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Two-weight norm inequalities for potential type
integral operators in the case p > ¢ >0 and p > 1

by

HitosHr TANAKA (Tokyo)

Abstract. Sufficient conditions for a two-weight norm inequality for potential type
integral operators to hold are given in the case p > ¢ > 0 and p > 1 in terms of the
Hedberg-Wolff potential.

1. Introduction. The purpose of this paper is to develop a theory of
weights for potential type integral operators in the case p > ¢ > 0 and p > 1.
We first recall some standard notations.

We shall consider cubes in R™ with sides parallel to the coordinate axes.
We denote by Q the family of all such cubes. For a cube @ € Q we use
£(Q) to denote the side-length of @, |@Q| to denote the volume of @, and
c@ to denote the cube with the same center as Q but with side-length
c/(Q). We denote by D the family of all dyadic cubes @ = 27¢(k + [0,1)"),
1€Z, ke

Let f be a locally integrable function on R™. The Hardy-Littlewood maz-
imal operator M is defined by

1
Mf(x) = R NTT QSQ £ (y)| dy,

and the fractional integral operator (or the Riesz potential) I, 0 < o < m,
is defined by

f()

|z —y|e

Lf(z) =

R

In this paper a weight is simply a positive measurable function w on R". For
each 1 < p < oo, p’ will denote the dual exponent of p, i.e., p’ =p/(p —1).

2010 Mathematics Subject Classification: Primary 42B35; Secondary 42B25.
Key words and phrases: two-weight norm inequality, potential type integral operator,
Wolft’s potential.

DOI: 10.4064/sm216-1-1 [1] © Instytut Matematyczny PAN, 2013



2 H. Tanaka

As is well-known, for the Hardy-Littlewood maximal operator M and
p > 1, Muckenhoupt [7] showed that the one-weight strong type inequality

(1.1) (M f)wllrr(az) < CllfwllLe(dn)
holds if and only if

f}e‘%(@\ ) wio )pd”C)l/p(«clméw(x)p/ dm>w <o

For p > 1 one says that a weight w on R" belongs to the class A, when

52%(@5 ”C“C)(\Qﬂ (@l_p/df"’)p_l<°‘>‘

That is, (L.1) holds if and only if wP € A,.

Muckenhoupt and Wheeden [§] showed that, for the fractional integral
operator I, and ¢ > p > 1 with 1/¢ = 1/p — a/n, the one-weight strong
type inequality

(Lo f)wlLagaz) < Cllfwll Lo (ax)

holds if and only if

(i ) () <

Simple sufficient conditions are also known for two-weight strong type in-
equalities to hold.

Neugebauer [10] showed that, for the Hardy—-Littlewood maximal oper-
ator M and p > 1, the condition

1 ) 1/ap 1 » 1/ap’
N a d - —a d
(i Jute) ) (i Yot )) <o

for some a > 1, is sufficient for the two-weight strong type inequality

(M f)ullprz) < Clfvllier)

to hold. Sawyer and Wheeden [12] showed that, for the fractional integral
operator I, and g > p > 1, the condition

1 Yaa s q c o\
sup |Q*/" /1 1/p< S u(x) dﬂs) ( S v(x)~? d:c> < 00,
QeQ

al} al}
for some a > 1, is sufﬁment for the two-weight strong type inequality
(1.2) |(Zaf)ull La(dz) < Clfvll e

to hold. For recent progress on this problem we refer to [3].
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In the case p > ¢ > 0 and p > 1, in terms of the Hedberg—Wolff potential,
Cascante, Ortega and Verbitsky proved that the trace inequality

o fllza(an) < ClfllLe(dn)
holds if and only if

WP e L7 (dp),  1/g=1/r+1/p,

where p is a nonnegative Borel measure on R” and
p'-1

, Qv )
WP (z) = QE;( - u(@>) Ya(@).

Here, xq is the characteristic function of @ € D.

In this paper we shall investigate the two-weight strong type inequal-
ityinthecasep>q>0andp>1.

In their significant paper [2], Cascante, Ortega and Verbitsky established
the following: Let K : D — RT be any map. Let ¢ be a nonnegative Borel
measure on R” and f € L} (do). The dyadic integral operator T D[ fdo] is
defined by

TR[fdo)(x) = Y K(Q) | f(y)do(y) xo(=).

