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Boundedness of commutators of strongly singular
convolution operators on Herz-type spaces

by

ZONGGUANG Li1u (Beijing)

Abstract. The author investigates the boundedness of the higher order commutator
of strongly singular convolution operator, Ty, on Herz spaces Kg P (R") and Kg'P(R™),
and on a new class of Herz-type Hardy spaces HK((;,})I?;’)(’)L (R™) and HK;’};':;S (R™), where
0<p<l<g<oo,a=n(l-1/q) and b € BMO(R").

1. Introduction. Let v be a smooth radial cut-off function with
suppv C {x € R™ : |z| < 2}. We consider the strongly singular convolu-
tion kernel

)

where 0 < s <1 and s’ = s/(1 — s). It is well known that, when |z| > 2]y|,
Cly|
|K(z —y) — K(x)] < e
Denote by T'f the corresponding strongly singular convolution operator:
Tf(x)=pv. | Kz —y)f(y)dy.
Rn

Let b € BMO(R") and m be a positive integer. The commutator of order m
of T' with b is defined by

Ty f(x) = pv. | (b(x) = b(y)) " K (z — y) f(y) dy.
Rn
The study of the strongly singular convolution operator 7" in the context
of LY(R™) spaces was carried out by I. I. Hirschman and S. Wainger [11].
The sharp endpoint estimates for T' were obtained by C. Fefferman and
E. M. Stein [3] using the duality of H' and BMO. The weighted norm
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estimates (LY and weak (1,1)) for T were established by S. Chanillo [1].
The properties of T' on weighted Herz-type Hardy spaces were investigated
by Li Xiaochun and Lu Shanzhen [6]. Recently, the boundedness of the
commutator Ty" on weighted LI(R™) was obtained by J. Garcia-Cuerva,
E. Harboure, C. Segovia and J. L. Torrea [4]. Its boundedness on Herz
spaces can be viewed as a special case of a result belonging to Lu Shanzhen,
Tanglin and Yang Dachun [8] for m = 1.

The main purpose of this paper is to investigate the commutator T;"
on Herz spaces and on a new class of Herz-type Hardy spaces with critical
index o = n(1—1/q). First, let us introduce some definitions and notations.

Let By, = {SC € R™: |x| < Qk} and Ay = Bk\Bk,1 for k € Z, Avk = Ay for
k € Nand Ay = Bo. Let xx = x4, for k € Z and x) = x 3, for k e Nu{o},
where x g is the characteristic function of E.

DEFINITION 1.1 ([9]). Let « € R and 0 < p, ¢ < oc.

(a) The homogeneous Herz space is defined by
KR = {f € LL R\ {0}) 5 | fll gz rgan) < o0}
where -
1Pl = { 30 21l } -
k=—00
(b) The nonhomogeneous Herz space is defined by
KgP(R™) = {f € LjgeR™) : [ fll g #mny < 00},

loc

where
o0

- 1/p
Il = { D0 2571 Rkl b

k=0
DEFINITION 1.2 ([5]). Let « € R and 0 < p,¢q < oc.

(1) A measurable function f on R" is said to belong to the homogeneous
weak Herz space W KZP(R"™) if

> 1/p
kg ey =supr{ 32 247l € i £@)] > AP/} < oo,

k=—o00

(2) A measurable function f on R™ is said to belong to the nonhomoge-
neous weak Herz space W KP(R") if

= 7 1/p
[l s oy = sup A D227 € Ay @) > AP/} < oo
>0 i
DEFINITION 1.3. Let a € R, l e NU{0},1 < ¢g<o0,1/q+1/¢" =1 and
be Ll (R™).

loc
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(1) A function a on R"™ is said to be a central (o, q,l;b, m)-atom if it
satisfies:

(a) suppa C B(0,7) := {x € R™ : |z| < r} for some r > 0,
(b) llallza@ny < |B(0,7)|~%/™ = Cr—e,
(c) Jgn #Pa(z)b(z)!dz =0 for |3| <landt=0,1,...,m.

