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Dimension functions, scaling sequences, and wavelet sets
by

LJILJANA ARAMBASIC, DAMIR BAKIC and RAINA RAJIC (Zagreb)

Abstract. The paper is a continuation of our study of dimension functions of or-
thonormal wavelets on the real line with dyadic dilations. The main result of Section 2 is
Theorem [2:§ which provides an explicit reconstruction of the underlying generalized mul-
tiresolution analysis for any MSF wavelet. In Section 3 we reobtain a result of Bownik,
Rzeszotnik and Speegle which states that for each dimension function D there exists an
MSF wavelet whose dimension function coincides with D. Our method provides a com-
pletely new explicit construction of an admissible generalized multiresolution analysis
(and, a posteriori, of a wavelet) from an arbitrary dimension function. Several examples
are included.

1. Introduction. An orthonormal wavelet with dyadic dilations on
the real line is a function ¢ € L%*(R) for which the system {¢;;(-) =
2/24)(27 - —k) : §,k € Z} is an orthonormal basis for L*(R). For simplic-
ity, throughout the paper such functions will be called wavelets. An MSF
wavelet is a wavelet ¢ whose Fourier transform is of the form 1[1 = XW,
where W is a measurable subset of R. Such sets W are called wavelet sets.
There are many papers in the literature devoted to various aspects of wavelet
sets: their properties, interrelations with other relevant objects, construction
methods, etc. We refer the reader to [2], [6], [I3], [14], [18] and references
therein.

In particular, in [6] all wavelet sets are described in terms of scaling sets.
Recall that a measurable set S C R is called a scaling set if W = 25\ S
is a wavelet set. In fact, this defines a bijective correspondence: if W is a
wavelet set, the corresponding scaling set S is given by S = U;’il 27IW. Tt
is well known that a measurable set S C R is a scaling set if and only if
the following three conditions are satisfied: (i) 25\ S is a Z-tiling domain,
(ii) %S C S, up to a null-set, (iii) for a.e. £ € R there exists an integer j > 0
such that 277¢ € S. Theorem 2.2 from [6] shows that finding all scaling sets
(and hence, a posteriori, all wavelet sets) reduces to finding all measurable
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sets £ C R with the property %E C FE together with the associated pairs of
so called complementary maps for F.

Another interesting method for construction of wavelet sets is presented
in [12]. Recall that the dimension function Dy, of an orthonormal wavelet
Y € L3(R) is defined as

[e.9]

Dy(§) =D > (2 (E+k)?  EeR

=1 keZ

It is known that Dy is a well-defined measurable function, non-negative
and integer-valued (3], [15], [19]). An abstract characterization of dimension
functions of wavelets is given in Theorem 4.2 of [12]. Moreover, by the same
theorem, for each dimension function D there exists an MSF wavelet
whose dimension function Dy, coincides with D. In fact, the proof of that
result provides an algorithm for construction of such a wavelet (i.e., the
corresponding wavelet set).

One of the goals of the present article is to give another method for con-
struction of MSF wavelets from dimension functions. This is a continuation
of our preceding paper [I]. On the technical level, our method uses some
of the results obtained in [I]. On the other hand, we have developed in [I]
a method for construction of dimension functions. In this sense, the results
of Section 3 of the present paper describe the second and final step of a new
method for construction of MSF wavelets.

In contrast to [12], our approach is based on the multiresolution tech-
nique. In a nutshell, our method consists in constructing a suitable general-
ized multiresolution analysis (GMRA; see Section 2 for relevant definitions
and facts). In this way, similarly to [6], we focus our attention on scaling sets,
rather than wavelet sets. The difference is that our construction provides not
only a scaling set, but also the scaling sequence of the underlying multiresolu-
tion structure. Since the number of generators (i.e., scaling functions) is equal
to the essential maximum of the dimension function, only MRA wavelets can
arise from a single scaling function. In all other cases, a sequence (possibly
finite) of scaling functions is needed. This means that most scaling sets have
a complex structure. Our construction gives an insight into this structure by
describing a scaling set in terms of its constituting components.

It is known that each wavelet arises from a uniquely determined GMRA.
Thus, the corresponding GMRA serves not only as a tool, but also provides
some intrinsic information. Moreover, there is some evidence that a precise
description of an MSF wavelet in terms of the underlying generalized mul-
tiresolution structure may lead to a technique for building more sophisticated
wavelets from MSF ones. For a more specific comment on this we refer to

Remark 2.11] and Examples 2.12] 2.13] below.
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We point out that both aforementioned papers which are concerned
with wavelet sets, [6] and [12], are written in a general setting of dilations
in L?(R") induced by expanding matrices with integer coefficients. In the
present paper we restrict ourselves to the dyadic case on the real line. The
main reason for doing so is that we need some auxiliary results that are
available in the literature only in the dyadic case, and extending such results
to n dimensions, even when straightforward, would make our exposition un-
reasonably long. In particular, this applies to the results from [7] that serve
as the key technical tool in Section 2.

The paper is organized as follows. In Section 2 we summarize necessary
technical results on GMRA’s from the literature. Proposition [2.7] gives a
simple formula for a wavelet arising from a GMRA with the scaling system
consisting of characteristic functions. Theorem provides an explicit de-
scription of the underlying GMRA for any given MSF wavelet. At the end of
the section we describe a possible application of Theorem [2.8} a scheme that
can be used to construct new wavelets from MSF ones. As an illustration of
the proposed technique, we construct two examples of non-MSF wavelets.

In Section 3 we describe our method for construction of wavelets from
dimension functions. It is well known that many different wavelets may share
the same dimension function (notice that the dimension function of each
MRA wavelet is almost identically equal to 1). Given a dimension function D,
we construct an MSF wavelet ¢ with Dy, = D. In fact, our method provides
an explicit GMRA such that the dimension function (i.e., the multiplicity
function) of its core space coincides with D. The section ends with a couple
of examples which illustrate our technique.

Throughout the paper we use the Fourier transform in the form f &) =
(g fz)e 2™ dy.

By |S| we denote the Lebesgue measure of a set S C R.

The space of square integrable functions on the 1-dimensional torus T =
R/Z is denoted by L?(T).

We denote by 7 : R — [—1/2,1/2) the translation projection onto the
unit interval. We say that measurable sets S, T C R are congruent and write
S = T if there exists a measurable partition (Sk), k € Z, of S such that
(Sk + k), k € Z, is, up to a null-set, a partition of 7.

2. Admissible GMRA’s revisited. Our goal in this section is to de-
scribe the interrelation between an MSF wavelet and the underlying mul-
tiresolution structure. It is known how to obtain wavelets associated with a
given generalized multiresolution analysis (see Remark below). A related
result in the opposite direction, namely, an explicit reconstruction of the
associated generalized multiresolution analysis from a given MSF wavelet

(Theorem is new.
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Let us begin by summarizing some relevant definitions and facts well
known from the literature.

DEFINITION 2.1. A sequence (V}), j € Z, of closed subspaces of L?(R)
is said to be a generalized multiresolution analysis (GMRA) if the following
conditions are satisfied:

(1) V; € Vyor for all

(2) DV; = Vjyq for all j (where Df(z) = V2 f(2x), f € L*(R));

(3) ﬂj V; = {0}, U]VJ = L*(R);

(4) the core space Vj is a shift invariant space (i.e., TxVo C Vp for all
k € 7, where Ty f(z) = f(x — k), f € L*(R)).

Recall that each shift invariant space Vjy admits a standard decomposition
of the form Vp = .2, (¢i), where (y;) is the minimal closed shift invariant
subspace of L?(R) that contains ; and, additionally, the system {Ty¢; :
k € Z} is a Parseval frame for (p;) for all i € N. Since ¢; is a Parseval
generator for (p;), there exists a measurable Z-periodic set £2; C R such that
0p; (&) == D ez |6i(€ + k)* = x0,(€) ae. In addition, one can choose the
generators ¢; (which are called scaling functions when Vj is the core space of
some GMRA) of Vj so that 21 D 25 D ---. The function £ — >"°; x0,(§)
is called the multiplicity function (or the dimension function) of Vj.

It may happen that Vj has only finitely many, say n, scaling functions.
If this is the case, we shall still write Vy = ;2 () assuming that ¢; = 0
and £2; = 0 for all i > n.

We shall frequently work with scaling functions ¢;, ¢ € N, such that
Yi = Xs,, where each S; is a measurable set. A description of such sets is
obtained in Proposition 4.1 of [7]. For the reader’s convenience we restate
that description in the following remark.

REMARK 2.2. Let (S;) be a finite or infinite sequence of measurable
subsets of R. Suppose that 21 D {2 O ---, where {2, = S; + Z, i € N. Let
Yi = Xs,, @ € N. Then (¢;) is a sequence of scaling functions for a GMRA if
the following conditions are satisfied:

(1) [5in S| =0, #j;

(2) [Sin(Si+ k)| =0, keZ\{0},i€N;

(3) %S’i - Ujoi1 Sj, i € N, up to a null-set;

(4) 222y [9i] < oo

(5) for a.e. & there exists m(€) € NU {0} such that 2-"(&)¢ ¢ U5 S;-
Given a GMRA (V}), one defines a new sequence of subspaces (W),

j € Z, by W; = V;116V;. It turns out that Wy is shift invariant, W; = DIW,
for all j € Z, and L*(R) = @D ,cz W;. Hence, if there exists a function
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1 € Wy such that Wy = (1) and ¢ is an orthonormal generator for Wy (i.e.,
{Ty) : k € Z} is an orthonormal basis for Wy), then, clearly, v is a wavelet.

