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Sharp embedding results for
spaces of smooth functions with power weights

by

MARTIN MEYRIES (Karlsruhe) and MARK VERAAR (Delft)

Abstract. We consider function spaces of Besov, Triebel-Lizorkin, Bessel-potential
and Sobolev type on R?, equipped with power weights w(z) = |z|”, v > —d. We prove
two-weight Sobolev embeddings for these spaces. Moreover, we precisely characterize for
which parameters the embeddings hold. The proofs are presented in such a way that they
also hold for vector-valued functions.

1. Introduction. Weighted spaces of smooth functions play an impor-
tant role in the context of partial differential equations (PDEs). They are
widely used, for instance, to treat PDEs with degenerate coefficients or do-
mains with a nonsmooth geometry (see e.g. [4, 22| 26], 42]). For evolution
equations, power weights in time play an important role in obtaining results
for rough initial data (see [11}, 20} 25, 31]). In addition, here one is naturally
confronted with vector-valued spaces. Our work is motivated by this and will
be applied in a forthcoming paper to study weighted spaces with boundary
values.

For general literature on weighted function spaces we refer to [8 [16],
22, 26, 30, B32] [41], 42] and references therein. Also vector-valued function
spaces are intensively studied (see [2] 3], 36} 37, B38|, [43], [45] and references
therein). Less is known on vector-valued function spaces with weights (see
[4, 28] and references therein). Some difficulties come from the fact that in
the vector-valued case the identities WP = HP and LP = F£,2 hold only
under further geometric assumptions on the underlying Banach space (see
below).

In this paper we characterize continuous embeddings of Sobolev type for
vector-valued function spaces with weights of the form w(z) = |z|” with
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v > —d, where d is the dimension of the underlying Euclidian space. We
consider several classes of spaces: Besov spaces, Triebel-Lizorkin spaces,
Bessel-potential spaces and Sobolev spaces. In the embeddings which we
study we put (possibly different) weights wo(xz) = |z and wq(x) = |z|™
on each of the function spaces.

These embeddings and their optimality are well-known in the unweighted
case (see e.g. [37, B9, [41]). For scalar-valued Besov spaces with general
weights from Muckenhoupt’s A.o-class (see Section |2)) the embeddings were
characterized in [I§]. In the latter work also the compact embeddings for
scalar Triebel-Lizorkin spaces are characterized. Sufficient conditions for
scalar-valued Triebel-Lizorkin spaces in the case of one fixed weight w for
both spaces are considered in [8]. Results for Sobolev spaces are obtained
e.g. in [22,26]. A different setting is studied [32], which we discuss in Remark
L9 below.

The approach of [18] to the scalar Besov space case is based on discretiza-
tion in terms of wavelet bases and on weighted embeddings of [23]. In the
special case of power weights we can give elementary Fourier-analytic proofs
for the necessary and sufficient conditions. These apply also in the general
vector-valued case, and so we do not have to impose any restriction on the
underlying Banach space throughout.

For a further discussion, let us describe the results in detail. Throughout,
let X be a Banach space. For p € (1,00] and ¢ € [1, 0], let B;q(]Rd,w;X)
denote the Besov space with weight w(x) = |z|7, where v > —d (see Section
3.1]). The following two-weight characterization of Sobolev type embeddings
for these spaces is the first main result of our paper.

THEOREM 1.1. Let X be a Banach space, 1 < py,p1 < 00, qo,q1 € [1,00],
s0, 51 € R, and wo(z) = |20, wi(x) = |z|" with v9,v1 > —d. The following
assertions are equivalent:

(1) One has the continuous embedding

B% (R% wo; X) < B (R% wy; X).

(1 1 Ppo,q0 P1,91

(2) The parameters satisfy one of the following conditions:

(1.2
(1. < =, and sp — > 51 ;

p1 Do Y41 Po Po p1

d d d d

(1.4) ESE» REMESR +707CI0§(11 and sy — +%281— .

p1 Po n Pbo Po p1

For p € (1,00), ¢ € [1,00] and w as above, let Fpﬁq(Rd,w;X) denote the

weighted Triebel-Lizorkin space (see Section . The following characteri-
zation is our second main result. Unlike in Theorem the characterization

)
) Y0 =71, po=p1 and either so > s1 or so = s1 and qo < qi;
)

gy Mo dtm _d+ d+ 0 _d+m,
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is given only for 1 < py < p; < oo (see, however, Proposition below).
Important in this result is that gy < ¢; is not required in the sharp case
so — (d+0)/po = s1 — (d+71)/p1 as for Besov spaces.

THEOREM 1.2. Let X be a Banach space, 1 < pg < p1 < 00, qo,q1 €
[1,00], s0,81 € R, and wo(x) = |z, wi(x) = || with 9,71 > —d. The
following assertions are equivalent:

(1) One has the continuous embedding

(1.5) Eo (R wo; X) = Fit o (R wi; X).

(2) The parameters satisfy either (1.2)) or
d d d d
o % +’Y1< + Y and so — +’Yo>sl +m

(1.6)

P po M Po po P1
REMARK 1.3.

(i) The scalar version X = C of Theorem with general weights
wop, wy from Muckenhoupt’s Aso-class is proved in [I8] Section 2].
For wy = w1 € A satistying inf cpa w(B(z,t)) > t* with ¢ > 0,
the implication (2)=-(1) of Theorem|[I.2]can be found in [8, Theorem
2.6] in the scalar case. In our setting, this corresponds to the case
Y =m = 0.

(ii) In the unweighted case, i.e., 79 = 71 = 0, results such as Theo-
rems and are well-known and go back to works of Jawerth,
Nikol’skii, Peetre and Triebel (see [41], Section 2.7.1] for a historical
overview). A detailed account on these embeddings in the vector-
valued setting can be found in [37].

(iii) Theorem gives embeddings for pg > p1, which is only possible
in the presence of weights. In Proposition [1.6| we obtain a partial
result also for Triebel-Lizorkin spaces in this case.

(iv) In Theorems and suppose that pg < p1. Then the condition
(d+7)/p1 < (d+70)/po in (L3), and is redundant.
Similarly, if pg > p1 then 71 /p1 < v0/po is redundant.

(v) It follows from py < p; and v1/p1 < 70/po that o = 71 < 0 is
excluded. In this case one only has the trivial embeddings (i.e., the
embeddings under the assumption )

(vi) Tt is a well-known fact that Sobolev embeddings for Triebel-Lizorkin
spaces are independent of the microscopic parameters qg,q; (see
8, 37, 41]).

Our proof of the sufficiency of the relations stated in Theorem is
based on a direct two-weight extension of an inequality of Plancherel-Pdlya—
Nikol’skii type (see Proposition and [41], Section 1.3] for an overview).
For vp,v1 > 0 this inequality is obtained by extending the proof of the one-
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weight version of [§] to the present situation. For negative weight exponents
we use the weighted Young inequalities from [9, [I9]. The necessity of these
conditions follows from suitable scaling arguments (see Propositions and
. Observe that LP(R?, |- |7) scales to the power —(d 4 7)/p, which ex-
plains the importance of this number. Moreover, the relation v1 /p1 < v0/po
is in particular sufficient to apply the results of [9, [19].

Theorem is derived from Theorem using a weighted version of
a Gagliardo—Nirenberg type inequality for F-spaces (see Proposition .
Here we follow the presentation of [37].

As a consequence of Theorem[1.2] we characterize embeddings for Bessel-
potential and Sobolev spaces. For p € (1,00) and w(z) = |z|7, where v €
(—d,d(p—1)), let H>P(R%, w; X) denote the weighted Bessel-potential space
with s € R, and let W™P(R? w; X) denote the weighted Sobolev space with
m € Ny (see Section [3.2).

COROLLARY 1.4. Let X be a Banach space, 1 < pg < p1 < 00, Sg,S1 € R,
and wo(z) = |z|°, wi(z) = |z|™ with v € (—d,d(po — 1)), €
(—d,d(p1 — 1)). The following assertions are equivalent:

(1) One has the continuous embedding
H5P (R wy; X) — HPH R, wy; X).
(2) The parameters satisfy

(1.7) N < M and 50 — - M
P1 Do Po p1
COROLLARY 1.5. Let X be a Banach space, 1 < pg < p1 < 00, Sg,51 €
No, and wo(z) = |z]°, wi(x) = |z|"* with v0 € (—d,d(po — 1)),11 €
(=d,d(p1 — 1)). The following assertions are equivalent:

(1) One has the continuous embedding
W00 (RY, wy; X) < WHPH(RY, wy; X).
(2) The parameters satisfy (1.7)).

The necessity of for the embeddings in Corollaries and is
actually valid for all 49,71 > —d, as a consequence of Proposition [£.7 The
restrictions in the sufficiency part mean that wg € A,, and wy € A, where
A, denotes Muckenhoupt’s class (see Section .

In the general vector-valued case, H- and integer W-spaces are not con-
tained in the B- and F'-scale, respectively. We have

(1.8) H*P(RY:; X) = ;72(Rd;X) for some s € R, p € (1, 00)

if and only if X is isomorphic to a Hilbert space (see [17] and [37, Remark 7]).
Moreover,
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(1.9) HY (R X) = WHP(RE X))  for some p € (1,00)

characterizes the UMD property of X (see [I}, 27, [45] for details).
We obtain the sufficient conditions in the above corollaries from embed-
dings of the type

(1.10) F (R wy X) — HP(RY, w; X) — F o (R, w; X)),

which are valid for all Banach spaces X and Ap-weights w (see Proposition
, and the independence of the Sobolev embeddings for the F-spaces
from the microscopic parameters. For the latter embedding in we
show in Remark [3.13]that it is necessary that w satisfies a local Ap-condition,
which results in 79 < d(po — 1). Then v; < d(p1 — 1) is a consequence of
7/p1 < 70/po and py < pi1. This explains our restrictions on the weight
exponents to the Ay,-case. In view of Theorems and and the results
in [32] (see Remark below), we do not expect these restrictions to be
necessary.

