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Multiple summing operators on [, spaces
by

DuMITRU Popa (Constanta)

Abstract. We use the Maurey—Rosenthal factorization theorem to obtain a new char-
acterization of multiple 2-summing operators on a product of [, spaces. This characteri-
zation is used to show that multiple s-summing operators on a product of [, spaces with
values in a Hilbert space are characterized by the boundedness of a natural multilinear
functional (1 < s < 2). We use these results to show that there exist many natural mul-
tiple s-summing operators T' : ly/3 X lg/3 — l2 such that none of the associated linear
operators is s-summing (1 < s < 2). Further we show that if n > 2, there exist natural
bounded multilinear operators T' : lan/(nt1) X -+ X lan/(n+1) — l2 for which none of the
associated multilinear operators is multiple s-summing (1 < s < 2).

1. Introduction and background. The notion of absolutely summing
operators was first introduced by A. Grothendieck in his “ Résumé” [I1] un-
der the name “semi-intégrale & droite” and later on, in two other corner-
stone papers of A. Pietsch [23] and J. Lindenstrauss and A. Pelczynski [15].
The concept of the absolutely summing operator is a fundamental part of
the theory of operator ideals, introduced by A. Pietsch in the linear case.
We recommend the reader to consult the celebrated monographs [6, 10} 24]
20, 135].

Motivated by the importance of the theory of absolutely summing opera-
tors in recent years, in [3] and independently in [16], this concept was gener-
alized to the multilinear setting via the class of multiple summing operators.
Its roots are in the famous paper of H. F. Bohnenblust and E. Hille [2]. Most
of the main properties of the linear analogue are true in this new context
(see [3| 16, 19, 20], 27, 28] 29, B0, B1]), and several applications were found
in different fields.

For instance, in [7] it is applied in vector valued Dirichlet series, in [§]
it helps to understand the behavior of unconditionality in tensor products,
in [9] it is applied to improve the Bohnenblust—Hille results, and [22] exhibits
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natural connections of this class of operators to problems in mathematical
physics.

In this paper we continue the study of multiple summing multilinear
operators. We use the Maurey-Rosenthal factorization theorem to obtain
a new characterization of multiple 2-summing operators on a product of
l, spaces (Theorem . This characterization is used to show that multiple
s-summing operators (1 < s < 2) on a product of [, spaces with values in a
Hilbert space are characterized by the boundedness of a natural multilinear
functional (Theorem . We apply these results to give concrete examples
of bilinear and multilinear multiple s-summing operators for which the as-
sociated multilinear operators are not multiple s-summing (1 < s < 2)
(Proposition , Corollaries |5| and . As far as we know, these are the first
examples of this type.

Now we fix some notation and terminology. Throughout this paper,
X1q,..., X, Y etc. denote Banach spaces over K = R or C. For X a Ba-
nach space, X* is the dual of X. By I : X — X we denote the identity
operator, I(z) = x. For 1 <p < oo and zy,...,x, € X, we write

Let 1 < p < oo. A bounded linear operator T': X — Y is p-summing if
there exists a constant C' > 0 such that for every xy,...,z, € X,

(S IrE)) " < Cupl(onrcicn).
=1

and the p-summing norm of T is m,(T) = inf{C | C as above}. We denote
by IT,(X,Y) the class of p-summing operators (see [6] 10} 24} 26| 35]).

Let n be a natural number and 1 < p < co. A bounded n-linear operator
U: Xy x---xX, =Y is called multiple p-summing if there exists a constant
C > 0 such that for every choice of elements (ng)lgijgmj CX;(1<j<n),

M1y, Min

n\||p 1/p 1 n
(> WGk a)IP) 7 < Cupl(@h iz ) - wp (@ )1i,<om,)

1 yeyin=1

and the multiple p-summing norm of U is Tr;flult(U) = inf{C | C as above}.
We denote by U;“u“(Xl, oo XY, or H]‘}“ﬂt(n?:l X;;Y), the class of all
multiple p-summing operators from X; x --- x X, = [["; X; into Y. We
remark that for n = 1 we get the definition of p-summing linear operators.
Let Hi,...,Hy,, H be Hilbert spaces. A bounded multilinear operator
T:Hyx---xH, — H is said to be Hilbert—Schmidt if there is an orthonormal
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basis (€] )i,er, C Hj (1 < j < n) such that

1/2
Thas=( Y 1T el2)” <o
€I yeensin€ln

By HS(Hy, ..., H,; H) we denote the class of all Hilbert—Schmidt operators
T:H x---x H, — H. We will use the fact that HS(H1,...,H,; H) =
I (Hy ... Hys H) (see [16], [19]).

For the following theorem, see [I0, Corollary 11.16(c)] and [26] for the
linear case, and [27, Theorem 10(c)| for the multilinear case,

COINCIDENCE THEOREM.
(i) If X and Y have cotype 2, then
I (X,Y)=IL(X,Y) foralll<s< .
(i1) If all Xq,..., X, have cotype 2 and Y has also cotype 2, then
T X X YY) = TPYY(X, ., X, YY) forall1 < s <2

If a = (an)nen, b = (bp)nen are two scalar sequences, we write ab =
(anbp)nen- For a = (an)nen a scalar sequence, we denote by M, the mul-
tiplication operator which acts between two sequence spaces and is defined
by M,(z) = az. As is well known, if 1 < ¢,p < oo then M, : [, — I, is
well defined if and only if a € Iy for ¢ < p, or a € [, for p < ¢, where
1/p=1/q+1/r.

