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Equivalences involving (p, ¢)-multi-norms
by

OscARr Brasco (Valencia), H. G. DALEs (Lancaster) and
HunG LE PHAM (Wellington)

Abstract. We consider (p, ¢)-multi-norms and standard ¢-multi-norms based on Ba-
nach spaces of the form L"({2), and resolve some question about the mutual equivalence
of two such multi-norms. We introduce a new multi-norm, called the [p, ¢]-concave multi-
norm, and relate it to the standard ¢-multi-norm.

1. Introduction

1.1. Definitions. A theory of multi-norms based on a normed space
E was first introduced by Dales and Polyakov in [10]. We recall the basic
definitions of the theory.

We write N for the set of natural numbers, and set N,, = {1,...,n} for
n € N; the collection of permutations of the set N,, is denoted by &,,.

DEFINITION 1.1. Let (E,||-||) be a complex normed space. A multi-norm
on the family {E™ : n € N} is a sequence (|| - ||, : » € N) such that || - ||,
is a norm on E™ for each n € N, such that ||z||; = ||z|| for each z € E, and
such that the following Axioms (A1l)-(A4) are satisfied for each n € N and
x=(x1,...,2,) € E™

(AD) (zo1) - -+ o)) ln = [[2]ln (0 € Gn);
(A2) [[(a121, .-y aney)||ln < (maxgen, |ai])||x]ln (a1, .., q, € C);
(A3) [[(w1, - @n; 0)[lns1 = [l
(Ad) [[(z1, -, Tne1, Tpy ) [l = (22|
In this case, ((E", || - ||n) : n € N) is a multi-normed space.

We shall sometimes say that (|| - || : » € N) is a multi-norm based on E;
we write &g for the family of all multi-norms based on E.

In the case where (F, || - ||) is a Banach space, each space (E", | - ||,) is
a Banach space, and ((E",| - ||») : n € N) is termed a multi-Banach space.
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In fact, Axiom (A3) is a consequence of Axioms (Al), (A2), and (A4)
[10, Proposition 2.7]; to establish (A4), it suffices to show that

1(@1s s o1, T, Tn) lngr < [2]|n
for each element @ = (x1,...,z,) € E™.

Many properties of multi-norms were described in [10]; these properties
included some strong connections with the theory of absolutely summing
operators and with the theory of tensor norms. A study of multi-norms was
continued in [§] and [9].

In [8], we explained how multi-norms correspond to certain tensor norms.
We recall this briefly; details are given in [8, §3]. We write §; for the sequence
(0i; : j € N) for i € N; ¢y is the Banach space of all complex-valued null
sequences.

DEFINITION 1.2. Let E be a normed space. Then a norm || - || on ¢o® E' is
a co-norm if |01 ® z|| = ||z|| for each = € E and if the linear operator T'® I
is bounded on (¢y ® E, || - ||), with norm at most ||T'||, for each compact
operator T on F.

We note that a cg-norm on ¢y ® E is a ‘reasonable cross-norm’ in the
sense of [21, §6.1]; see |8, Lemma 3.3].
Suppose that || - || is a cp-norm on ¢y ® E, and set

n
@1, xn)ln =Y 6i®zi  (1,...,720 € E, n €N).
=1

Then (|| - | : » € N) is a multi-norm based on E.
A more general and detailed version of the following theorem is given as
[8, Theorem 3.4].

THEOREM 1.3. Let E be a normed space. Then the above construction
defines a bijection from the family of co-norms on cg ® E onto Eg. w

The notion of the equivalence of two multi-norms was given in [10} §2.2.4],
as follows.

DEFINITION 1.4. Let (E, || -||) be a normed space. Suppose that the two
multi-norms (|| - || : » € N) and (|| - ||2 : n € N) belong to £g. Then
(M) < A1) i llzlly < llllh (z € E® neN),
and (|| - |2 : n € N) dominates (|| - ||} : n € N), written (|| - ||1) < (|| - ||?), if
there is a constant C' > 0 such that
(1.1) lzll; < Cllzllz (€ E", n e N);
the two multi-norms are equivalent, written

(-l neN)= (-5 :neN)y or (- lln) = U-17),

n n

if each dominates the other.
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A main theme of [9] was to determine when two multi-norms based on the
same normed space are mutually equivalent. In particular, we discussed in [9]
the ‘(p, ¢)-multi-norms based on a normed space E’, and tried to determine
when these multi-norms are mutually equivalent, especially on the Banach
spaces of the form L"({2). The question was resolved for most, but not all,
cases. Here we resolve some of the remaining cases, and give simpler proofs of
some results already established in [9]. We also consider the question whether
a ‘standard multi-norm’ is ever equivalent to a (p, ¢)-multi-norm on a space
L7(£2). For this, we introduce a new ‘[p,g|-concave multi-norm’, and use
some theorems of Maurey to show that ‘usually’ a standard ¢-multi-norm is
not equivalent to any (p, ¢)-multi-norm on L"(§2). However there are special
combinations of p, ¢, and r» when this equivalence does hold, thereby refuting
a conjecture of [9].

1.2. Notation. Let E be a normed space. The closed unit ball of FE
is denoted by Epj), and the dual space of E is E'; the action of A\ € E'
on z € E with respect to the duality gives the complex number denoted
by (z,A). Let E and F' be Banach spaces. Then B(FE, F') denotes the Ba-
nach space of all bounded linear operators from E to F', with the operator
norm.

The standard Banach spaces of all complex-valued sequences on N that
are bounded and r-summable (for » > 1) are denoted by ¢°° and ¢", respect-
ively; the norms on ¢*° and ¢" are denoted by || - ||oc and || - ||, respectively,
so that ¢g is a closed subspace of £>°. For n € N and r € [1, oo], the space C"
with the ¢"-norm is denoted by ¢7 ; it is regarded as a subspace of ¢y and ¢"
by identifying (x1,...,x,) € C" with (z1,...,2,,0,...) € CN. The Banach
space of all complex-valued, continuous functions on a compact space K,
taken with the uniform norm, is denoted by C(K).

Let 2 be a measure space, and take > 1. Then we denote by L"({2) or
L7(£2, i) the usual Banach space of complex-valued, r-integrable functions
with respect to a positive measure p on f2; here

171 = (Visor an@)”" (7 e Lr(2).

9]

and we identify functions which are equal almost everywhere. For each r > 1,
the conjugate index to r is denoted by 7/, so that we have 1/r + 1/ =1,
we also regard 1 and oo as conjugates; throughout we interpret

" ! n ! /7’/
Sial or (Slal)" as max{al Gl
i=1 =1

when 7 = 1. For r > 1, the dual space of L"(£2) is identified with L (£2) in
the usual manner.
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It is standard [I, Proposition 6.4.1] that, in the case where L"({2) is an
infinite-dimensional space, we can regard ¢ as a closed, 1-complemented
subspace of L"(£2).

Finally in this section, we recall that the generalized Holder inequality
implies the following. Take ¢, s,u > 1 such that s < g and 1/u=1/s—1/q.
Then

(1.2) (B, Ba)llq
=sup{l(GiB1. -, GuBu)ls : G s G €T D IGI < 1
j=1
whenever n € N and f,..., 5, € C. Indeed, 1/(u/s) +1/(g/s) =1, and so

181, Badllg = (1B, - 1Bal) g/

q/s

sup{‘iﬁﬂﬁjs‘l/s : i ‘77j|u/8 = 1}
j=1 Jj=1

sup{ (Z \Cj!slﬁj\s>l/s D_lGl" < 1}’
i=1 =l

= sup{[|(QB1, . GuBlls : Y IGI" <1,

J=1

giving (1.2)).

1.3. The weak p-summing norm. We recall the definition of the weak
p-summing norms on a normed space; the following standard definition was
given in [10, Definition 4.1.1] and [9, §2.3]. For further discussion, see [11]
13, [14).