The result of Theorem for Besov spaces and 1 < p; < pg < o©
cannot be extended to F-, H- and W-spaces in the usual way. We prove the
following in this case.

PropoOsSITION 1.6. Let X be a Banach space, 1 < p1 < pg < 00,
s0,51 € R and o € (—=d,d(po—1)),m1 € (=d,d(p1—1)), and let wo(x) = [z|*®
and wi(x) = |z|". The following assertions are equivalent:

(1) One has the continuous embedding
HOPO(RY wg; X) < HSVPH (R, wy; X).
(2) One has the continuous embedding

F2o o (RY, wo; X) < F2LL(RY wy; X).

(3) The parameters satisfy
d+m < d+ and sy — d+ > 51 — d+71.
b1 bo Do p1

Note that the above result shows that there is no embedding in the
important sharp case so—(d + v0)/po = s1—(d + 1) /p1. Surprisingly, this is
different for Besov spaces (see Theorem . The same holds if H-spaces are
replaced by W-spaces since in the scalar case W™P(R% w) = H™P(R?, w)
whenever m € N and w € A, (see the proof of Corollary .

REMARK 1.7. Let pg > pi1, wo(z) = |z|" and wi(z) = |z|” with
Y0,71 > —d. It would be interesting to characterize for which parameters one
has F0 (R?, wg) — ol (R4, w;). Proposition only contains a partial
answer to this, because of the restrictions on 7,71, qo, g1-

REMARK 1.8. Let J, = (1 — A)%/2 be the Bessel potential. Corollary

m gives a characterization of the boundedness of J 4, : LP*(R? wpy) —

(1.11)
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LPY(R?, w) for certain power weights wg and w; for pg < p1 and all sg > 0.
The equivalent condition of [33] can be difficult to check. Moreover, in Propo-
sition [1.6] we provide a characterization of the boundedness of J_g, for power
weights wg and wy for p1 < py and all sy > 0. It seems that the problem for
J_s with p; < pg has not been considered before.

In [35] necessary and sufficient conditions on wq, w1, po, p1, S0 can be
found for the boundedness of the Riesz potential I_,, = (—A)~%/2 for
po < p1 and 0 < sp < d. The case p; < po has been considered in [44].

Together with elementary embeddings, Theorems and provide
certain embeddings between B- and F'-spaces. These can be strengthened
to so-called Jawerth—Franke embeddings (see Theorem [6.4]). Here we restrict
to the case of A,-weights (see Remark for a discussion). We also use the
above results to show embeddings of weighted B-, F-, H- and W-spaces into
(unweighted) spaces of continuous functions (see Proposition . Again we
can follow the presentation of [37]. For the case of a single weight w € A, in
the scalar-valued case the Jawerth-Franke embeddings are shown in [8, 18§].

REMARK 1.9. Recently, in [32] the classical Caffarelli-Kohn—Nirenberg
inequalities (see [10]) have been extended to general power weights. It is
characterized when

(1.12) Wiroa(RE\ {0}, wo, w) — LP(RY, wy),

where W1Po:4(R9\ {0}, wp,w) is the space of functions f : R?\ {0} — R
which are locally integrable and satisfy

11l zro (wo) + IV f | La(w) < o0

Here it is assumed that wo(z) = |z|7°, w(z) = |z|7” and wy(z) = |z|"* with
7,7,71 € R and pg,q,p1 € [1,00). Our results can be compared to the ones
in [32] only in a very special case, namely for vg = v € (—d,d(py — 1)),
v1 € (—=d,d(p1 — 1)), ¢ = po,p1 < 0, so = 1 and s; = 0. In this special case
the equivalence of with the condition on the parameters g, 1, po, P1
in [32] coincides with ours (see Corollary [L.5]if py < p; and Proposition
if po > p1).

On the other hand, one of the main and novel points in the results
in [32] is that the power weights are not necessarily of A-type and two
different powers weights wg, w and exponents pg, ¢ in the Sobolev space are
considered.

REMARK 1.10. It would be interesting to extend the above results (e.g.
Theorems etc.) to homogeneous Besov, Triebel-Lizorkin, Bessel-
potential and Sobolev spaces. Some parts are easy to extend. In particular,
Proposition below can be applied in the homogeneous setting as well.
The identity so — (d 4+ 0)/po = s1 — (d + v1)/p1 plays a crucial role.
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Outline. In Section 2 we consider preliminaries for the treatment of
weighted function spaces, such as maximal inequalities and multiplier the-
orems. These are used in Section 3 to derive basic properties of the vector-
valued spaces. In Section 4 we prove the characterization for Besov spaces,
and in Section 5 the case of F-; H- and W spaces is treated. In Section 6
we show embeddings of Jawerth—Franke type, and in Section 7 embeddings
into unweighted function spaces.

Notation. Positive constants are denoted by C, and may vary from line
to line. If X,Y are Banach spaces, we write X =Y if they coincide as sets
and have equivalent norms. For p € [1, 00|, the standard sequence spaces are
denoted by 7.

2. Preliminaries. Here we collect the tools from harmonic analysis
that are needed in the treatment of the weighted function spaces in the next
section.

2.1. Weights. A function w : R? — [0,00) is called a weight if w is
locally integrable and if {w = 0} has Lebesgue measure zero. For p € [1, 00)
we denote by A, the Muckenhoupt class of weights, and A, = U1§p<oo Ap.
In case p € (1,00) we have w € A, if

1 “1/(p-1) )p_l
chi‘iﬁanQ@rS ”“Q(\@!Sw(m) dr)  <ee

We refer to [13], [15, Chapter 9] and [40, Chapter V] for the general prop-
erties of these classes.

EXAMPLE 2.1. Let w be a power weight, i.e., w(z) = |z|” with v € R.
Then for p € (1,00) we have (see [15, Example 9.1.7])

we A, ifandonlyif e (—d,dp—1)).
Let (X,|| - ||) be a Banach space. For a strongly measurable function
f:RY— X and p € [1,00) let
1/p
10 zo sy = § 1F@)IPwa) dz) ™
Rd
For p € [1,00) we consider the Banach space

LP(RY, w; X) := {f strongly measurable : 1 f1l Lo (Rt s x) < 00},

and further set L>®°(R%, w; X) := L®(R%; X).
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2.2. Maximal functions. For f € L{ (R% X), let the Hardy—Little-
wood maximal function M f be defined by

1

Mf)(z) =sup 75— d zeR?

D) =g rar Ty | W e
where B(x,r) = {z € R?: |z — z| < r}. For any weight w : R? — R, and
p € (1,00), the maximal function M is bounded on LP(R? w) if and only
if w e A, (see [40, Theorem V.3.1] and [I5, Theorem 9.1.9]). The following
weighted vector-valued version of the Fefferman—Stein maximal inequality
holds as well.

PROPOSITION 2.2. Let X be a Banach space, p € (1,00), ¢ € (1,00]
and w € Ap. Then there exists a constant Cp g4, such that for all (fi)r>0 C

LP(R?, w; X) one has
H(Mfk)kZOHLP(Rd,w;eQ) < Cp7q7w||(fk)kZOHLP(Rd,w;m(X))'
Proof. For q = oo one uses the fact that
(2.1) 1M (@) [l oo(x) < M| fo(@)[leo(x), @ €RY k>0,

and applies the boundedness of M on LP(R?% w) to the function f(z) =
Il fe(@) oo (x)- F 1 < g < 0o and X = R, the result can be found in [5,
Theorem 3.1] and [2I]. The vector-valued case can be obtained from the
scalar case by applying it to (|| fx||)k>0 € LP(R%, w). =

For a given function ¢ : R — C and t > 0, we define the function
@i : R? = C by

pi(x) = t"p(tx)

The following lemma is well-known to experts.

LEMMA 2.3. Let X be a Banach space, p € (1,00) and w € Ap. For
0 € L' (RY), define 1 : RT — R by
() == sup{le(y)] : [yl = |2[}.

If ¢ € LY*(RY), then there is a constant Cp,, such that for f € LP(RY, w; X)
one has

oo 71, gy < Collliacen 17 nes i

<
Rd7w)
Moreover, for q € (1,00] there is a constant Cp g, such that for all (tx)r>0
C Ry and (fr)kz0 C LP(RY, w; (9(X)),
(et * fr)r>0llLr®a,wiea(x)) < Cpawll¥llr@ay | (fe)k>oll Lr @ w;ea x)-
A partial converse of the lemma holds as well: if for a positive radial

decreasing function ¢ # 0 one has || * flp@e,w) < CllfllLp@e,w) With a
constant C' independent of f and ¢ > 0, then w € A, (see [40] p. 198]).
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Proof of Lemma [2.3 Let g(z) = | f(z)||. By definition of ¢ and [14,
Theorem 2.1.10], for z € R? and ¢ > 0 one has

(2.2) lpe* £ < § e IF (@ =)l dy < § ¢uly) gz — ) dy
Rd Rd

< ”¢t|’L1(Rd)Mg($) = HwHLI(Rd)Mg(x)-
Now the first asserted inequality follows from the boundedness of M on
LP(R? w). Further, for all ¢ € (1,00] inequality (2.2]) implies that

(et * fe(@)rzolleax) < 10N prway (M fo(@))kzollea(x), € R
Thus the second assertion for ¢ € (1,00) follows from Proposition
The case ¢ = oo is a consequence of and the boundedness of M on
LP(RY w). m

2.3. A multiplier theorem. Let X be a Banach space, and let . (R%; X)
be the space of X-valued Schwartz functions. We write .7 (R%) in the scalar
case X = C. The Fourier transform of a function f € .%(R% X) is given by

- 1 .