If 1 < p < oo then p* denotes the conjugate of p, i.e. 1/p+1/p* =1, and
(en)nen are the standard unit vectors in [,,.

Let 1 < p < oo and X be a Banach space. We write [,(X) to denote the
Banach space of all sequences (2, )neny C X with > 07, ||z,]|P < 0o, endowed

with the norm
> 1/p
nnenll,co = (3 lzal?)

n=1

We consider the canonical mappings o, : X — [,(X) defined by

on(x) =(0,...,0, x ,0,...),
nth

where n is a natural number.
We recall (see [17, Proposition 43, p. 68 and Proposition 44, p. 70] or [5])

MAUREY—ROSENTHAL FACTORIZATION THEOREM. Let 1 < p < 2 <
r < oo be such that 1/p =1/2 4 1/r and (2, X, 1) a measure space. If X
has type 2 and Y has cotype 2, then each bounded linear operator U : X —
L,(p,Y) has a factorization of the form

v M
X = LQ(:ua Y) —% LP(:ua Y)
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with V' bounded linear, g € L,(p) and My(f) = gf. Moreover,
U< VIHIgllr < Kpa2Co(Y)Ta(X)[|U,

where K o is the Kahane-Khinchin constant and To(X), Co(Y') are the type
2 constant of X and the cotype 2 constant of Y.

Taking as a measure space (N, P(N), card), we get

COROLLARY 1. Let 1 <p <2 <7r < oo be such that 1/p =1/2+1/r.
If X has type 2 and Y has cotype 2, then each bounded linear operator
U:X —1,(Y) has a factorization of the form

X 5 7)o 1,(v)
with V' bounded linear and a € l,.. Moreover,

1T < IVIHall: < Kp2Ca(Y)T(X)[IU].

2. Main results. Our first result is a multilinear extension of a well
known result in the linear case (see [6, Proposition 11.8, p. 136], [10, Propo-
sition 2.7, p. 39|, [35, Proposition 9.7, p. 50]). A proof can be found in
[33, Proposition 2.2].

PROPOSITION 1. Let 1 <p<oo,1<k<nandT:Xix---xX,—=Y
be a bounded n-linear operator. The following assertions are equivalent:

(i) T is multiple p-summing.

(ii) The operator

To(S1,... Sk Iyiys o5 Ix,) i lpe X X e x Xy X x Xy = Y
is multiple p-summing for any bounded linear operators Sj : l,« — X
(<j<h).

Moreover,

sup nglt((T o (S, Sk Ixyy s 0 1x,))) = ﬂ';)nult(T).
ISl 1Sk ll<1

For p =1 we consider cg instead of lp~.
The following result is the main result of our paper. This result was
suggested by Nahoum’s theorem [I8| p. 4]. Later, we have observed that the

same idea was used in a different context by A. Defant and D. Pérez-Garcia
in [8, proof of Lemma 4.5]|.

THEOREM 1. Let1<k<nand 1 <p1,...,pp <2<7r1,...,1, <00 be
such that 1/p; = 1/2+1/r; for 1 < j < k. Let Xi,..., X} be Banach spaces
of cotype 2, and Xp+1,...,X, be arbitrary Banach spaces. Finally, let

T:lp (X1) X -+ Xy (Xg) X X1 X -+ x Xy =Y

be a bounded n-linear operator. The following assertions are equivalent:



Multiple summing operators 13
(i) T is multiple 2-summing.
(ii) The operator

To(May,...,May, Ix, 155 1Ix,)
la(X1) x - x lo(Xg) X Xgy1 X - x X, =Y

is multiple 2-summing for all a1 € Iy, ..., ar € I, .
Moreover,
1
sup ﬂglut(To(Mal,...,Mak,IXkH,...,IXn))
lavllry s llakllry, <1
< mNT) < Kpyp oo K 202(X1) - Ca(Xy)
1
X sup " (T o (May, .-, Moy, Ixy s -+ Ix,))-
llallry s llakllry, <1

Proof. (ii)=(i). From (ii) and the uniform boundedness principle,

L= sup (T o (Myy, ..oy Moy, Ixy - -+ 1x,)) < 00

llallrysesllaklr, <1

Let S; : la — Iy, (X;) be bounded linear operators (1 < j < k). Since I has
type 2 (with Th(l2) = 1), 1 < p; < 2 and X has cotype 2 (1 < j < k), from
the Maurey—Rosenthal factorization theorem, more precisely from Corol-
lary |1} it follows that there exist bounded linear operators Vj : lo — l2(X})
and b; € lTj such that

S5 =My oV; and Vil sl < Ky 2Co(Xp) ISyl for 1< 5 < F.
Note that

TO(Slw-'aSklek+1,-~~,IXn)

:To(Mb17"'aMbk7]Xk+17'"7IXn)o(VY17"'aVkaIXk+1a"'aIXn)'
Since by (i),
TO(Mbl,...,Mbk,IXk+l,...,IXn)ZlQ(Xl)X'"Xl2(Xk)XXk+1X"'XXn—>Y

is multiple 2-summing, by the ideal property of the class of multiple 2-
summing operators,

TO(Sl,...,Sk,IXk_H,...,IXn):lg(Xl)X”-Xlg(Xk)XXk+1X---XXn—)Y

is multiple 2-summing and

T (T 0 (S1y. ey Sy Ixys -5 1))
< mN(T o (M, ..o, My Ixy s I, DIV Vi
< L[ballry - Noxllg VAL - [Vl
< Kpy 2 Ky 2C2(X1) - - Co(Xg) LS| - - - || Skl
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Since S1,...,Sk are arbitrary, Proposition [I] ensures that 7' is multiple 2-
summing and 75"(T) < K, 9+ Kp, 2C2(X1) - - - C2(Xg) L, which is (i).