Let E be a normed space, and take p > 1 and n € N. Following the
notation of [10, 8, 14], we define i, ,(x) for & = (x1,...,2,) € E™ by

tpn(X) = sup{ (i |(zi, \) |p) v tA € Ef”}
i=1

= sup{[|((z1, A), ..., (@n, )‘>)||p tAe E[/l}}
Then iy, is the weak p-summing norm (at dimension n).
Note that, for all p > 1, n € N, and « = (z1,...,2,) € E", we have

13) (@) =sup{ [ S Gl e Gue € S IGH <1},
j=1 i=1

Let E be a normed space. Take n € N and & = (z1,...,z,) € E", and
define

T : (CtyenniCn) = Y Gy, C"— E.

j=1
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It follows from ((1.3) that
(1'4) ,U/p,n(a:) = HT:E : E’IrJL/ — EH

for p > 1; the map & — Ty, (E", pn) — B(fE), is an isometric linear
isomorphism.

1.4. (q,p)-summing operators. Let F and F' be Banach spaces, and
suppose that 1 < p < ¢ < oo. We recall that an operator T' € B(E, F) is
(g, p)-summing if there exists a constant C' such that

= 1/q
(Z HTa;in) < Cupn(zi,...,zn) (z1,...,2, € E, n €N).
i=1

The smallest such constant C' is denoted by 7, ,(7"). The set of these (g, p)-
summing operators is denoted by II,,(E,F); it is a linear subspace of
B(E,F), and (I1,,(E, F),m,) is a Banach space; we write (II,(E, F), )
for (11, ,(E, F), ). The latter space of all p-summing operators has been
studied by many authors; see [11}, 13} [14] 16, 21], for example.

1.5. The maximum and minimum multi-norm. As in [10] and [§],
there are a mazimum multi-norm and minimum multi-norm based on a
normed space E; they are denoted by (|| - [|22* : n € N) and (|| ||[™" : n € N),

n

respectively, and they are defined by the property that
Izl < lllln < llz]3™ (z € E", n €N)

for every multi-norm (|| - ||, : » € N) based on E. The formula for || - || i

1S
[[3™ = max ||z (z = (21,...,2,) € E", n €N).
1EN,

The dual of || - ||*** is the weak 1-summing norm p;, [10, Theorem 3.33],
and hence

o= = sup{ | >~ (@5 20| £ pun(A) <1}
j=1
for each = (z1,...,2,) € E™ and n € N, where the supremum is taken
over all A = (A1,...,\,) € (E)™.

1.6. The (p, ¢)-multi-norm. The following definition was first given in
[10, §4.1].

DEFINITION 1.5. Let E be a normed space, and take p,q such that
1<p<g<oo. Foreachn e Nand z = (z1,...,2,) € E", define

)| P9 = sup{(i g A1) s (3) < 1)
j=1

= sup{[|({x1, A1), -, (@0, An))llg © pn(X) < 1},
where the supremum is taken over all A = (Aq,...,\,) € (E")™.
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As noted in [10, Theorem 4.1|, (|| - ||£Lp’q) :n € N) is a multi-norm based
on Ej; it is called the (p, q)-multi-norm.

Clearly, we have (|| - [#™)) < (|| - |#92)) whenever 1 < p < g2 < g1 and
(-7 ) < (1) 1) whenever 1 < p1 < p2 < q.

LEMMA 1.6. Let E be a normed space, and take p,q1,qe such that
I<p<q<q2<oo.
Then

e $®) = sup{ (G, .. Guzn)lP0) S (g1 < 1
j=1

forallx = (x1,...,2,) € E™ and n € N, where u is defined by the equation
Lju=1/q1 —1/qo.

Proof. The result follows by applying the generalized Holder inequality
(1.2) with ¢ = g2 and s = ¢; and with f; taken to be the value (z;, \;) for
1 € N, from the definition of the multi-norms.

A key result from [0, Theorem 2.6| relates (p, ¢)-multi-norms to the known
theory of absolutely summing operators.

THEOREM 1.7. Let E be a mormed space, and take p,q such that
1 <p < q < . Then the (p,q)-multi-norm induces the norm on ¢y @ E
gwen by embedding co @ E into I, ,(E', co). m

Indeed, for n € N and ¢ = (z1,...,2,) € E™, we have
(1.5) 2] PD = 74, (Ty, : ' — o).

Further, it is shown in [0, Corollary 2.9| that, for 1 < p; < ¢1 < o0
and 1 < py < g2 < oo, we have (|| - [Py = (|| - |¥92)) if and only if
I, p (B o) = Iy, p, (E', co) as subsets of B(E', cp).

Let F' be a 1-complemented subspace of a Banach space F, and suppose
that 1 <p < ¢ < oo and n € N. Then it follows from [I0, Proposition 4.3]

that the restriction of the norm || - H&f’"”’) on E™ to F" is exactly | - ||£Lp’q)
defined on F™. In particular, to show that two (p,q)-multi-norms based on
an infinite-dimensional space L"({2) are not equivalent, it suffices to prove
this for the corresponding (p, ¢)-multi-norms based on ¢".

1.7. The standard ¢-multi-norm. Let ({2, 1) be a measure space, take
r > 1, and suppose that r < ¢t < oco. In [10, §4.2] and [8 §6], there is a
definition and discussion of the standard ¢-multi-norm on the Banach space
L"(£2). We recall the definition.



Equivalences involving (p, q)-multi-norms 35

Take n € N. For each ordered partition X = (Xi,...,X,) of 2 into

measurable subsets and each f1,..., f, € L"({2), we define
n 1/t
rx((Feef)) = (X IPxfill)
i=1

Here Py, : f — f|X; is the projection of L"(§2) onto L"(X;), and || - || is the
L"-norm. Then we define

1(f1y- s fa) |l = suprx((fus -+ fu)):

where the supremum is taken over all such measurable ordered partitions X.

As in [10] §4.2.1|, we see that (|| - H%] : n € N) is a multi-norm based on
L7(§2); it is the standard t-multi-norm on L"(£2).

Clearly the norms || - H%] decrease as a function of ¢ € [r,00), and so the
maximum among these norms is || - HEI .

For example, by [10, (4.9)], we have
1Cfe e )l = QAN+ 1 falDYE (ne )

whenever fi,..., f, in L"(§2) have pairwise-disjoint supports, and, in par-
ticular,
(1.6) 11,5 )l = n!t (n e N),

where we regard each §; as an element of ¢". Further,

LT NCfrseees S = ANV VSl ] (i fo € LT(2), n € N);
this is equation (4.13) in [10]. Thus (|| - ||£f]) is the lattice multi-norm on
L7™(£2); see [10, §4.3].

Let {2 be a measure space, and take ¢ > 1. By [I0, Theorem 4.26], we
have |- i = || " on Z}(22).

LEMMA 1.8. Let 2 be a measure space, and take r,t1,ty such that

1<r <t <ty <o0.

Then

n

1o 2 = sup{ G, Gl S I < 1

j=1
for each fi,..., fn € L"(£2) and n € N, where v satisfies 1/v = 1/t; — 1/ts.

Proof. Let X = (X1,...,X,) be an ordered partition of {2 into measur-
able subsets. Now the generalized Holder inequality (1.2) with ¢ = t2 and
s =t; and with f3; taken to be the value || Py, fi|| for i € N,, shows that

P (e f)) = sup{rx((Gufrs o Guf))  2O1G I < 1)
j=1
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for each fi,..., f, € L"(§2) and n € N. Taking the supremum over all such
ordered partitions X gives the result. =

It was conjectured in [9 §3.8] that, whenever ¢ > r > 1, the standard
t-multi-norm on an infinite-dimensional space L"({2) is never equivalent to a
(p, ¢)-multi-norm based on the same space. In §4, we shall extend the cases
for which this is true, but, in §4.3, we shall give a counter-example to this
conjecture.

