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New spectral multiplicities for ergodic actions
by

ANTON V. SoLoMKO (Kharkov)

Abstract. Let G be a locally compact second countable Abelian group. Given a mea-
sure preserving action T of G on a standard probability space (X, u), let M(T) denote
the set of essential values of the spectral multiplicity function of the Koopman represen-
tation Ur of G defined in L?(X,u) © C by Ur(g)f := f o T—,4. If G is either a discrete
countable Abelian group or R™, n > 1, it is shown that the sets of the form {p, q, pq},
{p,q,7,pq,pr,qr,pqr} etc. or any multiplicative (and additive) subsemigroup of N are
realizable as M(T') for a weakly mixing G-action T

0. Introduction. Let G be a locally compact second countable Abelian
group and let T' = (T})4cq be a measure preserving action of G on a standard
probability space (X, 9, u). Denote by Up the induced Koopman unitary
representation of G in L3(X, u) := L?(X, ) © C given by

Ur(g)f = foT-,.
By the spectral theorem, there is a probability measure o on the dual group
G called a measure of mazimal spectral type of Ur and a measurable field of
Hilbert spaces G 5 w +— H,, such that

Li(X,p) = SA@ H,do(w) and Ur(g) = fw(g)]w do(w), g€GaG,

G G

where 1, is the identity operator on H, [Nai]. The map mg: Gswe
dimH, € NU {oco} is called the spectral multiplicity function of Up. Let
M(T) stand for the set of essential values of mg. We are interested in the
following spectral multiplicity problem:

(Pr) Which subsets E C N are realizable as M(T) for an ergodic (or
weakly mixing) G-action T'7

This problem was studied by a number of authors (see the recent survey
[Dal] and the references therein) mainly in the case G = Z. It is known, in
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particular, that a subset £ C N is realizable in each of the following cases:

e 1 ¢ FE (JKwl] for G =Z, |DL] for G = R),

e 2 ¢ F (JKal] for G =Z, [DL] for G = R),

o E = {p} for arbitrary p € N (JAg], [Ry], [Da2] for G = Z, [DS] for R"
and an arbitrary discrete countable Abelian group),

e E =n-F for arbitrary F 5 1 and n > 1 (|[Da2| for G = Z).

Our aim is to obtain some new spectral multiplicities that first appeared
in [Ry| for G = Z. Given E,F C N, let Eo F := EUFUEF@ In this

notation, {p} ¢ {q} = {p,q,pq}, {p} o {a} o {r} = {p,q, 7, pg, pr,qr,pqr} etc.

THEOREM 0.1. Let G be either a discrete countable Abelian group or
R™ with m > 1. Given a (finite or infinite) sequence of positive integers
P1, P2, - .., there exists a weakly mixing probability measure preserving G-
action T such that M(T) = {p1} o {p2}o---.

Since any multiplicative subsemigroup of N can be represented in the
form {p;1} o {p2} ¢ ---, we obtain the following

COROLLARY 0.2. Any multiplicative (and hence any additive) subsemi-
group E of N is realizable as M(T') for a weakly mizing G-action T

To prove Theorem we adapt the idea from |[Ry]. The required action
is the product T7 x To X ---, where T; is a weakly mixing G-action with
homogeneous spectrum of multiplicity p;. The existence of such actions was
proved in [DS] via a ‘generic’ argument originating in [Ag|. To ‘control’ the
spectral multiplicities of Cartesian products of such actions we furnish T;
with certain asymptotical operator properties using both ‘generic’ arguments
and the (C, F')-technique.

In Section [l we list some basic definitions and facts that will be used
to prove the main theorem. Subsection [I.1] contains the detailed proofs of
some results on spectral multiplicities for unitary representations. In Sub-
section we briefly outline the (C, F')-construction of measure preserving
actions which is an algebraic counterpart of the classical geometric ‘cutting-
and-stacking’ technique, and in [I.4] we recall the definition and some basic
properties of the Poisson suspension, which allows us to obtain finite measure
preserving actions from infinite measure preserving ones. Both techniques are
used to explicitly construct rigid actions in Lemmata and In Sec-
tion [2] we prove Theorem [0.1] in the case of G = R™. In general, the proof
goes along the lines developed in [Ry]. To prove Theorem|[0.1] for an arbitrary
discrete countable Abelian group we need some modification of this scheme.
This is done in Section [3] Though both proofs can be given in the spirit of

(*) Given E, F C N, we denote by EF their algebraic product {ef | e € E, f € F}.
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Section [3] the constraints in Section [3] seem to be artificial and this is the
main reason why we consider separately the two cases for G.

1. Preliminaries

1.1. Unitary representations. Denote by U(H) the group of unitary
operators on a separable Hilbert space H. We endow U(#) with the (Polish)
strong operator topology (which on U(#) is also the weak operator topol-
ogy). Given a locally compact second countable group I', we furnish the
product space U(H)! with the (Polish) topology of uniform convergence on
compact subsets in I'. Denote by Ur(H) C U(H)" the subset of all unitary
representations of I" in H. Obviously, U (H) is closed in U(H)! and hence
Polish in the induced topology. Let B(H) stand for the set of all bounded lin-
ear operators on H endowed with the weak operator topology. By a unitary
polynomial on I’ we mean a mapping P: Up(H) — B(H) of the form

PU)=a1U(g1)+ -+ aU(gn), o €C,g,€I,U€Ur(H).
We now list some lemmata that will be needed when proving the main the-

orermn.