QeD Q
We denote by K(Q)(z) the function
— 1
K@) = gy 2 o@E@xg), zeQeD,
Q'Cq

and K(Q)(x) = 0 when o(Q) = 0. The pair (K, o) is said to satisfy the
dyadic logarithmic bounded oscillation (DLBO) condition if

sup K(Q)(z) < A inf K(Q)(x),
TEQ z€Q

where A does not depend on @ € D.

PROPOSITION 1.1 ([2, Theorem A]). Let K : D - RT, 0< g <p<
and 1 < p < oco. Let i and o be nonnegative Borel measures on R™. Suppose
that the pair (K, o) satisfies the DLBO condition. Then the trace inequality

(1.3) ITR [fdoll| agapy < ClIf |l Le(do)
holds if and only if
WR oW € L'(dp),  1/g=1/r+1/p,

where
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For recent developments on this problem we refer to [9, [, 15, [13].
In [14], the author and Terasawa develop a theory of weights for positive
operators and generalized Doob maximal operators in a filtered measure
space.

In the general situation, where we do not assume that the pair (K, o)
satisfies the DLBO condition, some sufficient condition for the trace inequal-
ity to hold was obtained by Cascante, Ortega and Verbitsky:

PropPoOSITION 1.2 ([1, Theorem 2.7]). Let K : D — Rt and 1 < ¢ <
p < 00. Let pu and o be nonnegative Borel measures on R™. Then the condi-
tion

Wi, [u]'/” € L'(dp),  1/a=1/r+1/p,
where
—D _ p'—1 _
Wiolil@) = 3 (VK@) duw)”  o(@F(@Q)(@),

QeD @
is sufficient for the trace inequality (1.3) to hold.

In this paper we shall establish two-weight extensions of Proposition
Let K : D — R*. We define the integral operator Tk [fdo] by

Kk(fdol(z) = > K(Q) | f(y)do(y) xq(@).
QeD 3Q

For 0 < a < n we notice that, by Fubini’s theorem,

L4 L)~ S e |Q| {1 @ldyxe(z)  ae s eR”
Qep 30
and
a5 A S Qg (x) ac.zEQED.
Qr \Q!

Q'CQ
In this paper we shall prove the following theorem:

THEOREM 1.3. Let K : D —-RT,a>1,0<g<p<ooandl <p < c0.
Let p be a nonnegative Borel measure, o be a positive “doubling” Borel
measure and w be a weight on R™. Then:

(a) There exists C > 0 such that whenever f is a nonnegative Borel
measurable function on R™, the two-weight norm inequality

HTK[de]HLq (dp) < C||WK’p7 I vw]l/plHLT(du)waHLP(dcr)a
1/q=1/r+1/p,
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holds, where

—D;p,a wl(z) = SgQw(y)_apl do(y) 1/a
Wi, wl(a) = Qz;( )

/

< ((E@ ) o @KQ@).
Q

(b) There exists C > 0 such that whenever f is a nonnegative Borel
measurable function on R™, the two-weight norm inequality

I Tx[Fdo| oy < CIWR A1t w7 | (o N (Mo £ o

lg=1/r+1/p,
holds, where

Wil wl@) = 3 [ wy) ™ do(y)

QeDQ

_ p—1_

< (K@ duw) KQ)@).
Q
Here, M, stands for the Hardy—Littlewood mazximal operator given by
1
Myf(x) = sup —— \|f(y)|do(y).
(@) ereQU(Q)é}’ Wl dote)

In the last section, we will discuss the necessity of our sufficient condi-
tions.

In view of (1.4) and (1.5)), we have the following:

COROLLARY 14. Let0<a<n,a>1,0<g<p<ooandl <p<oo.
Let p be a nonnegative Borel measure and w be a weight on R™. Then:

(a) There ezists C > 0 such that whenever f is a nonnegative measurable
function on R™, the two-weight norm inequality

o f | Loy < CIVEP [, WY || o gy | Fl Lo ()

1/qg=1/r+1/p,
holds, where

WEP p, w] () ,
S0 ()

QeD

(b) There exists C > 0 such that, if wP € A,, whenever f is a nonnega-
tive measurable function on R™, the two-weight norm inequality

1 Ta fll La(apy < CIWVE P, w]l/p,HLT(d,u)wa”LP(d:c)a 1/q=1/r+1/p,
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holds, where

W ule) = 3§t a (’%‘/ ”)pmcz)}p/_lxcz(:c).