1.8. Earlier results. The basic questions that we are concerned with
in this paper are to determine, for a given normed space, when two (p, q)-
multi-norms based on that space are mutually equivalent and when a (p, q)-
multi-norm is equivalent to a standard ¢-multi-norm on the space.

Some elementary relations were given in [I0]. For example, the following
is [10, Theorem 4.6].

THEOREM 1.9. Let E be a normed space Then HXH (L) _ [|x||ax for

each x € E™ andn € N, and so (]| - Hn : n € N) is the mazimum multi-
norm based on E. m

The mutual equivalence of different (p, ¢)-multi-norms is discussed more
seriously in [0, §3]. The first general result is [9, Theorem 2.11]; it follows
immediately from |13, Theorem 10.4| by using the connection between (p, q)-
multi-norms and absolutely summing operators given in Theorem

THEOREM 1.10. Let E be a normed space, and suppose that
1<p1<q1 <00 and 1<ps<q <oo.

Then (|| - ||(pQ’q2 )< (|| - IIn (Pr.a1) ) on E when both 1/p1 —1/q1 < 1/p2 —1/qo
and g1 < q2. =

Given a (p,q)-multi-norm, the following figure illustrates the regions
where the (p, ¢)-multi-norms are definitely smaller and larger than this par-
ticular (p, g)-multi-norm on each space L"({2). We have not at this stage
excluded the possibility that the shaded regions are larger; indeed, we shall
show in §4 that the upper area can be larger for certain values of r.

To explain the main classification result obtained in [9], we refer to some
curves C, contained in the ‘triangle’

T={(p.g):1<p=<q<oo}
For ¢ € [0,1), the curve C, is

CC:{( Q)eT: p_cljzc}’

so that 7 is the union of these curves. Note that, for r > 1, the curve Cy,
meets the line p = 1 at the point (1,77).



Equivalences involving (p, q)-multi-norms 37

Fig. 1. Regions where the (p, ¢)-multi-norms are smaller and are larger than a particular
(P, @)-multi-norm

Following [9] §3.2|, we say that two points P; = (p1,¢1) and P> = (p2, ¢2)
in T are equivalent for a normed space E if the corresponding multi-norms
(Il - ||£Lp1’q1)) and (]| - ||£Lp2’q2)) based on E are equivalent.

The results in [9] on the equivalence of two such points in 7 for the
Banach space L"({2) are given in the following cases; here (2 is a measure
space, r > 1, and we suppose that L"({2) is infinite dimensional.

(I) The case where r = 1 is fully resolved in [9, Theorem 3.3].

Indeed, suppose that P, = (pl,ql) and Py, = (p2,q2) are in T. In the

case where ¢ < go, we have (|| - |7*%)) < (|| - [|?"). Thus a necessary

condition for the equivalence of P; and P, on L'(£2) is that ¢; = go; in this
latter case, the points P, = (p1,q) and P, = (p2,q) are equivalent whenever
1 < p1 <p2<gq,but (p,q) is not equivalent to (¢,q) when 1 < p < q.

(IT) The case where r € (1,2) is considered in |9, Theorem 3.16].

(III) The case where r > 2 is considered in [9, Theorem 3.18|.

The latter two cases will be fully described below.
Now take 7 > 1, and set 7 = min{r, 2}. We define the set

AT;:{( q €T: —;> } U{C ce[l/r 1)}
Note that it follows from Theorem that (]| - ||(p q)) < (] - H,(ll’?/)) for
each (p,q) € A,.
The following is [9, Theorem 3.9]. The proof uses Orlicz’s theorem and
some strong results on tensor norms; we shall give a direct proof of a some-
what more general result in Theorem [2.I] below.

THEOREM 1.11. Let {2 be a measure space, and take r>1 and (p,q) € A,.
Then (|| - [79) = (|| - ™) on L7(£2). =
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Next, the theorems in [9] show that the two points P} and P, in T are
not equivalent for L"(£2) (when L"(£2) is an infinite-dimensional space) when

at least one point lies outside the region A,, except perhaps in the following
three cases, (A), (B), and (C).

(A): Both of the points Py = (p1,q1) and Py = (p2,q2) lie on the same
curve C., where ¢ € [0,1/F) and, further, p1,ps € [1,7) when r < 2 and
p1,p2 € [1,2] when r > 2.

The question whether two such points P; and P» are indeed equivalent
was already resolved in [9, Theorem 3.8] in the special case where ¢ = 0: here,
Py = (p1,p1) and Py = (pe,p2) are equivalent, and the corresponding multi-
norms were shown to be equivalent to the maximum multi-norm whenever
p1,p2 € [1,7). Further, in the case where 1 < r < 2, so that ¥ = r, the
point (r,r) is not equivalent to any point P = (p,p) when p € [1,7) (this
is a result of Kwapien [I5] Theorem 7|; see also [3]), and, in the case where
r > 2, so that 7 = 2, the point (2, 2) is equivalent to each point P = (p, p) for
p € [1,2), and hence is equivalent to the maximum multi-norm for L"({2).

We shall prove in Theorem that the above two points P, and P
specified in case (A) are indeed equivalent whenever r > 1. (The case (A)
does not arise when r = 1.)

The second and third cases that were left open in [9] arise only when
r < 2 (so that ¥ = r). Suppose that ¢ € [1/2,1/r) and the curve C, meets
the vertical line {(p,q) : p = r} at the point (r,u.), so that u. =r/(1 — cr),
and consider the horizontal line {(p, q) : ¢ = u.}. This line meets the curve
Ci/2 at the point (z., uc), say, where z. = 2u./(2 +uc) = 2r/(2(1 —cr) + 1),
as in [9, §3.5|. Let us denote by L. the horizontal line segment

L.={(p,uc) : 7 <p <z}
(See Figure 3.) Then the following case was also left open in [9].

(B): Both of the points Py = (p1,uc) and Py = (pa,u.) lie on the line
segment L.

Further, the following case was left open.

(C): Py = (p1,q1) lies on a curve C., where ¢ € (0,1/r) and 1 < p; <7
and Py is the point (r,r/(1 — cr)), which is the left-hand end point of the
line L.

We regret that we have not been able to resolve whether P, and P» are
equivalent in case (B); we shall show that we do have equivalence in case
(C) whenever ¢ € (1/2,1/r), but leave open the case where 0 < ¢ < 1/2.

Two points Py = (p1,q1) and P> = (p2,g2) in T are mutually equivalent
for a Banach space E if and only if I, ,, (E', F) = II,, ,,,(E', F) for every
Banach space F' [9, Theorem 2.8]. Thus one method of showing that two
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such points P, = (p1,q1) and P> = (p2,q2) are not equivalent for ¢ is to
show that there is no constant C > 0 such that

Tagr,p1 (In : Eg = £,) < Cmgy py (In - E:Ll —4y,) (n€N),
where I, is the identity operator on C™. For example, it is shown in [3] that
Tpp(Ln : 0 — 07) ~ (nlogn)'/" asn — oo

for 1 < p < r < 2, whereas m, (I, : E:; — 1) ~ /" as n — oo, and so
(p,p) is not equivalent to (r,7) whenever 1 < p < r < 2. There are several
calculations related to these constants 7, (I, : £ — £7) in [5, 12, 9], but
it appears that none of them resolve the points that we have left open.

The strongest earlier result about the equivalence of the standard ¢-multi-
norm and a (p, ¢)-multi-norm on an infinite-dimensional space L"({2) is given
in [9, Theorem 3.22|. It shows that it is possible for a multi-norm (|| - H%p ’q))
to be equivalent to (||- ||w) on an infinite-dimensional space L"({2) only when
1 < r < 2. Further, if 1 <r < 2 and (|| - H%p’q)) =~ (| - HL’{}) on L"(£2), then
necessarily t > 2r/(2—r), 1/p—1/q > 1/2, and (p, q) lies on the same curve
D. (as defined in [9, §3.5]) as (r,t) with p < 2t/(2 4+ t). Stronger results will
be given in §4.