(2) A function a on R™ is said to be a central («,q,l;b,m)-atom of
restricted type if it satisfies (b), (¢) and

(a’) suppa C B(0,r) for some r > 1.

DEFINITION 1.4. Let « € R, 1 e NU{0}, 0 < p < 00, 1 < q¢ < 00,
1/g+1/¢d =1 and b € LL_(R™). A tempered distribution f is said to

loc

belong to HK;’p’l (R™) (resp. HK:;"p’l (R™)) if, in the S’(R™) sense, it can

,b,m ,bom
be written as f = 3372 Aja; (vesp. f = 3777 Aja;), where each a; is
a central («,q,l;b,m)-atom (resp. central («,q,l;b,m )-atom of restricted

type) with suppa; C B(0,27) and 7% |Aj[P < oo (resp. D277 AP
< 00). We define the quasinorms on HK*"' (R") and HK®*' (R") by

q7b7m q,b,m
. > 1/p
||f||HK;l’bp;ql1(]Rn) = 1nf ( Z |)\]|p) s
b, =
. > 1/p
171l gt oy = i (Z \,\j,p) 7
§=0

where the infimum is taken over all central atomic decompositions (resp.
central atomic decompositions of restricted type) of f.

Obviously, the Herz-type Hardy spaces in Definition 1.4 are subspaces of
those introduced by Lu and Yang [10] when m > 1, and they coincide with
them when m = 1. In particular, if 0 < p < 00, 1 < ¢ < o0, a >n(l—1/q),
Il >[a+n(1—1/q)],m =0and b =1, then HKz}f;fm(R") = HKg"p(R”) and

HK*PL(R™) = HEKZP(R™), the spaces studied by Lu and Yang [9].

q,b,m
To state our results, we need the following basic lemmas. The first lemma
is the unweighted case of Theorem 2.2 of [4].

LEMMA 1.1. Let m be a positive integer, b € BMO(R") and 1 < g < oc.
Then the commutator Ty" is bounded on L4(R™).

LEMMA 1.2 ([1]). Let 0 < s <1, 8" =s/(1—s), t > 1, 1/t + 1/t =1
and (s' +2)/t < 1. Define Ky () = €l*|"" J|z|"(s" D/t Then, there exists
a constant C > 0 such that for any f € L (R™),

1Kot % fllewny < ClF e @n)-
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LEMMA 1.3. Let m be a positive integer. If w > 1 is such that 1 <
2 /2™ < u for some x > Ny, then 2% < Cu(logd u)™, where C only depends
on m.

Proof. It is easy to see that, for a given integer m, there exists a positive
integer N,,, such that logy = < z/(2m) for any x > N,,. If 1 < 2% /2™ < u,
then 27 < uz™. This implies

r < logy u+mlogy x < logy u+ x/2.

Thus we have x < 2logs u. This gives 2¢ < Cu(logy u)™, where C = 2™.

2. Commutators on Herz spaces. In this section, we first obtain
the weak type L(log™ L)™ estimate for the commutator T;" on nonhomoge-
neous Herz spaces. Then we show that 7}™ is bounded from K, JP(R™) (resp.
KP(R™)) to WK(?‘*T’(]R”) (resp. WKP(R™)) when b € BMO(R"™) satisfies
the so-called condition £, defined below. However, I do not know whether
condition £ is optimal for the validity of Theorems 2.2 and 3.2 of this paper.

DEFINITION 2.1. We say that b € BMO(R") satisfies condition £ if there
exists a constant C' > 0 only depending n such that for any k,j € Z with
j<k-—2andany z € Ay,

[b(z) = bj| < Clb(x) = bxl,
where b; is the mean value of b over the ball Bj, i.e. b; = |Bj]_1 {5 b(x)dx.