F (&) =f(§) = Wﬂgdf@?)e wldy, ¢eR%
Recall that .% is a continuous isomorphism on .7 (R%; X). A linear map f :
S (R?) — X is called an X -valued tempered distribution if for all ¢ € .7 (R?)
there are a constant C' and k, N € N such that
17 (@)l < C sup sup (1+ |z[)*| DY (x)].
z€RC |a|<N

The space of all X-valued tempered distributions is denoted by .’ (Rd; X).
Standard operators (Fourier transform, convolution, etc.) on ./ (R%; X) can
be defined as in the scalar case (cf. [I, Section III.4]).

The following result is an extension of [41, Theorem 1.6.3] and [43], for-
mula 15.3(iv)] to the weighted vector-valued setting. For a compact set
K C R% let LB (R% w) be the space of functions f € LP(R?w) with

~

supp(f) € K in the sense of distributions.

PROPOSITION 2.4. Let X be a Banach space, p € [1,00), ¢ € [1,00],
r € (0,min{p, q¢}) and w € A,),.. Let Ko, K1,... C R? be compact sets with
0, = diam(K,) > 0 for all n. Then there is a constant Cp, g such that for
all (mp)n>0 € L2 (RY) and (f1)n>0 C L (R, w; X) one has

1(F ! [mn fal 0l Lo, wes (x))

< Cpqdiraw Sup 1L+ 11977 g 0kl 21 (a1 ()0l 2o (et s (300
< Cpgdrw sup 2k Ok )| 5122 ey | () >0l Lo (R 2300 ()

where A > d/2+d/r.
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By considering only m # 0 and f; # 0, one obtains a multiplier theorem
on Li (R?).

Proof. This can be proved as in [41, Theorem 1.6.3] (see also [43], Section
15.3]). Indeed, using Proposition [2.2] one can extend [41, Theorem 1.6.2] to
the vector-valued setting with weights in A,,/.. Now the argument in [41}
Theorem 1.6.3] can be repeated to obtain the result. =

3. Definitions and properties of weighted function spaces. In this
section we define and investigate the basic properties of function spaces with
general A..-weights. The definitions extend those of [8] to the vector-valued
setting. In [34] it is shown that one actually only needs a local version of
this condition, called A% to obtain reasonable spaces. Since we are mainly

interested in power weights w(x) = |z|7, for which one easily sees that
w € Ay if and only if w € AIO%C, we restrict ourselves to the A,.-case.

The arguments employed for the basic properties of the spaces are well-
known and completely analogous to the unweighted, scalar-valued case (see
e.g. [37, [41]). We thus refrain from giving too many details and rather refer
to the literature at most of the points.

3.1. Besov and Triebel-Lizorkin spaces
DEFINITION 3.1. Let ¢ € #(R?) be such that
(31) 0<@(E) <1 EeRY, B(€) =1if[¢] <1, §(&) = 0if €] > 3/2.
Let go = ¢, 21(£) = (£/2) — ¢(£) and
Pr(€) =227 =227 — 827" e), ceR k21

Let @ be the set of all sequences (¢, )n>0 constructed in the above way from
a function ¢ that satisfies (3.1]).

For ¢ as in the definition and f € .%/(R%; X) one sets
Sif = pnx f = F @],
which belongs to C*®(R%; X) N.7"(R% X) (see [36, Remark 4.3.3]). Since

Do Pr(§) = 1 for all £ € R%, we have > k>0 Skf = f in the sense of
distributions.

DEFINITION 3.2. Let X be a Banach space, p,q € [1,¢], s € R and
w € As. The Besov space B;yq(Rd,w;X) is defined as the space of all
f€.7"(R% X) for which
1f1Bs (R wix) = 127 Sk f) k20l 0 (1r (Rt i)y < 0©-
Moreover, if s € Ry \ N, then we set
WoP(R, w; X) := B (R, w; X).
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DEFINITION 3.3. Let X be a Banach space, p € [1,00), ¢ € [1,00], s € R
and w € Ay. The Triebel-Lizorkin space F;q(Rd,w;X) is defined as the

space of all f € ./ (R% X) for which
1£11 s @) = 125 Sk k0l o e wienx)) < 00
If w =1, we write By (R% X) for Bs (R?,w; X) and Fj (R% X) for

F;Q(Rd,w; X). As in the scalar case, one can show that these are Banach
spaces. Note that

s 1/q
11 ety = (D0 2 NSk sy )
k>0

11l oy = [ (2 s17) |

k>0

LP(Rew)’

with the usual modifications for ¢ = co.
The following is a consequence of Proposition

PROPOSITION 3.4 (Independence from ¢). Let X be a Banach space and
wE As.

(1) For all s € R and p,q € [1,00], the space Bqu(Rd,w;X) s inde-
pendent of the choice (pp)n>0 € D. Any (Yn)n>0 € P leads to an
equivalent norm in B;Q(Rd, w; X).

(2) For all s € R, p € [l,00) and q € [1,0], the space Fpﬁq(Rd,w;X) is
independent of the choice (pp)n>0 € . Any (Yn)n>0 € P leads to
an equivalent norm in F;’q(Rd, w; X).

Proof. Choose r € (0,min{p,q}) such that w € A,/,.. Then one can
apply Proposition in the same way as in the unweighted case in [41]
Section 2.3.2] and [43] Section 15.5]. =

REMARK 3.5.

(i) At a technical point in the proofs, w € A, is required to have
the boundedness of the Hardy—Littlewood maximal function and of
the Fefferman—Stein maximal function in some L"-space and some
L7 (¢7)-space with r € (1, 00), respectively.

(ii) Deﬁnition can be extended to p = co and ¢ € [1, o0], but Propo-
sition is not true in this setting (see [41, Remark 2.3.1/4]).

(iii) Rychkov [34] considers scalar B- and F-spaces with more general

weights of class A9, i.e., satisfying only a local A, condition.

3.2. Sobolev and Bessel-potential spaces

DEFINITION 3.6. Let X be a Banach space, m € N, p € [1, o0], and let
w be a weight. The Sobolev space W™P(RY, w; X) is defined as the space of
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functions f € LP(R% w, X) for which D®f, taken in the distributional sense,
is in LP(RY, w; X) for all multiindices o with |a| < m. Let

| fllwmop (e wix) = Z 1Dl Lo (R ;) -
la|<m
For s € R and f € .7/(R% X), the Bessel potential J,f € .'(R% X) is
defined by R
Jof = FZ A+ 1))
Obviously, Jg, Js, = Js,+s, for 51,52 € R, and Jj is the identity mapping on
S (R%; X).
DEFINITION 3.7. Let X be a Banach space, s € R, p € [1,00), and let

w be a weight. The Bessel-potential space Hs’p(Rd,w;X) is defined as the
space of all f € ./(R%; X) for which J,f € LP(R%,w; X). Let

Hf”HS»P(Rd,w;X) = ”JSfHLP(Rd,w;X)'
It is immediate from the definition that
(3.2) Jy o H¥P(RY w; X) — H*"7P(R%, w; X)  isomorphically.
Moreover, WOP(R? w; X) = H'P(R?, w; X) = LP(R% w; X). Certain em-

beddings and identities between these spaces and Triebel-Lizorkin spaces
hold under geometric assumptions on X (see ([1.8) and (1.9)).

3.3. Density, lifting property, equivalent norms. The elementary
properties of the A,.-weighted spaces are the same as in the unweighted
case. Proposition allows us to carry over the proofs of [41l Section 2.3]
and 43|, Section 15] to the weighted setting.

LEMMA 3.8. Let X be a Banach space, p € (1,00), ¢ ,
Let w € As. The set .#(R% X) is dense in By, (R yw; X), F2 (R w; X)
and H*P(R?, w; X).

Proof. Let us consider sz’q(Rd,w; X). Using Proposition the same
arguments as in Step 5 of the proof of [41, Theorem 2.3.3] show that fx =
chvzo Skf converges to f in Fj (R% w;X) as N — oo. Still following [41],
let n € Z(RY) with n(0) = 1 and supp(r7) € B(0,1). Since Z#n(d -) =
6=4R(0~1 - ), the support of .Z(n(d - )fy) is for all 6 € (0,1) contained in

a ball that only depends on N. Applying again Proposition we deduce
that there is C' > 0, independent of 9, such that

Il fn —n(0- )fNHngq(Rd,w;X) <C|lfn—n(0- )fNHLP(]Rd,w;X)v

and the right-hand side tends to zero as § — 0. Since 7(5 - ) fx € . (R%; X),
the assertion for the Triebel-Lizorkin spaces follows. Similiar arguments
show the assertion for the Besov spaces.
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For the density of . (R?) in LP(R? w) see [I5, Exercise 9.4.1]. The in-
variance of .#(R% X) under the Bessel potential J, gives the density in
HSP(RY w; X). m

PROPOSITION 3.9. Let X be a Banach space, p € [1,00), ¢ € [1,00],
s €R and w € Ay. Then for all o € R,

(3.3) Jo Blf’q(Rd, w; X) — B;_q"(Rd,w; X) isomorphically,
(3.4) Jo: Fps’q(Rd,fw;X) — F;,;U(Rd, w; X)  isomorphically.
Proof. Choose r € (0, min{p, q}) such that w € A, .. Using Proposition

the same proof as in the unweighted case gives the assertions (see [41],
Theorem 2.3.8]). »

PROPOSITION 3.10. Let X be a Banach space, p € [1,00), q € [1,00],
s€R and w € As. Then for all k € N,

(3.5)

Z ”DafHB;;/“(Rd,w;X) defines an equivalent norm on B;,q(Rd, w; X)
o<k

and
(3.6)

Z HDafHFIfEk(Rd,w;X) defines an equivalent norm on F;q(Rd,w; X).
| <k

Proof. In the unweighted scalar case, these results are shown in [41],
Theorem 2.3.8]. The proofs are essentially based on a multiplier theorem
of Mikhlin—-Hérmander type in Besov and Triebel-Lizorkin spaces; see [41],
Theorem 2.3.7] for the scalar and [43, Section 15.6] for the vector-valued
case. Using Proposition the proof given in [43] Section 15.6] carries over
to the weighted setting, for all w € Ay »

3.4. Elementary embeddings. The elementary embedding properties
and their proofs for the above vector-valued function spaces are the same as
in the unweighted case (see [41], Section 2.3.2]):

PROPOSITION 3.11. Let X be a Banach space and w € A.
(1) Forall1 < gy <q1 <0 and s € R,

B;tZO(Rd’w;X) = B;:fh (Rd,w;X), p € [1,00],

d . d ...
FZiqo(R sw; X c_>inq1(R ,w; X),  p€[l,00).

