wuniformly over the compact
set K1, i.e., sup,ep, [|Qr(z)||x — 0 as k — oo. So, choose k(1) € N such
that sup,cg, [|Qr)(@)[lx < 1/2. Then holds with j :=1 as Py = 0.
Now assume, for some fixed N € N, that holds for each j =
., N. Since |le,[|x =1, for n €N and for each x € X we have (P (), e;,)
= (z,e;) if 1 <n < k(N) and 0 otherwise, it follows that

Z\Pk en)l

foreachz € X. Let 0 < p € Ll( ) be the Radon—Nikodym derivative of the

non-negative scalar measure ) ., - (N) |(m, e}, o Py(wy)| with respect to p. Then
there exists a set A(N +1) € ¥ such that

(3.19) 2 | pdp < Im(AN + D)lx < Ixagven oo
A(N+1)

Indeed, if the first inequality failed to hold for some A(N + 1) € X, then
Im(A)[lx < 2N+, pduforall A € ¥, which contradicts [m|(£2) = co. The
inequality [[m(A)|lx < [[xallz1(m) always holds for every A € X' 38, (3.21),
p. 112]. So, with A(N + 1) satisfying we can define fyi1 € LY(m)
by .

Given ¢ € B[L*>*(m)], it follows from with z := I,,(fn+1¢) there,
the definition of fyi1 (cf. (3.15))), and that

k(N)

Py © Im) (fn190) [ x < Z [Py Um(fn+19)), €3]

k(N) k(N)
= Z \< Iy dm, e 0 Py )| < Z § Sl dl(m, e o Py
= SfN+1W<Pd,u < ( S wdu)/HXA(NH)HLl(m) < 2~ (VHD),

0 A(N+1)

So, with Kn11 := I, (fnv+1B[L*°(m)]) we have shown that

1
sup || Py (@)l x < NI

IGKN+1
Next, since Ky4+1 C X is compact (cf. Lemma [3.3[i)), we can repeat the
argument used to produce k(1) to find k(N +1) € N with k(N +1) > k(N)
such that 1

sup | Qevi ) (@)llx < 557
r€EK N1 (N 2N+l

Accordingly, (3.13)) holds for all j =1,..., N 4 1.

(3.18) 1P @)lx = || Z (o) (@), €h)en
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(ii) Given j € N, apply Lemma [3.3[ii) to find ¢; € B[L>(m)] sat-
isfying the first equality in . The second equality in is clear
from .

To verify , let j < ¢. For ease of notation set x; := I,,(fj1;) € Kj
and x4 := Inn(fgq) € Ky Then it follows from (3.13), from the identities
||Pk(j)||0p =1, Pk(]) + Qk(]) = [ and Pk(g) = Pk(j) o Pk(q—l) (as j < q implies
that k(j) < k(¢ —1)), and from which yields ||z;||x = [[fjllL1om) = 1,
that

lj = 2qllx = 1Py (25 — 2)llx = lzj — Quyy(25) = Prgy (q)lx
2 lzjllx = 1Qke) (@)l = 1Pegi) © Prg—1) (2l x
1 1 1 1
>1- Y |||Pk(q—1)(xq)|”X >1- % 9 > 1
This is precisely (3.17)). =
Let us see that the hypotheses on X and m as required in Lemma
arise in many interesting settings.

EXAMPLE 3.5. (i) Let X = /P for 1 < p < 2, in which case X has an
unconditional basis. Moreover, by a result of H. P. Rosenthal, every X-valued
vector measure has relatively compact range (see Lemma 3.53(v) in [38] and
its proof). So, for every X-valued vector measure m of infinite variation,
all the hypotheses of Lemma are satisfied. We point out that in every
infinite-dimensional Banach space there always exist vector measures m of
infinite variation, which can even be chosen to be either purely atomic or
non-atomic: consider the vector measure my constructed in the proof of
Proposition [4.4] below.