REMARK. Condition £ was first introduced by the author [7]. In that
paper, two examples are presented to show that this condition is non-trivial.
One of these examples is any odd BMO(R!) function b; it satisfies condition
£ because b; = 0 for any j € Z. By [2], the set of unbounded odd BMO(R')
functions is a non-trivial subspace of BMO(R!). Another example is a 7-
periodic function b on R! with b(z) = x for x € (0, 7]; it belongs to BMO(R!)
and satisfies condition £ because it is a bounded function on R! and b; =
/2 for any j € Z.

THEOREM 2.1. Let 0 < p <1< g < o0, a =n(l—1/q), m a positive
integer and b € BMO(R™). Then there exists a constant C' > 0 such that for
any f € KgP(R") and any A > 0,

o

~ /p
[S° ) € A T )] > A}pe}

k=0
C oD (R appny \
< HfHI;\q (R™) <1 <log+ HfHK; (R )> >



Commutators of convolution operators 37

Proof. We write

{32 )fe e A 1 @) > Ao}
k=0

Ny —1 _ 1/p
<o 3 2r|w e A T f()] > AHPY )
k=0

= 1/p
+of Y 27w € Ap: T f(@)] > A/}
k=N,
= A; + Ay,

where IV, is the same constant as in Lemma 1.3. Since 0 < p <1 < ¢ < 00,
a=n(l- 1/q) and Ty" is bounded on L4(R™), we have

A <+ ”fHLq(R") =75 Z ||fX]”L‘1(R") << 22]a||fXJHL‘1(R"

C [ o 1/p
< X(Zy p”fXJ”Lq(Rn ) =3 Hf”Kf;"p(R")-
7=0

For any integer k > N,,, we decompose f(x) as follows:

(@) = f(2)X{jz|<2p-23 (@) + F(T)X(28—2< |z <2r2} (T) + F(2)X (|2 2642} ()
= f1 (l’) + fg(x) + f3(l’)
Thus

Aoy Z Por (o € Ay (TP )] > APy
=1 =

=B+ B2 + Bg.
The boundedness of 7} on L9(R™) implies that

B < {1 Z o TN

%) k+1 1/
<SUS 2 (3 Il
k=N, k-1
C >0 o 1/p
< X{kzz\; 2" prXk”iq(Rn)}
C
< 5\ £l g oP @y
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and
oo 1/
Bs < %{ > 2 L7 ) } }
k=N,
oo & /
<S{Y (X Iulte)}”
k=N,, j=k+2
o & iz2 1/
SX{ > HfXjHIEq(Rn)(szap” !
J=No2 k=0
C %) . 1/p
< X{ngw p”fXjHiq(Rn)}
C
< S I llregw ey

To estimate By, we need a pointwise estimate for T," fi(x) when x € Ay,
Yy € jj with 7 < k—2 and k > N,,. In this case, we can easily see that
|z — y| > 2F=2. We now apply the Holder inequality, the binomial theorem
and the fact that each b € BMO(R") satisfies |by, — b;| < (k — j)||b||« for
any integers k,j with k > j and (|B;|™! SBJ_ b(y) — bj|" dy)*/™ < C||b]. for
some 7 > 1, where || - ||, is the BMO(R") norm and b; is the mean value of
b over Bj, to obtain

k—2 k—2

b(2) = bly)|™
T A@)] < DI U @) <Y § S22 () dy
= — ) |z -yl
Jj= J= Aj
m k—2 ' ‘
< C27 TN b)) = byl | [b(y) — b ()l dy
i=0 j=0 i
—kn 2= 7 (m—i)q’ 14 =~
<027 33 o) — byl (b = b5l dy) R ey
i=0 j=0 i
m k—2
< €27 37 (Jba) = bl + b — by )27 B £ o e
i=0 j=0
—kn - m—1i % = a 1/p
< C27 Sl o) = bl (D0 2PN S )
i=0 =0
k—2

1
+C27kn Z K [bm ( > 2P ) p

=0 7=0
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< 2 gy (D 1B o) — Bal + K™ )
=1