)
(2) For all qo,q1 € [1,00], s€ R and e > 0,
)

d d
BstE(RY, w; X) < B3, (R, w; X), pe [l 00,
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ESte R w; X) — FS (RLw; X),  pe[l,o0).
Forallge [l,], s€ R and p € [1,0),

(R, w; X) = Fy (R, w; X) < B3 (RY, w; X).

By min{p.g) p.max{p,q}

H-spaces are related to B- and F-spaces as follows.

PROPOSITION 3.12. Let X be a Banach space, s € R, p € (1,00), and
w € Ay,. Then

(3.7) s (R w; X) — HYP(RY, w; X) — By (R, w; X),
(3.8) SR w0y X) = HP(RY w; X) — FS (R w; X).
Moreover, if m € N, then

(3.9) L (RY, w; X) = WP (R, w; X) — Bt (R, w; X),
(3.10) R wy X) = WP(RY, w; X) — B (RY, w; X).

Proof Usmg Proposn:lons and - it suffices to con81der the cases

s = m = 0. But then and are the same as (3.7) and ( .
Further, (3.7) follows frorn and Propos1t10n To prove (13.8), we

extend the argument in [38, Proposition 2].

For f € /(R% X) we have f = Y n>0Snf almost everywhere on RY.
Therefore -

£ lx <D 11Snfllx,
n>0

and the first part of (3.8) follows by taking LP(R?, w)-norms and appealing
to Lemma B.8

Next let f € LP(R? w;X). By the definition of S, and ¢, for each
z € R?, one has

I1Suf(@)llx < | loa@)lIIf(x = 9)llx dy

R4

< 2sup | [27%0(2"y)| || f(z — y)]|x dy.
n>0
R4
Let ¢ : R? — R, be defined by ¥(y) = sup{po(z) : |z| > |y|}. It follows
from Lemma 2.3] that

17 1eg i) = |50 11 f||XH < 204l 2wty Crpeo 1 oty

Lr (Rd,w)
which proves the second part of | . "

REMARK 3.13. The proof shows that the embeddings on the left-hand
sides in the above proposition are also true for p = 1 and w € A. For the
embeddings on the right-hand side this is different:
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For p € (1,00), let A}?C be the class of weights defined in [34], i.e
w e A;JOC if

s g (Jwda) (§o'ae) ™ < oo

where the supremum is taken over all cubes @ in RY with sides parallel to
the coordinate axes. For weights of the form w(z) = |x|” one can check that
w e ALOC if and only if w € Aj,. Now we claim that

(3.11) PR w) < F) (RY, w)
if and only if w € A}DOC.

Proof. Ifw € Ag’c, then follows from LP(R%, w) = FZE{Q(Rd, w) (see
[34, p. 178]) and the embedding ¢? — ¢>°.

Conversely, assume that holds for a weight w. Let (¢;)j>0 € @.
Using the continuity of ¢1 and ¢1(0) > 0, we can find ¢ > 0 and N € N such
that Re(p(z)) > ¢ for all |z| < d27V*2. Let Q be a cube with |Q| < 27V,
Let f : R — R be a function which satisfies f > 0 on Q and f = 0 on
R%\ Q. Let j € N be such that 2-0+Nd < |Q| < 2-U+N-1d Denoting
by £(Q) the maximal axis length of @, we have £(Q) < 2=UTN=1_ Now for
every x € @,

) . 4 C

i f@)] =2 [ o120 —y) fly) dy| > 2% | fy)dy > - | (o) dy,
Q Q Q

where we used the fact that

127 (z — )| < 272d0(Q) < d27 VT2 for all z,y € Q.

Let A = % SQ f(y) dy. The above estimate and (3.11)) yield

Vw(@)de <A77 | |y % f(a)Pwle) de < OXP|fIT, g
Q Q
Rewriting this gives

(§w@)de) (§ 1) dy)” < ClQP 17 @)Pu() da.
Q Q Q

7w) ’

As in [24] equation (3.12)] (basically by taking f = 1gw’) this implies

(w«lw Jute) d”“”) <|@ Vo dy>p1 =

Since the definition of A;JOC is independent of the upper bound for the cube
size (see [34, Remark 1.5]) we obtain w € AC. u
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4. Embeddings for Besov spaces—proof of Theorem From
now on we specialize to power weights, i.e., w(z) = |z|7 with v > —d.
We first consider sufficient conditions for the embedding, and in the next
subsection show their optimality.

4.1. Sufficient conditions. In this subsection we prove the sufficiency
part for the embedding for Besov spaces, i.e. Theorem [1.1}2)=-(1). The main
ingredient of the proof is the following two-weight version of an inequality of
Plancherel-Pdélya—Nikol’skii type. As already mentioned in the introduction,
a completely different proof for the scalar version of Theorem is given
in [18].

PROPOSITION 4.1. Let X be a Banach space and let 1 < pg,p1 < 0o. Let
0,71 > —d and wo(x) = || and wi(x) = |z|"*. Suppose

d d
(4.1) N < 0 and +m < +70.
yai Po b1 DPo

Let f : RY — X be a function with supp(f) C {z € R? : |z| < t}, where t > 0
1s fixed. Then for any multiindex « there is a constant C,, independent of
f and t, such that

(4.2) 1D Fll o1 R0 %) < Cat ™ N f 1| o0 (R )
where § = (d + ) /po — (d+~1)/p1 > 0.
REMARK 4.2.

(i) Suppose that holds true for « = 0 and all f as in the propo-
sition. Then it follows from the proof of Theorem given below
that the embedding for Besov spaces holds true (with suit-
ably chosen sg, s1). By the necessary conditions for this embedding
obtained in Propositions and below, we conclude that
holds true if and only if either py = p; and vy = 1 or are
satisfied.

(ii) The case where wg = w; is an A.-weight with the property that
inf, cpd w(B(z,t)) > t° with € > 0 is considered in [§, Lemma 2.5].
A part of the argument in [8, Lemma 2.5] will be repeated in
below, because the details are needed again at a later point.

(iii) It would be interesting to find a two-weight characterization for
for general weights wy and w; in the case of ¢t = 1 or more
general t. There might be a connection to [I8, Proposition 2.1].

(iv) Certain weighted versions of inequalities of Nikol’skil type can also
be found in [41], Sections 1.3.4 and 6.2.3]. However, the power weights
we consider are not covered by those results.

(v) It follows from the proof below that for +y,~v; > 0, Proposition
holds for all pg, p1 € (0, 00) which satisfy .
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For the proof of the proposition we make use of the following weighted
version of Young’s inequality (see [I9, Theorem 3.4, (3.7)] or [9, Theorem
2.2(ii)]). The proof is based on the Stein-Weiss result on fractional integra-
tion (see [6] for a short proof).

LEMMA 4.3. Let1 <g<r < oo and a,b,c € R be such that

1:1_1+Lb+0’ b_|_020’
T q d
1 d
0<a<d, b<d<1—>, c< —.
q T

Then there is a constant C such that for all measurable functions f and g,

(4.3) == f*g(@)x]" L ra)
< Clle = f@)l2]ll oo ey lz = g(@)|2 ]| Logray-

REMARK 4.4. In [9, Theorem 2.1] several necessary conditions for
weighted Young’s inequalities are obtained. In our situation we obtain an-
other necessary condition which also appears in the sufficient conditions for
(4.3) in [9, condition (14)]. In fact, it follows from the proof below that if
holds for some b and ¢ with b 4+ ¢ < 0, then one obtains with
v1/p1 > Yo/po. This is impossible according to Theorem Therefore,
b+ ¢ > 0 from Lemma is also necessary for . With some additional
arguments one can derive the same necessary condition if the L*°-norm in
is replaced by an L"-norm. In a similar way one can see that a < d

from Lemma is necessary for (4.3)).

The next lemma is stated without proof in [8| condition (B,)]. We include
a proof for convenience.