Or, let X be any infinite-dimensional Banach space with the Schur prop-
erty. Then the range of every X-valued measure, being relatively weakly
compact, is also relatively compact. If, in addition, X has an unconditional
basis, then again for every X-valued vector measure m of infinite variation
all the hypotheses of Lemma [3.4] are fulfilled. It is worth noting that such
spaces X exist besides ¢!. Indeed, for any sequence {p,}>>; C (1,00) de-
fine

o
(Pn) .= {(mn)flo:l e RN : Z |tz |P" < oo for some ¢t > 0},
n=1

equipped with the norm
()2, || == inf{t 503 Jz/tP < 1}, V()2 € 6@,
n=1

Then ¢(») is a (real) Banach lattice |7, §2|, [18], [42], [43]. Moreover, the

closed ideal E((lp n) consisting of all absolutely continuous elements of £(Pr) is
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precisely

o
() = {(xn);;ozl € £®) 3" [t P < oo, VE > o}

n=1
[42, p. 485]. A result of I. Halperin and H. Nakano states that £(Pr) has
the Schur property iff lim,, oo p, = 1 [18]; see also [43| pp. 1-3]. In this
case, also the closed subspace egp ") has the Schur property. Since spaces
with the Schur property are hereditarily ¢! [43, p. 4], i.e., every infinite-
dimensional closed subspace contains another closed subspace isomorphic

to ¢!, it follows that z&”") cannot contain a copy of ¢ [2, Theorem 14.21].
Accordingly, Theorem 3.5 of [45] with M, (s) := sP» for s € [0,00) and

n € N (in which case the space ¢{M,} given there is precisely I ”)) shows

that ¢(Pn) = eff’ n) and that the canonical unit vectors form an uncondi-
tional basis of £®»). Tt follows that ¢(P») has the Schur property and pos-
sesses an unconditional basis whenever lim,, .., p, = 1. If, in addition, we
have 1limy, oo pn/(pn — 1) In(n) = 0, then £P7) is not isomorphic to ¢! [42,
Lemma 4]. For instance, p, := 1 + (In(n))~'/2 for n > 2 satisfies this con-
dition. Actually, this same choice of {p,}32, also satisfies the condition
1/pan — 1/pn < a/In(n) for n > 2 (with a = 1), and hence the canoni-
cal unit vectors are actually the only unconditional basis (up to equivalence)
in () [7, Theorem 5.8].

(ii) In the notation of Example let G be any infinite compact abelian
group with dual group I" and normalized Haar measure . Recall the clas-
sical Banach algebra A(G) := {f € LY(G) : f € ¢*(I')} under convolution
and equipped with the norm

1 lLae) = 1 lary = d_IF()I,  Vf € AG).

~yel’

According to [19, Corollary 34.7], the Fourier transform map f — ]?is an
isometric isomorphism of (A(G), || - [la)) onto (¢'(I'), || - [l¢1(r)), and hence
A(G) has the Schur property. Moreover, if G is also metrizable, then I is
countable and so the characters {(-,7) : v € I'} form an unconditional
basis for A(G). Let ¢ € L*(G). Since L*(G) * L*(G) = A(G) [19, Corol-
lary 34.16|, we can define a finitely additive set function m, : B(G) — A(G)
by my : A xaxp for A € B(G). It turns out that m,, is actually o-additive
[35, Proposition 2.3 & Corollary 3.4]. As A(G) has the Schur property, m,,
necessarily has relatively compact range. However, m, has finite variation
iff ¢ € A(G) [35, Theorem 3.8|, i.e., m, has infinite variation whenever
o€ I2(G)\ A(G).

(iii) Let G be as in (ii) above (and metrizable). Recall that p is nec-
essarily non-atomic (cf. Example . Since G is a Polish space, for each
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1 < p < oo the Banach space LP(G) is isometrically isomorphic to LP([0, 1])
[1, p. 125]. But LP([0, 1]) has an unconditional basis [I, Theorem 6.1.6], and
hence so does LP(G) [28, Proposition 4.2.14]. For each measure A € M(G),

let mE\p ) B(G) — LP(G) be the vector measure defined in Example
If My(G) :={v € M(G) : v € ¢(I')}, where v : I' — C is the Fourier—
Stieltjes transform of v, ie., D(y) = {, (z,7)dv(z) for v € I, then it

is known that the vector measure m(Ap ) has relatively compact range in

LP(Q) iff A € My(G) [38, Proposition 7.58]. On the other hand, mg\p) has
finite variation iff there exists h € LP(G) such that A\(A) = {, hdu for
A € B(G) [38, Theorem 7.67], i.e., mE\) has infinite variation whenever
A€ My(G)\ LP(G).