DEFINITION 2.3. We say that a GMRA (V}) is admissible if Wy, as a
shift invariant space, has a single orthonormal generator ¥. We then say
that ¢ is a wavelet associated with (V).

Our interest in GMRA’s arises from the following well-known fact:

REMARK 2.4. Each wavelet 1 is associated with a uniquely determined
GMRA.

Indeed, let Vo = span{D’Tyy : j < 0, k € Z} and, for j € Z, V; = DIVj.
It turns out that (V}) is a GMRA for which Wy = Vi & Vi = (¢); in other
words, (V;) is an admissible GMRA and v is a wavelet associated to it.

If (V) is any GMRA such that Wy := V] ©Vj = (), one easily concludes
that V] =span{D'Tyy : j <0, k € Z} = V%,

By the preceding remark, all wavelets arise from admissible GMRA’s.
Thus, it is important to recognize admissible ones among all GMRA’s. For
the reader’s convenience we shall restate a relevant result (keeping the nota-
tions of the discussion following Definition in our next remark. For the
details we refer the reader to [6], [10] and [8].

REMARK 2.5. A GMRA (V}) is admissible if and only if the following
two conditions are satisfied:

(1) D272 xn, (&) < oo aee. (ie., |2y 2i] =0);
(2) Zfil x2:(§) + 2?21 X2 (§+1/2) — Zz1 X02:(2§) =1 ae.

If (V;) is an admissible GMRA and if v is an associated wavelet then it is
also known that Dy (§) = >"72, x,(§) a.e.

Notice that the first condition is trivially fulfilled when Vj is finitely
generated as a shift invariant space.

We conclude this introductory part by presenting a method for obtaining
wavelets associated with a given admissible GMRA. The following remark
summarizes several results from [7]. A similar technique is described in [I1]
in terms of so called low-pass and high-pass matrix masks; see a generalized
Unitary Extension Principle in Theorem 3.1 of [11].

REMARK 2.6. Let (V}) be an admissible GMRA, let Vo = @2, (¢i),
0, (&) = x,(€) ae., 21 D 25 O ---. Let us describe all wavelets associated
with (V}) in terms of the sequence (¢;) of scaling functions. It suffices to
obtain one associated wavelet v, since then, by the general theory of shift
invariant spaces, any other associated wavelet 1), is given by zﬁs(f ) =s(& )1[1({ )
where s is some measurable, a.e. unimodular, and Z-periodic function.
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First, for each f € Vi, there exists a unique sequence p(f) =t = (t;)
of functions t; € L?(T), j € N, such that f(2¢) = > 21 t(€)$5(€) a.e. and

tj(&) = 0 for all £ & £2; and each j. Notice that the sum is finite when Vj is
finitely generated. When Vj has infinitely many generators, the above series
converges in norm. However, by condition (1) of Rernark for a.e. £ there
exists a natural number j(§) such that £ & £2; for j > j(§). Thus, the above
sum is finite for a.e. £.

Let p(pi) = mi = (myj), i € N. The sequence m; = (m;;) is called the
minimal filter for the scaling function ¢; and satisfies

$i(26) =) my(€)g;(6)  ae.,
7j=1

mi;(§) =0, VEE 25, V5 €N,
If we define, for each i € N and £ € R, a double sequence

md(€) = (min(§), mia(€), - -, man (€ +1/2), mia(§ +1/2),..),
then md(¢) L mé(€) for i # k and a.e. £ (in the sense > 51 i (&) myg () +
>ogey mig(§ 4 1/2) my; (€ +1/2) = 0) and 3772, [my; (61> + 2252, [mij (€ +
1/2)12 = |md(&)|? = xn,(2€) for each i and a.e. &.

By Propositions 2.7 and 2.9 of [7], there exists a sequence v = (v;) of
functions v; € L?(T) satisfying v;(£) = 0 for all £ € 2; and all j, such that
the sequence v%(€) = (01(€), 12(€), .-, v1(€ +1/2), ol +1/2),..), £ € R,
has the properties:

(1) v(&) L md(&) for each i and a.e. &;

@) QI = 1 ac.

A sequence (v;) with these properties is uniquely determined if we addi-
tionally require that the first non-trivial component of v%(¢) is positive, for
a.e. .

Finally, by Theorem 1.9 of [7], if (v;) is a sequence of functions in L*(T)
satisfying v;(§) = 0 for all £ ¢ 2; and all j, and the above conditions (1)
and (2), then the function t defined by ¢)(2¢) = Z;’il vj(£)H;(€) is a wavelet
associated with (V).

Our first proposition is known and we include it only for completeness.
It can be proved using the technique of the preceding remark, but here we
include a sketch of a more direct proof as proposed by the referee.

PROPOSITION 2.7. Let (V;) be an admissible GMRA such that Vy =
D2 (pi), ¢i = xs,, ¢ € N. Then an associated wavelet 1 is given by U= yw
where W =25\ S and S = J;2, Si.
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Proof. Denoting by ~ the inverse Fourier transform, we have Vp = L?(S)
and hence Vi = L?(285). Thus, Wy = V; © Vo = L?>(W) where W =25\ S.
So, ¥ = xw must be a wavelet associated with (V;). =

Suppose now that we are given an MSF wavelet 1, @ZA) = xw-. By Re-
mark 1 is associated with a unique GMRA (Vj). Now we want to re-
construct the core space V{, in other words, the sequence of scaling func-
tions (p;).

Recall that S = Uj‘;l 27JW is the corresponding scaling set.

For £ € 7(S) define my(§) € Z by

€ +mai(§)] = min{[€ +m[:m € Z, {+m € S5}

and

(2.1) My ={§+ma(§): £ e(5)}

Notice that |£ + mi| = [ + me| with § € [-1/2,1/2) and m1,me € Z,
mi # ma, implies £ = —1/2 or £ = 0. This shows that the function m; is
well defined on the set 7(5) \ {—1/2,0}. It is also easy to see that M is a
measurable set.

By defining M; we have chosen a unique representative (the smallest
in absolute value) in the congruence class for each point in S\ %Z. Let us
proceed by induction.

Suppose we have pairwise disjoint, measurable sets M, ..., M, C S such
that the restriction of the translation projection 7 to each M; is an injection.

For 5 € T(S \ U:’L:l Ml)a 5 g {71/27 O}a define mn+l(§) by

\g+mn+1(g)\:min{|g+m| :mEZ,£+m€S\UMi}
i=1

and
(2.2) My, = {g ()€€ 7(5\ Lnj Mi) }

Clearly, this gives us a sequence (possibly finite) of pairwise disjoint measur-
able sets (M;) such that S\ 37 = (J;°; M;. Thus, up to a set of measure zero,
the sequence (M;) makes up a partition of S. For i € N, define ¢; € L*(R)
by ¢i = xm, and 2; = M; + Z. It follows from the construction that the
sequence (§2;) decreases.

We claim that (y;) is a sequence of scaling functions for a GMRA (V})
whose core space is Vo = ;2 (#i).

To see this, we need to check the conditions of Remark [2.2] Conditions
(1) and (2) follow immediately from the construction, while (4) is trivially
satisfied since S, as a scaling set, has Lebesgue measure equal to 1. The



8 Lj. Arambasi¢ et al.

remaining conditions (3) and (5) are direct consequences of conditions (ii)
and (iii) in Theorem 3.3 of [12].

It remains to show that (V}) is the underlying GMRA for 1. First observe
that Dy(€) = 00, Yuen D€ + KD = 332, e xw (2(E + £)) =
2jet 2wez Xo-iw (€ +F) =D peg xs(€+ k) = 32221 xe,(§). This, together
with Theorem 4.2 of [12], directly implies properties (1) and (2) of Re-
mark hence, (V;) is an admissible GMRA.

We are now in a position to apply the preceding proposition: an associated
wavelet is an MSF wavelet whose wavelet set is 25\ S; since 25\ S = W,
this is precisely our original wavelet 1.

This completes the proof of the following theorem.

THEOREM 2.8. Let ¥ be an MSF wavelet such that ) = xw - Define a
sequence (¢;) of functions ¢; € L*(R) by ¢; = X, i € N, where the sets
M; are given by and . Then 1) arises from the GMRA (V;) with
core space Vo = @;2 (¢i).

EXAMPLE 2.9. Consider the Journé wavelet set W = [-16/7,—2) U
[—1/2,-2/7) U [2/7,1/2) U [2,16/7). The corresponding scaling set is S =
[-8/7,—-1) U [-4/7,—-1/2) U [-2/7,2/7) U [1/2,4/7) U [1,8/7). Following
the construction from the above proof, one obtains M; = [-4/7,—1/2) U
[—2/7,2/7)U[1/2,4/7) and My = [-8/7,—1) U[1,8/7).

REMARK 2.10. The scaling sequence (g;) with ¢; = xs,, obtained in the
preceding theorem, is not unique. To see this, take any n > 2 and an arbitrary
measurable set & C M,. Let k < n. Since 2, = M, +7Z C (. = M}, + Z,
there is a measurable set F' C M}, such that F' = FE. It is easy to see that the
sequence (S;) defined by S,, = (M, \ E)UF, S, = (My\F)UE, S; =M,
for i # n, k, satisfies the conditions of Remark hence, the sequence (¢;)
defined by (52 = Xgs, is a new scaling sequence. Since S;+7Z = M;+7Z = (2; for
all ¢, and (J;2, S = U;2y M; = S, the resulting GMRA produces the same
wavelet 1. Recalling that each wavelet has a uniquely determined GMRA,
we conclude that the sequences (M;) and (S;) generate the same GMRA.
In fact, we have obtained two different standard decompositions of the core

space: Vo = @2, (pi) = B2 (01).