LEMMA 1.1. Given a unitary polynomial P: Up(H) — B(H) and a se-
quence (gn)o2, in I, the set
P:={U e Up(H) | P(U) is a limit point of {U(gn)}nen}
is a Gs subset in Up(H).
Proof. Let d stand for a metric compatible with the weak topology on
B(H). Then

P=) " U{Uetr)|dP),U(g)) < 1/m}.
m=1 N=1n=N

Obviously, the sets {U € Ur(H) | d(P(U),U(gn)) < 1/m} are open in
Ur(H). =

Recall that two unitary representations U,V € Ug(H) of an Abelian
group G are called spectrally disjoint if their measures of maximal spectral
type, oy and oy, are mutually singular: oy L oy. We denote by M(U) the
essential image of the spectral multiplicity function of U. It is clear that if U
and V are spectrally disjoint then M(U & V) = M(U)UM(V). Lemma

gives us a useful sufficient condition of spectral disjointness.

LEMMA 1.2. Let G be a locally compact second countable Abelian group.
Let U,V € Ug(H). If there is a sequence (gn)22, C G such that

U(gn) = I and V(gn) -0 asn — oo,
then U and V are spectrally disjoint.
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Proof. Let oy and oy be the measures of maximal spectral type of U
and V respectively. By the spectral theorem,

H= SEB HWD doy (w), SEBw )1, doy (w),

G &
H= " "D dov(w), V(g) =" wlg)l dov(w).
) )

Suppose oy is equivalent to oy on some subset A C G with oy(A4) > 0.
Take any 0 # f € H with supp f C A. Then on the one hand,

V(w(gn)f (W), f(w)) dov(w) = (Uga) f, ) = I I? # 0.

G
On the other hand,

[ (w(gn) (), (@) dou (w)

G
dogy

— (g f (). £@)) 2V () doy () = < (91, d”Uf> 0.
gy

dovy

G
This contradiction proves that oy L oy . =

Given U,V € Ug(H), by their tensor product we mean the unitary rep-
resentation U @ V of G in H ® H defined by (U ® V)(g) := U(g) ® V(g).
If oy and oy are measures of maximal spectral type of U and V, then the
convolution oy * oy is a measure of maximal spectral type of U ® V. Let

oy X oy = S oud(oy *xoy)(w)

G
stand for the disintegration of oy x oy with respect to the projection map
G x G 3 (w1, ws) — wiwy € G. Then the map G 3 w — dim(L3(G x G, 0,,))
is the multiplicity function of U ® V.

The following lemma, which is an obvious generalization of [Ry, Lemma
3.1], allows us to ‘control’” the spectral multiplicities of tensor products. Re-
call that a unitary representation U € Ug(H) has simple spectrum (that is,
M(U) = {1}) if and only if there is ¢ € H (called a cyclic vector for U)
such that the smallest closed subspace H, of H containing all the vectors
U(g)p, g € G, is the entire H. Then H,, is called the cyclic subspace of .

LEMMA 1.3. Let G be a locally compact second countable Abelian group
and let U,V € Ug(H). Suppose there exists a sequence (gn)oe, C G and
subsequences (gn, (i))ie1, © € J, such that

(a) U(gn) — I asn — oo,
(b) V(gn,)) = V(dsi) as k — oo for each i € J,
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where {d;}icg C G is an at most countable subset such that (d;)ic; @ 18
dense in G. Then

(1) if U and V have simple spectrum, so does U @ V,
(2) MURV)=MU)M(V).

Proof. (1) Let ¢ and 1 be cyclic vectors for U and V respectively. We
claim that ¢ ® 1 is a cyclic vector for U ® V. Indeed, the cyclic subspace
Howy of ¢ ® 1 is weakly closed invariant under U(g) ® V(g) for each
g € G and contains all the vectors U(g)p ® V(g)®, g € G. Hence by (a) and
(b) it contains all the weak limits

p@V(di)y = lim U(gi(i))p @ V(gr(0))¥,
e V(di+dj)y = kh_{go Ulgr(4))e @ V(gr(j))V(di)y, ete.

The space Hogy contains therefore all the vectors ¢ @ V(d)y, d € (d;)ie.
Since H gy is invariant under U(g) ® V (g) for each g € G it contains all the
vectors U(g)e @ V(d+ g), g € G, d € (d;)ics, which form a total system
in H® H. Hence U ® V' has simple spectrum.

(2) Let
U= @ pU?® and V= @ v,
peM(U) qgeEM(V)

where U®), p € M(U), and V@, ¢ € M(V), are spectrally disjoint and
have simple spectrum. In other words, @p U® and @q V(@ have simple
spectrum. Then for U ® V' we have the following decomposition:

UaV= P pgU?av9)
peEM(U)
geEM(V)

As already shown in (1), @, , P @ v = D, U @ D, V(@ has simple

spectrum. This means that UP) @V (p, q) € M(U)x M(V), are spectrally
disjoint and have simple spectrum. Hence M(U @ V) = M(U)M(V).

Following [Ry]|, we will say that U and V are strongly disjoint if the map
(@ X @, oy X oy) 3 (wi,ws) — wiwy € (@, oy * oy) is one-to-one mod 0.
If U and V have simple spectrum then they are strongly disjoint if and
only if U ® V has simple spectrum, and hance for any two strongly disjoint
unitary representations U and V we have M(U @ V) = M(U)M(V). In
fact, Lemma [L.3| gives a sufficient condition of strong disjointness for unitary
representations.