LEMMA 4.5. Let p € (1,00) and w € Ap,. Then there is a constant C
such that for all x € R?,

Vw@)a+lz—y)Pdy<Cc | wly)dy.
Rd B(z,1)

Proof. 1f we let g.(2) = 1p(,,1)(2) and s = [z —y[+1, then its maximal
function M g, satisfies

_ o Bws) N B@, 1) [ B(y, s0) N B(x, 1)]
(Moo w) =00 =500 = B, %)

_ 1B D]

|B(y, so0)|

= syl =(z—yl+1)""
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Therefore, since w € Ay, we see that

J w@)(1+ |z — y)~ % dy < |Moall}, g
R4
< CHgCL’HIL)/p(Rd’w) =C S w(y)dy. =
B(z,1)
Proof of Proposition [{.1. By a scaling argument it suffices to consider
the case t = 1. Let By = {z € R?: |z| < 1}. For a # 0, the same arguments
as in the proof of [41 Proposition 1.3.2] show that

D% fll oy (e r;x) < Call fll e (me ;)
for all p; € (1,00] and 713 > —d. We may thus restrict to the case a = 0.
The proof of for a« = 0 is split into several cases of which some
are overlapping. In Case 1 we treat p; = oo, in Cases 2-6 we consider
po < p1 < 00, and in Case 7 we derive the estimate for pg > p1.

CASE 1: py < oo and p; = oco. Then 7y > 0 by assumption, and
is independent of v due to L®(R% wi; X) = L®(R% X). We follow the
arguments given in [8, Lemma 2.5]. First assume that f € L°(R% X). Let
n € Z(R?) be such that supp(7) € By and 7 = 1 on B;. Then one has
f=f=*n. Let ¢ € (0,1) be so small that ~y/(r — 1) < d, where r = py/q.
Then wj = w, V=1 ¢ A.. For any = € RY Holder’s inequality with
1/r+1/r" =1 yields

(44) 1@< §1FWllnG - ) dy
Ra
< A1 gy 3 (7 ) Do/ )2y =000 — )| dy
’ 1/r'
< gty Lo it ey (§ b @) =) dy)

Rd

Now since 7 is a Schwartz function, there is a constant C' such that |n(y)|” <
C(1 + |y))~%" for all y € R Therefore, it follows from Lemma and
—v/(r — 1) > —d that for all z € R? we have

, 1/r
(§wbwine-wI"dy) " <c § why)dy
R4 B(z,1)
=C S |y‘770/(r71) dy < Cpgyo.d-
B(z,1)
Combining this with (4.4)) we obtain
(4.5) 1 £l oo (re;x) < Cllf | Lro (et g %) -
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If f ¢ L*°(R% X), then as in [§] we take a function ¢ € .7(R?) with
»(0) =1 and supp(czAS) C Bj. Since f is smooth, we have ¢(r-) f € L>®(R%; X)
for all 7 > 0. For = € R%, the embedding and the dominated conver-
gence theorem imply that

1F ()] = lim [|¢(ra) f ()] < C lim [[é(r ) | Lo ®a,wosx)

= CHfHLPO(]Rd,wO;X)'

CASE 2: pp < p1 < oo and v := vy =7 > 0. Let w(z) = |z|?. We
can assume py < p1, since the other case is trivial. By Case 1 we know that
f € L®(R% X), and from (4.5 we obtain

1
1 1los ey < D2 Iy < Il ot

CASE 3: pg < p; <ooand 0 <y < 9. First consider the integral over
R4\ By. Since |z|" < || for |z| > 1, one has

112 @By < 1F L @ By < 162 iy
< CI £l 7o @m0

where in the last step we applied Case 2. For the integral over By, let p =
p170/7 > p1. We apply Holder’s inequality with 71 /49 + 1/7 = 1, to obtain

HfHLPl(Bl,un;X) < Hf”LP(Rd,wO;X)’Bl,l/plr < CHfHLPO(Rd,wo;X)v
where in the last step we used Case 2.

CASE 4: pg < p1 < oo and 0 < 9 < 1. Then necessarily pg < p;. First
consider the integral over By. Since 1 > 79, we have

£l zer (B wisx) < N llzen By woix) < N Loy e wo;x) < CllFI Lro (Re 0 x)

where in the last step we applied Case 2. Next consider R¢ \ Bi. We have

(46) HfHLpl(Rd\Bl,wl;X)
- - 1/m
= § W@l s @) e dr)

Rd\ B,

_ _ 1-po/p1
S G T ) B

Now fix z € R? with |2| > 1. Since f € L™(R%; X), inequality (&.4) implies

o\
1) < ooty ( § @/ @)nte =) ay) "

R4

where 7 = po/q as in Case 1 and w/(y) = |y|~7°/"~Y. By Lemma for
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|z| > 1 one can estimate
[ w' @@ -—y"dy<C | w'(y)dy < Cla| 70/,
R4 B(z,1)
and thus (r — 1)r'q = po yields
(4.7) 1 @) < Cllfllro i woy |27, @ € R4\ By
Substituting (4.7]) into (4.6]), we obtain

HfHLpl(Rd\Bl,wl;X) < CHfHLpO(Rd,wO;X) Ssup |x|—70/120-1-(71—70)/(1?1—100)

IERd\Bl
< O 1l Lro (R w0; )
where the last estimate is a consequence of |z| > 1 and v1/p1 < v0/po.

CASE 5: pg < p1 < 00, —=d < 79 < d(po — 1) and —d < 7. Then
1 < d(p1 — 1) by assumption. Let n € .#(R%) be as in Case 1. For all
z € R? we then have

1f (@) < g |nl(z)
where g(z) = || f(z)]|. Set

_d+70+d+71’ p 0 n

Do b1 Po p1
We claim the conditions of Lemma hold. Indeed, note that b +¢ > 0
is equivalent to v1/p1 < v0/po, a > 0 follows from —vy > —d(py — 1) and
71 > —d, and a < d follows from —(d+70)/po + (d+70)/po < 0. The
estimate b < d(1 — 1/q) is equivalent to v9 < d(pg — 1), and ¢ < d/r is
equivalent to v1 > —d. Therefore, Lemma yields

r=p, g¢=po, a=d

HfHLPl(Rd,w1;X) < Hg * ‘n|HLPI(Rd,w1)
<Cllz |x’a77(x)||L°°(Rd)||g||LPO(]Rd,w0) = CHfHLPD(Rd,wO;X)'
CASE 6: pg < p1 < 00, d(po — 1) < 79 and —d < 71 < 0. Take an
arbitrary v € (0,d(po — 1)), and set w(z) = |x|7. Then v1/p1 <0 < v/py <
~0/po- Therefore, by Cases 5 and 3 we have
£l or (R 15x) < CllFI oo (e s x) < CllFI Lro (Rt wg;x)-

CASE 7: p1 < pp < oo and 79,71 > —d. For € > 0 we use Holder’s
inequality with respect to the finite measure |z|~9~¢dz on R?\ By, to obtain

e 1/p1
11z @y = (5 IFG@)IP 22 =0 do)
R4\ By

< C( S ”f(x)Hpo‘x‘%('yl—&-d—ks)—d_e dx)l/po_
R\ By
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The assumption (71 + d)/p1 < (70 + d)/po implies that (po/p1)( +d+e)—
d — € < 7y for sufficiently small €. Hence
[ F | zor ey By wy) < CllF I Lo (e ) -

To estimate the weighted LP'-norms over By, for € > 0 we use Holder’s
inequality with respect to the finite measure |z|~4*¢dz on By, which gives

- — 1/m
£ iy = (T NE@IP a4~ do)
B

PO || V0 Y/po
< JIf@ Pl dz) ™ < CI oo e ax):
By

In the last line we have set @Wo(x) = |z with 7y := (po/p1)(y1+d—e)—d+e.
Observe that if € is sufficiently small, then the assumptions v; + d > 0 and
(d+7)/p1 < (d4+)/po imply —d < 7 and Fy/po < Y0/po, respectively.
Therefore, by Cases 2—6 we obtain

1 £ 1l o (e, @0;x) < I|F1l Lro (Rt ;) -
Combining these estimates yields (4.2)). =

Proof of Theorem[1.1(2)=>(1). 1f (1.2) holds, then the embedding (1.1)
follows from Proposition Moreover, if (|1.4) implies (1.1), then (1.1)

also follows from (/1.3]) by Proposition
Assume that ([1.4)) holds. For (1.1) it suffices to consider the case ¢q :=

g = q1- Let 6 = (v +d)/po — (y1 +d)/p1. Since S, f = @nfis supported
in{zcRe: |z| <3 271}, Propositiongives

18 f Il o1 R 3 < C2°* 190 f | oo @ wpixy, 7 2 0.
Therefore, using s; + § = sg, we find that
1351, (R ;) = |25 1S f | o1 R0y 3) )0 | o
< C|| 2™ 1Sn f1l Lro (R4 w0;x) )0 | o
= CHfHB;g,q(Rd,wO;X)- u

4.2. Necessary conditions. In this subsection we prove Theorem
1.1(1)=-(2). We start with an elementary lemma.

LEMMA 4.6. Let p € [1,00] and w(x) = |z|Y with v > —d. Let (¢n)n>0 €
@ and j € {—1,0,1}. Then there is a constant C, p~ ; such that for every
n > 2,

H()OTL * QOTL-FJHLP(Rd,w) = C’(p7p7’y7j2nd2fn(d+’7)/p'

Proof. Since @, = $1(27""1.), this follows from a straightforward sub-

stitution argument. m

We give necessary conditions for an embedding for general py and p;.
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PROPOSITION 4.7. Let 1 < pg,p1 < o0 and sg,s1 € R. Let further
wo(x) = |z and wy(z) = |z|" with 0,71 > —d. Suppose

(48) B0 (R, wp) < B oo (RY w).
Then
d d d d

Po p1 pL Do P po
Proof. Let (¢n)n>0 € ©. By (4.8), for every n > 0 one has

Iallit . tun) < Clenllszo  gtuny

By the assumption on the support of (¢y,)n>0 one gets
1

2" | ipp * ‘PnHLPl(Rd,wl) < o2 Z leon * Spn+j||LP0(Rd,w0), n = 0.
j=—1

Using Lemma this implies that there is a constant C' such that
2ns12nd2—n(d+'yl)/p1 < 02n502nd2—n(d+wo)/po‘

Letting n tend to infinity gives s1 — (d+v1)/p1 < so — (d + o) /po-

We next show that 71/p1 < 70/po- Let f € #(RY) be such that f has
support in {v € R? : |z| < 1}. Let A > 1 and e; = (1,0,...,0). Then

supp(-Z (f(- — Xe1))) = supp(f A. ). By (4.8]) one has
1FC = At @) < CIFC = Aen)llg | @)
and as before this yields

(4.10) 1f(-— )\el)HLm(Rd,wl) <C[f(-— /\el)HLPO(Rd,wO)‘

Let p € (1,00], v > —d and w(x) = |z|?. We claim that there are constants
¢, C > 0, depending on p,~,d, f, such that for all A > 1 one has

(4.11) NP < |f (- = Aer)l| o rewy < O(L+XT)VP.