As is known from the literature, there are several techniques for construc-
tion of wavelet sets (i.e., MSF wavelets). The class of MSF wavelets is an
important source of examples and counterexamples. However, MSF wavelets
are not very useful in applications due to discontinuities of their Fourier
transforms. Hence, it is natural to ask: is it possible to build new wavelets
from MSF ones? Theorem [2.§ may be used as a first step toward achieving
that goal.
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REMARK 2.11. Given an MSF wavelet ¢ one can explore the follow-
ing scheme. First, by using Theorem one reconstructs the underlying
GMRA, i.e., the sequence (M;). Put 2, = M;+7Z, i € N. By Remark we
know that the sequence ((2;) satisfies admissibility conditions (1) and (2) of
Remark The idea is now to find a new sequence of scaling functions (¢;)
for another GMRA (U;) such that {£ € R: ¢;(€) # 0} + Z = 2, i € N. To
be more specific, we want to find sequences (P;) and (R;) of measurable sets
such that P, C M; and P, +7Z = R; + 7Z, i € N, and a sequence of functions
(¢:) such that {& € R : ¢;(€) # 0} = M; UR;, i € N. If this is done in such a
way that (¢;) is a scaling sequence, then the core space Uy of the resulting
GMRA (Uj) has the same multiplicity function, since o4, = 0, = X, for
all i € N. Hence, (U;) is a new admissible GMRA. To obtain associated
wavelets, it only remains to apply the technique described in Remark

In the following two examples we illustrate the proposed method.

EXAMPLE 2.12. Let W = [-2/3,—1/3) U [2/3,4/3). Since each of the
families (W + k), k € Z, and (2/W), j € Z, makes up a partition of R, W is
a wavelet set, i.e., the function ¢ defined by 121 = xw is an MSF wavelet. It
is easy to see that Dy, = 1; thus, ¢ is an MRA wavelet. The corresponding
scaling set is S = (J;2, 27IW = [-1/3,2/3). As in the proof of Theorem
one finds M7 = S and M,, = () for all n > 2. This shows that 1) arises from
an MRA (V}), where Vj = (p) and ¢ = xg. In particular, if we denote
2 = S+ Z, we know that xo(§) + x(§ +1/2) — xe(2§) = 1forall { € R
(which is obvious in this situation; since S is a Z-tiling domain, {2 = R).

Let P = [-1/3,-1/6) € S and R = P + 1 = P. Choose arbitrary
L2-functions a and b on P such that |a(¢)> + [b(¢)|> = 1 for all £ € P and
0 <la(€)| <1 for a.e. £ € P. Now define a function ¢ by

1, £eS\P,
2 _ a(€)7 g € P7
o) = b§—-1), eP+1,

0, otherwise.

Notice that {€ € R : ¢(€) # 0} = SUR and (SUR) +Z = S + Z. One
easily finds that o4(&) = 1 for all £ € R, which shows that, as was the key
idea in the preceding discussion, by passing from ¢ to ¢ we did not change
the original set {2 = R. Furthermore, an easy application of Theorem 7.5.2
of [I7] shows that ¢ is a scaling function. Hence, the sequence of subspaces
(Uj), j € Z, where U; = DUy and Uy = (¢), is a new MRA. To obtain
associated wavelets, we follow the procedure of Remark [2.6] which, in this
situation, reduces to the well known high pass filter technique. After a simple
computation (we omit the details) one obtains a wavelet 14 which is given
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by
a(§), §eP=[-1/3,-1/6),
ma §€1/2P=1[-1/6,-1/12),
—~ ) —a26-1), £e1/2(P+1)=[1/3,5/12),
(2.3) Pg(28) = L £ € [5/12,2/3).
b€ —1), Ee P+1=12/3,5/6),
0, otherwise.

We shall now specify a and b. Our goal is to obtain a wavelet 1), whose
Fourier transform 4 is a smooth function. Put

(2.4) a(§) =sin(f(§)), &€ [-1/3,-1/6),

(2.5) b(€) = cos(f(£)), &€ [-1/3,-1/6),

where f is a temporarily unspecified real function. Obviously, such a and b

satisfy the condition |a(£)|? + [b(£)|? = 1 for all £ € P = [-1/3,—1/6).
Finally, observe that if f is a C'°°-function defined on some open set that

contains P with the properties

(LN _ e _1)_ A I\
26) 10(—3)=rm(=5) =0 waer (-3)=0.5(-5)=5.

then (2.3) gives us a wavelet 1)y with C'°°° Fourier transform. To obtain
such an f, consider first the function g defined by

(2.7) 9(6) = { I, ¢ € (<1/3,-1/6)

0, otherwise.

An easy computation shows that g is a C®-function with ¢ (—1/3) =
g™ (=1/6) = 0 for all n € NU {0}. The only problem is that the value of g
at —1/6 is not 7/2, but 0. To adjust g appropriately, let K = 8_1/6 (t)dt

-1/39
and
- 3
(2.8) f(&) = oK S g(t)dt.
~1/3

Obviously, f is an increasing function with f(—1/3) = 0 and f(—1/6)
= /2. Moreover, since f(™(¢) = gD (¢) for all n € N, we also have
f(=1/3) = fM(=1/6) = 0 for all n € N.

We note that a similar family of smooth wavelets is obtained in [16] by
a different technique. Example 1 of [16] describes an explicit construction
of a smooth wavelet ¥, with supp |¢o| C S = [—%aﬂ — %a) for any

a € (0,7]. Notice that for a = 7/2 this gives Sy /5 = [~2/3,5/3), which is
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precisely the minimal interval that contains the support of m given by
(2.3).

Let us also mention that the technique of Example cannot be ex-
tended to the class of non-MRA MSF wavelets if we want to obtain a wavelet
with a continuous compactly supported Fourier transform. This is a direct
consequence of Theorem 3.12 of [I6]. Thus, if we want to produce a non-MRA
wavelet with a continuous Fourier transform by using the technique of Re-
mark we must choose sets R; in such a way that the Fourier transform
of the resulting wavelet has an unbounded support.

In our next example we construct a non-MSF non-MRA wavelet ¢ whose
Fourier transform is compactly supported (and hence discontinuities of
must be present).

ExaMPLE 2.13. Consider Journé’s dimension function
2, £€[-1/7,1)7)+ Z,
D(§) =491, £e([-1/2,-3/T)U[-2/7,-1/T)U[1/7,2/T)U[3/7,1/2)) + Z,
0, otherwise,
and an MSF wavelet yy where W =25\ S, S = M; U My and
My =[-1/2,-3/71)U[-2/7,2/T)U[3/7,1/2), Mz=[-1,-6/T)U[6/7,1).

Observe that Dy = D (cf. Example [3.19).

The corresponding scaling functions are given by ¢1 = xa, and @ =
XM,- Here we introduce new scaling functions ¢; and ¢9 in the following
way. First, let a and b be measurable functions on [-4/7, —3/7) such that
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a(€)]2 + [b(&)|> = 1 for all € € [~4/7,—3/7). Now put
(a(®),  &e[-4/7,-3/7),

. B 1’ 66 [—2/772/7)7
$1(8) = bE—1), €e€[3/7,4)7),
0, otherwise,

a(£/2), £ [=8/7,-6/7),
¢2(8) = 4 b(§/2-1), £€[6/7,8/7),

0, otherwise.

It is easy to verify that ¢; and ¢o serve as scaling functions of a new
GMRA (Uj). However, since o, = 04, = X, and o,, = 04, = X0, Where
O =([-1/2,-3/7)U[-2/7,2/7)U[3/7,1/2))+Z and 22 = [-1/7,1/7)+Z,

we conclude that (Uj) admits orthonormal wavelets.

A

—_ 1 —_

i

,)
S
s
e
S
I
iz

4!
]
A

Fig. 2. The graph of 1,51

To obtain the resulting wavelet(s), we only need to find the filters and
apply the technique of Remark . A short computation (the details are
omitted) yields the Fourier transform of the associated wavelet 1)1:

(

a(é/4), £ €[-16/7,-12/7),
b(é), £ €[-4/7,3/7),
?/; () = 1, £e[-3/7,-2/T)U[2/7,3/7),
' —ale 1), €€ [3/7,4/7),
b(E/4—1), &€ [12/7,16/7),
0, otherwise.
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Observe that 7 is a non-MSF non-MRA wavelet with Journé’s dimension
function D. Note that some constructions (using different techniques) based
on the Journé dimension function can be found in [4] and [5].

The function ¢; with a(¢) = sin((7€ + 4)7), b(€) = cos((7€ + 4)7),
&€ (—4/7,-3/7) is shown in Figure 2.

3. From dimension functions to MSF wavelets. Let D : R —
N U {0} be an arbitrary dimension function. In this section we describe
a method for construction of an MSF wavelet ¢ such that Dy = D a.e.
Throughout the section, the function D will be fixed. We note that a similar
construction (in R™) that uses a dimension function as the starting object
appears in [IT].

For the reader’s convenience, we begin by restating Theorem 2 of [I].
That result characterizes dimension functions and will be repeatedly used in
the course of our construction.

THEOREM 3.1. Let D : R — NU{0} be a measurable Z-periodic function
that is integrable on the unit interval [—=1/2,1/2). Then D is the dimension
function of some orthonormal wavelet if and only if the following conditions
are satisfied:

(a) liminf; oo D(277€) > 1 a.e.;

(b) D(&)+ D(£+1/2) =D(28) + 1 a.e;

(c) for a.e. & such that D(¢) > 1 there is j € N satisfying D(277¢ +

1/2) > 1;

(d) for a.e. & such that D(€) > 1 there is k € Z such that D(277 (€ + k))

>1 foralljeZ,j>0.