2. Equivalences of (p, ¢)-multi-norms

2.1. Rademacher functions and Khinchin’s inequality. We denote
the Rademacher functions defined on [0, 1] by ry for k € N; see [I], 6.2.1] or
[13, p. 10], for example. Then |rg(t)| =1 (¢t € [0,1], k € N) and

1

ri)rj(tydt =0 (i,j €N, i# j).
0

We shall also use a form of Khinchin’s inequality (see [I, Theorem 6.2.3] or
[22, §1.B.8|): for each u > 0, there exist constants A, and B, such that

20 (S l)” < ([ SSam] @) < B (3 k)
j=1 0 j=1 J=1

for all a1,...,a, € Cand all n € N.

A normed space E has type u for 1 < u < 2 if there is a constant K > 0
such that

(22) (5 Hjﬁ;mu)xj\fdt)” ‘< K@ g )

for all z1,...,2, € E and n € N.
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THEOREM 2.1. Let E be a Banach space with type u € [1,2], and take
s € [1,u]. Then there is a constant K > 0 such that

lz[li"*) < K|lz|7™  (x € E", n € N).

Proof. The constant K is defined by equation .

Take n € N and ¢ = (z1,...,2,) € E", and suppose that p; () <1,
where A = (A1, ..., \,) € (E')". Then the following estimates hold; through-
out the suprema are taken over all (1,...,(, € C such that E?:l I¢5]° < 1

(an |<$j,>\j>|5,)1/8/ = sup{‘zn:@jzj,)\ﬂ‘}
j=1 j=1
1

= SUP{‘ S <Z:1 Giri(t) s,

0

i Pt dt| |

1

<

1 n
< sup{g HZ erj(t):njH dt}

0 j=1

because || 327, mi(£)Aj]l < p1,n(A) by (1.3) (in the case where p = 1), and

(S s n) <o { (5| 30 Grsto [ ) ")
~ =1

B 0
< Ksup{(zn: HCj%‘H“)l/u} by
j=1

n 1/u
< K max [lz; | swp{ (D 16;*) "}
JENR =
= K max ||z,
max |

because s < u.
The result follows. m

2.2. Calculations for the spaces L"({2). We now make some calcula-
tions that are specific to the Banach space L"({2). Again, for r > 1, we set
7 = min{r, 2}.

The first result is a reprise of Theorem [I.11] with a more elementary
proof; it follows immediately from Theorem because a space L"({2), for
r > 1, has type min{r, 2} [I3, Corollary 11.7(a)].

THEOREM 2.2. Let {2 be a measure space, and take r > 1 and (p,q) € A,.
Then (|| ) = (| - [™™) on L7(12). w

We shall use the following elementary calculation, given in [9 (2.5)],
concerning (p, ¢)-multi-norms based on ¢", where r > 1. Recall that, for each
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k € N, we write ¢, for the sequence (0, : j € N). Indeed, for each (p,q) € T
and each n € N, we have

nt/rH1/a=1r  when p < rand 1/p—1/q < 1/7,
(2.3) An(pg) =41 when 1/p—1/q > 1/r,
nl/a when p > r,

where A, (p,q) = (51, .., 6:) |7 for (p,q) € T.
The next result is a simple part of [9, Theorem 3.11]; it follows by in-
specting the proof of that theorem.

PROPOSITION 2.3. Let {2 be a measure space such that L"({2) is infinite
dimensional, where r > 1. Suppose that P; = (p1,q1) and Py = (p2, q2) lie on
curves Ce, and C.,, respectively, where ca < min{c1,1/7} and p1,p2 € [1,7].
Then it is not the case that (| - ”%pzm)) < (- H%plm)), and so Py and Py are
not equivalent for L"({2). m

The next lemma is essentially the ‘factorization theorem’ given as [13|
Lemma 2.23|, combined with results related to Grothendieck’s constant, K.

LEMMA 2.4. Let F = L*(§2), where §2 is a measure space and s > 1.
Take u > s and u = 2 in the cases where s > 2 and s € [1,2], respectively.
Then there is a constant K,, > 0 with the property that, for each n € N and
each X = (A1,...,\p) € F™ with py n(X) = 1, there exist (1,...,(, € C and
v=(vi,...,vn) € F" such that:

(1) Aj =Gy (4 € Ny);
(i) Y5 G <1
(ifi) iut n(v) < K.

In the case where s € [1,2], we can take K, = K¢.

Proof. First, suppose that s € [1,2]. By [13, Theorem 3.7|, each operator
T € B({*, F) is 2-summing, with mo(T") < K¢|T|| (T € B(¢*, F)). Second,
suppose that s > 2, and take u > s. By [13, Corollary 10.10], each operator
T € B({*°, F) is u-summing, and so there is a constant K, (depending on )
such that m,(T) < K, ||T|| (T € B({>~, F)).

Now take n € Nand A = (A1,...,\,) € F™ with p1,(A) = 1, and define
an operator Ty € B({*,F) by requiring that Tx(d;) = A; (j € N,) and
Ta(0;) = 0 (j > n). We note that | Tx| = p1n(X) =1 by (L.4), and so, in
each case, T is u-summing, with 7, (Ty) < K.

We now use [13, Lemma 2.23| (taking » = 1 in that result) to see that
there exist (1,...,(, € C and v € F™ with the required properties. u

2.3. The open case (A). The following result resolves the first open
case, (A), specified on page
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THEOREM 2.5. Let {2 be a measure space, and take r > 1. Consider two
points Py = (p1,q1) and Po = (p2,q2) in T lying on the same curve C. with
0 < ¢ < 1. Suppose, further, that p1,p2 € [1,7) in the case where 1 < r < 2
and p1,p2 € [1,2] in the case where r > 2. Then Py and P2 are equivalent

for L™(£2).

Proof. We set E = L"(£2), s=1', and F = E' = L*(12).

Take p < r in the case where 1 < r < 2 and p = 2 when r > 2. We shall
first show that there is a constant K, > 0 such that
(2.4) lz]l3) < Kpllz| PP (x € B, n € N).

Indeed, take u = p’ > s when 1 < r < 2 and v = 2 when r > 2.
Let K, be the constant K, specified in Lemma and take n € N and
A= (A,...,\n) € F" with py,(X) = 1; we adopt the notation of the
factorization in Lemma . Take x = (x1,...,z,) € E™. Then

n n n n o 1!

D Wi A = g Gl = D 1G] 1 )] < (ZI(%‘:%‘H )
j=1 j=1 j=1 j=1

by Holder’s inequality, noting that Z?Zl |¢]" < 1, and so

Sl i) < (s idlP) " < 12l n(v) < Kl )0,
j=1 j=1

giving . This covers the case where ¢ = 0.

For the case where ¢ > 0, consider a point P = (pg,qo) which lies on
a curve Cy,, where v > 1, and is such that py € [1,7) in the case where
1 <r < 2andpy € [1,2] in the case where r > 2; we recall that (1,v') is
a point of Cy . It follows from Theorem @ that it suffices to prove that

(I - HS"”) < (|- ||£Lp°’q0). Again take n € N and « = (21,...,2,) € E™.
By Lemma with p = s =1 and ¢ = v/, we have

e = sup{l(Grz, -, Guan) I8 D11 < 1}
j=1
By (2.4),

e < Ky sup{ [ (Gns o Guan) [$070) - S 1G " < 1}
j=1

However, again by Lemma [1.6] now with s = pg and ¢ = qg, we have

n

e $ow) = sup{J|(Gran, - Guan) [P0 711 < 1}

J=1

because 1/v =1/po — 1/go. Thus (|| - H,(ll’vl)) <(- ||7(1p0’q°)), as required. m
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It remains to be decided whether P = (r,r/(1 — ¢r)) = (r,u.) is equiv-
alent to (1,1/(1 —¢)) when 1 < r < 2; we shall discuss this further later.