From (4.10) and (#.11)) it would follow that for all A > 1 we have cA7/P1 <
C(14 X\0)1/Po_ Letting A tend to infinity then gives v1/p1 < 70/po.

Estimate (4.11)) is trivial for p = co. To prove (4.11)) for p < oo, we first
consider the case v > 0. We estimate
1FC =2y gy = § (@ = de)Plade = | [ f(2)Plz + Aea | da
Rd Rd
Cy \ 1f@)P(lz]" + X) dz = Cppa,p(1+ A7),
R4
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On the other hand,

G =2l iy = § F@Plz 4 dea[Tdz > | [f@)P|2+ dea|? da
R [0,1)¢
> | @)X do = Cyp pN.
(0,14

Next we consider the case v < 0. Since f € . (R?), there is a C such that
one has |f(z)|P? < C(1 + |z|)~% for 2 € R?. By Lemma [4.5| we can estimate

£ = Aen)ll} gayy < C | (L [2]) ™|z + he|” da

Rd

=C | (L4 ]y = des|) Py|" da
Rd

<C | pldy<c+r)
B(Xe1,1)

for A > 1. For the lower estimate we have
16 =2 pgan > | @ Ple+Aer] da
[0,1]¢
> | [f@)P+ N dz > Cap N,
[0,1]¢
This completes the proof of (4.11)) and therefore the proof of v /p1 < v0/po-
Next let ¢ be as in Definition and for each t > 0 define f; : R — C
by fiz) := t"¢(tx). By (4.8) one has |[fill 51  wewn) < Cllfell g0 | mewe)-
Taking ¢ > 0 small enough shows that

el @) < CILFll o R )
Rescaling gives
t=FDP ||| Loy (g ) < CE™OTDPO || Ly g -
Letting ¢t | 0 implies that (1 +d)/p1 < (v0 +d)/po. =

REMARK 4.8. In the above proof, the assumption pg,p1 > 1 was only
employed to show v1/p1 < 70/po in case v < 0.

For p; < pg we can sharpen the necessary condition (4.9)) for an embed-
ding.

PROPOSITION 4.9. Let 1 < p1 < pg < o0 and sg,s1 € R. Let further
wo(x) = |z]° and wi(z) = |z|" with vo,v1 > —d. Suppose

(4.12) B2 (R, wo) = B! (R wy).



280 M. Meyries and M. Veraar

Then

d d d d
S0 — +’YOZSI_ TN e AT _ntd
Po P p1 Po
REMARK 4.10. Observe that 71 /p1 < 7v0/po is already a consequence of
(v +d)/p1 < (v0+d)/po and p1 < po.

To prove the proposition, we need the following density result. Observe
that the proof heavily depends on the fact that the weight is of power type.

(4.13)

LEMMA 4.11. Let p € [1,00), v > —d and let w(z) = |z|7. The set
FCOP(RY) = {f € 7 (RY) : f has compact support}
is dense in LP(R%, w).
Proof. By Lemma for the assertion it suffices to consider f € .7(R%).
We construct a sequence (f,,)n>0 of functions in .Z#C>®(R?) such that f =

lim,, o0 frn in LP(RY w). We proceed as in [29, Section 6], where a much
stronger result has been obtained for the one-dimensional setting. Let ¢ €

~

Z(R%) be such that C(¢) = 1if |¢] < 1, and (&) = 0 if |z| > 2. Let
Co = n%(nz) and f, = (, * f. Choose an integer k > 0 so large that
—2kp + v < —d. Observe that

2% = v
1 = full o) < sup (2™ +1)(f(z) - f““’”( 5 <>pd$>
]Rd

zeR ‘x|2k +1
< C sup [(|z[** +1)(f(2) — fal2))|
z€R4
< CN(=2)* +1(f = Fa)llr ey
< C|lA%(f - Tl way + 11(f = )l Lr(may,
where we used Z[(| - 2 + 1)(f — fu)] = (A + 1)(f — f,). It suffices to
show that for any multiindex a one has
Tim [|D*(f = fu)llpr ey = 0.

Note that D[f — fn] = D?[f(1 — (»)]. From the Leibniz rule we see that
D(f — fn) consists of finitely many terms of the form D f D¢(1—(,), where
b, ¢ are multiindices. One has

ID°(1 = o)l ety < 1D Fl oo ey I D1 = Ca)ll 21

which converges to zero as n tends to infinity, by the dominated convergence
theorem. m

Proof of Proposition[{.9. In Proposition we have already seen that
d d d d
s — +70281_ + 7 and Y1+ S’Yo+
Po Y41 p1 Po




Sharp embedding results 281

Assume that (y1 +d)/p1 = (70 + d)/po. We show that this leads to a con-
tradiction. Let f € LP°(R% wg) be such that supp(]?) C{¢eR?: ¢ <1}
Then it follows from that holds with ¢ = 1. By scaling we see
that for all f € LP(R%, wg) such that fhas compact support one has

(4.14) £l o1 R r) < ClLF I oo (R )

From Lemmam we see that extends to all f € LPO(R% wp). Now
define f : RY — R by f(z) = |z|~%/ro log(l/\x])’l/pl1[0,1/2](].%]). Then
using polar coordinates one easily checks that f € LPO(R? wyp), but f ¢
LP (R wy), which contradicts (£.14)). m

We can finish the proof of the necessary conditions for the embeddings
of Besov spaces.

Proof of Theorem [1.1(1)=-(2). It suffices to consider X = C. It follows
from (1.1)) and Proposition that

B% (R% wy) — B3 (R, wy).

Po,1 P1,00

From Propositionwe see that holds. Now there are two possibilities:
either (i) (d471)/p1 < (d+70)/po, or (i) (d+1)/p1 = (d +70)/po.

Suppose that (i) holds. If so — (d + v0)/po > s1 — (d 4+ v1)/p1, then (1.3)
follows. If s9 — (d 4+ 70)/po = s1 — (d 4+ 71)/p1, then to obtain we have
to show that qo < ¢i. Let (¢n)n>0 be as in Definition For a sequence
(a;) and N € N, define the function f = Zjvzl 27 3i(d+50=(d+70)/P0) g o3 . We
have ¢, * p3; # 0 only for n = 3j + 1 with [ € {—1,0,1}, and by Lemma
I 3j41 * 3|l Lo(ra wy = C 2399273(@N/P Tt follows that

[(aj)j<nllen < Cll(az)i<nllew0,

with a constant C' independent of N and a;. But this is only possible for
9 < q1-

Now suppose that (ii) holds. Then 7 /p1 < ~o/po yields pg > py. If
po > p1, then Proposition yields (d+v1)/p1 < (d+70)/po and this
contradicts (ii). If po = p1, then 79 = v follows from (ii) and therefore,
so > s1 by . If sg = s1, then it follows as above that ¢y < ¢1. Hence

(1.2) is valid. m

5. Embeddings for Triebel-Lizorkin spaces
——proof of Theorem

5.1. Sufficient conditions. In the proof of the sufficiency part of The-
orem [L.2) we employ ideas from [7] and [38]. One has the following Gagliardo—
Nirenberg type inequality for spaces with weights.
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PROPOSITION 5.1. Let X be a Banach space, q,qo,q1 € [1,00] and 0 €
(0,1). Let p,po,p1 € (1,00) and —o0 < sg < 51 < 00 satisfy
1 1-60 6
= +— and s=(1-0)sy+0s;.
p Po p1
Let further w,wy,w; € A be such that w = wél_e)p/powfp/pl. Then there
exists a constant C' such that for all f € ' (R%; X),

6
1F1lrg sy < Ot gl 15s1 sy
In particular, one can take w = wy = w1 .

Proof. Due to [7, Lemma 3.7], for any sequence of scalars (a;);>0 one
has

127 a;)50lle < [1(2°%a;) 503" 125 ;) 0| oo -

Taking a;(z) = ||S; f(x)|| with z € R?, one obtains
12¥ a;()) 20l7aw(z)

< 129 aj(2)) jollfae o) 0P (2170 ()50 | PR wn ()PP,
Thus Holder’s inequality gives
T = AN 11 g
and the assertion follows from Propos1t1on 3.11] =
We turn to the proof of sufﬁciency.