Basically, this theorem tells us that condition (3) of Theorem 4.2 in [12] is
equivalent to conditions (c¢) and (d) above, provided that all other conditions
are satisfied. Notice that (d) means that for a.e. £ such that D(£) > 1 there
exists at least one k € Z such that £ + k € A, where

(3.1) A={6cR:D(277¢) >1,Yj >0}

Clearly, this is considerably weaker than (3) in Theorem 4.2 of [I2] where
one requires, for a.e. £ such that D(£) > 1, the existence of at least D(€)
integers k with £ + k € A.

Observe that all conditions of the above theorem are satisfied for almost
all £’s. By neglecting a null-set, we can suppose that these conditions are
fulfilled for each point £ on the real line.

Define, for all n € N, the sets

T,=1{£€[-1/2,1/2): D(§) > n}.
Denote 2, = T,, + Z, n € N. Observe that, since D is a periodic function,



14 Lj. Arambasi¢ et al.

2, ={£€R:D(&) >n}and T, = 2,N][-1/2,1/2). Obviously, we have
T, 2152 --- and {21 D 29 O ---. If D is essentially bounded, say by m, we
understand T;,, = £2,, = () for all n > m, and both sequences are considered
to be finite.

REMARK 3.2. Our goal is to construct measurable functions k,, : 1,, — Z,
n € N, such that the sets defined by

(3.2) Sp = {E+kn(€) s €€ Ty}, neN,

satisfy the conditions of Remark [2.2] so that the functions ¢, defined by
Yn = XS., n € N, make up a scaling sequence for the GMRA (V;), where
Vo = @D, (¢n). Notice that the resulting GMRA (V;) will be automatlcally
admissible. Namely, S,, = T}, implies S, + Z =T, + Z = ={{eR:
D(¢) > n} for all n € N. From this we conclude that 220:1 Xs,+z(&) =
D1 X2, (&) = 2onli Xner: D(p>n}(§) = D(&). Since it is known that D
is finite a.e. and satisfies (b) of Theorem [3.1] we immediately conclude that
both conditions of Remark are satisfied as well.

We proceed by imposing certain conditions on the functions (k) in order
to ensure the conditions of Remark (in other words, to ensure that the
sequence () with ¢, = xg, is a scaling sequence for a GMRA).

Let us first rewrite the consistency equation (b) of Theorem with &
replaced by £/2:

(3.3) D(§/2)+ D(£/2+1/2) = D(§) + 1.

Since D is a periodic function, the second term on the left hand side may
also be written as D(£/2 —1/2). As our functions k,, are going to be defined
inside the unit interval, we shall need to know, for & € [—1/2,1/2), which
of the points £/2 —1/2, £/2 4+ 1/2 belongs to [—1/2,1/2). Observe that the
right choice is precisely (£ — sgn¢)/2 (with the convention sgn0 = 1).

Let us now suppose that the functions k, : T,, — Z have already been
constructed. For € € T7 and n € N we introduce the following notations:

(34)  In(§) = min{n, D(§/2)},  rn(§) = min{n, D((§ —sgn§)/2)},
(35)  Ln(§) ={2ki(§/2) :i=1,....1(},
(3.6)  Rn(§) = {2k;((§ —sgn§)/2) —sgn&:j=1,....m(§)},
(3.7)  Kn(§) = Ln(§) U Rn(8).

We understand that in the case [,,(§) = 0 the set L, () is empty and,
similarly, if r,(§) = 0 the set R, (&) is empty. However, by the consistency
equation (3.3), for each ¢ in the unit interval, we have D(£/2) > 1 or

D((§ —sgn€)/2) > 1. Hence, at least one of the numbers 1,(£) and 7,(&)
must be positive, and consequently K, (&) is non-empty for every & € T;.

n
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Next we check that the numbers 2k;(£/2), ¢ = 1,...,1,(§), resp.
2k;((& —sgn&)/2) —sgn€, j = 1,...,7,(&), make sense for every £ € T
such that 1,(§) > 1, resp. m,(§) > 1. Suppose that [,,(§) > 1. Since £/2 €
[—1/2,1/2) and D(&/2) > 1,(€), we have /2 € T; for i = 1,...,1,(§), i.e.,
&/2 belongs to the domains of k;, i = 1,...,0,(§). Hence, the expressions
2ki(£/2), i = 1,...,1,(€), make sense. In a similar way one concludes that
the integers 2k;((§ —sgné)/2) —sgng&, j = 1,...,ry(§), are well defined
whenever r,(£) > 1.

Finally, it is clear that K, (§) C K,+1(§) for alln € N and £ € T7.

The sets K, (§) will play a central role in verifying that the sequence
(Sp) satisfies the conditions of Remark Let us begin with two auxiliary
results.

LEMMA 3.3. Letky, : T, — Z and S, = {{ + kn(§) : £ € T}, n € N. If
€ €1[-1/2,1/2) and k € Z are such that (& + k) € S; for some j € N, then
k= 2k;(&/2) or k = 2k;((§ —sgn&)/2) —sgné. In particular, k € K;(§).

Proof. Since £(£+k) € S, there is ¢’ € T such that 1 (E4+k) = &' +k;(¢).

Suppose first that k = 2 for some | € Z. Then {/2+1 = &' +k;(&’), hence
£/2—¢ =k;j(&)—1 € Z. However, {/2—¢" € (—3/4,3/4) yields £/2—¢ =0,
ie., { =¢/2. We conclude that | = k;(§') = k;(£/2), so k = 2k;(£/2). Since
£/2 € Ty, we have [;(§) = min{j, D(£/2)} = j, which implies k € K;(§).

Suppose now that k = 2l—sgn £ for some [ € Z. Then {/2+1—(sgn¢)/2 =
&4k; (&), s0 (€ —sgn§)/2—¢ € Z. Furthermore, (§ —sgn¢)/2—¢ € (—1,1),
yielding ({ —sgné&)/2 — & = 0. Hence, | = k;j(&') = k;((§£ —sgn&)/2), so
k = 2k;j((§ —sgnf)/2) — sgné&. Also, (£ —sgné)/2 € T, implies rj(§) =
mingj, D(€ — sgn€)/2)} = j; thus, & € K;(€). =

LEMMA 34. Letky:T, —Z and Sp, ={{+ kn(§) : £ €Ty}, n €N.

(a) Leti < j. Then S;NS; =0 if and only if k(&) # k;(€) for all € € Tj.
(b) 28, € S1U---US, if and only if ky(€) € Ky (§) for all € € T,.

Proof. (a) Suppose that k;(§) # k;(§) for all £ € Tj, and there is ( €
S; N'Sj. Then there are £ € T; and n € Tj such that ( = £ + ki(§) =
n + k;j(n). It follows that £ — n = k;j(n) — ki(€). Since &,n € [—1/2,1/2)
and k;(€),k;(n) € Z, we have £ —n = kj(n) — ki(§) € (—1,1) N Z = {0}.
Therefore, £ = n and k;(§) = k;(&), which is not the case. Hence, S;NS; = 0.
The converse is obvious.

(b) First, suppose that %Sn CSU---US,. Let £ € T,,. Then %(5 +
kn(€)) € Sj for some j € {1,...,n}. By Lemma[3.3] k,(§) € K;(§) C Kn(€).

Conversely, suppose that k,(§) € K,(&) for all £ € T,,. Let ¢ € %Sn.
Then there is £ € T}, such that { = %(5 + Ekn(8)).
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If kn (&) = 2k;(€/2) for some i € {1,...,0,(§)}, then /2 € T; and

C= (e +2k(e/2) =¢/2 4 h(e/2) € S | S
j=1
Similarly, if &, (€) = 2k;((§ —sgn§)/2) —sgn§ for some i € {1,...,7,(£)},
then (£ —sgné)/2 € T; and

¢= ;<§+ 2k<5_;gn§> - sgné)

E—sme  (€—sgne "
:2““‘2‘(2)65@{}315””

Thus, %Sn§5’1U~--USn. n

We are now ready to give sufficient conditions on functions (k) in order
to obtain a desired admissible GMRA.

THEOREM 3.5. Let D be a dimension function, 2, = {{ € R: D(§) > n}
and T,, = 2, N [=1/2,1/2), n € N. Suppose that (k,) is a sequence of
measurable functions k, : T,, — 7Z with the properties:

(a) ki(€) # kj(&) for ae. £ € Ty and alli < j;
(b) kn(&) € Ky (&) for a.e. £ €T, and alln € N;
(c) k1(§) =0 for all £ € Ty N A.

Let S, = {&+ kn(§) : € € T}, n € N. Then the sequence of functions
(pn) defined by on = xs, 1S a scaling sequence for an admissible GMRA.
In particular, an associated wavelet ¢ is given by ¢ = Xas\g, where S =

U2, Si, and satisfies Dy (&) = D(§) for a.e. £ € R.

Proof. We need to check the conditions of Remark Condition (1)
follows from (a) and the first statement of the preceding lemma. Since, for
each n € N, we have S, = T,, and |T,, N (T, + k)| = 0 for all k€ Z \ {0},
condition (2) is satisfied as well. Condition (3) follows from (b) and Lem-
ma 3.4(b). Further, recall from [12] that each dimension function D satisfies

X1_/12/2 D(§) d§ = 1. Since |Sy,| = |T,| for all n € N, it follows that > >, |S,| =

S | T| = g{/f/z D(£) d¢ = 1, which shows that (4) is fulfilled too.