REMARK 1.5. For nonnegative and locally o-integrable functions ¢ and
f on R™ we define

Tpf(x) = | &z —y)f(y)do(y).
R
We observe that

Tof(x) = | P(z —y)f(y)do(y)

KEZ 2h—1<|g—y| <2k

<3 sw o) | f@dow)

k—1 k
keZ 2 <|y‘S2 ‘$*y|§2k

<> (s o) | ) doly)xol)

Qep HQ)/2<]y|<l(Q) 30Q
where we have used the geometric fact that if 2 € Q € D and 4(Q) = 2F,
then 3Q D {y € R" : |z — y| < 2F}.

The letter C' will be used for constants that may change from one occur-
rence to another. Constants with subscripts, such as C7, Cs, do not change
in different occurrences. By A =~ B we mean that ¢ 1B < A < ¢B with
some positive constant ¢ independent of appropriate quantities.

2. Proof of Theorem [1.3| The theorem follows easily from the fol-
lowing lemma.

LEMMA 2.1. Let K : D - RY, a > 1and 1 < p < oo. Let pu be a
nonnegative Borel measure, o be a positive doubling Borel measure and w
be a weight on R™. Define

_ du(z) dp(z)
Wb, w)(z)p=1 Wik [, w] ()P

Then, if f is nonnegative, bounded and has compact support, we have

() and  pa(z) =

(2.1) 1Tk [fdoll|Le(apy) < CllfwllLe(do),
(2.2) 1Tk [fdo]ll Le(aus) < Cl (Mo f)wll Lo (do)-
Proof. For simplicity, we will use the notation
1
mq(f) = m S f(z)do(z), Q€D.

3Q
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We set
Co = sup U(BQ).
Qeg 0(Q)
Since o is a positive doubling Borel measure, i.e.,
o(2Q)

sup < 00,
QeQ U(Q)

C) is positive and finite.
We remember that f is nonnegative, bounded and has compact support.
Letting A = 2C3, we define

D= J{QeD:mq(f) > A¥} forke L.

Considering the maximal cubes with respect to inclusion, we can write

J
where the cubes {Qf} are nonoverlapping. By the maximality of Q? ,
(2.3) Ak < Mg (f) < CoAF,

Let Ef = Q"; \ Dg41. We need the following properties:

(2.4) {Ef} is a disjoint cover of the support of Tk [fdo],

(2.5) o(QY) < 20(EY).

The claim is clear. The inequality can be verified as follows:
By we see that, if Qf“ C Q?, then for any x € Qf“,

1
Mo [xsqrfI(z) 2 G0 SQL fly)do(y) >

where we have used o(3Q") < Coo(QF™). This gives

Q¥N Dy c{zeQl: Mo [x3qx fl(2) > AFFL/OpY.

Using the weak-(1,1) boundedness of M,, which is justified since o is a
doubling measure, we have

mQ§+1(f) S Ak—i—l
Cy - Oy ’

k a3 Co iy L
(@ N D) < gy | Fy)do(y) < —Lo(Q)) = 50(Q)),
3Q§

where we have used (2.3)) again. This clearly implies (2.5]).
We set

D ={QeD:QcQf, AF <mg(f) < A}
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Then we obtain

(2.6) {QeD:m(f) >0} = DL
k.

We shall prove the lemma by a duality argument. We first verify ([2.1]).
To this end, we take g > 0 satisfying

(2.7) Hg”LP'(dul) <1
and evaluate

1= 3" mo(fe(QK(Q) | g(x) du (),
QeD Q

Noticing (2.6]), we shall estimate

=3 mo(No(@QK(Q) | g(x)dm ().
QeD; Q

From the definition of D;? ,
IT

T < 2 CQEQ [9@)dm@) < Y d(QK(Q) | g@) di(a)
QeDk Q QCQk Q
= [ (X @K Qxo@))g(@) din (@)
QY QcQy
= | K(@)@)g(@) d(2) o(Q}).
Q)

where we have used the definition of K (Qf)(ac) From ([2.3) and (12.5)),

1< Cmgi(f) | K(@)(@)g(x) dus (2) o (@)
Qj
< Cmgi(f) | K(@))@)g(w) dyu(w) o(E)).
Q;
It follows from Hélder’s inequality that

) 1/ap’
mauth) < (g § v dot)
J 3Q;?