(i)=(ii). This follows from the ideal property of the class of multiple
2-summing operators. m

REMARK 1. In the case k = n in Proposition [If(ii) and Theorem [1} the
factors Xg41, ..., X; do not occur.

LEMMA 1. Let Hy, ..., Hy, H be Hilbert spaces and T : lo(Hy) X « -+ X
lo(Hg) — H a bounded k-linear operator. Then T is Hilbert—Schmidt if and
only if all T o (04,,...,04,) : Hy x -+ x Hp — H are Hilbert-Schmidt and

Y=t 1T 0 (i, - - L0 ) I4g < 0o. Moreover,
o
ITIRs = > 1To(0i,---04) s
iy =1

Proof. The conclusion follows from the definition of Hilbert—Schmidt op-
erators and the fact that if H is a Hilbert space and (e;) jes is an orthonormal
basis in H, then (0(e;)) (i j)enx.s is an orthonormal basis in I3(H). We omit
the details. m

As an application of Theorem [I] we prove a connection between multiple
s-summing operators on a product of [, spaces with values in a Hilbert space
and the boundedness of a natural multilinear functional.

THEOREM 2. Let k be a natural number and 1 < pi,...,pp < 2 <
T,...,1p < 00 be such that 1/p; = 1/2 + 1/rj for each 1 < j < k. Let
Hi, ..., Hy, H be Hilbert spaces, T : lp, (H1) % - - x 1y, (Hy) — H a bounded
k-linear operator and 1 < s < 2. The following assertions are equivalent:

(i) T is multiple 2-summing.
(ii) AllT o (04y,...,04,): Hi x--- x H, — H are Hilbert-Schmidt and
the k-linear functional S : 1. j5 x -+ X 1, ;5 = K defined by
o0
S(xh R xk) = Z <‘T17 ei1> T <xk7 eik)HT © (Uilﬁ s 7Uik)”%{8
i15enyin=1
s bounded.
(iii) T is multiple s-summing.

Moreover, \/||S]| < mt(T) < Ky 2 Kp 24/ ]IS

Proof. (i)=-(ii). Since T is multiple 2-summing, from the ideal prop-
erty of the multiple 2-summing operators it follows that all T'o (¢, ..., 0y, )
are Hilbert-Schmidt. Let (ai,...,ax) € I, x --- x I, be such that
llatllrys-- -, |lak|lr, <1. Again by the ideal property of the multiple 2-summing
operators, To(My,, ..., Mg, ) : lo(Hy) x -+ - xlo(Hg) — H is multiple 2-sum-
ming and 75 (To (M,,, ..., M,,)) < 78 (T). Since on Hilbert spaces, the
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multiple 2-summing operators coincide with the Hilbert—Schmidt operators,
from Lemma [I] we deduce

@ (X Hene)P - Haw ) PITo (0o is)

i1yenyip=1
= 1T o (May, ..., Ma,)) < w5 (T).
Now let (z1,...,2k) € 2 X -+ X I, /5 be such that ||z1]l,, /2, -, [Tk, /2
< 1. Choose ay,...,a; such that
’<a1,€il>|2 = |<:E1,€Z'1>| for each i1 € N,
l(ak, ei,)|> = |(zk, ;)|  for each ij, € N,
and note that [la1ll;, = |21l /25 - - -, llakllr, = 2kl 2. Then from (x) we
get
o
> Wae)| - [(wr e 1T o (03, 00 lfis < [m5™"(T)]*.
i1y =1

This means that S : [, o X --- X I, /o — K is bounded k-linear and ||S|| <
[ (T2, proving (if).
(ii)=(i). Since S is bounded k-linear,

oo

) | Y Ganen) o @ edlIT o (@i o) | < 181
i1 yeensip=1
for ||zl 25 - - @kl 2 < 1.

Let aj € lyy,...,ax € ly, be such that ||a1]lr, ..., [|aklr, < 1. Then

(|<a176i1>‘2)i1€N € lr1/27 R (|<ak7eik>’2)ik€N € lrk/27
and from (xx) we obtain

[ee)
(xxx) Y. MNarsei)P - [ag, e )PIT 0 (04, 03I < I1S]]-
i1 yeensin=1

Again since on Hilbert spaces the multiple 2-summing operators coincide
with the Hilbert—Schmidt operators, from Lemma [l we deduce

o0

1/2
T (To(May, o Ma) = (D0 ITo(May, o, Mo ) (@1 i) s
i1 ey =1
> 1/2
(T Hanend o e PITo (- v)ls)
i1 yeenyi=1
From (*xx) we see that T'o (M,,, ..., M,,) is multiple 2-summing and

Wénult(TO(Mala---vMuk)) < HSH
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Now Theorem [I] ensures that 7" is multiple 2-summing and

Wénult(T) <Ko Kpo sup ﬂ-énult(T o(Mgy,...,My,))

Halnrl 7---7”‘11@”%31

< Kp1,2"‘ka,2 ||S|

9

proving (i).
(i)« (iii) is the coincidence theorem. =

Taking k& = 1 in Theorem [2| we get

COROLLARY 2. Let 1<p<2, Hi, H be a Hilbert spaces, T : l,(H1) = H
a bounded linear operator and 1 < s < oo. The following assertions are
equivalent:

(i) T is 2-summing.
(ii) All Too;: Hi — H are Hilbert-Schmidt and (||T o 0;||us)ien € Ly
(iii) T is s-summing.