It remains to verify (5). Pick £ € R. First, let jy be the smallest non-
negative integer for which (1/2/0)¢ € [~1/2,1/2). By Theorem (a) ap-
plied to the point (1/27)¢, there exists a non-negative integer ko such that
D( 11 ) > 1 for all k > ko. In particular, ==& € T} N A; thus, by

2F 270 » 2ko 270
(c), we have 2%02%05 € Sj. This gives us condition (5) of Remark with

m(§) = ko + Jo.
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We have already noted in Remark that the resulting GMRA is ad-
missible. From Proposition we know that an associated wavelet 1 is
given by 1[1 = X25\s5- Finally, combining Remark ﬁ and the last assertion
of Remark , we conclude Dy = > | xs,4z=D. =

REMARK 3.6. (a) Observe that under the assumptions of the preceding
theorem we end up with a sequence (S,) with 15, C (Ji_; S;, which is
stronger than condition (3) in Remark : 29, CUZ, S

(b) It is also useful to note that %S’n C U2, S; implies S,, € A for all
n € N. Indeed, for every £ € S, and i € NU {0} there is k; € N such that
27i¢ € Sy,.. Therefore, D(27%¢) > 1 for all i € NU{0}.

(c) One can think of our construction of (kj) as finding the minimal
integer translation S, of each T, such that the sets S, are pairwise disjoint
and lie in A. Observe that the assumption (c) in the preceding theorem that
poses a condition on kq is in accordance with that principle. This would mean
that our construction yields, for a given dimension function, a wavelet set
with the smallest possible diameter. This is demonstrated in Example [3.19]
for the Journé dimension function. However, we have not been able to prove
this in full generality.

The rest of the section is devoted to a construction of a sequence (k)
that satisfies the conditions of Theorem [3.5] Let us begin by constructing k.

LEMMA 3.7. Let D : R — N U {0} be a dimension function. For every
ety \{—1/2} let k1(§) € Z be such that

(3.8) |€ + k1 (€)] = min{|€ + k| : k € Z such that € +k € A}.

Then & — k1(&) € Z is a well-defined function which satisfies k1(§) € K1 (§)
forall & € Th \ {—1/2}.

Proof. Since D is a dimension function, for every £ € Tj, by Theo-
rem [3.1](d), there is k € Z such that £ + k € A. Therefore, the set {|¢ + k| :
k € Z such that £ + k € A} is non-empty and, obviously, has a minimum.

Let us show that the relation uniquely determines k; (&) for every
& €Ty \ {-1/2}. Notice that 0 € T} = 0 € A = k1(0) = 0. Now suppose
that £ € T7 \ {0,—1/2} is such that there are I,m € Z satisfying |£ + | =
£ +m| = min{| + k| : k € Z such that { +k € A}. Then {+m = (£ +1).
Observe that £ + m = —(§ + 1) implies 26 = —m —1 € ZN ((—1,1) \ {0}),
so this case cannot happen. Thus, { +m = £+ 1, i.e., m = [, so k1(§) is
uniquely determined on T3 \ {—1/2}.

It remains to show the second statement. Let £ € T7 \ {—1/2}. First,
k1(0) = 2k1(0/2) = 0 € K;(0), so let £ # 0.

Suppose that k() is even. Since £ + k1(§) € A and D is Z-periodic, it
follows that D(£/2) = D(271(& + k1(€))) > 1. Hence, £/2 € T1 \ {—1/2}, so
k1(€/2) is well defined by (3.8). Also, I1(£) = 1 implies 2k (£/2) € K1(§). It is
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obvious that £/2+k1(£)/2 € A. Moreover, if k € Z is such that £/2+k € A,
then £ + 2k € A. Now, implies |£ + k1(€)| < |€ + 2k| for all k € Z with
/24 ke A ie., |£/2+k1(§)/2] < |£/2+ k| for all such k. We conclude that
k1(£/2) = k1(£)/2, ie., k1(§) = 2k1(£/2).

Suppose now that k1(§) is odd. Since £ + k1(§) € A and D is Z-periodic,
it follows that D((¢ —sgn€)/2) = D(271(€ + ki1(€))) > 1. Therefore,
(& —sgn&)/2 € T1\{—1/2}, so k1((§ —sgn&)/2) is well defined. Also, r1(&)
=1 implies 2k; ((§ —sgn§)/2) —sgné € Ki(&). Obviously, (k1(€) +sgn§)/2
€ Z, and (§ —sgné)/2+ (k1(§) +sgné)/2 € A. Furthermore, for all k € Z
such that (£ —sgn¢)/2+ k € A, we have & + 2k — sgn¢ € A. Therefore,
|E+K1(E)] < |€+2k—sgn] for all k € Z such that (£ —sgn&)/2+k € A, ie.,
|(& —sgn&)/2+(k1(&) +sgn&) /2| < |(€ —sgn&)/2+k| for all k € Z such that
(€ —sgng)/2+ ke A. It follows that ki ((§ —sgn§)/2) = (k1(§) +sgné)/2,
Le., k1(§) = 2k1((§ —sgn§)/2) —sgné. =

REMARK 3.8. Notice that if —1/2 € T7, then k1(—1/2) does not have to
be uniquely determined by . Namely, from the first part of the proof of
Lemma it is obvious that if kg € Z satisfies then so does 1 — kg € Z,
and ko # 1—ko. Without loss of generality we can assume that k1 (—1/2) = ko
if |ko| < |1 — ko|, and k1(—1/2) = 1 — ko if |ko| > |1 — ko|. Then the
second part of the proof of Lemma can be derived for £ = —1/2, so
k1(—1/2) € Ky (—1/2).

It follows from Lemma and the preceding remark that for every di-
mension function there is a function ky : T} — Z satisfying (3.8) and such
that k1 (&) € K1(§) for every & € T1.

THEOREM 3.9. Let D : R — NU{0} be a dimension function. Then there
exist functions k, : T, — 7Z, n € N, satisfying the following conditions:

(a) ki(§) # kn(&) for alli < n and for every € € T,,, n € N.

(b) kn (&) € Ky (§) for each n € N and every & € T,,. Moreover, for each
n > 2 and every & € T;, we have:
(b1) if D(§/2) = 1 and D((§ —sgn¢)/2) = 1, then kn(§) € Kn-1(8);

(b2) if D(£/2) = 0 or D((§ —sgn§)/2) = 0, then ky(§) € Kn(€) \
K, —1(&). Furthermore, there are m € N, n € T,, and p € Z such
that kn (&) = 2Mkn(n) +p and kn(n) € Kn—1(n).

(c) k1(&§) =0 for all £ € Ty N A.

Proof. We prove the theorem by induction. Using Lemma and Re-
mark (3.8 we can construct k; which satisfies (b) and (c).

Let n > 2. Suppose that we have constructed functions k; : T; — Z,
i=1,...,n—1, satisfying (a) and (b). Let us construct ky, : T, — Z.
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Let £ € T,. Then D(£/2) + D((€ —sgné)/2) = D(§) +1 > n+ 1. We

have the following two cases:

(1) D(¢/2) > 1 and D((¢ —sgn€)/2) > 1,
(2) D(€/2) = 0 or D((€ — sgn€)/2) = 0.

(1) Suppose that D(£/2) > 1 and D((§ —sgné&)/2) > 1. We split the
argument into three cases.

If D(&/2) <n—1and D((§ —sgné)/2) <n—1, then l,,_1(§) = D(&/2)
and 1 (€) = D((€ — sgn€)/2).

If D(&/2) > n, then l,,_1(§) =n—1 and r,—1(§) > 1.

If D((§ —sgné)/2) > n, then l,—1(§) > 1 and r,—1(§) =n — 1.

Notice that in each case l,—1(§) + mn—1(§) > n, so K,_1(§) contains

at least n different elements. By the inductive assumption we have k1(§),

s knfl(g) € anl(g) Therefore, anl(g) \ {kl (5)7 tee knfl(g)} Is non-
empty, so we can define k, (&) by

(3.9) [+ kn(O)] = min{|€ + k[ : k € Kpn1(E) \ {k1(E), -+, kn1(€)}}-

(As in Lemma it can be shown that this relation uniquely determines
kn(€) if € € T, \ {—1/2}. Also, we define k,,(—1/2) as in Remark [3.8]) It is
obvious that (a) and (b) are satisfied.

(2) Now suppose that D(£/2) =0 or D((¢ —sgn&)/2) = 0.

First notice that for every & € T, such that D(£/2) = 0 we have
K;(&) ={2ki((¢' —sgné&’)/2) —sgn& :i=1,...,j forall j=1,...,n—1.
Therefore, k;(£') = 2k;((§ —sgn&’)/2) —sgn¢&’ for i = 1,...,n — 1. Sim-
ilarly, in the case D((&' —sgn¢’)/2) = 0 we have k;(§) = 2k;(§'/2) for
1=1,...,n— 1. Hence,

2ki(¢'/2) if D((§' —sgn¢’)/2) =0,
2k;((¢ —sgn¢’)/2) —sgn&’  if D(&'/2) =0,

foralli=1,...,n—1and & € T),.

Since D(¢) > n > 1, by Theorem [3.1(d) there is ¢ € Z such that
D(27%(¢+q)) > 1 for all i € NU{0}. By Theorem (c), there is j € N such
that D(277(£ +¢q) +1/2) > 1. Notice that j > 2, since j = 1 implies D(£/2)
> 1 and D((§ —sgn&)/2) > 1, which is not the case. Suppose that we have
chosen the smallest j with the above property, i.e., D(274(¢ +¢) +1/2) =0
fori=1,...,j— 1.