1/bp
<(gm S Uwu) @)

k
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where b < 1 satisfies (bp)’ = ap’. These imply, as Q;‘? D E]’?,

(28) 1< § METgdpn,w)(x) My [(f) P)(@) 1 do(z),
£t

where

MZP gdpy, w)(x)

1 o 1/ap’ B
_ x§529<o<@ 3§Qw<y> da<y>) ém@)(ym(w dn ().

Such maximal operators are essentially used in [6] and [4]. From (2.4)), (2.6)
and (12.8]), we obtain

1< C | Mgy, w)(2) M, [(fw)?)(2) /" do(a).
)

By Holder’s inequality,

(2.9 t<of | ME2gdu w)@)” do(a)}

)

< § 2 {(fu)7) @) do)}

2
Since the LY*(do)-boundedness of M, yields
@10)  {§ Ml @) do@)} 7 < Cllwllinn,
we need only efaluate

(I = | M2 gdp, w)(2)? do(z).
)

It is clear that for any x € R,

M D [gdpn, w)(x)”

’ 1/a — p
<Y (s Vo i) (1K@t da) xola)
QeD 3Q Q
This simple inequality shows that (IIT)?" is bounded by

1 o g 1/(10
> (g § vt as) ()

QeD 3Q

/

(@) (y)g(y) dm(y))p .

=
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It follows from the definition of p; and Hoélder’s inequality that

(S K(Q)()9(y) dm(y)>p/
Q

/

)  R@QWV v

- Qz o Wi [, w] (y)p—L du(y)>
S -1 S K@QWew)
0 Iz

) ] )

( o
({7 Pl K(@Q)(y)g(w)?
= (ch K(Q)w) du(y)) chWDp’ el 1O

1Y)

7p7
QWKO'

This yields, by the definition of W?];’a[u, w],

5D;p,a
W I 0D )

(n?’ < | D
e Wi [, w](y)
Hence, by (2.7) we have

(2.11) 1 < C.

The inequalities ([2.9)—(2.11)) yield (2.1)).

We next verify (2.2). We use the above estimates with pg in place of p.
It follows by noticing Q? D Ef that

(2.12) < C | MR, lgdus)(x) M, f () do(a),
2}

where

MR ,lgdus)(z) = sup V K(Q)()g(y) dua(y).
ree Q

From , and , we have
1< C | MR, lgdus](x)M, f(z) do(a).
R
By Holder’s inequality,
(2.13) I< C{ S Mga[gdug](:x)plw(a:)*p/ do(m)}l/p,

]Rn

A § Mo f@) o) do@)} .

]Rn
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Now, we need only evaluate

(V) = | MR, [gdpo](x)" w(z) " do(z).
R

It is clear that for any x € R",

/

MR, lgdpa) (21" < 3 (| E@Qw)a(y) dra(y) ) xq(x).
QeD Q

This inequality shows that (IV)?" is bounded by

/

214) > July) da(y)(s K(Q W) dua())”

QEDQ Q
p’ 7 4
=3 (51 w7 o) )o@ (§ KQUwiatw) dna(w))
QeD Q Q
Once we have verified (2.14]), in the same manner as above, we obtain
(2.15) IV <C.

The inequalities (2.13)—(2.15)) complete the proof of (2.2)). =

Proof of Theorem [1.5 First, we recall that r = pg/(p — ¢). It follows
from Lemma [2.1| and Holder’s inequality with exponent (p — q)/p+q/p =1
that

1Tk [fdo]l| Latap)
= R ) R ) (2) 0 Tic fdo ] ()}
Rn
< W i 0 | o | Tic o
< CIWRE" Iy ] || r(ay P10l oo
This proves Theorem [1.3(a). Theorem [1.3(b) can be verified similarly. =
REMARK 2.2. Following [I1], one can replace the norm

(7@ )

l/ap

. v5D; . . .
in W K’f;’a[u, w] by weaker norms which are defined in terms of certain map-
ping properties of appropriate maximal operators associated to each norm.