More generally, let 1 < p < 2 and ¢ € ¢°(I") be any Fourier p-
multiplier for G, i.e., there exists an operator T(p ) e L(LP(Q)), necessarily

commuting with all translation operators, such that (T(p f=qv f for all

f € LP(G). The convolution operators C')(\p) (= X( )) for A € M(G) form
a proper subclass of the Fourier p-multiplier operators. For each Fourier
p-multiplier » # 0, the set function mff) A Tlip)(XA) for A € B(G)

is a vector measure with mg) ~ pn [32, Proposition 2.2|. It is known that

mff) has relatively compact range in LP(G) precisely when ¢ € ¢o(I") (for

¢ = A with A\ € M(G) this corresponds to A € Mo( )) [32 Proposi-

tion 2.3|, whereas mz(p) has finite variation iff ¥ = X for some A € LP(G),

[32) Proposition 2.8]. For the circle group G = T, we note (for every 1 <
p < 2) that there exist Fourier p-multipliers v € ¢o(Z) which are not of
the form \ for any A € My(T) [32, Remark 2.6(ii)]. In particular, such a p-
multiplier ¥ cannot be the Fourier—Stieltjes transform of any function from
LP(T).

PROPOSITION 3.6. Let X be a Banach space with an unconditional basis.
If there exists an X -valued vector measure m having infinite variation and
satisfying Iy, € Ace, then £1 — X.

Proof. Let {e,}>2, be a normalized unconditional basis of X and equip
X with the norm || - ||x as given by (3.10)). Since I,, € A, the range
of m is a relatively compact subset of X [38, p. 153|. Let the sequence of
non-empty compact sets {Kj};’ol C X be given by (3.14), the functions

{fitss, < L'(m) be given by (3.15), and the sequence {%}OO C B[L>®(m)]
be as in Lemma [3.4{ii).

STEP 1. There exists a strictly increasing sequence {j(n)}5>; € N such
that { fjm) Vi) 1o is a basic sequence in L*(m) which is equivalent to the
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canonical basis of £*. In particular, there exists § > 0 such that

N N
n=1 n=1

for all choices of N € N and {a, :n=1,...,N} CC.

Lt(m)

To see this, first observe that (3.8) and (3.16) imply that || f51; 1) < 1
for all j € N. Moreover, (3 shows that { fﬂbj}oo C L'(m) cannot contain
any weak Cauchy subsequences because the Completely continuous operator

I,,, maps such subsequences of L!(m) to norm-convergent sequences in X.
So, a result of H. P. Rosenthal [2, Theorem 14.24| establishes Step 1.

STEP 2. With {j(n)}>2; C N as in Step 1, there exists x§ € B[X™| such
that

(3.21) e:=limsup( sup [{x,z5)|) > 0.

=00 z€K;(n)

Indeed it follows from [ Imllop = 1, the definition of K, (cf. (8.14)),
and ) that K,y € B[X] for n € N. Fix (a,);2; € CV. Given N € N,
Lemma (11) W1th the m-integrable function Zﬁle an fj(n)¥jn) in place of
f guarantees the existence of ¢ € B[L>*(m)] satisfying

N
WmfmganmwmX

Since {¥jm) ¥ ey S B[L>(m )], we have I (fjm)Vim)¥) € y for n =
1,...,N. It then follows from ( and - that

N N
53 lanl < | ;anfmumwmwmx
N
il

This shows that ( in the statement of Lemma E 1) holds for the sequence

{K n)} >, of non—empty compact sets. Hence, (3.2)) yields (3 , i.e., Step 2
is valid.

N
(3.22) H Z:: an fn) Vi)

:l’nEKj(n),n:L...,N}.

STEP 3. Let Ry = Py(j(n)) — Pr(jn)—1) for n € N, with {j(n)}52, as in
Step 1, and let xf € B[X ™| satisfy (3.21). Then there exist an infinite subset
A C N and vectors yn € Ry(Kj()) for n € N such that

£/3 < {ynsat)l, Vne A.
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To see this first observe, for each n € N, that
k(j(n))
(3.23) Ru(z)= > (v,e))e;, VreX,
i=k(j(n)—1)+1
and hence via it follows that ||Ry|lop = 1. Apply Step 2 to obtain an
infinite subset Ag C N such that

e/2< sup [{x,xp)|, Vne Ao
2€K(n)

Fix n € Ag. Select z,, € Kj(,,) such that [(zy,,z{)| > /2 and observe that
Tn = Pr(jin)-1)(@n) + Bn(@n) + Qr(j(n)) (Tn)-
So, apply (3.13)) with j(n) in place of j to obtain
|<33n - Rn(fzn):xaﬂ <|lzn — Ro(zn)llx

I Prjny—1) (@) llx 4 N Qki(ny) (zn) L x
< 1 n 1 _ 1
— 92ji(n) ~ 9j(n)  9j(n)-1
which implies (as x,, € Kj(,)) that
(B (xn), 20)| = [{zn, 20)| — [{(zn — Ru(zn), 25)]
> (e 28] Sy > 5 — 0T
= a0 2i(n)—=1 = 2 9j(n)-1"
In view of this inequality, which is valid for each n € Ay, there is an infinite
subset A C Ag such that

(3.24) e/3 < |[(Rn(zp),x5)|, Vn e A.
So, with y,, := Ry, (x,) for n € A, we have established Step 3.