We summarize the situation in the case where r > 2, where we have a full
solution to the question concerning the equivalence of (p, ¢)-multi-norms.

THEOREM 2.6. Let {2 be a measure space such that E := L"(§2) is an
infinite-dimensional space, where v > 2. Then the triangle T is decomposed
into the following (mutually disjoint) equivalence classes:

(i) the region Tmin := Ar ={(p,q) €T :1/p—1/q > 1/2};
(ii) the curves Te:={(p,q) € Cc: 1 <p <2} force (0,1/2);
(iii) the line segment Tmax := {(p,p) : 1 <p < 2};

(iv) the singletons Ty q) = {(p,a)} for (p,q) € T with p > 2.

Moreover:
(v) there is a constant K > 0 such that
- < - 122 < |- (I < K- 7™ (n e N),

and so the (p,q)-multi-norm is equivalent to the minimum multi-
norm for E for each (p,q) € Tmin;
(vi) for each c € (0,1/2) and each (p,q) € T., we have

[ N2/O=2D < P < |11/ < Ko |- 242D (€ N);
vil) jor each (p,p) € Tmax, the (p,p)-multi-norm s equivalent to the
ii) f h Ta h lts ‘ val h
maximum multi-norm for E, and the (1,1)-multi-norm is equal to

the maximum multi-norm.

Proof. 1t follows from Theorem that Tmin 18 an equivalence class and
that clause (v) holds. By Theorems and 7. is an equivalence class
for each ¢ € [0,1/2) and clause (vi) holds, noting that the constant in
can be taken to be K¢ because s =’ € [1,2].

It remains to show that there are no other equivalences than those spec-
ified above. Again it is sufficient to prove the result for the space ¢". This
was established in [9, Theorem 3.18] with the help of Khinchin’s inequalities
and classical results about Schatten classes. m

We now summarize the situation in the case where 1 < r < 2. Most of
the result is contained in [9, Theorem 3.16]; this is combined with the new
information given in Theorem Clause (vii) will be extended in Proposi-

tion [L101

THEOREM 2.7. Let 2 be a measure space such that E := L"(§2) is an
infinite-dimensional space, where 1 < r < 2. Then the triangle T is de-
composed into the following (mutually disjoint) sets. Further, two points in
distinct sets are not equivalent, and each specified set is an equivalence class,
except possibly as noted:
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Fig. 2. The various mutually disjoint equivalence classes of (p, ¢)-multi-norms on L"({2)
for r > 2

(i) the region Tmin :=Ar ={(p,q) €T : 1/p—1/q > 1/r};
(i) the curves Te :={(p,q) € Cc: 1 <p <r}U{(p,uc) : 1 < p < x.},
where 1/r—1/u. = c and 1/x.—1/u. = 1/2 for some c € (1/2,1/r);
(iii) the curves To:={(p,q) € Cc: 1 < p <r} for some c € (0,1/2];
(iv) the line segment Thax == {(p,p) : 1 <p <71};
) the singletons T, o) = {(p, @)} for (p,q) € T with eitherp =q =7
or bothp>r and 1/p—1/q < 1/2.

Moreover:
(vi) there is a constant K > 0 such that
- < - 1P < - I < K- I (n € N),

and so the (p,q)-multi-norm is equivalent to the minimum multi-
norm for E for each (p,q) € Tmin;

(vii) in T, for ¢ € (0,1/r), the (p,q)-multi-norms with 1 < p < r are
all equivalent to the (1,1/(1 — ¢))-multi-norm, but we cannot say
whether any two (p,q)-multi-norms on the horizontal segment L.
(when ¢ > 1/2) are mutually equivalent, or whether the (r,uc)-
multi-norm is equivalent to the (1,1/(1 — ¢))-multi-norm;

(viii) for each (p,p) € Tmax, the (p,p)-multi-norm is equivalent to the
maximum multi-norm for E, and the (1, 1)-multi-norm is equal to
the maximum multi-norm. =

3. The [p, g]-concave multi-norms on Banach lattices. In this sec-
tion, we shall introduce a new class of multi-norms on general Banach lat-
tices, and relate some of them to standard ¢-multi-norms: these multi-norms
are of interest in their own right, and also will help us to settle at least one of
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Fig. 3. The various mutually inequivalent sets of (p, ¢)-multi-norms on L (2) for 1 < r < 2

the above questions about the equivalence of the (p, ¢)-multi-norms and to re-
solve the conjecture on the equivalence of (p, ¢)- and standard ¢-multi-norms
on (.

Let (L, || - ||) be a (complex) Banach lattice. A summary of all necessary
background in Banach lattice theory is given in [10] §1.3].

Throughout, L’ denotes the dual Banach lattice to L. We write |z| for the
modulus of an element x € L. Take n € N and an n-tuple (z1,...,z,) in L™.
Recall that, for each p > 1, we can define the element (3_7_, lz;[P)/P € L
by the Krivine calculus, and that

(k) {3 ] o S <1}
j=1 j=1 j=1

where the supremum is taken in the Banach lattice sense; for more details,
see [10] and [I7, II.1.d|, although only real Banach lattices were considered
in the latter source. In fact, it can be seen that

(S teit)” s {R(> o) e € Dol <1}
j=1 j=1 J=1

n
:sup{

J

|G| C1ye oy Gn € C Z|<j|p' < 1}'
7=1

1

It is also obvious that
i 1/p
(3.1) ppn(r,swa) < | (S laat?) |
j=1

with equality whenever L is a C'(K)-space.
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DEFINITION 3.1. Let (L, ||-||) be a Banach lattice, and take p,q > 1 and
n € N. For each « € L™, define

Jcllipe) = sup{(fj g ai) H(iw)”pu <1},
j=1 i=1

where A1,..., A, € L'. Then || - ||£§)’q} is the nth [p, ¢]-concave norm on L™.

Clearly, we have (|| - H%”qﬂ) < (| - Ho[f’qﬂ) when 1 < p < g2 < ¢ and
(- 1) < (1 ) when 1 <py < p <.
We shall prove that (]| - ||T[f Ay e N) is a multi-norm on L whenever

1 < p < q < oo, and then we shall call the sequence (|| - ||n"" : n € N) the
[p, q]-concave multi-norm on L. For the remainder of this section, we suppose
that L = (L, || - ||) is a Banach lattice.

LEMMA 3.2. Suppose that 1 < p < q1 < g2 < 00. Then
) = sup { (G, ... Gua) [0 Z Gl <1}

for each © = (x1,...,2,) € L™ and n € N, where u satisfies the equation
Lju=1/q1 —1/qo.
Proof. This is essentially the same as the proof of Lemma [I.0] =

Following the argument in [2, Proposition 3|, we obtain the following
basic result.