3. Appendix. In this appendix, we show that our sufficient conditions
are necessary in some special cases.
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PROPOSITION 3.1. Let K : D — RT and 1 < g < p < oo. Let p be a
nonnegative Borel measure on R™ and wP € A,. Suppose that for any @ € D,

(3.1) Stelgf?(Q)(w) < CK(Q).

Then the two-weight norm inequality
Tk [fdz] || La(an) < Cllfwlle(ar)
holds if and only if
S VI / r
Wi [, w]' P € LM (dp),  1/q=1/r+1/p,
where
—D; o =
Wil wl@) = 3 July) ™ dy(§ K@) duly)) K@)
QREDQ Q

To prove the proposition we need the following lemma.

LEMMA 3.2. Let K : D — R* and 1 < s < oco. Let v be a nonnegative
Borel measure on R™ and w® € As. Suppose that (3.1) holds for any Q € D.
Then

7 —=D;s s s
VTRl o) ~ IFTRDD e = | VR e [

where

TRIV(x) = Y K(Qw(Q)xq(x),

QeD
MRp)(z) = sup | K(Q)(y) dv(y),
xGQGDQ
Wi @) = > (§ K@) dv(v)) xolw).
QeD Q

Proof. Given an f € L] (dz) and a @ € D, let f; denote the average of
f over Q:

fo = — | f(z) da.

:@Q

Define the dyadic sharp mazimal function of f by
1

M*Pf(x)= sup — ||f(y) - foldy.
reQeD ‘Q| Q

Since w® € Ag, one knows that

(3.2) I fwll s (azy = |(MPP Fwl| s (az)-
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It follows that, for any Q € D,

’22| S TR V() — (TR[V])o| dz < 2 S K(Q)(x) dv(z).
Q
By this ylelds
(3.3) TR Lsar) = (MR VDI s () -

We see clearly that

7 5 D;s s s
IR0l ey < NV ) 574

Now, we shall verify the converse. We have
H(WKS[V])wSHLl(da:)

- (1R @ )

R QeD Q
< | R0 Y [ K@) dvly) xo (@) bule)* de.
NG QeDQ
From (3.1)) and Hoélder’s inequality, the above is
< ¢ § MR { Y KQu@)xo(@) bu(2) do
R™ QeD
< CNME )W)y | TR )0 15 -
Thus, by (3.3)) we obtain
—5D;s s s —
(W™ [v])w HlL/l 4z < CIME ])wl| s (aa)-
This completes the proof. m

Proof of Proposition We need only verify the “only if” part. We
now assume that

s

xQ(z) }w(x)s dx

1Tk [fdx]|| La(an) < CllfwlLe(de)-
This implies
ITR[fdz]l| La(any < Cllfwll Le(az)
and, by duality,
||TIZ()[9dM]w_1HLp’(dw) < CHgHLq’(du)'
Noticing w™? € Ay and applying Lemma we have

—D; / o ’ /
(3.4) VR 9w ™ 22 asy < Y oW
Let

/

cq = J )™ dy(| K@) du(y))p , QeD.
Q Q
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For any nonnegative ¢ € LI /7 (du), by use of (3.4)), we have

2 z Z T)= Q x x
(X el ))zz)( Jauts) = 3 0§ o) )

QeD QeD Q
< Z (S MDw( v du(az))p Sw(x)_p/da:
QeED Q Q
= VR (MDY dyalwr || s aay < CT N (MP) |7

LY (dp)’
where

MEI/J(I) = sup

reQeD u(@) o) duty), «eRr™

The L7/? (dp)-boundedness of M E yields
C
§ (D —Zoxal@) ) we) due) < Cllull i g

A (%)
Thus, by duality again,
‘ > e <ccy,
Seb MQ) "l a1/ -0 (ap)

It follows from ({3.1)) that

-1

M(g)zéw@)p’dy (652 RQduy)) K@), w€QeD,

Thus, we obtain
5D; /
Wi [, w]'7P I 2r(au) < CCh,

where we have used

o pa _ p alp—1)
p—q p-1 p—gq
This proves the proposition.
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