Let & = 7(27%(é+¢q)) for all i = 0,...,5 — 1. Then & = ¢ and, for all
i=0,...,7 — 2, we have

(3.10)  ki(¢) = {

é’.
Cip1=2 or &=

& —sgng;
5 St "o 5t

2
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Since D(&) = D274+ q)) > 1 for i = 0,...,7 — 1, it is clear that
D((& —sgné&;)/2) = 0 implies &1 = &/2, while D(§/2) = 0 implies
§it1=(& —sgng;)/2for i =0,...,j—2.

Conversely, if &+1 = /2 then

while in the case &1 = (& —sgné;)/2,

D<§> = D<§i+1 + Sgg&) = D<2(i“)(§ +q)+ ;) =0

for i =0,...,j — 2. Therefore,

ip1 = % PN D<§i_;gn§i)_07

(3.11) i = ST D@) 0,

fori=0,...,5—2.
Moreover, for all  =1,...,5 — 1 we have

D&) = Dl&) + D (26 +0)+ 3 )

= D(&) +D<fi + ;) =D(2§)+1=D(§-1) +1

so that D(&) > n, i.e., & € T),.
Notice that §;_1 satisfies

DGz D) = D+ a) =1,

D<§J_1_;gngj_l) — D<2j(§—|—q)+;> > 1,

which is case (1). Therefore, ky,(j-1) € Kn—1(£j—1) is defined by using (3.9).
Now we define ky(§5—2), kn(&j—3),- .-, kn(&1) and finally &, (&) = kn(§) by

(3.12)  kn(&—i) = { 2hn(&jit1) ?f S i -1/
2k (&j—it1) —sgngj—; if §j—ip1 = (§—i —sgngj—i)/2,
for all i = 2,...,j. In other words,
(3.13)  kn(&—i)
_ { 2k (€-i/2) if D((¢j—s — sgnj—i)/2) =0
2kn((§j—i —sgnj—i)/2) —sgné;—; if D(§;-i/2) =0,

foralli=2,...,7.
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Next we show that k,(§) # ki(§) fori =1,...,n—1. First, since k,(&—1)
is defined by , we have ky,(§j—1) # ki(§j—1) fori=1,...,n — 1.

Suppose that D(§;_2/2) = 0. By (3.11), -1 = (§j—2 —sgn&;_2)/2, and
by B.13), kn(&-2) = 2kn((§j-2 —sgné&j2)/2) — sgné&i2 = 2kn(§-1) —
sgnéj_o. Also, by (3.10), ki(&j—2) = 2ki((§j—2 —sgn&;j—2)/2) —sgn&;_ =
2k;i(§j—1) —sgnéj_o for i =1,...,n — 1. Finally, for all i = 1,...,n — 1 we
get

kn(€i-1) # ki(€j-1) = 2kn(§i-1) —sgnéjo 7# 2ki(§j-1) —sgnéj
= kn(§j—2) # ki(§j—2)-

The same conclusion is obtained in the case D(({j—2 —sgné;—2)/2) = 0.
Similarly, k,(§j—3) # ki(§j—3) for i = 1,...,n — 1, etc. Finally, k,(&) #
Ki(6o), i hn(€) # kil€) for i =1,...,n — 1.

From this and (3.13)) it now follows that k,(£) € K,(§) \ Kn-1(€).

It is easy to see that k(&) = 297k, (£-1) + p for some p € Z. If we put
m:=j—1eN,n:=¢&_1, weget (b2). m

REMARK 3.10. From the proof of Theorem (i.e., (3.10) and (3.13]))
one can see that, for each £ € T,, such that D(£/2) = 0 or D(({ —sgn¢)/2)

= 0, we have

k(€)= { 2ki(£/2) if D((¢ —sgn€)/2) =0,
Z 2ki((€ — sgn)/2) —sgng& if D(¢/2) =0,
foralli=1,...,n.

REMARK 3.11. Observe that the sequence (k,,) constructed in Lemma
and Theorem [3.9| satisfies conditions (a)—(c) of Theorem Thus, in order
to finish our construction we only need to show that each k,, is a measurable
function, i.e., S, = {{ + kn(§) : £ € T}, n € N, is a measurable set.

Recall that, by Lemma[3.4] S;nS; =0 for i # j, and $S, C UL, S;.
First we note the following simple consequence of Theorem [3.9]

COROLLARY 3.12. Let D : R — N U {0} be a dimension function. Let
&€ Spt1. Then

(a) £/2€ S1U---US, if and only if D({/2+1/2) > 1;

(b) /2 € Sp+1 if and only if D(§/2 +1/2) = 0; '

(c) there is j € N such that € € Sp11,...,6/2771 € Syp1, /29 € S1 U
.US,.

Proof. Set £ =& + kp41(&') where & € Ty 41.
(a) Suppose that £/2 € S1U---US,. If D(¢/241/2) =0, then D(§'/2+
1/2) = 0 or D(¢'/2) = 0. By Remark [3.10] it follows ky11(¢') = 2kn41(€'/2)
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or knt1(&) = 2kn41((€ —sgn¢’)/2) — sgn&’. But this contradicts the as-
sumption, since in the first case we would get

/ k?n ! / /
g = H2+1(€) = % + kpt1 (g) € Snt1,

while in the second case

!/ !/ !/ ! ! !/
g: ¢ +k,;+1<£> _¢ ;gn& +,€nﬂ<€;@€> € S,
which is impossible by Lemma [3.4{(a). Therefore, D(£/2 +1/2) > 1.

Conversely, suppose that D({/2 + 1/2) > 1. Since £ € Sp41 € A by
Remark [3.6(b), we have D(£/2) > 1. Hence, D(¢'/2) > 1 and D(¢'/2+1/2)
> 1, so by Theorem [3.9(b1) there is j < n such that ky11(£') = 2k;(£/2) or
knt1(8') = 2k;((§' —sgn¢’)/2) —sgng’. It follows that

_Crhal®) €, (6)

2 2 2 2

or

! ! !/ / ! !/
gzé +kg+1(£) _¢ ;gn§ +kj(£ ;gn€> es;,
which proves the statement.

(b) This follows directly from (a) and Lemma [3.4]

(c) First, Lemma (b) implies £/29 € Sy U+ U Sy4q for all j € N. If
£/27 € Sp4q for all j € N, then (b) would imply that D(277¢ +1/2) = 0 for
all 7 € N, which is impossible by Theorem (c) Therefore, there is j € N
such that /27 ¢ S, +1. The smallest such j is as desired. m

We now turn to the proof of measurability of the functions k,, constructed
in Lemma [3.7] and Theorem 3.9

LEMMA 3.13. The function ki is measurable.

Proof. We must show that the sets k' ({n}) = {€ € T1 : k1(§) = n} are
measurable for all n € Z. First k;'({0}) = T1 N A is measurable.

In general, for £ € T} such that £ > 0, the number k(&) is the first n
in the sequence 0,—1,1,—2,2,-3,3,... for which £ +n € A. Analogously,
if £ < 0, then k; (&) is the first n in the sequence 0,1, —1,2,—2,3,—3,... for
which £ +n € A. Therefore, for every n € Z\ {0} we have: k1 (£) = n if and
only if the following conditions are satisfied:

(1) éeThand E+ne A,
(2) E+ k¢ Aforall k=—|n—sgnn|,...,|n—sgnn|,
(3) if sgn& = sgnn then £ —n & A.
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In other words,
In—sgnn|
U =@mn@a-n)\  |J  (A+kUu{ée Atn:sgné = sgun},
k=—|n—sgnn|
so ky'({n}) is measurable. u

To show that the sets S,,, n > 2, are measurable, for a fixed n € N we
introduce the following sets:

B ={{€S541:£/2€ 51U ---US,},
and for j > 2,
Bj={¢€S,1:27€eS1,...,270 Vees, 1,277 e S1U---US, )
By statements (a) and (b) of Corollary it is obvious that
By = {€ € Suer: DE/2+1/2) > 1),
Bj={¢€8Su1: D2 ¢+1/2)=---=D2 U Ye41/2) =0,
D(277¢+1/2) > 1}, j=>2.
Moreover, by Corollary (c), we have Spi1 = U;en Bj- Therefore it is

enough to prove that the sets B;, j € N, are measurable. The following
result shows that it suffices to handle Bj.

LEMMA 3.14. For each j > 2,

Bj={¢£€2Bj 1:D()>n+1, D(£/2+1/2) =0}.

Proof. It follows from the definition that %Bj C Bj_1, so obviously

Conversely, take £ € 2B;_1 such that D(§) > n+1 and D(§/2+1/2) = 0.
Then /2 € Bj_1, 50 D27'%¢ +1/2) = --- = D270~ D¢ 4 1/2) = 0 and
D(279¢41/2) > 1. To prove that £ € Bj, it is enough to check that £ € Sy41.
Since D(£) > n+ 1, we can write £ = ¢ + k, where ¢ € T,,11 and k € Z.
Then (¢ +k)/2 = £/2 € Sy41; hence, by Lemma [3.3) k = 2ky,41(£//2) or
k= 2kn41((§' —sgnf’)/2) —sgnf’.

In the first case (§ —¢&')/2 = k/2 = kn11(&'/2) € Z, so the Z-periodicity
of D yields D(¢//2+ 1/2) = D(£/2 + 1/2) = 0. By Remark [3.10, we have
Fn1(&') = 2kn41(€'/2) = k. So, £ =& + k=& + kny1(€) € Sppa.