Moreover,

(1T o oillus)ien]| . < m2(T) < Kppll([[T" 0 0il[ms)ien

We will need the following particular case of Corolary [2] certainly well-
known, but for which we do not know an exact reference. Because of its
special importance we think that a different proof may be of some interest.

p*’

COROLLARY 3. Let1 <p <2, H a Hilbert space, T : 1, — H a bounded
linear operator and 1 < s < co. Then T is s-summing if and only if T is
L-summing if and only if > 52, ||T(e;)||P” < oo. Moreover,

(S ireor)” <mm < xa($Ireor) "

where Kg is the Grothendieck constant.

Proof. Since l,, and H have cotype 2, from the coincidence theorem in the
linear case we have Il (l,, H) = II;(l,, H). Let us define A = (||T'(e;)||)ien-

If T is 1-summing, then 7" is 2-summing and mo(7T) < 71(T"). Define 2 <
r<oobyl/p=1/24+1/r and let a € [,. Since T' is 2-summing we infer that
T oM, :ly— H is 2-summing and mo(T o M,) < ma(T)||Ma|| = m2(T)|al|,-
Since lo, H are Hilbert spaces,

° 1/2
mo(T 0 My) = ||T o Mallus = (3 laiPIT(e)2) ™ = [ Ma(a)]l2,

=1

and thus sup|q, <1 [|Mx(a)[l2 < m2(T). By Holder’s inequality we get A € s,
where 1/2 =1/r+1/s, i.e. s =p* and [|A||p» < mo(T).
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Conversely, if A € [+, then T" has the factorization [, M, 1 LS H, where
S : 1y — H is defined by
S T(ei)
S€) =) (&)=
2 &)
(we use § = 0) and [|S|| < 1. Since by Grothendieck’s theorem, S is
l-summing and m1(S) < K¢||S||, we conclude that T is l-summing and
m(T) < |Mx[[71(S) < Kgl|Allp. =

In a 1934 paper, G. H. Hardy and J. E. Littlewood gave necessary con-
ditions for a bilinear functional on I, x I, to be bounded [12, Theorem 5.

THEOREM 3 (Hardy and Littlewood). Let 1 < p,q < oo be such that
1/p+1/q <1 and define 1/X=1—(1/p+1/q). If a;; > 0 are such that the
bilinear functional B : 1, x l; — K defined by

o0

B(z,y) = Y (v, ey, e)ay
i,j=1
18 bounded, then
© /X
(> ay) " <8I

ij=1
From Theorems [2] and [3] we get

COROLLARY 4. Let 1 < pi,p2 < 2 be such that 1/p1 + 1/pa < 3/2
and define 1/\ = 3 —2(1/p1 + 1/p2). Let Hy, Hy, H be a Hilbert spaces,
T : 1y, (H1)xlp,(H2) = H a bounded bilinear operator and1 < s < 2. If T is
multiple s-summing, then all T'o(0;,05) : Hy x Hy — H are Hilbert-Schmidt
and

oo
(Y ire o) < =)
ij=1
Proof. Define 2 < r; < oo by 1/p; = 1/2 + 1/r; for j = 1,2. Note
that 2/r; + 2/ro < 1 and 1/A = 1 — (2/r; + 2/r2). Since T is multiple
s-summing, from Theoremit folows that all T'o (0, 0;) : Hy x Hy — H are
Hilbert—Schmidt and the bilinear functional S : I, /o X I,., /o — K defined by
oo
S,y) = 3 (@ ey, eI T(01,05) s
ij=1
is bounded. The statement now follows from Theorem Bl =
3. Examples of multiple summing operators for which no as-

sociated multilinear operator is multiple summing. Let n > 2 be a
natural number and T : X7 X --- X X;, = Y a bounded n-linear operator. If
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(A, B) is a proper partition of the set {1,...,n}, i.e. A, B are non-empty,
ANB=0, AUB={1,...,n}, we define

T4 ] X - L(H XiY>,

icA i€B
T8 (2:)iea((zi)icn) = T(21, ..., 2n)

(see [9]). For example, in the case n =2 and T': X x Y — Z a bounded bi-
linear operator we have two natural linear operators associated to 1" denoted
by Ty : X — L(Y, Z) and T» : Y — L(X, Z), defined by

(Tiz)(y) = T(z,y) and (Toy)(z) =T(2,y).

In |16, Proposition 2.5, [20, Proposition 2.5] or [34, proof of Proposition 3.7|
it was shown that if n > 2 is a natural number, T : X; X --- x X, = Y a

bounded n-linear operator, 1 < p < oo and there exists a proper partition
(A, B) of {1,...,n} such that

T8 ] X — (H X;, Y)
i€A icB
is multiple p-summing, then 7" is multiple p-summing.

In |20, Remark 3.14] it was shown that if X, Y, Z are infinite-dimensional
Loo-spaces, then there exists a multiple 2-summing bilinear operator T :
X xY — Z such that T1 ¢ II1(X, II5(Y, Z)).