STEP 4. Let A be as in Step 3 and {n(q) : ¢ € N} be an enumeration of
A with {n(q)}g2, a strictly increasing sequence in N. Then {yn(q)}o21 s a

IN

basic sequence in X which is equivalent to the canonical basis of ¢*.

Indeed, since ) holds for n(g) in place of n with y,,g) = Ry(g)(Tn(g))
#0 (because of ([3.24] - the vectors y,,(q) for ¢ € N form a block basic sequence
taken from {e,}5° [28 Definition 4.3.15]. In particular, {y,)}e2; is an
unconditional basic sequence in X [28 p. 398, Ex. 4.39], i.e., {yn(q)}gil is
an unconditional basis for the closed subspace Y := span({y,(q) ;) of X.
So, there exist positive constants «, 5 and a norm |- | in Y satisfying

alyl <llvlx <Blyl, VyeY,
and with the property that

(3.25) | icqyn(q)| = | i |Cq\yn(q)| , i CqYn(q) € Y-
q=1 g=1 q=1
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Given N € N and {aq}f]\le C C we claim that

- T g &
20 52wl < | e < g Kl
q=1 q=1 q=1
In fact, for each ¢ = 1,..., N, we have (y,(y),75) # 0 (cf. (3.24)) and
so we can define by := [(Yn(q)> 25|/ (Yn(q), 25), in which case [b,] = 1 and

|(Un(q) T0)| = (bg¥n(q)> T5)- It then follows from (3.25)) and Step 3 that
c N N N
3 D lagl < lagl - [(wn)» #0)1 = D lagl(bgyn(g)» =5)
q=1 q=1 q=1
N N N
= <Z ‘aq|bqyn(q)71"8> < 6 | Z ‘aq|bqyn(q)| = ﬁ | Z ’aq| ’ |bq|yn(q)|
qg=1 q=1 qg=1

N 5 N
=8| X eamia| < |3 o -
q=1 =1

So, the first inequality in is valid. The second inequality in is
a consequence of g lx = W) @n(e)lx < [ Bagg)loplizagy lx together
with HRn(q)”Op =1 and H|mn(q) |||X <1as Tn(q) € K](n(q)) - B[X], for ¢ € N.
Step 4 is now immediate from (3.26) (see also [28, Theorem 4.3.6]) as
lyngllx <1 for g eN.
Finally, Step 4 implies that ¢! < X [28, Theorem 4.3.17], which com-
pletes the proof of Proposition .

Proof of Theorem 1.2. Let X be a Banach space with an unconditional
basis and such that ¢! <= X . If m is any X-valued vector measure with I, €
Aec, then Proposition [3.6] implies that m must have finite variation, i.e., X
is Agc-variation admissible. By Proposition [I.1| we have L*(m) = L*(Jm|). =

As an application, for each 1 < r < 0o consider the Volterra vector mea-
sure m, : B([0,1]) — L"(]0, 1]) (see Section 2). As the Banach space L" ([0, 1])
is reflexive, we surely have ¢! < L"([0, 1]). Moreover, it was observed in Ex-
ample [3.5((iii) that L"([0,1]) has an unconditional basis. Since m, has finite
variation but L'(Jm,|) € L'(m,) (cf. Section 2), Theorem implies that
the integration map I,,, fails to be completely continuous. An alternative
proof (rather non-trivial) of this fact can be found in 38| pp. 154-157].

We end this section with a

QUESTION. Does there exist a Banach space X with £! <+ X such that X
is not A..-variation admissible? Of course, X could not have an unconditional
basis.
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4. Theorem 1.3 and related results. In this final section we establish
Theorem [I.3 and present some related results and relevant examples.

Proof of Theorem[1.5 (i)=(ii). Let X be a Banach space with the CRP
and m : ¥ — X be any vector measure satisfying L'(m) = L(Jm|). Then
m has finite variation, and hence its range m(X) is relatively compact in X.
Since {In(xa) : A € X} = m(Y), it follows that I, € A [38, Corol-
lary 2.42].