(?) Given a subset A C G, we denote by (A) the smallest subgroup of G' containing A.
(%) Since any (strongly) closed convex set is weakly closed.
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1.2. Group actions. Let I' be a locally compact second countable
group. Given a standard non-atomic probability space (X, B, 1), denote by
Aut(X, p) the group of invertible p-preserving transformations of X. By an
action T of I" we mean a continuous group homomorphism 7': I' > g — Tj, €
Aut(X, i). Denote by Ar C Aut(X, u)! the subset of all measure preserving
actions of I" on (X, B, ). Recall that Ur denotes the Koopman representa-
tion of I" associated with T' € Ap. We endow Ay with the weakest topology
which makes the mapping

Ar > T Upr € Up(L3(X, 1))

continuous. Then Ap is Polish. It is easy to verify that a sequence T(™
of I'-actions converges to T' if and only if sup,cx M(Tg(")A A TyA) — 0 as
n — oo for each compact K C I' and A € 8. There is a natural action of
Aut(X, p) on Ap by conjugation:

(R-T)y=RT,R™" for Re Aut(X,u), T€ Ar, g €T,

and this action is obviously continuous.

If u(X) = oo we define the Polish space Ap(X, p) of all infinite measure
preserving ['-actions in a similar way. Notice that for x4 infinite the Koopman
representation associated with T € Ap(X, u) is considered in the entire space
LA(X, ).

1.3. (C, F)-construction. We now briefly outline the (C, F')-construc-
tion of measure preserving actions for locally compact groups. For details
see [Da3| and the references therein.

Let I" be a unimodular locally compact second countable amenable group.
Fix a (o-finite) left Haar measure A on it. Given two subsets E, F' C I', we
denote by E'F their algebraic product, i.e. EF = {ef | e € E, f € F}. The
set {e7! | e € E} is denoted by E~L. If E is a singleton, say E = {e}, then
we will write eF for EF.

To define a (C, F')-action of I" we need two sequences (F},)2% , and (Cy,)22
of subsets in I" such that the following conditions are satisfied:

(1.1) (Fn)oly is a Folner sequence in I,
(1.2) C), is finite and #C)p, > 1,

(1.3) FuChi1 C Fopr,

(1.4) F,cnNF,d =0forallc#c € Cpyr.

We equip F,, with the measure (#C1 ---#C,) 'AF, and endow C,, with
the equidistributed probability measure. Let X, := F}, x [];~,, Ck stand for
the product of measure spaces. Define an embedding X,, — X,,+1 by setting

(fna Cn+1,Cn+2y - - ) = (fncn+1vcﬂ+2a .. )
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It is easy to see that it is measure preserving. Then X; C X9 C ---. Let
X =, Xy denote the inductive limit of this sequence of measure spaces
and let B and p denote the corresponding Borel o-algebra and measure
on X. Then X is a standard Borel space and p is a o-finite measure on it.
It is finite if

n+1
#Cn—i-l

::18

(1.5) < 00,

and infinite if

(1.6) U Z/:_lenJrl -

If (1.5) is satisfied then we choose (i.e., normalize) A in such a way that
pu(X) = 1. Given a Borel subset A C F,,, we put

[Al, :={z € X |z = (fn, Cnt1,Cnt2,...) € X, and f,, € A}

and call this set an n-cylinder. It is clear that the o-algebra B is generated
by the family of all cylinders.

To construct a p-preserving action of I' on (X,9B,u), fix a filtration
Ky C Ky C --- of I' by compact subsets. Thus (J;>_; K, = I'. Given
n,m € N, we set

L = ( M (x'F) an) x [] Cx € Xa.

keK, k>n
RM™ .= ( N kF) an) < ] Cx € X
keKm k>n

It is easy to verify that Lg:il C L( " L(n+1) and R( ) 1 C Rg,:f) C R%LH).
We define a Borel mapping K, x L,(n) > (g,z) — T,Elj;a: € Rgf) by setting
for x = (f’ru Cn+1,Cn+2, - - ‘)7

Tr(r:f)g(fna Cn+1) Cn+2; - - ) = (gfna Cn+1)Cn+2; - - )

Now let L,, = U2, L™ and R,, = U2, R™. Then a Borel one-to-
one mapping Ty g: Km X Ly 3 (9,2) = Tmgr € Ry is well defined by
Tin.g rLSJ}) = (n) for g € K, and n > 1. It is easy to see that L,, D Ly11,
Ry D Ryt and ToglLmy1 = Toy1,g for all m. }t follows from . ) that
(L) = p(Ry) = 1 for allm € N. Finally we set X := (-, Ly,N( ooy R
and define a Borel mapping T: I' x X 3 (g,z) Tyx € X by setting
Tyx := Ty, g for some (and hence any) m such that g € K,,. It is clear that

u()A( ) =1. Thus T' = (Ty)4er is a free Borel measure preserving action of I
on a conull subset of the standard Borel space (X, B, u). It is easy to verify



236 A. V. Solomko

that T does not depend on the choice of the filtration (K,,)5°_;. The action
T is called the (C, F')-action of I' associated with (Cyi1, Fn)n>0-

We now recall some basic properties of (X, B, u, T'). Given Borel subsets
A, B C F,, we have