We will show that well known examples of bilinear and multilinear oper-
ators can be adapted to construct multiple s-summing operators for which
no associated multilinear operator is multiple s-summing (1 < s < 2)
(see Proposition [3]and Corollaries [5] and [8)). As far as we know, these are the
first examples of this type. For clarity, we analyze first the bilinear case and
then the multilinear case.

The bilinear case. In the next result we give some necessary condi-
tions for the linear operators associated to a bilinear operator defined on a
product of I, spaces with values in a Hilbert space to be multiple s-summing,
1 <s<2.

PROPOSITION 2. Let 1 < p1,p2 < 2, H be a Hilbert space, T : l,,, X lp,
— H a bounded bilinear operator and 1Ty, Ty the bounded linear operators
associated to T. Let 1 < s < 2.

(i) If Tv : lp, — Hs(lp,, H) is s-summing with respect to the s-summing
norm on Is(l,,, H), then

o0

S (3 e ) < e,

i=1 j=1
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Similarly, if Ty : l,, — (1, , H) is s-summing with respect to the
s-summing norm on Ils(l,, , H), then

.
S (S (e e) ™" <

=1 =1

(ii) If at least one of the sums in (i) in finite, then T is multiple s-
summaing.

Proof. First we remark that from the coincidence theorem in the linear
case, 111 (lp,, H) = IIs(lp,, H) for 1 < s < 2 (l,, has cotype 2, 1 < pa < 2)
and II(l,,, Hs(lp,, H)) = II1 (Ip,, II1 (Ip,, H)) (Ip, has cotype 2, 1 < p; < 2).

(i) £ Ty : 1, — IIs(l,,, H) is s-summing with respect to the s-summing
norm on Ily(lp,, H), then Ty : l,, — II1(lp,, H) is 1-summing with respect
to the 1-summing norm on Iy (lp,, H). Let x € I,,,. From Corollary [3| T1z €
II,(l,,, H) if and only if

(3 1) e P2 /”2<m<m><KG(ZH Ti2)(e)) "

7j=1

Thus Ty : l,, — II1(lp,, H) is 1-summing with respect to the 1-summing
norm on ITy(lp,, H) if and only if S : I, — l:(H) defined by S(z) =
(T'(x,ej))jen is 1-summing, and in this case 71 (S) <7y (11 : Ip, = 111 (1, H))
< Kgmi(S). Since S is l-summing (77 : I, — II1(lp,, H) is 1-summing
by hypothesis), the inclusion theorem (in the linear case) shows that S is
pi-summing (linear) with my:(S) < m1(S). From wy:(en | n € Njlp,) =
112 Dpr — lpr|l = 1 we get (D52, 1S (e;)||P1)1/Pi < mp (9), i.e.

(S I7erne)

i=1 j=1

)pl/pg) 1/p3

< 7T1(T1 : lp1 — Hl(ZPQ,H)).

(ii) Suppose, for example, that » 22, (3272, 1T (es,€)||P1)P2/P1 < 0o. De-
fine 2 < ry < 0o by 1/p2 = 1/2 + 1/ry and take b € l,,. If we show that
To(I,My) : 1, xly — H is multiple 2-summing then Theoremlmphes that
T is multiple 2-summing and by the coincidence theorem 7" will be multiple
s-summing. But, from [I, Theorem 1|, T"o (I, M}) is multiple 2-summing, if
and only if [T o (I, My)]y : I, — HS(l2, H) is multiple 2-summing, and this
by Corollary [3]is equivalent to

00 00 x
0 (Pl epl?)
=1 j=1 o0 o0 *
:Z(ZHTO (I, My)(ei, ej)l )pl/Q < 0.

=1 j=1
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Since 1/2 = 1/ry + 1/p5, Holder’s inequality yields

> / = A\ 1/p3
(S lITCen en)?) " < ol (3 e e)72) ™ for i e
j=1 j=1

and thus

0o 00 )
Z(Z |bj‘2||T(eiu€j)||2)pl ’ < Hb”,n2 Z(Z ||T €, € |P2 P1/p2 < 00,

i=1 j=1 i=1 j=1
i.e. (%) is satisfied. m

Unfortunately we do not know whether the converse of (i) in Proposition
is true or not. If it is true (hence (i) and (ii) are equivalent) then (ii) will
follow from the already mentioned result in [I6, Proposition 2.5|, [20, Pro-
position 2.5] or [34] proof of Proposition 3.7].

Next we indicate a way to construct concrete examples of multiple s-
summing bilinear operators, 1 < s < 2, for which the associated linear
operators are not s-summing.

We denote by K the class of all “kernels” K : N x N — [0, 00) with the
following two properties:

(a) D i @y e [y, ej) [ K (i, 7) < oo for each (z,y) € l2 X l2.

(b) X5y [K(i,)]* = oo,
Note that from Hilbert’s theorem [13], K : N x N — [0, 00) defined by

K(i,j) = — - satisfies condition (a) and
ST SRS R
i=1 = (i +7) k=j+1 k=g

thus fo}:l[K(i,j)]Q = 00, i.e. K belongs to the class K.

PROPOSITION 3. Let K € K. Let (Uij)(i,j)eNxN C ly be an orthogonal

system with ||vij|l2 = /K (i,7) for (i,j) € NXN. Let T : ly/3 X ly/3 — la be
defined by

o
T({B, y) - Z <.’E, €i><y7 €j>vij
ij=1
and 1 < s < 2. Then T is multiple s-summing, but the associated linear
operators T, Ty : lyy3 — Ils(ly3,12) are not s-summing.