(ii)=(i). Proceeding via a contrapositive argument suppose that X fails
the CRP, in which case there exists a vector measure v : ) — X with finite
variation such that v(X) is not relatively compact in X.

Fix u € X\ {0} with ||u||x = 1 and choose z* € X* such that (u,z*) = 1.
Then X = Cu @Y with Y := Ker(z*). Let P be any continuous projection
of X onto Y, in which case n := P owv is a Y-valued vector measure on X
whose range n(X) is not relatively compact. Since

[n(Ally < [1Pllopllv(A)llx < [Plloplv|(A), VA€ X,

it is clear that 7 has finite variation and satisfies |n|(A) < || P||op|v|(A) for
A € Y. Define the vector measure m : ) — X by

(4.1) m(A) == [n|(A)u+n(4), VAeX.

Then ||m(A)||x < 2|n|(A) for A € X implies that m has finite variation and
satisfies |m|(A) < 2|n|(A) for A € X. Moreover,

(m,2")(A) = [n|(A){u, %) + (n(A),z%) = [n[(4), VAeX,

as N(X) C Y. Accordingly, |m| < 2|n| = 2|(m,z*)| setwise on X' and so z*
is a Rybakov functional for m [14, Ch. IX, §2|, [38, p. 108|. In particular,
LY(m) = L*(Jm|) [38, Corollary 3.19(i)].

In view of the fact that I, € A iff {I;(xa) : A € X} =m(X) C X
is relatively compact [38, Corollary 2.42|, it remains to check that m(X) is
not relatively compact in X. But || |n|(A)ullx < |[n](£2) for all A € X' and
so {|n|(A)u: A € X'} is contained in a compact subset of the 1-dimensional
space Cu. It then follows from and the fact that n(X) is not relatively
compact in Y that m(X') indeed fails to be relatively compact in X. =

REMARK 4.1. A Banach space X has the CRP iff £(L([0,1]), X) C Aec.
This is stated in [41], Ch. 7]; a proof can be found in [16].

A local version of Theorem [[.3] is also available for an individual vector
measure. Given an X-valued vector measure m let X,,, denote the closed sub-
space of X generated by the range of m. Since the simple functions are dense
in L'(m), it follows that X, is also the closure in X of the range I,,,(L(m))
of I,. Observe that X,, is weakly compactly generated [14, Ch. I, Corol-
lary 2.7|, and hence X,,, has the WRNP iff it has the RNP (cf. Section 1).
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PROPOSITION 4.2. Let X be a Banach space and m : X — X be a vector
measure such that L'(m) = L*(|m|). If X,, has the CRP, then I, € Acc.

Proof. Let m : ¥ — X,, be the vector measure m : A — m(A) for
A€ X and j: X, — X be the identity imbedding. It follows from [38]
Theorem 3.5] that L'(m) = L'(m). Since |m| = |m| is a finite measure, we
can apply Theorem to m in X,, to conclude that I; € A... Hence, also
Im:jOImEACC. [ ]

REMARK 4.3. (i) If £ <= X and m is any X*-valued vector measure
satisfying L!(m) = L'(|m|), then I, € A This follows from Theorem [1.3
and the fact that X* has the CRP (cf. Section 1).

(ii) Let m be any purely atomic vector measure with finite variation. If
LY(m) = L'(Jm|), then I, € Ace. Indeed, m necessarily has compact range
[21, Theorem 10], and so [38, Corollary 2.42| implies that I,,, € Ae.

The converse is false. To see this, let X be any infinite-dimensional Ba-
nach space with the Schur property. Then I, € A.. for every X-valued
vector measure m. On the other hand, Proposition [£.4] below shows that
there always exists a purely atomic, X-valued vector measure m with finite
variation such that L!(|m|) € L'(m). Many examples of Schur spaces (and
their properties) occur in [43]; see also the references. Every Banach lattice
with the Schur property has the RNP [43] Theorem 5|. Of course, Banach
spaces with the Schur property always have the CRP.

PROPOSITION 4.4. In every infinite-dimensional Banach space there ex-
ists a vector measure m with finite variation such that L'(|m|) € L'(m).
Moreover, m can be chosen to be purely atomic or to be non-atomic.