[ANBln = [A]n N [Bln, [AUB]n = [Aln U By,
[A]ln = [ACh+1ln41 = |_| [Ac)n 1,
C€C7L+1

T,[A]l, = [gA]ln  if gA C F,.
Each (C, F))-action is of rank one. Note also that the (C, F')-construction re-
spects Cartesian products. Namely, the product of (C, F')-actions (T( ))geg
associated with (C(Z),Fy(f))n, i = 1,2, is the (C, F)-action of G; x G2 asso-
ciated with (C’,S) x 2 ) £V x B ))

1.4. Poisson suspension. Let (X, B) be a standard Borel space and
let p be an infinite o-finite non-atomic measure on X. Fix an increasing
sequence of Borel subsets X; C Xp C --- with [J;2; X; = X and p(X;) < 00
for each i. A Borel subset is called bounded if it is contained in some Xj;.
Let X; denote the space of finite measures on X;. For each bounded subset
A C X, let N4 stand for the map

X; 5w w(A) eR.
Denote by B the smallest o-algebra on X in which all the maps Na, A €

BN X;, are measurable. It is well known that (X;,5;) is a standard Borel
space. Denote by (X , B) the projective limit of the sequence

()Nfl,gﬁ «— ()?2,%2) A

where the arrows denote the (Borel) natural restriction maps. Then (X, B) is
a standard Borel space. To put it in another way, X is the space of measures
on X which are o-finite along (X;);>0. Then there is a unique probability
measure i on (X, B) such that

(1) N4 maps 1t to the Poisson distribution with parameter u(A), i.e.

~ 4y _ MA) exp(—p(A))

p({w | Na(w) = j}) = i
for all bounded A C X and integer j > 0 and

(2) if A and B are disjoint bounded subsets of X then the random vari-
ables N4 and Np on (X, B, i) are independent.

Let G be a locally compact second countable group and let T be a u-
preserving action of G on X such that T, preserves the subclass of bounded

subsets for each g € G. Then T induces a pi-preserving action T of Gon X by
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the formula fgw = woT_ 4. We recall that the dynamical system ()~( , B s 1, f)
is called the Poisson suspension of (X, B, u,T) (see [CES], [Roy] for the case
G=17).

The well known Fock representation of L? ()Z , [t) gives an isomorphism

[o.¢]
L*(X, ) ~ @@ LA(X, w)°",
n=0

where L?(X,u)®" is the nth symmetric tensor power of L2(X,pu), with
L*(X,u)® = C. The Koopman representation Uz @ Py (considered on

LQ()? , 1)) is unitarily equivalent to the exponential of Up:

oo
Uz © Py ~expUr = @ usr,

n=0
where P, is the orthogonal projection on C C L2()~( , i) and U}D" is the
nth symmetric tensor power of Up [Ne]. Recall that since p is infinite, we
consider Ur in the entire space L?(X, ut). It follows, in particular, that the
mapping Ap(X,u) 2T — T e A[‘()A(:, &) is continuous. T is rigid (for the
sequence gp,) if and only if 7" is rigid (for g,). If T" has no invariant subsets
of finite positive measure then T is weakly mixing [Roy].

2. R™-actions. In this section we prove Theorem in the case when
— Rm
¢ Fi éiven p>1,let A: ZP — 7P denote the ‘cyclic’ group automorphism
Alxy,z2,...,0p) = (Tp, &1, ..., Tp_1)-
Following [DS], denote by I” the semidirect product [(*)]
I':=G xZP x4 Z(p)
with multiplication law
(9,z,n)(h,y,k) = (g+h,x+ A"y,n+k)

for g,h € G, x,y € ZP, n,k € Z(p). We will identify G with the subgroup
{(9,0,0) | g € G} C I'. Let Er C Ar stand for the subset of all free ergodic
I'-actions. Then &r is a G subset in Ap and hence it is Polish space with
the induced topology [DS|. To prove Theorem we will use a ‘generic’
argument and the following facts will be needed.

LEMMA 2.1 (|DS), Theorem 2.8|). For a generic action T € Er the action
TG is weakly mizing and M(T|G) = {p}.

LEMMA 2.2 (|DS|, Lemma 2.4]). The Aut(X, u)-orbit of any action T € Ep
is dense in Er.

(*) By Z(p) we denote a cyclic group of order p, i.e. Z(p) = Z/pZ = {0,1,...,p — 1}.
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We will apply Lemma [2.2] to show that the set of I'-actions with certain
properties is dense in £r. However to apply this lemma we will need at
least one action in this set. This single action is constructed explicitly in
Lemma [2.3]

LEMMA 2.3. For any sequence (gi)p>, C G with gi, — 0o, there exists a
(C, F)-action T € Er such that Ur(gy, ) — I for some subsequence (g, )24

Proof. To construct the (C,F)-action we shall determine a sequence
(Crt1, )5 This will be done inductively. Let F;,, = F,, x F,! and C),, =
Cl x CV, where F),,C] C G, F}!,Cl! C ZP x Z(p).