Proof. Observe that v;; = \/K (i, j) egig; is an orthogonal system in Iy
which satisfies the conditions stated. (More generally, if 0 : N x N — N is
an injective mapping then v;; = K(i,j)ea(m) is an orthogonal system in
lo which satisfies these conditions.)



Multiple summing operators 21

From hypothesis (a), for each (a,b) € Iy x Iy the series

o0
(1) > Hasen)] [(b,e) K (i, j) < oo
ij=1
Let (z,y) € ly/z X ly/3. Since (vij)(; j)enxn is an orthogonal system in lg,
the series > 7% (7, €;)(y, ej)vij is norm convergent in I if and only if the
numerical series Y55y [(x, €i)[*[(y, e;) *[Jviz]|* < o0, i,

(2) > o, 2llys ) 2K (i, ) < oo
ij=1
Since = € ly/3, we have a = ([(z,€;)[*)ien € ly/3 C lp and similarly b =
(|{y, €j)|*) jen € l2. Then from (1) we deduce (2) and hence T is well defined.
From Theorem [2] 7" is multiple s-summing if and only if 7" is multiple
2-summing if and only if the bilinear functional S : ls x I3 — C given by

S(x,y) = Y (we)(ys el = D (@ ey, e) K (i, )
i,j=1 i,j=1

is bounded. Again, by hypothesis (a) this is true; p; = p2 = 4/3 and from
1/p1 =1/2+1/r1, 1/pa =1/2 4 1/ry we get r1 = ro = 4.
Further, by hypothesis (b),

(3) Z 1T (es, e5)I|* = Z lvigl|* = D K (i, 5)) = oe.
3,j=1 i,j=1 i,j=1

Now, if one of T3, T5 : 143 — Hs(ly/3,12) is s-summing, then (see the remark
at the beginning of the proof of Proposition [2(i)), one of 11,75 : I3 —
II1(ly)3,12) is 1-summing and by Proposition (i), >oii=1 1T (e, ei)||* < oo,

which contradicts (3). =

For example, from Proposition [3] it follows that the bilinear operator
T: l4/3 X l4/3 — lo defined by

JZI z—i— (@, i) (y, €j)eqiz;
is multiple s-summing, but neither of the associated linear operators 17,15 :
lyyg — Is(ly)3,12) is s-summing for 1 < s < 2.

We will need the bilinear multiplication operator.

Let 1 < p,q,r < 00, let a = (ap)nen be such that a € [ if 1/p <
1/q+1/r,oraclsif 1/p >1/qg+ 1/r, where 1/p =1/q+ 1/r + 1/s, and
let B, : I, x lg — [, be the bilinear multiplication operator

Ba(z,y) = axy.
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We give necessary and sufficient conditions for a bilinear multiplication
operator to be multiple s-summing and the associated linear operators to be
s-summing, 1 < s < 2.

PROPOSITION 4. Let 1 < p1,p2 < 2, a € loo, By i lp, X 1y, — 12 be the
multiplication operator and 1 < s < 2.

(i) If 3/2 <1/p1+ 1/pa, then B, is multiple s-summing.
(ii) If 3/2 > 1/p1 + 1/p2, then B, is multiple s-summing if and only if
a € l,, where 1/u=3/2— (1/p1 + 1/p2).
(iil) (Ba)1 @ lpy, = Hs(lpy,12) is s-summing if and only if a € lyz; simi-
larly (Ba)2 @ lp, — Is(lp,,l2) is s-summing if and only if a € ls.
Proof. (i) and (ii) are particular cases of the next Proposition [5|(b).
(iii) We need
CLAmM. Let 1 <p<2<qg<o0,ac€lsx and My :1l, = l;. Then M, is
1-summing if and only if it is 2-summing if and only if a € lp~.
This follows from the results in [32]. For the sake of completeness we give
a direct proof.
If M, is 1-summing, then M, is p*-summing and since wy=(en;l,) = ||1 :
lp» = lp<]| = 1, we have (||Mg(en)||)nen € lp+, l.e. a € [p~.
Conversely, if a € I+, then M, : I, — l; has the factorization

b Moy 1y Ly s 1,

Since by Grothendieck’s theorem Iy <i> lo is 1-summing, we deduce that M,
is 1-summing.

We have observed that (Bg)1 : I, — Is(lp,,l2) is s-summing if and only
if (Ba)1 : lp, = IIi(lp,,l2) is 1-summing (see the beginning of the proof of
Proposition [2). Let @ € Iy,. From Corollary 8| (B,)1x € II1(lp,, H) if and
only if 3322, || Ba(, ej)|[P2 < oo, and in this case

ad * l/p* i * *
(D I1Batw,en)l2) ™ < mi((Baha) < KD 1Balw, ej)[73)!/7%.
j=1 Jj=1

Since By(z,e5) = aj(z, ej)e;,
[Ma(2)l|p; < m1((Ba)r2) < Kl Ma(2)
Thus (Bg)1 : lp, = I1(lp,,l2) is 1-summing with respect to the 1-summing

norm on 11y (Iy,, l2) if and only if M, : Iy, — Iy is 1-summing. By the Claim
this is equivalent to a € [px. =

j2%

Taking p1 = p2 = p in Proposition [ we again get concrete examples of
multiple s-summing bilinear operators for which the associated linear oper-
ators are not s-summing, for 1 < s < 2.
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COROLLARY 5. Let 1 <p <2, a€lx, By :l, x1l, — Iz be the multipli-
cation operator and 1 < s < 2.