Proof. Let X be an infinite-dimensional Banach space and Y 7, z, be

any unconditionally convergent series in X which is not absolutely conver-
gent [13, Theorem 1.2]. Let p : X' — [0,00) be any measure for which there
exists a sequence {A(n)}5° ; C X of pairwise disjoint sets with p(A(n)) >0
for n € N. Define m : ' — X by

m(A) == i,u(A NAMn))z, VAelX.

The Vitali-Hahn—-Saks Theorem [I4] Ch. I, Corollary 5.6] ensures that m
is o-additive. Moreover, |[m(A)|x < (sup,en [|Znllx) - p(A) for A € X, so
that m has finite variation. Now, the function f := >">7, m)@(n) is
m-integrable with

SN AN Am)
;fdm_; A n, VA€ X.
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However, in the notation of (2.1)), we have
my|(£2) 2 " [myl(An) = > [ms(An)lx =D llzalx = oo,
n=1 n=1 n=1

and hence f € L'(m) \ L'(|m|) (see Lemma (1))
Finally, m is purely atomic (resp. non-atomic) iff x is purely atomic (resp.
non-atomic). m

Recall that a Banach-space-valued vector measure m is called o-de-
composable if there exist (countably) infinitely many pairwise disjoint, non-
m-null sets |38, p. 129].

PROPOSITION 4.5. Let m be any Banach-space-valued vector measure.

(1) If Iy € Aee, then co <= L(m).
(ii) If m is o-decomposable and I, € Acc, then €& — LY(m).

Proof. (i) According to [6, Theorem 3.6] and [38, Proposition 3.38(I)],
I,, € Acc implies that the Banach lattice L'(m) is weakly sequentially com-
plete. Hence, co < L'(m) [2, Theorem 14.12].

(ii) Since L!(m) is weakly sequentially complete (cf. proof of part (i)), it
follows from Rosenthal’s Theorem [2, p. 247] that either L!(m) is reflexive
or /1 — L1(m).

Suppose that L (m) is reflexive. It then follows that I, : L*(m) — X, be-
ing already completely continuous, is compact, and so L'(m) = L'(|m|) (see
Section 1). Let {A(n)}5°; be any sequence of measurable, pairwise disjoint,
non-m-null sets. Then each function ¢, := (|m|(A(n))) " xa(m) belongs to
L'(|m|) with l@nllz1(m)y = 1 for n € N. It is routine to check that the linear
map u — Y oo Unipp for u = (u,)5%, € ¢! is a bicontinuous linear isomor-
phism of #! onto a closed subspace of L!(|m|). This contradicts the reflexivity
of L*(Jm|) = L'(m). Hence, L'(m) is not reflexive, i.e., £! < L'(m). =

REMARK 4.6. (i) The analogue of Proposition [4.5(ii) with A, in place of
Acc is known [10, Claim, p. 3800].

(ii) Let m : ¥ — X be a o-decomposable, Banach-space-valued vector
measure. According to Proposition (ii) we have I, ¢ A.. whenever ¢! «
LY(m) (equivalently, whenever the Banach lattice L!(m)* has the RNP; see
Section 1). The condition ¢! <+ L'(m) has some useful consequences. For
instance, it implies that the ideal in the dual Banach lattice L'(m)* which
is generated by the family of continuous linear functionals ¢z« 4 : f
§4fdim,a*) for f € LY(m), for all z* € X* and A € ¥ (cf. (L2)), is
dense in L'(m)*. This in turn implies that weak convergence of bounded
nets in L'(m) is characterized by weak convergence (in X) of the integrals
over arbitrary sets, i.e., if sup, ||fallz1(m) < oo, then lim, fo = f weakly
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in L'(m) iff limg Iy (faxa) = Im(fxa) weakly in X for every A € X [9,
Theorem 4].

(iii) The converse of Proposition [4.5[ii) is false. Let X = ¢2. Section 6
of [10] exhibits a vector measure m : X — X (denoted there by v) and a
bounded basic sequence {f,}°; in L!(m), equivalent to the canonical basis
of 1, such that

(4.2) lm @« a(fn) =0, Vz'eX* AeX.

In particular, ¢ — L'(m) and {f,}32, is not weakly convergent to zero

in LY(m). If I, € Ace, then m(X) is relatively compact in X [38, p. 153].
Hence, and [31, Proposition 17| imply that {f,}72; converges weakly
to zero in L'(m); contradiction! So, I, & Acc.

(iv) Since L'(m) is a Banach lattice with order continuous norm [38,
Theorem 3.7(iii)], it is known that ¢* < L!(m) iff ¢g «» L'(m)* [2, p. 246,
Ex. 13].
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