Proof of Theorem |1.2] - . By the elementary embeddings of Propo-

sition one can assume that so — (d+7)/po = s1 — (d+71)/p1 and
@1 = 1. The trivial cases in (2) are also covered Proposition We thus
have to show that implies the embedding (1.5).
Let 6y € [0,1) be such that 1/p; — (1 — 6y)/po = 0. Consider the function
g : (6o,1] — R given by
_ /= (1 =0)v0/po
(0) = :
1/p1 = (1=6)/po
Obviously, g is continuous, and limgy; g(#) = 71. Since y1 > —d we can
choose a 6 € (0, 1) such that v := g() > —d. Let v(z) = |z|7, and let r

be defined by 1/p; = (1 —0)/po + 0/r. Note that pg < p; < oo implies r €
[p1,00). Let further ¢ be defined by ¢t —(d + 7)/r = s1 —(d + 71)/p1. Observe

that ¢t < sg, s1 = 6t + (1 — 0)sp and Uple/rw(()l_e)pl/po = w;. Therefore, by
Proposition

(51) ||f||Fp811,1(Rd7w17 < CHf“l Rd W0; X HfHFt (Rd UX)
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Now one can check that
ﬂ_zzﬂ(@_ﬂ) > 0.

por 0 \po m
From Proposition and Theorem (using 7 > p1) one obtains

11l e, e vix) = 12, e wix) < CllFllBsr,, Rewnix) < ClFE | @ewix)-

Substituting the latter estimate into ([5.1]), one deduces that
Hf”F}fl{l(Rd,wl;X) < CHfHF;g,qO(Rd,wO;X),

using the density of . (R%; X) for gy < oo and a standard Fatou argument
for gp = c0. =

5.2. Necessary conditions. The necessary conditions for F-spaces are
a direct consequence of the result for B-spaces.

Proof of Theorem[1.21)=>(2). Assume (1). It suffices to consider X = C.
By Proposition [3.11] one has

B;g,l(Rd, wo) = F50 (R wo) — 5t (R wy) — Bi! (RY, wy).

Therefore, (2) follows from the Propositions and ]

Now we can prove the characterization for H- and W-spaces in the case
Do < pi1-

Proof of Corollaries and [1.5. These follow from Theorem and
Proposition [3.12] =

REMARK 5.2. It is unclear to us whether Corollaries [I.4] and [L.5] hold

for all 79,1 > —d. This is contained in [32] for sg = 0, s; = 0 in the case of
W -spaces.

In Proposition [1.6| we give a characterization for the embedding of H-
and F-spaces in case p; < pg. Its proof will be based on the following result.

PROPOSITION 5.3. Let 1 < p1 < pg < oo and sg,s1 € R. Let further
wo(x) = |z|7 and wi(z) = || with —d < v < d(pp — 1) and —d < 11 <
d(p1 — 1). Suppose

(5.2) HPo(RY o) — HSPL (R, wy).
Then
d d d d
(5.3) Nt <70+ and sp — +70>81— T

p1 Po Po b1
Proof. It suffices to consider the case X = C and s; = 0. Proposi-

tions and imply that so — (d+0)/po > —(d+7v1)/p1 and
(v1+d)/p1 < (70 + d)/po. In particular, we have sg > 0.
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We suppose that

so_d-i—’)’():_d-i-"h’ "Y1+d<’yo+d

Po b1 b1 Po
and show that this gives a contradiction. It follows from [40, Proposition
V1.4.4/2, Corollary V.4.2] that the operator (1 — A)%/2(1 4 (—A)%/2)~1 ig
bounded on LP (R, wy). Thus for f € .7 (R?), the embedding implies
that

9

1F 1o et awny < ClL =AY F | oo (gt )

< Cll fllzro e + (=272 Il Loo (e awp)-
By applying the above estimate to f(A-) for A > 0, scaling shows that

1fll e Retwr) < CAT fll ro (R ,wo) + C”(_A)SO/QfHLPO(Rd,wO)'
Letting A\ — oo gives

(5.4) 1£ 1l 2or et o) < ClH(=2)"2 £ || oo e )
By density it follows that for all f € ./(R%) for which (—A)%/2f ¢

LPo(R?, wy), estimate (5.4)) holds.
Now define g : R? — R as g(x) = |z|~log(1/|z]) 1o 1 /9 (|2]), where
+d +d
a:so—i—’yl = , b=1/p1.
D1 Po

One has g € LPo (Rd, wp). Indeed, using polar coordinates one sees that

1/2
9128, gy = € | 71 log(1/r) ¥ 170 dr
1/2
=c S rt log(l/r)_po/p1 dr < oo,
0
because po/p1 > 1. Let f € ./ (R?%) be defined by f = (—A)~*0/2g. To show
that (5.4) cannot hold, and therefore to prove (5.3)), it suffices to show that
f ¢ LP1(RY w). This will be checked for d > 2 and d = 1 separately.
First assume d > 2. One has the following representation of the Riesz
potential for radial symmetric functions v : R — R (see [12]):

[e.e]
(=A)7u(@) = ¢ | v()r " L ulp/r) dr.
0
Here j =d — sg, k = (d—3)/2, p = |z|,
L

z > 0.

Lin(z) =

— dt
_ 2572 0
S (=22t 42 )i/
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The function I : [0,00) — [0,00) is continuous on [0,00) \ {1} and its
singularity at 1 is well-understood (see [12, Lemma 4.2]). For p = |z| < 1/2,
p # 0, we obtain

1/2

f(x) = (=) g(z) = ¢ | r7  log(1/r) " Lx(p/r) dr
0
p

> clog(2/p)™" | 707 (p/r) dr
p/2
1

= cp™*log(2/p) " | o (1 /u) dr
1/2
> Cp™ “log(2/p)"
It follows that
Ny iy =V @) |2 de

lz[<1/2

1/2
> O S pdflp(SO*a)Pl log(2/p)*bplp71 dp

0
1/2

=C | p'log(2/p) " dp = 0.
0

Hence f ¢ LP* (R, w1).
If d = 1, then for x € [0,1/2] one has
1/2

fla) = (A gx)=c | |o—y[* y|“log(1/y))"d
—-1/2

> log(2/x) " | |z —y[*  y|* dy = ca® “log(2/x) "
/2

Now the proof can be finished as before. u

We obtain the following consequences for F- and W-spaces.

COROLLARY 5.4. Let 1 < p1 < pg < oo and sg,s1 € R. Let further
wo(z) = |z and wi(z) = |z|" with —d < 0 < d(po — 1) and —d <y <
d(p1 — 1). Suppose that for some qo € [2,00] and q; € [1,2],

(5.5) Foo (R wp) — FSt . (RY, wy).

P0,40 P11
Then (5.3)) holds.
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Proof. By Proposition and the results in [8 Section 4] we have
(5.6) Foig(wi) = H*Pi(w;) fori=1,2.

Therefore, by Proposition (5.5) implies (5.2)). Now the result follows
from Proposition .

COROLLARY 5.5. Let 1 < p; < pg < o0 and sg,s1 € Ng. Let further
wo(z) = || and wi(z) = |z|" with —d < v0 < d(po—1) and —d <y <
d(p1 — 1). Suppose

(5.7) WP (RY wp) s WHPLH(RY, wy).

Then (b.3)) holds.

Proof. Since LPi (R4, w;) = FI?Z_,Q(Rd,wi) by [34, Theorem 1.10], Propo-
sition implies that W*iPi(R? w;) = F;;Q(Rd, w;) for i = 1,2. Now the
result follows from Corollary [5.4] =

We end this section with the characterization of embeddings for H-spaces
in case pg > p1.

Proof of Proposition [1.6. To prove (1)=-(3) and (2)=+(3), it suffices to
consider X = C. Note that because of it suffices to prove (1)=(3),
since (1) and (2) coincide for X = C. Now, (3) follows from Proposition [5.3]

We prove the sufficiency part. Assume (3). By Theorem it follows
that B0 (R% we; X) — Bt (R%wi; X), where t; is defined by so —
(70 +d)/po = t1 — (71 + d)/p1. Note that it follows from (3) that t; > s.
Therefore, combining the above embedding with Proposition yields

By oo (R?, wo; X) = Byt (RY, wy; X).

Now (1) and (2) are a consequence of the Propositions and n

6. Embeddings of Jawerth—Franke type. In this section we only
treat power weights of Aj,-type. We first consider real interpolation of the
weighted function spaces.

PROPOSITION 6.1. Let X be a Banach space, p € (1,00), qo,q1,q9 €

[1,00], so # s1 € R. Then for 8 € [0,1], s = (1 —0)sg + 0s1 and w € A,
(6.1) (B2, (R w; X), B3t (R, w; X))g,g = B (R, w; X),
(6.2) (Fgo, (R w; X), B3 (R w; X))g g = B (R, w; X),
(6.3) (H*P(RY, w; X), H*"P(RY, w; X))pq = By (R, w; X),

and if additionally sg,s1 > 0 are integers, then

(6.4) (WeoP(R, w; X), WP (R w; X))g g = B ,(RY, w; X).
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Moreover, for po,p1 € (1,00), s € R, § € (0,1), 1/p = (1 —6)/po + 0/p1,
q € (1,00], and wy € Ay, w1 € Ay, w € Ay with w'/P = wél_e)/powf/pl,
(6.5)  (F5 (R wo; X), Fy (R wi; X))gyp = F5 (R, w3 X),

(6'6) ( io,l(Rd7 Wo; X)’ sl,l(Rdv wi, X))&P — F;,I(Rd’ w; X)

Proof. Since all the weights under consideration are of class A,, the
proofs are straightforward generalizations of the unweighted case, as pre-
sented in [42] Section 2.4] and [37, Proposition 12], for instance.