(i) If 1 <p <4/3, then B, is multiple s-summing.

(i) If 4/3 < p < 2, then By, is multiple s-summing if and only if a €
Lap/(3p-2)-

(ili) (Ba)1,(Ba)2 : lp — Is(lp, o) are s-summing if and only if a € Ly-.

(iv) If 1 < p < 4/3 and a € l but a ¢ Ly, then By is multiple s-
summing and none of (Bg)1, (Ba)2 : Iy = IIs(l,,l2) is s-summing.

(v) If 4/3 < p < 2 and a € ly,3p—2) but a & 1,/,—1), then By is
multiple s-summing and none of (Bg)1, (Ba)2 : lp — Is(lp,12) is
S-summaing.

The multilinear case. For convenience, we denote by M, both the
linear multiplication operator defined by M,(x) = ax and the multilinear
operator defined by M, (z1,...,z,) = axy - - - . This will cause no confusion
since the context will make it clear when we are in the linear case and when
with in the multilinear case.

k k
For brevity, we WriteXx-(‘)‘ x X for X x --- x X, and similarly X,'(‘)- , X
| S ——
fOI‘X,...,X. ktimes
—_———
k times

PROPOSITION 5.

(a) Letn be a natural number, 2 < q < 00, a € loo, My : lo X o X ly =
the multiplication operator and 1 < s < 2. Then M, is multiple
s-summing if and only if a € ls.

(b) Let n be a natural number, 1 < p1,...,pn < 2 < q < 00, a € I,
Mg : 1y, X -+ X 1y, — lq the multiplication operator and 1 < s < 2.
(i) If (n+1)/2 <1/pi+--+1/py, then M, is multiple s-summing.
(ii) If (n+1)/2>1/p1+---+1/pn, then M, is multiple s-summing

if and only if a € I, where 1/u = (n+1)/2—(1/p1+---+1/py).

(¢) Let n be a natural number, 1 < p < 2 < q < 00, a € loo, M, :

l, x @ x 1, = lg the multiplication operator and 1 < s < 2.

(i) If 1 <p<2n/(n+1), then M, is multiple s-summing.
(i) If 2n/(n+1) < p < 2, then M, is multiple s-summing if and
only if a € 1, where 1/u = (n+1)/2 —n/p.

Proof. (a) Suppose that M, is multiple 2-summing. Since wa(ex | k €N;l9)
=|[I:1ly = la]| =1 we get (||My(ek,---,ex)|)ren € l2, 1.e. a € ls.

Conversely, if a € Iy then M, : I3 X - - - X lo — I3 is Hilbert—Schmidt, thus
multiple 2-summing and hence (ly = g, 2 < ¢ < 00), Mg :la X -+ X1y =
is multiple 2-summing. Note that by the coincidence theorem, M, is multiple
s-summing if and only if it is multiple 2-summing.
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(b) Define 2 < r; < oo by 1/p; = 1/2 4 1/rj for each 1 < j < n.
From Theorem [T} M, is multiple s-summing if and only if it is multiple
2-summing if and only if for each (ai,...,ay) € I, x - -+ x I, the operator
Maay-van, = Mg o (Mg, ..., Mg,) :lg X -+ x lg = I, is multiple 2-summing.
By (a) this is equivalent to aaj ---ay € lo, i.e. My : lpy X -+ X 1L, — lg is
well defined. Then this is equivalent to a € I if 1/2 < 1/r; + -+ 1/ry,
and @ € [, where 1/2=1/r1 4+ -+ 1/rp +1/uif 1/2 > 1/ri +--- 4+ 1/ry,
as claimed.

(c) This is a particular case of (b). m

In the rest of the paper, for simplicity, if n > 2 is a natural number,
1<k<n—landT:X;x---xX, — Y is abounded n-linear operator, and
A={1,....k}, B={k+1,...,n}, we denote TH% =T : X1 x --- x X}, —
L(Xki1,...,X5;Y), thus

T(fﬁl, .- '7xk>(xk+l7 . 'axn) = T(:Ub sy Tl Thot 1y - - '7'%'%)‘
PROPOSITION 6. Let n > 2 be a natural number, 1 < k <n-—-1,1<
Dis---sPn < 2,0 € loo, Mg : 1, X ---x1, — Iy the multiplication operator
and 1 < s < 2.
(i) If
k+1 1 1 —k+1 1 1
igi_{_..._ki and n + < 4 —,
2 P1 Pk 2 Ph+1 Pn
then My @ Ly, X - X Ly, — I, oo Ly lo) is multiple s-
summing.
(i) I
n—k+1 1 1 k41 1 1
< +-+— and — > — 4+ —,
2 Pk+1 Pn 2 p1 Pk

then Ma : lpl X e X lpk N Hgnult(l
summing if and only if a € l,,, where

1 k+1 <1 1>
B N (i T E i
u 2 D1 Dk

prs1s o lpnil2) is multiple s-

(iii) If
n—k+1 1 1 k+1 1 1
> boob— and o< e
2 Pk+1 Pn 2 P1 Dk
then My : 1y, X -+ X 1y, — HéHUIt(lpk+1,...,lpn;l2) s multiple s-
summing.
(iv) If
n—k+1 1 1 k+1 1 1
> boob— and o> g —
2 Ph+1 Pn 2 p1 Pk

then My : Ly, X -+ X Ly, — I, oL 1) is multiple -
summing if and only if a € l,, where u is as in (ii).
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Proof. Let (x1,...,2k) € lp, X -+ X lp,. Then
Moz .z, = Ma(xl, e @)

and by Proposition [5(b) two situations are possible, denoted by (a) and (b)
below.