= Z Ci+ Cmy1-
i=1

This implies that
m—+1 m—+1

1/p
Bi<Cy { Z okoP| (1 € Ay : C; > N/(m + 1)}|P/q} =c Y D
i=1  k=Npn i=1
For ¢ =1,...,m, using the John—Nirenberg inequality, we obtain
& kn 1/4 1/p
piso{ 3 e (i) )
o D
~o 3 2o (i) )}
eyl 161 1l egeor em)
oo 1/ 1/p
< {S“p ' ( m—i il ) d“}
0 B[ 1f Il g (my
c m—1 T — 4 1/p
= S Bl g { § 07 exp(—0t/ ) o |
0
C m—1
=5 IO L f Nl segor ey -
For Dy, 41, if

bl > A/(m + 1)} #0,

|{.:U S Ak : Ck'm2ikn||f||Kg~P(Rn)

then
2 _ CIBIE I llseg» ey
(kn)m™ A
By Lemma 1.3, this implies
g < AU e e M W)™

Denoting by K, the maximal integer k satisfying the last inequality, we have

1<

for k > N,,.

e 1/p e 1/p
Dm+1 < C{ Z 2kap+knp/q} < C{ Z 2knp} < C2K,\n
k:N-,,L k:N’l!L

C'||b||™ oD (R C||b||m™ appny \
< 0] % \f)\HKq R )<log+ o] % ’]:\Kq ® ))
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The estimates for Dy, ..., Dyy41 give
C o, n &, n m
g < Wiz (0 (1 Wl ™)
A A
where C'is independent of f and A. This completes the proof of Theorem 2.1.

THEOREM 2.2. Letb € BMO(R™) satisfy condition £. If the assumptions
of Theorem 2.1 are satisfied, then the commutator T}™ is a bounded operator
from KgP(R™) (resp. KgP(R™)) to WK®P(R™) (resp. WEKP(R™)).

Proof. We only prove the homogeneous case. Let f € K gvp(R”). For any
integer k, we decompose f(z) = fi(x) + fa(z) + f3(x) as in the previous
proof. Thus

1/p
1l g amy < ZsupA{ S | € Ay TP @) > M3}

k=—o0
=&+ &+ &5
The boundedness of 7} on L4(R™), and 0 < p < 1, give

<ol S rn )

k=—o0
) i k+1 1/p
<cf 3 2o (3 Ixlaen) )
k=—oc0 j=k—1

> 1/p
< 3 2P xalBuun ) < Ol

k=—o00

and

1/p
25 fy 1 o

{
e Zoozkap(jifoﬂiw))}””
j—2
{

<cC Z 1oy (20 Qkap>}1/p

Jj=—00 k=—o0
a 1/
P prXJHLq R7) S CHfHKO‘p R
( a " (R™)
j=—o0

Similarly to the estimate for B; in Theorem 2.1, when x € Ay and j < k—2,
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we have
m k-2 o )
T fr(2)] < C275 > 0 N (b(w) — by 27 bl | X o)
i=0 j=—o0

< C27Fn Z [b(2) = bk £l ievr -
1=0

In the last inequality, we have applied condition £. We thus have

€1§C’ZSup)\{ Z Qkap]{xeAk:U(:E)>)\/(m—|—1)}|p/q} !
=00 Y=

= f:f'u
=0

where A A
U(z) = C27F D7\ £l o gy [B(2) — Bi|"

For F; (i =1,...,m), using the John—Nirenberg inequality and proceeding
similarly to the case of D; in Theorem 2.1, we have

ol O \2kn 1/i 1/p
Fi < Csup )\{ Z okaptknp/q exp<—< p— ) >}
o I 11 Nl greve ey

A>0

00 1/4 1/p
< C'sup )\{ S uP~? exp(—< m_iC')\u > )du}
>0 (g B I Wl g (emy

< CIDIT AN e ey -
For any fixed A > 0, if
{z € A : C27 DI f || o gy > A (m+ 1)} # 0,