We nevertheless provide the details for and . By Proposition
[3.9)it suffices to consider s = 0. Let (on)n>0 € . For p, € (1,00), g« € [1, o]
and w, € A,, it follows from the definitions that the map

S:F?  (RYw; X) — LP (R w, 07 (X)),  Sf = (on * [0

Px,qx

is continuous. If (¢, ),>0 is as in the proof of Proposition then Lemma
2.3 implies that

o
R: LP(RY w07 (X)) = Fy o (R wi; X),  R(gr)ro = Zwk * Gk
k=0

is continuous for ¢ € (1, oo]. Now if pg, p1, p and wp, w1, w are as in (6.5 and
(6-6), then [42, Theorem 1.18.5] gives

(6.7)  (LP (R, wo; £9(X)), LP (RY, w15 £9(X)))g,p = LP(R?, w; £(X))

where ¢ € [1,00]. Since R is a right-inverse for .S, (6.5] is a consequence of
the well-known retraction-corectraction method (see [42] Theorem 1.2.4)).

Moreover, implies that

S (FZ?OJ(Rd,wO;X), Fgl’l(]Rd,wl; X))gp — LP(RY, w; £1(X))

is continuous as well. Thus follows from
(6.8) ||f||FgY1(Rd,w;X) = S £l Lr (et ws1 (x))
< CHfH(Fgoyl(Rd,wo;X),Fz?l’l(Rd,wl;X))e,p'

Employing Lemma [2.3] and interpolation theory for a class of weighted
¢d-spaces (see [42], Theorem 1.18.2]), one can show in a similar way.
Finally, the identities , and follow from the independence of
@ from the microscopic parameters g, 1 € [1, o0], and from Propositions

B11and B12l =

REMARK 6.2. The operator S in the proof above is continuous for all
w € Ay It thus follows from that the embeddings from the left to the

right in (6.5)) and are true for w € A.
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REMARK 6.3. In [§], interpolation results for scalar B- and F-spaces are
shown for a single weight w € Ay,. Even more general results and different
proofs are given in [34, Theorem 2.14].

After these preparations we can show embeddings of Jawerth—Franke
type, which is an improvement of the embeddings in (1.1) and (1.5). We
argue similarly to [37, Theorem 6].

THEOREM 6.4. Let X be a Banach space, 1 < py < p1 < 00, Sg,51 € R,
q € [1,00], and wo(x) = |0, wi(z) = || with vo € (—d,d(po — 1)) and
71 € (—d,d(p1 — 1)). Suppose

(6.9) <D0 g 80—d+%281—m-
P Po Po P

Then

(6.10) B, (R, wy; X) — FSt (RY, wy; X),

(6.11) Fgo (R wo; X) < BS (R, wy; X).

Proof. For , by Proposition it suffices to consider the case
g=1and so—(d+)/po = s1—(d+~)/p1. Let ro,m1 € (1,00) be such that
po < 1o < p1 <y, and let py € (—d,d(ro — 1)) and p1 € (—d,d(r; — 1))
satisfy po/ro = p1/r1 = v1/p1. Let further 6 € (0,1) and ¢o,¢; € R be such
that

1 1-6 6 d+ d+ d+ d+

_ + 24— %:31— Mo’ t— ’70:81_ Hl'
P To 1 Po 7o Po 1
Since (1 — @)ty + 0t1 = so, we deduce from (6.1]) that

B, (R wo; X) = (F2° (R wo; X), Ft 4 (RY wo; X))gp, -

Set vo(z) = |z|#0 and v (x) = |z|**. Theorem [1.2] gives the embeddings

Fio (R, wo; X) = F2L (R v X)), Fo (R wos X) — F2L (RY 013 X)),

due to the definition of to, t; and ug/ro = p1/m1 = 71/p1 < Y0/po- Therefore
B;g,pl (Rdv Wo; X) — (Fjol,l(Rd7 Vo; X)7 Fjll,l(Rd7 U1; X))G,Pl

= FoL (RY, wy; X)),

where the latter embedding follows from (6.6), as 1/p1 = (1 —6)/ro + 0/
and v1/p1 = (1 — O)po/ro + Opa /71
To show (6.11)), as above it suffices to consider ¢ = oo and so—(d + ) /po
=351 — (d+7)/p1. Let ro,r1 € (1,00), 6 € (0,1), po € (—d,d(ro — 1)) and
p1 € (—d,d(r1 — 1)) be such that
1 1-46 n 0 Mo _ M1 _ %

To<po<ri<p, —= —,
Po To 1 To 1 bo
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Setting again vo(z) = |z|M° and vy (z) = |z|*!, we find from (6.5) that
F0 (R, wo; X) = (F20 (R, v; X), F20 (R, 013 X))o -

P0o,00 70,00 71,00
Let the numbers %p,t; € R be defined by
d + pio d+m d+ d+m
S0 — :to—i, S0 — =11 — .
7o Y4 1 n

Using v1/p1 < Y0/po = po/ro = p1/71, Proposition and Theorem
yield

F5 (R% vp; X) < B __(R%, vp; X) — B __ (R, wy; X),

70,00 70,00 P1,00
E (R v X) — Bffyoo(]Rd, v1; X) — B;;LOO(Rd, w; X).

We thus have
F20 (R wo; X) < (B (RY, wi; X), BY (R w13 X))o o

Po,00 Pp1,00 ?TP1,00

= B;},po(Rdel;X)’

where the latter identity follows from (1 — 0)tg + 0t; = s1 and (6.1). w

REMARK 6.5. For wg = w; € A, the scalar versions of (6.10) and
(6.11]) are shown in [8, Theorem 2.6] and [I8], Proposition 1.8].

REMARK 6.6. In the scalar case, the interpolation identities and
(6.2) are shown in [8] for w € As. Inspecting the proof for (6.10]), we see
that only the interpolation embedding was used, which is also true for
w € Ay by Remark Hence implies for all weight exponents
Y0,71 > —d.

Also for we expect that the restrictions v9 < d(pg — 1) and 7 <
d(py — 1) are not necessary. In case 71/p1 < 7/po one can give a more
direct proof which only makes use of for a single weight. The scalar
version of is shown in [8, Theorem 3.5]. Hence implies for
all 9,71 > —d under these assumptions.

However, the sharp case v1/p1 = 70/po for remains open. One
needs also for A..-weights, which seems to be an open problem (see [8,
Remark 3.4]).

7. Embeddings into LP- and Hoélder spaces. In this section we dis-
cuss conditions under which weighted spaces of smooth functions embed into
function spaces such as LP-spaces and spaces of Holder continuous functions.
The results are consequences of our main results.

ProrosiTION 7.1. Let X be a Banach space, let 1 < pg,p1 < 00, gy €
[1,po]. Let wo(x) = |z and wy(x) = |z|" with 0,71 > —d. Assume

d d d d
_Otho s 4t om0 g SEm 40

Do p1 P1 Do D1 Do

50
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If pg < p1 orqo =1, then

B (R wo; X) — LP (R, wy; X),

PropoSITION 7.2. Let X be a Banach space, let 1 < pg < p1 < 00,
qo € [1,00]. Let wo(x) = |z and wy(z) = |z|"* with vo,v1 > —d. If

—d+70 >—d+% and E<E

Pbo P b1 Po

S0

then

Flfg,qo GRd’ Wo; X) — Lpl (Rd7 w13 X)7

Proof of Propositions and [7.3. Let py < p1. By Proposition [3.11
and go < po one has the embedding B,° (R4, wp; X) — F30 0 (R, wp; X).
Therefore, Proposition follows from Proposition [7.2] in this case. The

embeddings
Fg0 (R wo; X) — FY (R wy; X) < LPY(RY, wy; X)

Ppo,q0

are consequences of Theorem [1.2{and Proposition (resp. Remark (3.13]).
If pg > p1 and qg = 1, then by Theorem [1.1

B3 (R, wo; X) < BY (R, wo; X) < L' (R, wy; X),

where the last embedding follows again from Proposition (resp. Remark
3.13).

REMARK 7.3. Many other results can be derived from Theorems and
Moreover, employing Proposition [3.11] we see that a similar result to
Proposition above holds for H*0P0(R? wg; X) and W90:Po(RY wg; X) if
Yo < d(po — 1).

For m € N, let BUC™(R?; X) denote the space of m-times differen-
tiable functions with bounded and uniformly continuous derivatives. For
s = [s] + s, with [s] € Ny and s, € (0,1), let further BUC*(R%; X) be the
subspace of BUCE! (R?; X) consisting of functions with s,-Hélder continuous
derivatives of order [s].

PROPOSITION 7.4. Let X be a Banach space, let 1 < py < 00, qo € [1, 0]
and so € R. Let wo(x) = |z with v0 > 0. If s1 = so — (d+v0)/po > 0 is
not an integer, then
(7.1) E%0P0 (R pg; X)) — BUC* (RY; X),

U;Lhe're Eooro ¢ {Fro B o If m = so— (d40)/po > 0 is an integer,
then

(7.2) B (R, wo; X) < BUC™(R% X).

Assuming that 0 < 9 < d(pp — 1), these embeddings are also wvalid for
Esopo = H50P0 qnd, if sy € N, for ES0P0 = Wso.po,
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Proof. To prove ([7.1), by Propositions and it suffices to show

that
B% (R wp; X) — BUC*(R%; X).

Po,00

This embedding is a consequence of Theorem [I.1] and
B3 o (R wo; X) = B3 (R% X) = BUC™ (RY; X)),
where the latter identity can be proved as in the scalar case (see [41}, Theorem
2.5.7)).
For (7.2]), Theorem yields
B (RY wo; X) — B2 (RY X).
We further have
%1(RY X) — BUC™ (R X),
due to Proposition and (the proof of) [41, Theorem 2.5.7]. m
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