First, we claim that the sets F;,,C;, C G = R™ and a subsequence
(9K, )52, can be chosen in such a way that

OO0 e)
n=>00 #C"

To show this select a subsequence (g, )>>, such that g, /|gk,| converges
(to some point of the unit sphere) as n — oo. From now on we will write
gn instead of g, for short. Let g, = (gg), . ,g(m)) € R™. Without loss of
generality we may assume that gg) >0,2=1,...,m, and g,g) — o0. In
the other cases the proof is similar. Fix a sequence of positive numbers «,
with >>° | ay, < 00. By replacing (g,)52; with a subsequence if necessary,
we may assume that

921421 1
g an

We will construct CJ, and F), inductively. Choose C] and Fj arbitrarily.
Ho M
(—a s a)y) x

Ap_15Ap—1 - X

Now suppose that we already have C/,_; and =

(fagﬁ)l, ai@l), where aglzl > 0 and aizl = n /2. Our purpose is to define

C! and F. Set
1) (1)

1 1
hn:— \‘gn—klgnJ>_

201" an 2
In particular, (2h,+1)gs M < 97(1-21 < (2hy, +1)g7(1 )+2g£) and 2h,+1 > 2/ay,.
Select integers w( ) ey 7(1 ™ > 0 in such a way that

hygt?
T < O
a,’ 12wy’ +1)
We set
Ay =1{(0,209a2 . 2ma!™ ) 110 e 7 —w® <10 < @} c R™,

hn,
Cri= || (An+Egn).

k=—hy,
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Let also a,(ll) = gn+1/2 and a(l) : (2w§z) + 1a @ 4 hngg), 1=2,...,m

an” 1
Set F) = (— a% ), aq(zl)) X (= agzm) aq(zm)) Then, by construction,
)‘(Frlz) _ gn+1 ﬁ 2a£z)
NEF,_)#C, gl )(2hn+1 )5 2l (2wd) +1)

,:13

gn
<<1+ <1+ y )<(1+an)m
2h, +1 Py an +1

Thus the conditions (L.I)-(L.5) hold for (£}, C})n. It also follows from the
definition of C/, that
#(Crlz n (C':z — gn)) _ 2hn
#C! -~ 2h, +1
Secondly, let CJ/ and F)! be any subsets of ZP x Z(p) satisfying (L.1))-(L.5).
For instance, set
Fy={=(3"=1)/2,...,(3" = 1)/2} x Z(p) C Z" x Z(p),
Cl = {-3""10,3"" 1}1” x {0} C ZF x Z(p).
Let T be the (C, F)-action associated with (Cy, Fy,), = (Cl x CV

n?

F) x F!),. As was mentioned in Section [1.3] T is then the product of the
two (C, F)-actions TW) = (T, (1)) cc and T( ) (TZ(2))z€Z1’><1Z(p) associated
with (C/,, F)), and (C/!, F!),, respectively. Since g,, € G, we have
iy #(Cn g, Cn)
n—o00 #C',
We claim that lim, o pu(Ty, A A A) = 0 for any A € B. It suffices to
consider the cylinders [A],, A C F,. Fix £ > 0 and select n such that

#(Cn \ Q;ICn)
2.1 < e.
(2.1) ZC,
Let A C F,,_1. Notice that g, commutes with all the elements of I". Thus
A= | |[Adn=40 || [Adn=40 || [Ad,

ceCp c€CnNgnCn c€CrNgn 1Ch

where Ay == || .con\goo,[Acdn, A2 = Ucecn\gglc'n[Ac]n and pu(4;) < €
by (2.1). On the other hand,

Ty, [Aln—1 = Ty, A2 U |_| Ty, [Acln =Ty, A2 U |_| [gnAcln
cEC’nﬁgﬁlCn cEC’nﬂgﬁlCn

=T, AU || [Ad.

ceCnNgnCh

— 1.

=1.
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Hence Ty, [Aln—1 A [Aln—1 C A1 UT,, Ay and p(Ty, [Aln—1 & [Alp—1) < 2e.
The claim is proven. It follows that Up(g,) — I as n — oo.
Since any (C, F')-action is free and ergodic, T € Er. =

As was mentioned above, to prove the main result we will apply the Baire
category theorem, so the following lemma will be useful.

LEMMA 2.4. Given a sequence g, — oo in G, the following subsets are
residual in Ep:

I:={T €&r|Iis alimit point of {Ur(gn)}rei},
O :={T € &r |0 is a limit point of {Ur(gn)}nei}-

Proof. 1t follows from Lemmal[I.I|that Z and O are both G in €. Notice
also that they are both Aut(X, p)-invariant. Therefore in view of Lemma
it remains to show that they each contain at least one free ergodic action.
The set Z is non-empty by Lemma [2.3] Consider the action of I" on itself
by translations. This action preserves the (o-finite, infinite) Haar measure.

The corresponding Poisson suspension of this action (see Section is a
probability preserving free I'-action and it belongs to O (see [OW]). =

Lemma 2.5 will be the main ingredient in the proof of Theorem [0.1] In
general, its proof goes along the lines developed in [Ry] for Z-actions.

LEMMA 2.5. Given a rigid weakly mizing S € Ag and p > 0, there exists
a weakly mizing T € Ag such that S X T is rigid, weakly mizing and satisfies
M(S xT) = M(S)o{p}.

Moreover, if (1,)72, and (gn)n 1 are sequences in G such that Ug(rp) —1
and Us(gn) — 0, then Usxr(rh) — I and Usxr(g,,) — 0 as n — oo for some
subsequences (1,)52, and (g5,)52-

Proof. Fix sequences (r,)22, and (g,)22 in G such that
(2.2) Us(rp) = I and Us(gn)— 0.