then C
2kn < N ”b||THfHK§”’(R”)‘

Letting K, be the maximal integer k satisfying the last inequality, we thus
get

B 1/p
Fo<supa{ - rerthnrlal T < Coup xR < CUBIT Sl gy
A>0 A>0 K

=—00

Hence we obtain the following estimate:

m m

EV <Y F <O BT N N kewny < Cllf g any:
i=0 i=0

This finishes the proof of Theorem 2.2.
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3. Commutators on Herz-type Hardy spaces. In this section, we
obtain, first, the boundedness of T;" from nonhomogeneous Herz-type Hardy
spaces to corresponding Herz spaces with b € BMO(R™). Next we show that
if b € BMO(R™) satisfies condition £, then 7;" is a bounded operator from
homogeneous Herz-type Hardy spaces to corresponding Herz spaces. The
main results are the following theorems.

THEOREM 3.1. Let 0 < p <1< g < oo, « =n(l—1/q), m a positive
integer and b € BMO(R"™). Then there exists a constant C > 0 such that for
any f € HK*P°(R™),

q,b,m
HTl;anKff’p(R") < CHfHHK;wbIj;?L(Rn)~

Proof. Since 0 < p < 1, by the definition of H K;;f;g(R”) it is sufficient
to show that for any central («, ¢, 0; b, m)-atom a of restricted type, we have

HTgnaH?{a,p(Rn) < C, where C' > 0 is independent of a.
q
Let suppa C B(0,7) and r = 2%~ for some kg € N. Then

ko o
HTWC‘H%gm(Rn) = ZQkapHXkT?aHiq(Rn) + Z QkapHXle:naHiq(Rn)
k=0 k=ko+1
=01+ Ga.

The boundedness of T} on LI(R™) gives

ko ko ko

G < CZQkapHaHlqu(Rn) < CZQkaprfozp < CZQ(k*kg%*l)ap <C.

k=0 k=0 k=0

We proceed to estimate Go. It is easy to see that |z| > 2|y| whenever
y € B(0,r) and z € Ay, with k = ko+1,ko+2,... By the Holder inequality
and the vanishing moments condition on a, we have
Ta(@)| < | |K(z—y) - K(@)| |b(z) = b(y)|™|a(y)| dy

B(0,r)

< Tt ) = b))l dy

B(0,r)

< Cr27 RN () — b, [ | [b(y) — b ™ a(y)] dy

i=0 B(0,r)
) m ) PN 1/q'
< Or2 H D ST b) b (1)~ bl dy) ey
i=0 B(0,r)

< Ora MO0 S () — b
=0
where b, is the mean value of b over B(0,r).
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Let 270—1 < pl=s < 200 for some jy € Z. It is easy to see that jo < ko
because r > 1. Thus

g2 < C Z 2kap kp(n+s’ +1)Tp(z ||bH(m l)pH(b b ) Xk”Lq(Rn )

k=ko+1 =0
<C Z 2kap—kp(n+s’+1)rp<z||b‘|5<mfi)p(k_ko)inknp/q”bHip)
k=ko+1 =0
0o
S CrPfpller Y7 (k= oyt
k=jo+1

< CrprHTpQ—jop(S’nLl) < CrprHTpr—(l—S)(S’Jrl)p < clb||™e.
This completes the proof of Theorem 3.1.

THEOREM 3.2. Let b € BMO(R"™) satisfy condition £. If 0 <p <1<
q < oo, a = n(l —1/q) and m is a positive integer, then there exists a

0 /mn
constant C > 0 such that for any f € HK;‘bpm(R ),

IT8" fll gegow ey < CHfHHK;f;g(Rn)-

Proof. As in the proof of Theorem 3.1, it is sufficient to show that for
any central (o, ¢,0;b, m)-atom a, we have ||T;"al| go.» gy < C, where C' >0
is independent of a. Let supp a C B(0,r) and r = 2¥~! for some ko € Z.
Then

ko o
“T?QHK(;*»P(RYL) = Z QkQPHXkTI;na”IZ,q(Rn) + Z 2kapHXlezna||Z£q(ugn)
k=—o0 k=ko+1
=H1 + Ho.