PROPOSITION 3.3. Suppose that 1 < p < g < 00, and let 0 : N,, = N,
be any map. Denote by i1, ..., i, the distinct elements of 0(N,,). Then

H( ()5 -~ 7xo(n))”£};’q] < H(xiu‘ . '7$im)||£%q] ($1,...,$n € L)‘

Proof. Let Aq,..., A € L with [[(327; |A;?)}/?|| < 1. Then

m

/
Z| ])a q_z Z Lo(5) Z( Z Lo(5) s Aj >|p>qp
k=1 o(j)=is =1 o(j)=ix
:Z‘ Z ])7 >Cj‘
k=1"o(j)=ix

for some ¢; € C with 3,y I[P <1, and so

n

Z’ Lo(5) ’ _Z|$Zka,uk

where pp =320y, Cj)\ el
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We see that, for all aq, ..., am, € C with S0, [ar? < 1, we have

)zawk] - |z 5wy < (zu D

k=1o(j

because 3 "1 D752, lapG|P < 22:1 lag [P < 1. Tt follows that
= 1/p - 1/p
(S hur) " < ()
k=1 j=1

and so [|(35L [ P) M) < 1.
The result now follows. =

THEOREM 3.4. Let (L,| - ||) be a Banach lattice. Then the sequence
(- 177 :n € N)
is a multi-norm based on L whenever 1 < p < q < oo.
Proof. The multi-norm axioms follow easily, using Proposition "

Let E be a Banach space, and suppose that 1 < p < ¢ < co. Recall from
[13, p. 330] that a bounded linear operator T': L — E is (q,p)-concave if
there is a constant C' > 0 such that

(Zn: \|ij||q)1/q <c| (Zn: |xj|p)1/pH (@1, 2n € L, n € N);
i—1 j=1

=
the least such constant C' is denoted by K, ,(T"). We write Cy (L, E) for the
space of (g, p)-concave operators; Cy (L, E) is a Banach space with respect
to the norm K, ,(-). The Banach lattice L is (g, p)-concave if the identity
operator Iy, : L — L is (g, p)-concave.

PROPOSITION 3.5. Let L be a Banach lattice, and take p,q such that
1<p<qg<oo. Then L' is (q,p)-concave if and only if the [p,q|-concave
multi-norm is equivalent to the minimum multi-norm on L.

Proof. Suppose first that L’ is (¢, p)-concave, so that C' := K, ,(I) < 0o
Then, for each n € N, x1,...,2, € L, and A1,...,\, € L', we have

(gmwmq) < max [z - (ZHA )"
< Cmuax o - H(ZM )

Hence [[(21, ..., 20) | 7% < Cmaxjen, [|2;]| = C|l(21,- . ., ) 2.
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Conversely, suppose that the [p, g]-concave multi-norm is equivalent to
the minimum multi-norm on L, so that there is a constant C > 0 such that

I, 2) |29 < Cll(ar, .., 2a) B (21, 20 € Ly n € N).

Let Ai,..., A, € L'. Take n > 1 and j € N, and choose z; € L with
|lzj|| =1 and such that ||A;]| < n[(zj, Aj)|. Then

(ol < (31 arr)
i=1 i=1
< il (S )]

j=1
<)

Thus L' is (g, p)-concave, with K, ,(L) < C. u

Note that we simply say ‘p-concave’ for ‘(p, p)-concave’; in the case where
p =1, ‘(¢g, 1)-concave’ is also called ‘having a lower g-estimate’ in [17) I1.1.1].

Let E be a Banach space. By theorems of Maurey (see [18] and [I3]
Corollaries 16.6 and 16.7]), we have

Cop(L,E) =Cy1(L,E) CCpp(L, E)
whenever 1 < p < g <r < oo, and
Cy1(L,E)=141(L,E) whenever g > 2.
The proof of [13, Corollary 16.7] also gives the inclusion
Coo(L,E) C II1 1 (L, E).

We also have the following more elementary inclusion, which follows im-
mediately from the definitions and inequality (3.1)):

II,,(L,E) CCyp(L,E) with Kg,(T) <mgp(T) (T €ly,(L,E))

whenever 1 < p < ¢ < oo; moreover, I1,,(C(K), E) = Cy,(C(K), E) with
K, p(T) =myp(T) (T € I1,,(C(K), E)) for a compact space K.
We remark also that, by [13, Theorems 10.4 and 16.5|, the inclusion

CQLPl (L’ E) C CQQ,pz(L’ E)

holds, with Kp, ¢,(T) < Kp,,(T) (T € Cqy p, (L, E)) whenever we have
1<p1 <q <00, 1<py<qo<oo,and both 1/p1 —1/q1 < 1/p2 —1/go
and ¢1 < go.

The following result is similar to equation .
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THEOREM 3.6. Let L be a Banach lattice, and take p,q such that
1<p<qg<oo. Then
||| P9 = K, (T : L' — €°) (x e L", neN).

Proof. Set x = (x1,...,2,) and Ky, = Kg (T, : L' — £2°).
We see that

pﬁwﬂzwwmgmwdimﬁﬂs@
j=1
e {(35 o o) () 1)
> sun { (3 e ) (S ) <)
j=1 j=1
= ||(@1,- ., 2) |9,
where A1,...,\, € L'. In particular, this gives H:I:H%I’q} < Kyp.

On the other hand, take A1, ..., A, € L' with [|(37_, IA;|P)Y/P|| < 1. For
each j € Ny, let k; € N,, be such that supyey, [(Tk, Aj)| = [{zk;, Aj)|, and
set 0(j) = k;j. Then we see that

1/q
(ijp\m, ) < Moy To) 2D < )P,

Hence K, ), < H:cHn’q . m
Consequently, we have the following conclusions.

COROLLARY 3.7. Let L be a Banach lattice, and consider multi-norms
based on L. Then:

1) (| - H[pQ’qQ]) < (]| - le’ql]) whenever we have 1 < p; < ¢q1 < oo and
1 < po < qo < o0 and both 1/171 — 1/q1 < 1/}72 — l/CJ2 and g1 < qo;
><nn”5_w|#@Mmew1Squ<m,
(iii) (|| - |2y = <HM%> (I 15"y whenever 1 < p < g < r < oo;
(iv) (|| - Hn’q]) (I - || 1.9) ) in the case where q > 2;

O (152 < (- 1) -

PRrOPOSITION 3.8. Let E be a Banach space, and take r > 1. Then the
map

(ii

T — (T(6;)), Cia(",E) = 1" (E),

is an isometric isomorphism.
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Proof. Take T € Cl,l(ﬂ”/,E). For each n € N, there are ay,...,a, € C

with
& r’ = r 1r -
Dolagl" <1 and (YITE)I) T =D IT(050)
j=1 j=1 Jj=1
Therefore

iHT(ch)HT = Ki.1(T) im i
j=1 Jj=1

Conversely, take © = (z;) € ¢"(E), and set T'(6;) = z; (j € N); extend
T to be a linear map from c¢yy into E. Then, for each n € N and each
fi,.00, fn € cgp, We see that

ZHTfk H<ZZ|fk ) IT(5; H—ZZ\fk OINEA

= K1a(T)

k= lj 1 =1 k=1
n '\ 1/ 2 1/r
< (> (0N ) (S e lr)
j=1 k=1 Jj=1
ZT,H:E”ET(E)

Thus T extends uniquely to an operator in C171(€7"/, E) with the 1-concave
norm at most ||x||sr (). =

We can now give a key relationship between a standard ¢-multi-norm and
certain concave multi-norms.

THEOREM 3.9. Suppose that 1 < r <t < oo, and set 1/v = 1/r — 1/t.
Then the standard t-multi-norm is equal to the [1,v']-concave multi-norm
on {".

Proof. By Lemmas [I.8 and [3.2] it is sufficient to consider only the case
where r = t, so that v/ = 1 Thus we need to show that

[t = llzl}) (x = (e1,...,20) € ()", n €N).

However, we have seen that
/ n 1/r
el = Koo (2% £ - ) = (ST
= [l V- V] [ler,

and this gives the result. »

4. Equivalence of the standard t-multi-norm and a (p, ¢)-multi-
norm

4.1. Notation. We now consider when a standard ¢-multi-norm is equiv-
alent to a (p, ¢)-multi-norm on an infinite-dimensional space L"(£2). In fact,
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this problem clearly divides into two separate questions: determine when
(I 1) < (- 152 and when (] - 7)< (- ).
We define two new subsets of the triangle 7 for 1 < r < ¢, we set
Bry={(p@) €T:1/p—1/g<1/r=1/t,q <t}

and
Cri={pa) €T :1/p=1/q>1/r =1/t} U{(p,q) €T : ¢ > t},

so that B,; and C; intersect in the curve

Ly :={(p,q) €T :1/p—1/qg=1/r—=1/t, p<r}U{(p,t) € T :r <p <t}
Further, we set B, = B,, = {(p,p) : 1 <p <r} and C, = C,, = T. Note
that
Bii={(pg) €T:q<t} and Ciz={(p,q) €T :q>t}.
The answer to the first question is easy.