Let also (di,...,dam) be dense in G. Let I' := G x ZP x4 Z(p) stand for
the auxiliary non-Abelian group defined above. We claim that for a generic
T € &, the G-action T :=T'[G has the following properties:

(1) T is weakly mixing,

(2) M(T) = {p},

(3) 0,1 and Up(dy),...,Ur(day) are limit points of the set {Ur(r,) bnen,
(4) 0 and I are limit points of {Ur(gn) }nen-

The properties (1)—(2) are generic by Lemma [2.1] Since Ur(d) is a limit
point of {Ur(r,)}52, if and only if I is a limit point of {Up(r, — d)}5°,,
Lemma implies (3)-(4) for a generic T' € &p. Hence there is an action
satisfying all of these conditions.
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Now let us show that 7" is the required action. Lemma in view of
(2.2) and (3), implies that M(Us ® Ur) = pM(Us). Since the Koopman
representation is considered on the space L?(X, u) © C, we have the decom-
position
(2'3) Usxr = (1®UT)@(US®UT)€B(U5®1),

where 1 denotes the identity operator on C. If 1 ® Up, Us ® Ur, Ug ® 1 are
pairwise spectrally disjoint then

M(S x T) = {p} UpM(S) UM(S) = M(S) o {p}.
Apply (3) and (4) and fix a subsequence (r)20 of (1), and a subsequence
(gm)2e, of (gn)p2; such that Up(r)) — 0 and UT(gn) — I as n — oo. The

spectral disjointness for each pair of terms in ) follows from Lemma
since

(Us@1)(r!)y = I, (Us@Ur)(rl) —
(e Ur)(gy) =1, (Us®Ur)(gy) =
Qe Ur)(g,) =1,  (Us®1)(g,) —
It is clear that S x T is weakly mixing. By (3) and ( ) there are subse-
quences (11,5, and (g,,)>2 ; of (rn) ° 1 and (gn)22 4 such that Up(r]) — I
and Ur(g),) — 0. Hence Ugxr(r),) — I and Ugxr(g),) — 0. =

Proof of Theorem [0.]] for G = R™. Consider the auxiliary group I :=
GxZP* xZ(py) defined above. Let T} € Ep, be such that Ty := T} |G is weakly
mixing, M(T1) = {p1} and Urp, (70,1) = I, Ur,(gn,1) — 0 as n — oo, where
(rn,1)221, (gn,1)22, are some sequences in G. Since all these properties are
generic for the actions from £, by Lemmata and , there is an action
T possessing all of them.

Now we apply Lemma and choose a weakly mixing Ty € Ag such

that M(T1 x Ts) = {p1} ¢ {p2} and Upr,x1,(rn2) = I, Ur x1y(gn2) — 0
as n — 00, where (1,2)7%; and (gn2)ne; are subsequences of (1, 1)5%; and

(gn,1)52, respectively.
By induction, given a weakly mixing G-action 77 X --- x Tj_; with

M(Ty % - xTp—q) ={p1}o---o{pr-1},
UryxxTy_y(rng—1) = I, Urx..xty 1 (Gnk—1) = 0,

by Lemma [2.5] there exists a weakly mixing T}, € A¢g such that

(2.4) M(Ty x - x Tjp) = {p1} o - -- o {px},

(2.5) UT1><~~-><Tk (7’” k) — I UT1><~~-><Tk (gn k) — 0

where (1, )72, and (gn%)oe; are suitable subsequences of (1, x—1)7%; and
(Gn,k—1)52; respectively. This proves the theorem if the sequence p1,pa, ... is

finite. Otherwise we obtain an infinite sequence of weakly mixing G-actions
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T}, satisfying (2.4)—(2.5). It is clear that the product T := Ty x Ty X --- is
weakly mixing and M(T') = {p1} o {p2}o---. =

The following simple lemma (stated in [DL] without proof) shows how
to extend the result of Theorem from R to any torsion free discrete
countable Abelian group (Corollary .

LEMMA 2.6. Let G and H be locally compact second countable Abelian
groups and let p: G — H be a continuous one-to-one homomorphism with
©(G) = H. Given an H-action T = (Tp)pen, the composition T o ¢ =
(Tp(g))gec 1s a G-action with M(T o p) = M(T).

Proof. Let o be a measure of maximal spectral type and m: H-N U{oo}
be the spectral multiplicity function of Up:

(26) L3(X,p) = | Hydo(x) and Ur(h)f(x) = x(W)f(x), heH,

H

for cach f: H 5 y — f(x) € Hy with {5 [[f(x)I?do(x) < oo, dimHy =
m(x). Let @: H — G stand for the homomorphism dual to pand o := gop~!
be the image of o under @. Clearly, 5(@(H)) = 1. Let o = {5 0., d&(w) denote

the disintegration of o relative to @. Then we derive from (2.6) that
@ . D ~
Ly(X,p) = | H, do(w) = | H, d5(w),

a (A

where H/, .= {2 H, do,,(x). Let l(w) := dimH’,, w € G. Then
w H "X X w

l(w) = { > ou()>0™M(x) if oy is purely atomic,
00 otherwise.
Since W = H, ¢ is one-to-one and hence H:ﬁ(x) = H, for any x € H.
In particular, {(3(x)) = m(x) for x € H. It follows from that for any
w=23(x) €q,
Urop(9)f(w) = Ur(p(9)) f(2(x)) = Ur(e(g))(f ° @)(x)
= x((9))(f e 2)(x) = (2(X))(9) f(B(x)) = w(g)f ().