It is easy to see that

Hy < C Z 25|t gy < C Z okap, —ap

k=—o0 k=—o0

ko
<C Z 9(k—ko+1)ap <C.

k=—oc0

Let 290—1 < p1=s < 290 for some jg € Z. Since a is a central («, g, 0; b, m)-
atom, we only need to estimate Ho with ky < jo, because in the case of
jo < ko, the estimate follows from Theorem 3.1. Thus
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Jo oo
Ha< Y 2P all oy + Y 2" 0Ty all e ey = T1 + L.
k=ko+1 k=jo+1

Similarly to the estimate for Go, we get

T, < Cllo|7.
To estimate 77, we write
. eilo—yl ™ -
Tta(z) = | ——— (b(x) = b(y))"a(y) dy
By T Y

B eilx*yl_s, 1 1
- S ’x_y‘n(s’+2)/t ’x_y’n(17(5’+2)/t) o ’x‘n(lf(s’+2)/t)

B(0,r)
x (b(z) = b(y))™aly) dy
1 cilz—y| = N
T Epa-em B(g ) Tz —yr 2 (b(x) — b(y))"aly) dy

= 111(33) -{—112(33)

Applying the mean value theorem to the term in brackets in the integrand
of Z11(x), we obtain a pointwise estimate for Z11(z) on Ay as follows:

Ta@l <0 | o) - b ol dy
B(0,r)

< Cr27 RN (@) — b, | [b(y) — 0™ aly)| dy
i=0 B(0,r)

1/q
HaHLq(Rﬂ)

SC‘T?’“(”*”ijlb(w)—lei( J le(y) = bl ay)
=0 B(0,r)

< Or27 My ]l () — by .

i=0
Thus
Jo
Z 25711, I ”iq(Rn)
k=ko+1

<o 35 (S0 (| o) — ) )
=0

k=ko+1 Cy
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Jo m
<C Z 7,102/’6(04—71—1)17(22 o)™ (k — ko)ipzknp/q>
k=ko+1 i=0
Jo
SCrP(pl7r > (k= ko)™ P27 < CrP bl P2 Ror < Cb)| .
k=ko+1
On the other hand, we have

[ Z12(2)] < CZ Iz ’n(l > +2)/t) [ Ko g % ((b—b,)" " a) ()],

Noticing that ¢ may be chosen large enough to satisfy ¢ > max(q,q’) and
(s" +2)/t < 1, we apply the Holder inequality, Lemma 1.2 and condition £
to obtain

IxkZ12| Loy

b, - 1/q
<oy{ | |34nqu<sa+g/n|1(w¢ (0= b) @) ds

where
iq| 7 m—i 1/a
{5 16@) = b 1Ry 5 (0= b)) ()7 o}
Ag
. (t—q)/tq )
< ( S |b(£l?) - br|th/(t—Q) dl‘) ||Ks’,t % ((b _ br)m_za)HLt(Rﬂ)
Ay
. (t—q)/tq ,
< (1§ 1ota) = bel /0 dr) O = bl
Ay
_ m i m—i)t' g 1/t/71/q
< okn(1/q 1/t)z ||b\|*< S Ib(z) — b, | (m—Dt'a/(a=¢) d:U) lall o

1=0 B(0,r)
This implies that
Xk Tr2 | poqrny < 27 kathn(s+1/t Z ]|/t =t D)= pl|m =i
i=0
< C2fka+kn(s'+1)/t,rfn/tHbHT.

This gives
Jo Jo
Y 2Tz gy S C Y 2E IR et e
k=ko+1 k=ko+1

< ngon(s”rl)p/trfnp/t||b||:ap
< Q=) mnp [t pl|me < C|[p]| 7.

Thus, we have Z; < C||b]|i". The proof of Theorem 3.2 is complete.
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