(a) If (n—k+1)/2 < 1/pgy1 + -+ + 1/pp then Moy, ...p), is multiple
s-summing and for some constants ¢, C' > 0,

X e X p, = o

cllazy - zglloo < W?“lt(Ma(a;l, CeTE)) = w;“““(Mam.‘.xk) <Cllazy -z co-

Thus, in this case My : L, X -+ X Ly, — ™ (L,, ..o Ly, lo) is multiple
s-summing if and only if Mg : [, x --- x I, — ls is multiple s-summing.

By Proposition [5|(b) we get:

(i) If (k+1)/2<1/py +---+ 1/py, then
My iy, X o X e = I, e i)
is multiple s-summing. s

(i) If (k+1)/2 > 1/p1 + -+ + 1/pg, then My = I, X -+ X I, —
H;nult(lpkﬂ, .oy 1p,;12) is multiple s-summing if and only if a € [,,, where
= (k+ 172~ (Ufpr+ -+ 1/pi).

(b)If (n—k+1)/2>1/pgt1+---+1/pyn, then My, ..., is multiple s-sum-
ming if and only if a € Iy, where 1/t = (n —k+1)/2— (1/pg41+---+1/pn)
and for some constants ¢, C > 0,

cllaxy - -zl < ﬂgmﬂt(Ma($1, cey ) = w;nult(Maxl...xk) < Cllaxy - - - gl

Thus in this case M, : lpy, X - X Ly — (L, s o) is multiple
s-summing if and only if Mg : [, x --- x I, — [; is multiple s-summing.

By Proposition [§(b) (¢ > 2 is obvious) this is equivalent to:

(iii) If (k+1)/2 < 1/p1 + - + 1/pg, then My : I, X - X [, —
H;n“lt(lpkﬂ, ..y lp,;12) is multiple s-summing.

(iv) If (k+1)/2 > 1/p1 + -+ + 1/p, then My : Iy, X - X [, —
U;n“lt(lpkﬂ, .oy lp,;l2) is multiple s-summing if and only if a € [,, with
u as stated. m

We will need the following particular case of Proposition [6]

COROLLARY 6. Letn > 2 be a natural number, 1 <k <n—1,1<p<?2,
a€loo, My :1, % (n) X 1, = la the multiplication operator and 1 < s < 2.
(i) If
< 2k i p< 2(n — k)
— an _—
P=%+1 L

~ (k)
then My = 1, x -+~

ming.

x 1, — H;nult(lp, (T.LT{“C),lp;lg) s multiple s-sum-
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(i) If
2k < 2(n — k)
k+1 P =n—k+1
— k
then Mg : 1, x ® X I — (], (’?T{“),lp;lg) is multiple s-sum-

ming if and only if a € l,,, where 1/u = (k+1)/2 —k/p.
(iii) If
2(n—k) 2k
n—k+1 PSEio
(k)

then Ma Sl X Xy — H;mﬂt(lp, (’?T{“),lp;lg) is multiple s-sum-
ming.
iv) If
L P kv U

(k)

then M, : Lpyx- Xl — TP (n—k) lp; l2) is multiple s-summing
if and only if a € l,, where u is as in (ii).

Taking p = nQ—J’:l in Corollary |§| we get (only (iv) can occur and u = %)

COROLLARY 7. Let n > 2 be a natural number, 1 <k <n—1, a € I,
Ma : lon/my1) ><-(7-1)- Xlon/(ny1) = l2 the multiplication operator and1 < s < 2.
Then

r (k) mu n—
Ma o jniny X -+ X oty = T (lon sy, @78 L lon gy 1)

is multiple s-summing if and only if a € loy j(n—1)-
Now we can give an example of a multiple s-summing n-linear operator
with the property that for each proper partition of {1,...,n} the natural

associated multilinear operators are not multiple s-summing, 1 < s < 2. As
far as we know, this is the first example of this kind.

COROLLARY 8. Let n > 2 be a natural number, 1 < s < 2, a € I but
a ¢ lap, and M, : lon/(nt1) X @ X lon(ng1) = l2 the multiplication operator.
Then:

(i) Mg is multiple s-summing;

(i) for each proper partition (A, B) of {1,...,n} the operator

Mf’B : H lan(n+1) = Hémﬂt (H lon/(n+1) 52)
icA ieB
18 not multiple s-summing.

Proof. (i) follows from Proposition [5{c)(i).

(ii) Suppose that there exists a proper partition (A, B) of {1,...,n} such
that

(*) MM T lonynsr) — Uémﬂt(H l2n/(n+1),l2)
icA icB
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is multiple s-summing. Denote card(A) = k and thus card(B) = n — k
(1 <k <mn-—1). Then (*) asserts that

(k) m
Ma t bty % % lonsst) = T (lan i 1)

O ot 12)

is multiple s-summing. From Corollary [7| we get a € lg,/(n—r). Since
2n/(n—k) < 2n for 1 < k < n —1 we have lon/(n—k) C lon and thus
a € la,, which contradicts the hypothesis a ¢ lo),. =
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