Suppose now that k = 2k, 41((§' —sgn&’)/2) —sgné’. Then

(€ +seng’) —&)/2=Fk/2+ (sgnf’)/2 = kn11((§' —sgnf’)/2) € Z,
so D(¢'/2) = D((§+sgné&’)/2) = D(&/2 + 1/2) = 0. Using Remark
we see that ky11(&') = 2kp11((§ —sgn¢’)/2) —sgn& =k, ie, =& + k=
&+ knt1(&) € Spt1. This proves our statement. m

PROPOSITION 3.15. The sets Sy, n € N, are measurable.
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Proof. We prove the statement by induction. The set S7 is measurable
by Lemma Suppose that S1,...,.5, are measurable for some n € N. To
show that S, 1 is also measurable, set

A=2(SU---US,)\(S1U---US,),
C = €€ Topr: D(E/2) > 1, D(E/2 4 1/2) > 1),
For each £ € C, let k(§) € Z be such that
1€+ k(&)] = min{|{ + k| : k € Z such that £ + k € A}.

As in the proof of Lemma[3.7] (see also Remark[3.8)), £ — k(€) is a well-defined
function on C. Since A and C' are measurable, so is

G={{+k():£eC},

being defined in the same way as S, already proved to be measurable. (No-
tice that the roles of the sets T and A from the definition of S; are now
taken by the sets C' and A, respectively.) Let us show that B; = G.

First, let n € By. Thenn = {+k,11(€), where € € T,,11. Also, D(n/2) > 1
and D(n/2 + 1/2) > 1, which implies D({/2) > 1 and D(§/2+1/2) > 1.
Hence, £ € C. To prove that n € G, we must show that k,1(§) = k(§).
So, let k € Z be such that £ + k € A. Then $({ +k) € S1 U+ U Sy, so
k € K,(¢) by Lemma [3.3] However, £+ k ¢ S1U---US,, so k € K,(£) \
{k1(€),...,kn(§)}. Therefore, the definition of kp41 @ Thy1 — Z (formula
(B-9)) yields € + kns1(€)] < |€ + k| Also, € + kns1(€) = 11 € By C A. We
conclude that kyp4+1(€) = k(§); hence, n € G. Thus, B; C G.

Conversely, let £ € C. Since D({/2) > 1 and D(£/2 +1/2) > 1, we get
DUE+ En1(€)/2+1/2) > 1, 50 € + kni1(€) € By C G. Thus, k1 (€) =
k(&), which implies £ + k(§) = £ + kn41(§) € B1. Therefore, G C Bj.

In particular, By is measurable. Since D is a measurable function, it fol-
lows inductively from Lemma [3.14] that all Bj, j € N, are measurable. By
Corollary (c), we have Sny1 = U;en Bj; hence, Sp11 is also measur-
able. m

This completes our argument. Notice that our entire construction of an
MSF wavelet from a given dimension function is described in Theorem
Lemma and (the proof of) Theorem (3.9

A natural question is whether it is possible to find simpler formulae
for (k). The answer is negative since a thorough examination of the proof
of Theorem [3.9shows that the process of defining the value of k;, at a point &
depends on D(£/2) and D(§/2+ 1/2). Thus, a certain discussion depending
on those two numbers is unavoidable.

However, the construction becomes easier and more transparent if we
impose some additional conditions on the starting dimension function D. In
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our last proposition we shall review the preceding construction under the
additional assumption that D(£) > 1 for all £ € [—1/4,0).

LEMMA 3.16. Let D : R — N U {0} be a dimension function that is
positive on [—1/4,0). For & € Ty, let j(§) be the smallest natural number
with D(277©)¢ —1/2) > 1. Then the function ky : Ty — Z defined by (3.8)

s given by
0, EeiNA,
ki(§) = { —2©O-1 e\ A

Proof. First, j(§) is well defined by Proposition 1 of [I].

Observe that £ € A for all £ € T} N [—1/2,0). For such & we have
k(&) =0.

Now take £ € T1 N [0,1/2). If £ € A, then k1(§) = 0, so the assertion is
true.

Let € € A. Observe that £ —27©)~1 ¢ A, Indeed, if j(€) > 2, then, by the
choice of j(¢) we have D(277¢ —1/2) =0 for all j = 1,..., (&) — 1; thus,

D279 =D(279¢) + D(277¢ —1/2) = D2 V) +1> 1.
Then we get
DR~ 2O7h) = D(27¢) > 1
for j =0,...,7(¢) — 1. Furthermore,
D(2_j(5)(§ _ 2]'(6)—1)) - D(g—i(&)g —1/2) > 1,
while for j > j(£) we have 277(¢ — 27)~1) € [~1/4,0), so D(277(¢ —
27)=1)) > 1 by assumption. Thus, £ — 2/©)~1 ¢ A,

It remains to prove that |¢ — 27)=1 < |¢ 4+ k| for all k € Z such that
&+ k € A. Fix such a k. (Notice that & # 0, since £ ¢ A.) First, we
show that |k| > 2/(©)~1. This is obvious if j(§) = 1, so let j(£) > 2. If
277k +1/2=279(6+ k) — (2776 —1/2) € Z for some j = 1,...,5(¢) — 1,
we would have D(277(¢ + k)) = D(277¢ — 1/2) = 0, which is impossible
since £ + k € A. Therefore, 277k +1/2 ¢ Z for all j = 1,...,j(§) — 1,
sok #2720+ 1) forall j=1,...,5(&) — 1 and | € Z. We conclude that
k| # 27 (21+1) forall j = 0,...,j(¢)—2 and | € NU{0}. Hence, |k| > 2/()~1,
Now we have

€ = 2707 = £+ 27O <~ k| = || — [¢] < |€ + Al
hence, k1(£) = —27¢)~1 and the proof is complete. =

PROPOSITION 3.17. Let D : R — N U {0} be a dimension function that
is positive on [—1/4,0). For & € Ty let j(§) be the smallest natural number
with D(277€)¢ —1/2) > 1. If D(277€)¢) = 0, let n(€) be the smallest natural
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number with D(2-™&)(271€)¢ —1/2) + 1/2) > 1. Then the functions ki, :
T, — Z, n > 2, constructed in Theorem are given by

2=, (27O +1¢) if D(2719¢) > 1,
nAS) = 2J’(£)+n(£)*1kn(gfj(i)*n(i)ﬂf — an(é)) — 211 4f D(Q*j(ﬁ)é‘):(]'
Moreover, if D(279©)¢) > 1, then
kn(Q*j(§)+1§) e Kn_1(2*1(5)+1€) \ {k1 (2*j(§)+1§)7 o kn_l(gfj(é)ﬂg)};
if D(279©)¢) = 0, then
ke (27O —E+1e _9=n(Q)) ¢ g, (2770 -OF ¢ _ o=n(O))\
{ky(277©OOF g _ 9Oy |k, (27O)-nE+1e _ (&)}

Proof. First, Proposition 1 of [I] ensures the existence of j(£) and n(§).

Second, recall that the preceding lemma gives us an explicit formula for
the function k1 of Lemma

Let us repeat the inductive construction from the proof of Theorem [3.9]
Suppose that k1, ..., k,_1 have been constructed for some n > 2. Let £ € T),.
If j(&) > 2, then D(277¢ —1/2) =0forall j =1,...,5(¢) — 1, so

D(277¢) = D(279¢) + D(277¢ —1/2) = D(2~UVe¢) 41
forall j =1,...,5(§) — 1. Since D(§) > n, this implies

(3.14) DR277¢) >n, j=0,...,5(&—1.
Moreover, from Remark it follows that &, (&) satisfies
(3.15) kn(€) = 2j(5)—1kn(2—(j(§)—1)5).

Next, if D(277©)¢) > 1, then we define k, (2~ UE)-D¢) e K,,_;(277EO+1¢) \

{ky(277O+e) .k, 1(277©O+1E)Y by using (3.9).
It remains to consider the case D(277€)¢) = 0. Then ¢ € [0,1/2) since
D is positive on [~1/4,0). Therefore, 277(&¢ —1/2 € [-1/2,0), so

(3.16) D277 (2779 —1/2)) > 1, j>0.
Using , we have
D270 —1/2) = D2779¢) + D(277®¢ —1/2) = D(27UEOVe) 41 > p;
thus, 277(&)¢ — 1/2 € T,,. Furthermore, by the choice of n(¢),
(3.17) D277 (27®¢ —1/2)+1/2) =0, j=0,...,n(&) —1.
Hence,
D (27~ 1/2)
=D(277(2779¢ —1/2))+ D277 (2770 —1/2) + 1/2)
= D2 U270 —1/2))+1
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for j =0,...,n(6)—1. As D(279€)¢ —1/2) > n, this implies D(277 (277 ¢ —
1/2)) > n for all j = 0,...,n(€) — 1. Hence, 2~ (O=D(2730¢ — 1/2) € T,,.
Since D(27™&)(277@)¢ —1/2) +1/2) > 1 and D(27™9(277&)¢ —1/2)) > 1
(which follows from (3.16))), we define

k(27O (27O ¢ —1/2)) € K,,_ (277 O+ ¢ 27O\
{kl(g—j(f)—n(ﬁ)—s—lg _ 2—71(6))’ o ,kn71(2_j(§)_”(£)+1§ _ 2_n(§))}

using (3.9). Now we claim that the value k,(§) can be expressed in terms
of k,, (277€)—nE)+1¢ _ 9=7(&)) To see this, first observe that (3.14) implies
2-0@)=1D¢ € T;, and recall that D(277(€)¢) = 0. Thus, by Remark [3.10}

(3.18) k(270" Vg) = 2k, (277@¢ —1/2) — 1.
Furthermore, by (3.17) and Remark
(3.19) k(2778 ¢ —1/2) = 2@~ 1k (27 (&1 (271 ¢ —1/2)).

Therefore, (3:15), (3.18) and (3.19) imply
ke (€) = 291k, (270 "Ng) = 21Ok, (277 ¢ — 1/2) — 27(O)~1
= 2O+l (973 O)—n@)+1e _ 9=nl&)) _ 2i(O)-1

We give a couple of examples to illustrate our technique for obtaining
wavelets from dimension functions.