THEOREM 4.1. Let 2 be a measure space such that L"(§2) is infinite
dimensional, where r > 1. Then (|| - ||[Tf]) < (] H,(lp’q)) for L™ (£2) if and only
if (p,q) € Br.

Proof. Let S be the set of points (p,q) € T with (|| - Hif]) < (- H%p’q)).
By [10, Theorem 4.22], (||-|I) < (J|-|"), and so (r,t) € S. By Theorem

we increase (|| - ||£Lp’q)) when we move from (r,t) to any point (p,q) € T
with 1/p —1/¢ <1/r —1/t and ¢ <t, and so B,; C S.

Conversely, let (p,q) € S. In the case where p > r, we have seen that
An(p,q) = nl/a (n € N), and so, by , we also have ¢ < t In the case

where p € [1,7), by (2.3) and (1.6]) again, we must have 1/p—1/¢ < 1/r—1/t,
which implies also that ¢ < ¢. Thus in both cases (p,q) € By:, and so
S C Br,t- [ ]

We now consider the second question.

DEFINITION 4.2. Let 2 be a measure space, set £ = L"(§2), where r > 1,
and take ¢ > r. Then define
Dry={(p,@) € T: (|- IP7) < (| - |1)) on E},
with D, = D,.,.
Note that D,.;, C D, whenever r < t; < t2, and hence, in particular,
D,; C D, whenever t > r. It is clear that A, C D,; for t > r > 1 because
(- 199y 2 (| - ™) when (p,q) € A, by Theorem [2.2} By comparing the

n

values of ||(81,...,6,)[|P*? and ||(51,...,5.) | given in (2.3) and (1.6), we

see that D,.; C C, for t > r.
We now work on the spaces ¢", where r > 1.
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4.2. The case where r = 1. We first give a full solution to our questions

in the case where r = 1. Recall that we have (|| - Hm) {E H (L1 ) (|| - [|mas)
on /', and so Di1=T.

PROPOSITION 4.3. Taket > 1. Then

Dy ={(p.q) - ¢ = max{t,p}} \ {(t, 1)} = Cre \ {(t.)}.
Proof. We know that
Dy C Crp={(p:q) : ¢ = max{t, p}}.
Also, it is proved in [10, Theorem 4.26] that (|| - H[Q]) (I - Hn ’Q)) on ¢! for
each ¢ > 1, and so (1,t) € Dy 4. By [8, Theorem 5.6] (which depends on [20,

Corollary 2.5], cf. [I3, Theorem 10.9]), we have (|| - [#?) 2 (|| - |"?) for
1<p<gq,andso (p,t) € Dy for 1 <p <t.

Take (p,q) € T. It follows from the previous paragraph and Theorem
that (p,q) € D1 whenever ¢ >t and ¢ > p. It remains to consider the
case where ¢ = p. If ¢ = p > ¢, then, by [8, Theorem 5.6] again, we have

(- 19 < (- 1599 = (- 13D,

and so (p,p) € Diy. On the other hand, in the case where p = ¢ = t,
we certainly have (|| ||(1t) < (] - | tt) However, by [9, Theorem 3. 2]

1, , 1,
(- 157 2 (- 15, and so it follows that (]| [£7) £ (|- 187) = (|| - [14).
Thus (t,t) € D1t »

THEOREM 4.4. Suppose thatt > 1 and 1 <p < g < oo. Then
(I 1) =2 (|1 - 15
on the space £' if and only if p=q=t=1o0rp<q="t.
Proof. This follows from Theorem [4.1] and Proposition [£.3] =
4.3. The case where r > 1. We now turn to the case where r > 1.
LEMMA 4.5. Taket > r > 1 and 1 < p < g < 00, and consider the
space £". Then

1 1 1
Ar C Dr,t C {(paq) c Cr,t === } ,C,_ Cr,t-
p g 2

Proof. Let n € N. As shown in the proof of [9, Theorem 3.22|, there
exists an element g = (g1,...,9n) € (7)™ such that ||g||£f] <1 and

gl PP ~[|(31, ..., 8,)|P?  as n — oo,
where we are now regarding d1,...,d, as elements of £2. Now suppose that

1/p —1/q < 1/2. Then it follows from l) that ]\(51,...,(5n)||£Lp’Q) > n?,
where @ = min{1/2+1/¢ —1/p,1/q} > 0. Hence (p,q) € Dy;. m
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The following theorem, which is essentially [9, Theorem 3.22]|, determines

fully the relation between the multi-norms (|| Hq(q,p’q)) and (||- Hq[f]) on the space
{" in the case where r > 2.

THEOREM 4.6. Suppose thatt >r > 2 and1 < p < q < 00, and consider
the space £". Then (|| - |®9) < (|| - | if and only if 1/p —1/q > 1/2, and
(- 11 < (Il 1%9) if and only if (p,q) € By In particular, (|- [l and
(I - ||£f]) are not equivalent on " for any (p,q) € T and any t > r.

Proof. Since r > 2, the set A, is equal to {(p,q) € T : 1/p—1/q > 1/2},
giving the first clause. The second clause is Theorem n

ql

Fig. 4. The sets By and D, for r > 2

It remains to consider the case where 1 < r < 2, and again it is this case
that is the more difficult. Throughout we fix ¢ > r and define v by

1 1 1

v or ot
taking v = oo when t = r.

PROPOSITION 4.7. Suppose that v € (1,2), t > r, and 1 < p < q < 0.
Then:

(i) (p,q) € Dyt whenever 1/p—1/q > 1/v and v < 2;
(i) (p,q) € Dyt whenever 1/p—1/q¢>1/2 and 2 < v < 00;
(iii) (p,q) € Dyt whenever 1/p—1/q >1/2 and v = oo.

Proof. (i) By Theorem it suffices to show that (|| ||£Ll’v/)) < (] E])
By Theorem , (Il - ||£f]) = (]| ||Ll’v ]). Also it follows from Corollary (iv)
that (|| - ||$11’v )) =~ (]| - H,[}’” ]), where we note that v' > 2.
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(ii) By Theorem it suffices to show that (||- ||7(11u)) < (|- ||Lf]) whenever
u > 2. But now

(- 1) = Q-8 = - 18 = (- 158y on e,
as required.
(iii) By Corollary V), we have (]| - || (& 2)) 2 2}) by Corollary
B0, we hase (1127 < (1 J0): by Theorem B 1 1) = (1 - 1)

This gives the stated result. =

We interpret the above proposition in Figures 5 and 6 below.

q

Fig. 5. The set B, and (the possible range for) the set D,; when 1 <r <2, ¢ > r, and
1/r —1/t <1/2. When r > 2, the set D, contains the dotted line.

It follows from Figure [f] that, in the case where 1 < r < ¢ and v > 2,

the multi-norms (|| - ||7(1p ’Q)) are never equivalent to the multi-norm (|| - ||[rf}),
as remarked on page [39

Fig. 6. The set Br: and (the possible range for) the set D,; when 1 < r < 2, ¢t > r, and
1/r—1/t>1/2
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COROLLARY 4.8. Suppose that r > 1 and that 1 < p < g < co. Then
(- 127 < (- I8 on €7 if and only if 1/p = 1/q = 1/2.
Proof. Suppose that (p,q) € D,. Then 1/p —1/q > 1/2 by Lemma

Suppose that 1/p —1/q > 1/2. Then (p,q) € D, on £": this follows from
Theorem [4.6) when 7 > 2 and from Proposition [£.7iii) when r € (1,2). =

Thus A, C D,y C D, = Ay and D,y C Cy.
We now have the following counter to the conjecture in [9, §3.8] on the
equivalence of (p, ¢)-multi-norms and standard ¢-multi-norms.