This means that o is a measure of maximal spectral type and [ is the spectral
multiplicity function of Ure,. Hence M(T o ¢) = M(T). =
COROLLARY 2.7. Let G be a torsion free discrete countable Abelian group.
Given a sequence of positive integers p1,pa, ..., there exists a weakly mizing
probability preserving G-action S such that M(S) = {p1} o {p2}o---.
Proof. For G = Z see |Ry| or Section (3| Suppose G # Z. In view of

Lemma [2.6] it suffices to show that there is an embedding ¢: G — R such
that ¢(G) = R. Indeed, G can be embedded into QY (see [HR]). In turn,
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the last group obviously embeds into R. It remains to note that if an infinite
subgroup of R is not isomorphic to Z then it is dense in R.

By Theorem [0.1] for G = R, there is a weakly mixing R-action T" such
that M(T) = {p1} ¢ {p2}<---. Then by Lemmal2.6 the composition T oy =
(Tp(g))gec is a weakly mixing G-action with M(T o ) = M(T) = {p1} ¢
[pa} o m

3. Discrete countable Abelian group actions. In this section we
prove Theorem in the case when G is an infinite discrete countable
Abelian group.

As in the previous section, given a countable discrete Abelian group J
and p > 1, we denote by I' the semidirect product G x JP x4 Z(p), where
A: JP — JP is the same (as in Sectio ‘cyclic’ group automorphism. From
now on we will identify G with the corresponding subgroup in I'.

LEMMA 3.1 ([DS| Theorem 1.7]). Given G and p > 1, there is J such
that for a generic action T from Ar the action T|G is weakly mizing and

M(T1G) = {p}.

Notice that we can choose J to be either Z or Z(q)®Y, ¢ > 1 [DS] Sec-
tion 1].

Let (gn)22; be a sequence in G. We will say that (g,)5%; is good if
gn — o0 and one of the following is satisfied:

(1) there is go € G such that g, € (go) for each n (it follows that gy has
infinite order),

(2) each gy, is of finite order and the orders of g, are unbounded,

(3) the orders of g, are bounded from above and g, are independent @

It is clear that G always contains a good sequence. Notice also that any
subsequence of a good sequence is good. We need this notion to be able to
apply the (C, F')-construction in the proof of Lemma which is the analog
of Lemma 2.3

LEMMA 3.2. Let (gi)72 be a good sequence in G. For any d € G there
exists a free action S € Ar such that Us(gr, ) — Us(d) for some subsequence
(ko )nzr of (9r)7s-

Proof. Fix d € G. First, we claim that there is an infinite measure pre-
serving action T" of I" and subsequence (gx,, )2, such that Ur(gk, ) — Us(d).
Recall that for p infinite, we consider Uz in the entire space L?(X,u). We
will construct T as T = T x T®?) | where T" and T are (C, F)-actions
of G and JP x Z(p) respectively.

(5) That is, the subgroups (g,) are independent.
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To construct TW we will select subsets C,,, F,, C G and a subsequence
(Gr, )oeq of (gr)32; in such a way that

. #(Cn N (Cn - (gkn - d)))
(3.1) nh_{go i,

Then, arguing as in the proof of Lemma the reader can easily deduce
that

=1.

lim p(Ty, —aANA)=0

n—oo
for any A € 9B, and hence Ur(gx, —d) — I as n — oo.

Thus our aim is to select C,,, F),, and k,, satisfying 7, and
(3.1)). This will be done inductively. Fix an increasing sequence of positive
integers h,. Suppose that we already have F,,_1 and kj,_1. To satisfy we
want Cy, to be an arithmetic progression with common difference g, —d long
enough. We also need C),, to be independent of F,,_;. Consider separately
three possible cases for (gx)32 -

(i) There is gy € G such that gr = mggo, my € Z, k € N. Without loss
of generality we may assume that my > 0 and myi1 > my, k € N. Then let
ky := max{k | g € Fr—1 — Fy_1} + 1. Clearly, lgx, ¢ F,—1 — F,—1 for any
I >0 and hence I(gy, — d) + Fr_1 NI'(g, —d) + F,_1 =0 for I #1'.

(ii) Each gy is of finite order and the orders are unbounded. Without loss
of generality we may assume that #{k | ordgx, < N} < oo for each N > 0.
Given 0 # f € Fp_y — Fp_q and 0 < | < hy, let D)) = {k > kn_1 |
l(gr — d) = f}. We claim that each DT{J is finite. Indeed, if (g — d) = f for
some k then for any k&’ with ord g;» > [ ord g we have ord(gy — gix) > | and
hence I(gy — d) # l(gx — d) = f. Since there are only finitely many k' with
ord gi < lord gg, the set Df;l is finite and we can choose k,, > k,,_1 such that
kn & DY for 04 f € Fyy — F_1, 0 <1 < hy. Then lgy,, ¢ Froy — Fo_1,
0 <! < hy. In particular, I(gg, — d) + Fr—1 N 1'(gk, — d) + F—1 = 0 for
0<I<l <hy.

(iii) The orders of gi are bounded from above and gy, are independent. In
this case for any 0 # f € F,_1 — Fj,_1 and [ > 0 there is at most one k with
lgr = f. Hence we can select k,, > k,,_1 in such a way that lgx, ¢ F,—1—F,—1
whenever lg, # 0.