EXAMPLE 3.18. Consider the MRA dimension function D(§) =1, € € R.
Clearly, we then have A = R and T}, = () for all n > 2. A direct application of
Lemmagives k1 = 0;thus S; = T1 = [—1/2,1/2). Applying Theorem
we end up with the Shannon wavelet set W = [-1,—1/2) U[1/2,1).

EXAMPLE 3.19. Consider Journé’s dimension function
2, ¢e[-1/7,1/7) +Z,

0, otherwise.

Applying Lemma [3.7, we immediately get ky = 0; it follows that S; =T} =
[~1/2,-3/7) U[~2/7,2/7) U[3/7,1/2).

Further, notice that K;(§) = {—1,0} or K;(¢) = {0,1}, for all £ € T3,
depending on sgn&. Observe that, for £ € T, we have D({/2) > 1 and
D((§ —sgn&)/2) > 1, so we are in case (1) of the proof of Theorem
Hence, for £ € Ty, we must take k(&) € Ki1(€) \ {k1(€)}. Since k1(§) = 0,
this gives k2(§) = —1 for £ > 0 and ky(§) = 1 for £ < 0. Therefore, Sy =
[-1,—-6/7)U[6/7,1). Applying Theorem we obtain

S =8USy=[-1,-6/7)U[~1/2,—3/7)U[~2/7,2/7T) U[3/7,1/2) U[6/7,1)
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and
W =25\8=[-2,-12/7)U[-4/7,-1/2) U [-3/7,—2/7)
UI[2/7,3/7)U[1/2,4/7)U[12/7,2).
Recall that the original Journé wavelet set is given by
Wy=[-16/7,-2)U[-1/2,-2/7)U[2/7,1/2) U[2,16/7).

Observe that W has a smaller diameter than W ;. Moreover, we claim that the
diameter of W is smallest possible (as already mentioned in Remark [3.6(c))

To prove this, let k, : T; — Z, i = 1,2, be such that S/ = {& + k}(§) :
¢ € T;}, i = 1,2, satisfy the conditions of Remark 2.2. Let S = S7 U S) and
W' =25\ §.

For every & € T1 we have ki(§) = 0, so [€ + k1(&)] = [§] < [£ + k|
for all k € Z and therefore € + k1(§)| < |€ + k1(§)]- This means that the
diameter of Sy is smaller than that of S (and of S”). If £ € T then ka(§) =
—sgn&, so |§ + ko(&)| = |€ —sgné| < |€+ k| for all k € Z,k # 0. In
particular, since k] (§) # k5(€) and therefore k] (§) # 0 or k4 (§) # 0, we have
€+ ka(€)] < I¢+ K] or |¢ + ka(©)] < [¢ + Ky(E)]. Then € + ka(€)] <
max{|{+ k| (§)|, |+ Kk5(8)|} for all £ € Ty, so Sy has a smaller diameter than
S1 U S, = 5", Therefore, W has a smaller diameter than W'.

ExaMpPLE 3.20. Consider the unbounded dimension function D con-
structed in [I]. On [—1/2,1/2), it is given by
n, &€ [-1/4" —1/4"THy U 1/47F 1/47) n € N,
(3200 D()=40, E€FUHU(-F)U(—H),
1, €€ FUGU(—E)U(-G),

where
k>0n>1 k>1n>1
F=UJ U Fwm H=J U Hin,
k>0 n>2 E>1n>2
and
[ 1 1 1 1 1 1
Ek” - 3 3. 92k+1 4k+n+1 ) _g B 3. 92k+1 + 9. 4k+n )’
[ 1 1 1 1 1 1
Fn = 3 3.92k+1 + 9. 4k+n’ 3 3.92k+1 + pgk+n )’
G [ 1 1 1 1 1 1
b= T3 TR T e T3 T3 aF 2 4k )
g — [ 1 1 2 1 1 1
e R | B LT
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We first observe that for & € Ty we have 277¢ € [—1/4,1/4), j > 0; therefore
D(277¢) > 1, j > 0. This gives k1(¢) =0 for € € Ty and S; = Ty

Notice that T; = [~1/47,1/49), j > 2. Since D is symmetric we will work
with T3 N (0,1/2). Let A, = [1/4"11/(2-4™)) and B,, = [1/(2 - 4"),1/4™).
Then {J,5;(4n U By) = (0,1/47) = T; N (0,1/2).

It is easy to verify that for & € (0,1/16) we have

e )L €€Unse B
(3.21) i) = { 2, €€ Upop An.

where j(§) is as in Proposition

Let us determine K;(€) for £ € (0,1/49), j > 2. If € € Un>; An then
D((¢—1)/2) = 0 and D(£/2) = D(€) + 1 > j. s0 [;(€) = j and 14(€) = 0.
If £ € U,>; Bn then D((§ —1)/2) =1 and D(§/2) = D(§) = j, so [;(§) = j
and 7;(§) = 1. This gives, for j > 2,

(3.22)  K;(¢)
_ { {2k1(£/2), 2k2(£/2), - - 2k (£/2) }, § € Unzj An,
{2k1(£/2),2k1((€ —1)/2) = 1,2k2(£/2), ..., 2k(£/2)}, € € Upz; Ba-
Since D(279©)¢) > 1 for all ¢ € Ty, by Proposition we have
k() = 2O (2779, =2,
It now follows from that

(3.23) k(€)= 2k;(¢/2), &€ | A,
n>j
where k;(£/2) € Kj—1(&/2)\{k1(£/2),...,kj—1(§/2)} is chosen by minimal-

ity pr1n01ple furthermore §/2€elU,>, B

Also, 1) implies that k;(¢§) € K‘7 1( Y\ {k1(),..., kj—1(§)} for € €
Uns; Ba- In particular, for j =2 and § € U, Bn we get

(3:24)  ka(8) € Ki(§) \ {k1(§)}

= {2k1(£/2),2k1((€ — 1)/2) — 1} \ {0} = {-1}.
For j =3 and £ € {UJ,,>3 By we get, using ,
k3(§) € Ka(&) \ {k1(8), k2(&)} = {0, =1,2k2(§/2)} \ {0, =1} = {2k2(£/2)}.

In general, for j > 3, we get

(3.25) k() = 2k;-1(¢/2), €€ | Bu,

n>j

and moreover £/2 € Unzj A,,. Finally, using , and , we
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conclude that

_22j_37 5 € n 'An)
hi(8) = { 92j—4 geLd =5
- ’ n>j Pns
for j > 2. Then, for j > 2,
S; = U (A, — 2273 U (B, —2¥71)
n>j

UJ (A0 + 227 U (=B, + 257Y),

n>j

and W =25\ § =W, U (—W,) where

Wy =2EBn U J J 2B | Fnu | U 2Gm

k>1n>1 E>0n>2 E>1n>1
ulJ U Hrmu [JAn -2 u | (2B, - 27"79).
k>1n>2 n>2 n>2

Finally, let us briefly discuss possible generalizations/extensions of Theo-
rem One can ask if it is possible to characterize more general dimension
functions in a similar way. (Again, for simplicity, we restrict ourselves to the
dyadic case on the real line.)

Recall from [I2] that an integrable Z-periodic function D : R — N U {0}
is a dimension function of some orthonormal wavelet if and only if D satisfies

(a), (b) and
(4) Y orezxal§+k) > D(€) where A ={{ € R: D(277¢) > 1, Vj > 0}.

Thus, conditions (c¢) and (d) from Theorem are equivalent to (A),
provided that (a) and (b) are satisfied.

It is well known that one can similarly characterize dimension functions
of Parseval frame wavelets as well as dimension functions of GMRA’s. For
the reader’s convenience we state the latter result from [9].

THEOREM A ([9, Theorem 3.6]). Let D : R — NU {0} be a measurable
Z-periodic function. Then D is the dimension function of the core space Vj
of some GMRA (V;) if and only if the following conditions are satisfied:

(a) liminf; oo D(279¢) > 1 a.e.;

() D(E) + (€ +1/2) = D(26) a.e. |

(A) Yrezxal+k) > D(E) ae., where A = {£ € R: D(277¢) > 1,
Vi > 0}

So it is natural to ask if one can prove a variant of Theorem A in which
(A) is replaced by (c) and (d). It turns out the answer is negative. As a
counterexample, consider the function D(§) = xp where 2 = S + Z and
S =1[-1/4,1/4). It is easy to verify that D is the dimension function of the
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semi-orthogonal Parseval frame wavelet 1) = yy with W = 29 \ S; hence D
is the dimension function of the core space of the underlying GMRA. Thus,
D satisfies the conditions of the above Theorem A. On the other hand, D
obviously does not satisfy

(c) for a.e. & with D(€) > 1 there is j € N satisfying D(277¢ +1/2) > 1.

Quite surprisingly, it can be shown that an analogue of our Theorem

is valid if one modifies the above condition (c):

THEOREM B. Let D : R — NU{0} be a measurable Z-periodic function.

Then D is the dimension function of the core space Vo of some GMRA (V;)
if and only if the following conditions are satisfied:

(a) liminf; oo D(2779€) > 1 a.e.;

b) D(§) +D(§ +1/2) = D(2€) a.e.;

) for a.e. & with D(€) > 2 there is j € N satisfying D(2776+1/2)

d) for a.e. & with D(&) > 1 there is k € Z such that D(277 (£ + k))
forallj €, 5 >0.

>1
Z

In particular, this implies that our Theorem remains true if one re-

places (¢) with (¢’). The details will appear elsewhere.
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