THEOREM 4.9. Suppose that 1 < r < 2, thatt > r, and that 1 < p < q
< 00, and consider the space £". Suppose further that 1/r — 1/t > 1/2. Then
(- 1) == (I - 1)) whenever

1 1 1 1

P q r
Proof. Take v as above, so that v < 2 and 1/p — 1/q = 1/v. By Propo-

sition [1.7](i), (p,q) € Dry, and, by Theorem (p,q) € By whenever
1<p<r. n

In fact, in the case specified in the above theorem, we know that
1 1 1 1 1 1 1
(p’q)eT:7_727_Z CDrth <p7Q)€CT7t:§_7>7 9

but this is all that we know; if we could resolve case (B) above positively,
we would know that

1 1 1
D,; = €EC, ;1= —=—>=%.
it {(p, q) T2 2}

The above theory does allow us to improve clause (vii) of Theorem
We recall that u, =r/(1 —cr).

PROPOSITION 4.10. Suppose that 1 < r < 2, and consider the space £".
Suppose further that 1/2 < ¢ < 1/r. Then the points (1,1/(1—c)) and (r, u.)
are equivalent, and there is a constant K such that

e < 1 I < - D < K150 (neN)

n
whenever (p,q) € C. and 1 <p <r.

Proof. The new information is that (|||} 2= (|||l = (||-||$ /1 =<))

by Theorem [£.9] =

5. Regular operators. The above results actually have the following
interesting consequence concerning the regularity of operators from ¢" into £4.
For a sequence a = (aj) € CN, we set || to be the sequence (|a;|); we say
that a > 0 whenever o; > 0 (j € N). Take r,¢ > 1 and T' € B(¢",£%). Then
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T specifies an infinite matrix (7 ; : ¢,j € N), where T; ; = (T6;); (i, € N).
The matrix (|7;;]) then specifies a linear map |T'| from ¢ to CN. Another
way to define |T| is as follows. A map T € B({",¢9) is positive if Taw > 0
in £ whenever o« > 0 in ¢", and T is regular if it is a linear combination
of positive operators; the collection of regular operators from ¢" to #9 is
denoted by B, (¢",¢7). Thus T € B,(¢",¢9) if and only if |T'| € B(¢",¢9). In
fact, T is regular if and only if it is order-bounded [10, Theorem 1.31]. For
T € B, ({7, ¢9), we define |T'| by
T|(u) = sup{|Tz| : [2| < u} (u=0),

and extend T linearly. For a summary of properties of the space B, (¢, ¢9)
and its connections with ‘multi-bounded operators’, see [10], §§1.3.4,6.4.1].
It is well-known that B, (¢",¢9) C B(¢",¢7) when 1 < r,q < oo (cf. [6],
where more general results are proved).
THEOREM 5.1. Take r > 1. Then the following conditions on (p,q) € T
are equivalent:

(a) (I 15) = (Il 1) o €7
(b) there exists a constant C' > 0 such that
HA[: &y — ELN < CllA = &, — L]
for allm,n € N and every n x m matriz A;
(c) T € B.(¢",¢7) whenever T € B({", (P).
Proof. We set s =1/,

(a)<(b) From the definition, we see that (||- H%p’Q)) < (|- HLC]) on ¢" if and
only if there is a constant C' > 0 such that, for all n € N, all f1,..., f, € £7,
and all A\q,..., )\, € £%, we have

n 1/
(1 201) " < Crtpnra, - A £
j=1

Set f = |fi| V-V |ful- Then £ € () and [|(f1, ..., fa)lI5) = | f|l. So the
statement above is equivalent to the condition that there is a constant C' > 0
such that, for all n € N, f € (¢")T, and \q,..., \, € £5, we have

sup{(zlufj,xjnq)”q oo f € 0 with [V |f) = £}
=

< Cﬂp,n()\lv s 7)‘n)||f||

Since the supremum above is attained when |f1| = --- = |f,| = f and when
each fj)\; is a positive sequence, this inequality can be rewritten as

- /
(S h9) ™ < Cparre - A

j=1
forallm e N, fe (£")", and A\q,..., A\, € £5.
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By a standard approximation argument, we can reduce the above further
by requiring that the preceding inequality hold for all m,n € N, f € (¢ )7,
and A\i,..., A\, €05,

In the latter case, we set A\j = (A1, A2j,...,Am,j) for 7 € N, and set
f=(a1,...,am). Then the preceding inequality becomes

n m
a\1/q
(Z (Z Oéi|)\i,j\) > < Cppn(A1y -5 An)|[ (i) ler
j=1 i=1

for all m,n € N, () € (¢7,)" and Ay,..., A\, € £5,.

As usual, (N;; : ¢ € Ny, j € N,) forms an m x n matrix, say A,
whose columns are the vectors Aj,..., A,. The above argument shows that
(1] - ||$Lp’q)) < (|- ||[J}) on ¢" if and only if there is a constant C' > 0 such that,
for every m X n matrix A, we have

A 2 6, > G < CllA: 8 = 63,
where M? is the transpose of a matrix M and we are using ((1.4). In other
words, the condition in (a) is equivalent to the existence of a constant C' > 0
such that

114]: 5, > 5] < CllA: €, — ]

for all m,n € N and every n X m matrix A.
This establishes the equivalence of (a) and (b).
(b)=(c) Clearly, (b) implies that |A| € B(¢", ) whenever A € B({", (P),
and hence that A € B,.(¢",¢9) whenever A € B({", (7).
(c)=>(b) Assume towards a contradiction that (b) does not hold. Then
there exists a sequence (A,) of finite-dimensional matrices such that
[An] € = £l 2 n
whereas || A4, : €% — (%] < 1, where * represents suitable indices. Now set
A::Al@AQ@-“ ,

so that A is the block-diagonal matrix where the blocks are the finite-
dimensional matrices A,. Then A € B(¢",¢P), but |A| ¢ B(¢",¢%). Hence
(c) fails, the required contradiction. m

The discussion above leads to the following result, possibly new, about
matrices.

COROLLARY 5.2. Taker > 1 and 1 < p < q < co. Then there exists a
constant C' > 0 such that

(5.1) AL €5, = Gl < CllA: 47, — £
for all m,n € N and every n x m matriz A if and only if 1/p—1/q > 1/2.

Proof. This follows from the equivalence of (a) and (b) in the above
proposition and Corollary .
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In terms of operators, we similarly have:
COROLLARY 5.3. Taker > 1 and 1 <p < g < oo. Then T € B,(¢",¢9)
for every operator T € B(¢",¢P) if and only if 1/p—1/q¢ > 1/2. =

One implication of Corollary [5.2| was already known (in a stronger form)
by a result of G. Bennett. Indeed, by [4, Proposition 3.2|, there exist a
constant K and, for each m,n € N, an n x m matrix A whose entries are all
41 such that

|A: e, — 2] < Kmax{nl/pm(l/Q_l/T)+, ml/rln(l/p_1/2)+}.
It is easy to see that

1A= €, = €] = n/im!T,

and so
HA :er _>£?LH 1/ -1 1/r'— _ + _ +_
m < p—1/q /r'=(1/2=1/r) (1/p=1/2)T=1/q
TR K max{n /m N }

Now suppose that 1/p — 1/¢ < 1/2. Then (1/p —1/2)* —1/q < 0 and
1/r" —(1/2 —1/r)* > 0, and so the right-hand side of the above inequality
is Kmax{nl/p_l/qm_a,n_ﬂ} for some «, 8 > 0 which depend on only p, ¢,
and r, and this expression can be made arbitrarily small by making a suitable
choice first of n € N and then of m € N. Thus, for a matrix A of the above
restricted form, there is no constant C' > 0 such that holds.
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