In each of these three cases we set
o { {0, (g1, — ), 2(ge, — ), hulgh, — )} if ord(ge, — d) > ha,
" (G, — d) otherwise.
It follows that C),, and F},_1 are independent. Since
#(Cn N (Cn = (g, — d))) < hy,
#Cy = hp+ 1
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the Cy, satlsfy . Let F,, C G be any subset satisfying (1.1} , and
. Let T be the (C, F)-action associated with (Cy,, Fj,)p.

T®) may be any (C, F)-action of J? x Z(p). In view of the structure of J
which is either Z or Z(q)®", ¢ > 1, such an action can be easily constructed.
For instance, set

Fp={-3"-1)/2,....,(3" = 1)/2}Y x Z(p) C J* » Z(p),
Cl = {—3”—1,0,3"—1}1’ x {0} € J? x Z(p),
if J =7, and

F = (Z(q)® - ®Z(q) {0} @ - )P x Z(p) C JP x Z(p),
Cp = ({0}@-7@{0}@2@)@{0}@~--)” x {0} C JP x Z(p)
e’

n—1

if J =6D,2,%(q), ¢ > 1. Clearly, (Cy,, F},),, satisty f. Let T be
the (C, F)-action associated with (CJ,, F},),.

Then by construction T = TM x T3 is an infinite measure preserving
action of I" such that Ur(gk,) — Us(d) as n — oo.

Now let S := T stand for the Poisson suspension of T (see Subsection
Then S is a free probability measure preserving I'-action. Since the mapping
Ap(X, 1) T — TeAp(X, i) is continuous, Us(gy, ) — Us(d) as n—oco. =

LEMMA 3.3. For any good sequence (g,)5> 1 in G the following subsets
are residual in Ap:

Zq:={T € Ar | Ur(d) is a limit point of {Ur(gn)}neq} for any d € G,
O :={T € Ar | 0 is a limit point of {Ur(gn)}ne}-

Proof. © and 7,4, d € G, are G subsets in Ay by Lemma We note
that O and Z; are Aut(X, p)-invariant. By [FW], Claim 18| the Aut(X, p)-
orbit of any free I'-action is dense in Ap. Therefore, it remains to show that

O and Z,, d € G, each contain at least one free action. Each Z; is non-empty
by Lemma [3.2] Each Poisson I'-action is free and belongs to O [OW].

Proof of Theorem for G is a discrete countable Abelian group. Let
I == G x J/" x Z(p1) be the auxiliary group defined above for G and p;.
Fixing a good sequence in G and applying Lemmata [3.1] and [3.3] we deduce
that there is an action 77 € Ap, such that T} := T1[G is weakly mixing,
M(T1) = {p1} and Ur, (rn1) — I, Uz (gn,1) — 0, where (rn,1)5% 1, (gn,1)n21
are good sequences in G.

Now let I := G x J§? % Z(p2)- By Lemmata and (3.3] . 3| for a generic
T2 € Ar, the restriction Ty := T2 G satisfies the follovvlng conditions:
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1) T5 is weakly mixing,

(1) T:

(2) M(T2) = {p2},

(3) Ur,(d) is a limit point of {Ur, (1,1)}5; for each d € G,
(4) 0is a limit point of {Ug,(rn1)}02,,

(5) I and 0 are limit points of {Ur, (gn,1)}32

n=1"

Thus 77 x Ty is weakly mixing with M(T1 x Ty) = {p1}o{p2} by Lemma
Moreover, in view of (3) and (5), there are subsequences (r,2)22; and
(gn,2)nzy of (rna)pzy and (gn,1)n2y such that Uryxr, (rn) — I, Uryx,(gn)
— 0 asn — 0.

Continuing, we obtain a sequence of weakly mixing G-actions T; such
that M(Ty x --- x Ty) = {p1} o --- o {pg} for any k > 0. It follows that
T:=T) x Ty x --- is weakly mixing with M(T") = {p1} o {p2}o---. m

4. Concluding remarks. The scheme of the proof also works for the
groups of the form R™ x G where G is a discrete countable Abelian group
and m > 0. For that we need to construct explicitly a ‘rigid’ I'-action as in
Lemmata 2.3 and |3.2| for I'=R™xGxJPXZ(p). Indeed, in both lemmata the
required action was obtained as the product of two (C, F')-actions. Let us say
that an element g€ I' is good if all but the first coordinate of g vanish. Then
the analogs of Lemmata and for sequences of good elements can be
easily proved by constructing separately two (C, F')-actions: an R™-action as
in Lemma [2.3]and a GxJPxZ(p)-action as in Lemma [3.2] Moreover, one may
mimic the proof of Lemma [3.2] to extend it to any locally compact second
countable Abelian group. Then the main result is still true for the classes of
locally compact second countable Abelian groups considered in [DS].

Note that our realizations are weakly mixing but not mixing since they
are rigid. The question whether there are mixing realizations of the sets con-
sidered is still open. In fact, the set of mixing G-actions is meager in Ag
endowed with the weak topology. Therefore the weak topology is not suit-
able to apply the Baire category argument. In contrast, Tikhonov introduced
another (stronger than the weak) topology on Az with respect to which the
subset of mixing Z-actions is Polish [Til]. Using this topology he proved by
a ‘generic’ argument the existence of mixing transformations with homoge-
neous spectrum [T1i2]. It looks plausible that this approach may be useful to
find mixing realizations of the sets considered in the present paper.
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